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1. Introduction

The concept of h-convexity related to the nonnegative real mapping has been intorduced by
VaroSanec in [22], a generalization of s-convex mappings in the second sense and non-negative
convex mappings and P-convex mappings and Godunova-Levin mappings, as follows.

Definition 1. Let I, J be intervals in R, and let h : (0,1) € J — R be a non-negative mapping with
h # 0. A non-negative mapping w : I — R is named h-convex if the inequality

w(sty + (1 = 5)1) < h(s)w(T)) + h(1 — s)w(Ty), (1.1)

holds for all 1,7, € I and s € (0, 1).

Many scholars used h-convexity and other special inequalities (Holder inequality, power mean
inequality, and so on) to deflate the equation to obtain various types of inequalities. For example,
Bombardelli and VaroSanec [4] proved the Hermite-Hadamard-Fejér inequalities for h-convex
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mappings. Tung [17] gave some Ostrowski-type inequalities via h-convex mappings. Wang et al. [23]
presented certain k-fractional integral trapezium-like inequalities through (h, m)-convex mappings.
Delavar and Dargomir [6] established a new trapezoid form of Fejér inequality which the absolute
value of considered function is s-convex. For more information associated with s-convex mappings
see reference in [2,11,15,23].

Using generalized convexity to construct fractional integral inequalities has become a hot research
direction. In [13], Raina defined the following results connected with the general class of fractional
integral operators.

FJ,(x) = FIO70 () =y ———x(p, ;x| < R), (1.2)

Z F(pk + /l)
where the coefficient o(k)(k € N U 0) is a bounded sequence of positive real numbers and R is the set
of real numbers.

Raina defined the following left-side and right-sided fractional integral operators,respectively, based
on (1.2) in [13].

I v f(x)—f(x ' w(x - 0P f(Ddt, x > a, (1.3)

and

b
Jodpswf (X) = f (r = x)' " Fy o = x) f(0dt, x < b, (1.4)

where 4 > 0,p > 0, w € R and f(?) is such that the integrals on the right side exists.

Based on the above-mentioned generalized fractional integral operator and s-convexity, Usta et
al. [19] gave a number of refinements inequalities for the Hermite-Hadamard’s type inequality and
conclude explicit bounds for the trapezoid inequalities. —Chebyshev type inequalities for the
generalized fractional integral operators were studied for two synchronous functions in [21]. In [20],
the authors obtained some generalized Montgomery identities via above-mentioned generalized
fractional integral operator, and established some inequalities of Ostrowski type for mapping whose
derivatives are bounded, based on obtained identities. For more results for fractional order with
kernels, please see [10,27,28] and the references cited therein.

Therefore, this paper intends to establish some general fractional integral inequalities.

2. Preliminaries

Recently, Kadakal and Iscan [8] introduced a new generalized convex mapping, which is named
exponential type convex mapping, as follows.

Definition 2. The non-negative mapping w : I — R is called exponential type convex mapping, if the
following inequality

w(st + (1 —9)1) < (€' — Dw(t)) + ('™ = Dw(ry), 2.1)
holds for all t1,7, € I and s € [0, 1].
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It is obvious that every exponential type convex mapping is an s-convex mapping with A(s) = e*—1.
In [8], the authors also obtained Hermite-Hadamard type inequality and refinements of the Hermite-
Hadamard type inequality for the exponential type convex mappings as follows.

Theorem 1. Let w : [11,72] — R be an exponential type convex mapping with 7, < 1. If w €
L'[71, 73], then the following inequalities exist:

1 T+ T 1 2
e ) a f w(s)ds £ (Ve = D)) + wlra)] 22)

Theorem 2. Let w : I C R — R be a differentiable mapping on I and v, 1, € I with T, < T, such that
w' € L'[1,75]. If || is exponential type convex, then the following inequality

w(Ty) + w(Ty) B 1 sz

2 T2_T1 T1

7 ’ ’
w(s)ds s(rz—7qX4\F1-e-E)k“(Tolglw(T”k 2.3)

holds for all s € [0, 1].

This method of constructing generalized convex functions had inspired some researchers. For
example, Butt et al. [3] introduced a kind of extension mapping of exponential type convex mapping,
which is called n-polynomial (s,m)-exponential-type convex mapping, and proved some
Hermite-Hadamard type inequalities for such mappings. Gao et al. [7] gave and studied n-polynomial
harmonically exponential type convexity. Kashuri et al. [9] obtained several k-fractional integral
inequalities for (s, m)-exponential type convex mappings.

Next, we restate some concepts and known results associated with fractional integral operators with
exponential kernels.

In [1], Ahmad et al. defined a new fractional integral operators with an exponential kernel and gave
new versions of Hermite-Hadamard inequality based on this fractional integral operators as follows.

Definition 3. [/] Let w € L'([11,y,]). The fractional integrals Ifm) and If_w of order u € (0, 1) are
1 2
defined respectively by

1 (7
I w(x) = —f e‘lTﬂ(x_“)w(s)ds, x> Ty,
i p

T1
and

1 (™ _1wg,
I w(x) = p f e_IT”(‘_x)w(s)ds, X< 1.
X

LF

Note that
X T2
lirrll I w(x) = f w(s)ds and lin} I w(x) = f w(s)ds.
H— 1 71 H— 2 X
Theorem 3. [I] Let w : [11,72] — R be a non-negative convex mapping and 0 < 1 < 1, < oo with
w € L'([11, 13]), then the following double inequalities for fractional integrals hold:
(T] + Tz) < 1- M
2 T 2(1 —eP)

w(T)) + w(T172)
— 5

[mwug+¢w@ﬂs (2.4)
1 2
where p = %(Tz - 7).
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Takingu — lie.p = 1“;#(7'2—7'1) — 01in Theorem 3, we can recapture classical Hermite-Hadamard
inequality for a convex function w on [7y, 7,]:

o5 — sy < LT, 25)

2 T —T1 Jo 2

These results attract attention for many authors, some well-known integral inequalities by the
approach of this fractional calculus have been carried out by many researchers. For example, Wu et
al. [26] constructed three fundamental integral identities to establish some Hermite-Hadamard type
inequalities via fractional integrals with exponential kernels. Zhou et al. [29] derived some
parameterized fractional integrals with an exponential kernel inequalities for convex mappings.
Rashid et al. [14] applied the mappings having the harmonically convexity property and the fractional
integral operators with exponential kernels to established several Hermite-Hadamard,
Hermite-Hadamard- Fejér and Pachpatte-type integral inequalities. For other works involving
fractional integrals with exponential kernels, we refer an interseted reader to [5,12,16, 18,24].

Motivated by the above results mentioned, our principal goal is to establish some new fractional
integrals with exponential kernels inequalities for exponential type m-convex mappings. For this, we
take some different exponential kernels to establish three right-side Hadamard-type inequalities. We
suppose that the absolute value of the derivative of the considered mapping is exponential type m-
convex to derive some new midpoint-type, trapezoid-type and Dragomir-Agarwal-type inequalities for
fractional integrals with exponential kernels.

3. Certain Hadamard-type inequalities

In this section, we state the definition of exponential type m-convexity and examine how to obtain
Hadamard-type inequalities for such mappings.

Definition 4. The mapping w : [0, 8] — R with 8 > 0 is named exponential type m-convex mapping, if
w(st) +m(l = $)713) < (' = Dw(ry) + m(e'™ - Dw(ry), (3.1)

holds for all T,7, € [0,8] and s € [0, 1] with some fixed m € [0, 1]

It is obvious that exponential type m-convex mappings are special (h, m)-convex mappings with
h(s) =¢e* —1.

Remark 1. If we take m = 1 in definition 4, then the exponential type m-convexity reduces to
exponential type convexity. If we take m = 0 in definition 4, we have w(sty) < (e’ — )w(1y) for all
71,72 € [0,B8] and s € [0, 1]. Here, we call w is an exponential type starshaped mappings.

Example 1. The mapping w(s) = ﬁs‘* - 15—253 + %sz — 35, 5 € (0,00) is an exponential type }—g—convex

12
mapping.

Theorem 4. Let w : [0,00) — R be an exponential type m-convex mapping with m € (0,1]. If
w € L'[11, 73] and 0 < 7| < mt,, then we have

el -1 e—e? 2(1-e

K +
1-6 1+6 0

mty, —Tp

[ wlme) + I,_oo()] < ( )[w(n) mo)],  (32)
where 6 = %(mrz - T).
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Proof. By means of exponential type m-convexity of w, we have
w(sti +m(l — $)1;) < (¢° — Dw(r)) + m(e'™ - Dw(ts) (3.3)

and

w((1 = )71 + mst) < ('™ = Dw(ry) + m(e® — Dow(ry). (3.4

By adding inequality (3.3) and inequality (3.4) together, we deduce
w(sty + m(1 = $)71) + w((1 = $)T1 + msty) < [es +el ™ - 2](w(71) + ma)(‘rz)). (3.5)

We can obtain the desired inequality by multiplying (3.5) with e and then integrating over [0, 1] with
respect to ds. Since

1
f e_(ss[a)(sn +m(l = 5)1) + w((1 — $)T1 + ms*rz)]ds
0
1 1
= f e w(st) +m(l — §)T)ds + f e w((1 = $)T) + mst,)ds
0 0

1 M e, mmx 1 S C DN =
= e~ M= (x)dx + ———— e n M= (x)dx

mvy — 71 Jq mty; — T Jq

= L[I’ﬂw(mrz) +I* ,w(ﬁ)]
mry, —1Tt " mty

and

el -1 . e—e? 21 —-e
1-6 1+6 0

1
f(; e [es +el™ - 2](w(7'1) + ma)(‘rz))ds = ( )[M(T‘) + mw(TZ)]'

This ends the proof.

Corollary 1. If we consider u — 1i.e. 6 = lﬂ;”(mrz —11) = 0in Theorem 4, then we have

_ f i w(T)dr < (e - 2)[0)(71) + mw(Tz)]. (3.6)

mt; =71 Jgy

Theorem 5. Let w : [0,00) — R be an exponential type m-convex mapping with m € (0,1]. If
w € L'[11, 73] and 0 < 1| < 1, then the resulting expression holds:

L[l“.wm) n I&wm)]
Tr)— T i 7

[el"‘ -1 e*-1
<

—K

() + o) +m[ S s (2 4

1+« K

+

1-«

where k = ffy(rz - T).
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Proof. Since w is exponential type m-convexity, we deduce
(st + (1= $)T2) < (€ ~ D) + m(e'™ = Dw(=)
m
and
s 1-s Tl
w(sty + (1 —9)71) < (€' — Dw(ty) + m(e ™ — l)w(—).
m

Multiplying above-mentioned inequalities with e™* and then integrating over [0, 1] with respect to ds,
we get

1 T
1 21
f e “w(sty + (1 = s)1)ds = f e_IT#(Tz_’“)w(x)dx
0 T =71 Jny

= I w(t)
Ty =T 2
3.8
: —KS s 1-s 2 ( )
< e [(e — Dw(ty) + m(e ™ — l)w(—)]ds
0 m
el -1 e*-1 e—e* e*-11 /1
_[ 11—« * K ]w(T1)+m[1+K - K ]w(%)
and
1 _ 1 i _1;/‘( —11)
f e “w(sty + (1 —s)Ty)ds = f e T Vo(x)dx
0 =171 Jgy
= K I¢+CL)(7'2)
Tr) —T1 1 (3 9)

IA

‘fol e"“[(es — Dw(ty) + m(e'™ — l)w(%)]ds

1—K_1 K _ 1 _ oK < _1
= [e ;¢ ]w(rg) + m[e ¢ ¢ ]w(ﬂ)
1 -« K 1+« K m

By adding inequality (3.8) and inequality (3.9) together, we can get desired inequality (3.7). This ends
the proof.

Corollary 2. If we consider u — 1i.e. k = lﬂ;“(rz —11) = 0 in Theorem 5, then we have

f w(s)ds < (e~ D)|w(T) + w(T) + m(w( ) + w(z))] (3.10)
T2 =TI Jy m m
Theorem 6. Under the assumptions of Theorem 5, if we take 6 = 111;“%, then the following inequality
exists:
2 + +
H [I’ﬁw(T‘ LAY % (L Tz)]
Ty — T 7 2 P 2 (3 11)
2ye -2 1—e 2ye—2¢" 1-e) (7 7 '
> [ 20-1 ¢ ](“’(Tl) F )+ m[ 260+1 8 ](“’<E) ¥ “’(E))'
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Proof. Using the exponential type m-convexity of w, we obtain

w(l ; srl + ! ;st) < (6% - 1)60(‘1'1) + m(e% - 1)”(%) 12)
and
w(l ; 0+ : ; Sﬁ) < (e% - 1)60(72) + m(e? - l)w(%) G5

Adding inequality(3.12) and inequality(3.13) together and then multiplying by e™%, we have

e‘es[w(l ; st + ! ; s‘rl) + a)(l ; ST1 + ! ; st)]

(3.14)
< e‘es((e]ZH - 1)[a)(7'1) + w(ty)] + m(e% - 1)[w(2) + w(z)])

m m

Integrating on both sides of inequality (3.14) respect to s over [0, 1], we have completed the proof.
Since

1
j(: e‘e"[w(l ; STQ + ! ; Srl) + a)(l ; STl + ! ; st)]dS

1 1
1+ 1-s 1+s 1-s
—0s —0s
= e w Ty + T ds+fe w T + Ty |ds
j; ( 2 2 ) 0 ( 2 2 )

T1+7)

2 2 _lp 1Ty (T1+1)-2x 2 T2 _1lp 1Ty 2x—(11+71)
e » 2 nmog(x)dx + e # 2 oo w(x)dx
Ty —T1 Jg Tr — T JR2t1

2 + + N
7, fn [F:T“’(Tl AL e T2)]

and

[ - Dt + et nfe's - Do 2) o))

[2\/_ —2e'0 1 —e? 24e—2e? 1- e‘e]( (Tl) .
= — - w w
260 -1 0 20+ 1 0

](a)(ﬁ) + w(rz)) + m[

Corollary 3. If we consider u — 1i.e. 6 = 1%”2;2“ — 0 in Theorem 6, then we have

f“ w(s)ds < e — 2ve = D[w(r) + w(®)] + m2 Ve — 3)[(w(%) + w(%))] (3.15)

Ty —T1 Jg

4. Mid-point type and trapezoid type inequality

In this section, we investigate how to establish mid-point type inequalities and trapezoid type
inequalities for exponential type m-convex mappings.
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Lemma 1. Assuming w : [t1,mt,] — R is a differentiable mapping, such that ' € L'([1|, mt,]) with
0 < 11 < mt, < o0, then the following identity holds:

Y(7y, mty, u, 6)

! 1
_Mmn-T —0s oS 2-y —5s , 2-ys N (41)
= 41— 8_6){f(; [e - 1]60 (57'1 + 2 mTz)dS — ﬁ [e — 1](4) ( 5 T, + EmTZ)dS},

where0 <m < 1,6 = lﬂ;”(m‘rz — 1) and

. 1—pu T+ mty
T(TlvTZ’ M 5) = _M[Fnlm;n —w(TI) + Iﬁnlﬂz;r] +CL)(mT2)] + w(T) (42)
Proof. 1t suffices to note that
g fl[—és 1] /(s +2_S )d fl[—és 1] /(2_S +S )d
= e =137 mty)ds — e —1l|w T + —mt,)ds
0 2T T o 2 P
1 1
— -5s oS 2-s _5s (2= s
= [L [e = 1]w (ETl +— ng)ds] - [‘fo [e7° — l]w( STt Emrz)ds]
=& — &
Integrating by parts, we have
! s 2-5
fl = fov [€_6S - l]w'(i‘rl + 5 I’I’LTz)dS
1 1
oS 2—-5 (S 2—-5
= L e w (ETI + 2 mTz)dS - L w (571 + 3 mTZ)dS
2 b s 2-5 2 mt, + 1)
= pr— fo‘ e d(a)(i'rl + 3 mrz)) + p—— [w( > ) - w(mrz)]
2 s (S 2-5 ! bos 2—5 —6s mty + 7;
= —m[e a)(iﬁ + > mTz) . —f(; w(z‘rl + > ng)d(e )— a)(T) + a)(mrz)]
3 2 _s (T1+mT, ! s (S 2—5 mt, + T
= —m[e M(T) — w(mty) + 6](; e a)(iﬁ + > m‘rz)ds - u)(T) + w(m‘rz)]
2 + 2ué
Mty — Ty 2 mt, — 17 —5+
2 +
= |- () - (- ol |,
mt, — T 2 .
4.3)
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and

5= f: [e“ss - 1]w’(2 ; srl + %mrz)ds
= fol e‘5sw’(2 ; S‘rl + ;mrz)ds - f (2 T+ m‘rz)ds
= Lfl e“”d(2 T + mrz) [w(mT2 +T1) w(ﬁ)]
0
22— mty, + Ty

mty, —Tq
1
2 j‘w 2

- (M) - et - o T e 6 [ a2+ ]
0

= — e“ssw( T+ m‘rz

mty, —T1L

T1 + mrz)d(e_‘ss) - w(

)+ w(t)

mty, — T L 2 2 2

2 [ 5 (T1+mTy mty + T 2us
= _ + ['“ ) ]
mt,; — Ty _e (1)( 2 ) (1)( 2 ) mr, + 1, sz“l CL)(TI)
_ 200, T +mm,
B I’I’sz bl Tl >(e 1)(1)( 2 ) ( l'l)II)lT2+Tl (‘L)(Tl):l.

4.4)
From &, and &, we deduce

mty; — Ty

4(1 - e9)

[fl _ 52] — %[ m_(1)(7'1) + I +w(m7'2)] + a)(Tl +2m‘1'2)’

mT2+T1

which completes the proof.
Corollary 4. If we take m = 1 in Lemma 1, then we have Lemma 2.1 in [25].

Theorem 7. Let w be defined as in Lemma 1. If the function |'|? for g > 1 with é +1=1lisan
exponential type m-convex mapping on 7y, T,], then the following inequality exists:

Q9

=

mr, — Ty [cSp +er—1
41 — ) 5p

+((2e = 2ve - Do/ (x|’

];[((2 Ve - 3)|w'(71)|‘1 +m(2e — 2+e - 1)|wr(,r2)|q)
o)}

‘P(Tl,MTz,/l,5)‘ <

4.5)
where m € (0,1], 6 = %(mrz —711) and

1 —

T1 +m‘r2)

Y(11,T2,14,0) = — >

_w(t) + I +a)(m7'2)] + a)(

mro+7]
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Proof. Applying Lemma 1, Holder inequality and the exponential type m-convexity of |w’|?, we deduce
W(r1, mo, 1, 6)|
mr, — Ty f ' s
4(1 4(1 = e0)
mty — T _5s
_4(1—6‘5){ f ‘ 1‘ ds ( mrz)
; Y
f 'e“ss - l‘pds ( ds) }
Mty — T p \if [ i
2~ Ty g s q 2 PRY
< -1/ d ) (f 2 -1 + 7 — D d )
4(1 —e‘é)[ f ‘ ’ s i (e )|w (T1)| m(e )|w (T2)| s
1Al 1
f 'e“s“' - 1‘pds)p(f (e% - 1)|a)'(‘rl)|q + m(e? ds)l]
0 0
mry— 1 ! T i
2T —pos 4.\ s 2 ERTPRY
< M[(L 1—e? ds) (f(; (e2 +m(e? — 1)|w (Tz)l ds)

+(f01 1 —e-l’f“ds)'l’(fo1 (= = D)o/ @] +me? ds);]

= :(1172__;;)[519 + ;:P — I]P[((z Ve — 3)|wf(7_1)|q +m(2e -2z - 1)|w’(72)|”)
)|

+((2e =2 Ve - D]w' (@)’
Here, we use the fact that (x — y)? < x? — y? forany x > y > 0 and g > 1. This ends the proof.

-5 h)
T + —mTz)

T1+
2

l’l’lT2

ds+f e ds}

+2_
.
21 2

ds>

_ST +£m‘r)
p P2

< 1=

Q=

Theorem 8. Let w be defined as in Lemma 1. If the function |w'|? for g > 1 is exponential type m-
convex on [Ty, T,] with some fixed m € (0, 1], then the following inequality for fractional integrals with
exponential kernels holds:

‘I’(ﬁ,mTz,,u,rS)'
mr, =7, [6+e — 174 ) / 1 / / 1y (4.6)
< 4(12_ e—al)[ 5 ] q{(A1|w (T1)|q + mAz|a) (Tz)|q)q + (A2|w (T1)|q + mA2|w (72)|q)q}
where § = ZE(nts = ), Ay = B - i 2ye- 1
and
— —H T +mt,
W(r1, 12,1, 0) = —m[lﬁ,réﬂ, w(ty) + I,,,QH, +a)(m‘r2)] + u)(—2 )

Proof. Applying Lemma 1, power-mean inequality and the exponential type m-convexity of |w’|?, we
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deduce

W(ry, mr, 4, 5)|
sl - Joe [k
<=l [ 1 1 K fi G+ 252
-1 qa \i
+(f ‘6—55_ l‘ds) q(f ‘e_ds—l ds)q}
0 0
_ _1 i
< 41-;(1;'2_—6;])[5 + e; — 11! q{( j: ’e_(;s _ 1|[(€5 + m(e% — 1)|w’(72)|q]ds)q

f ' e . 1)|w (T1)|q +m(e?

ds}

S
T + —mTz)
2

S
mtTy

T1+

1

7 \q
ds)

w’( ; s‘rl + %m‘rz)

1

b

By calculation, we have

! 2-2¢1% l-¢
. —6s —
mﬁIXw—m s = =+ 5-mvl3

and

1 1.6 -5
2 2e — 2e? 1-e
A, = T — 1)1 —e)ds = - 2e —2+/e—1.
) j; (e )( e *)ds Y + 5 + 2e Ve

After suitable arrangements, we obtain

Y(ry, mro, pu, 5)‘

1

d+e%— 1]“q
0

1

{(AI |w’(71)|q + mAzla)’(Tz)r])q

mty; — T4
T A(1-e)

+ (A2|w’(rl)|q + mA2|w'(Tz)|q)q}.

The proof is completed.
The following lemma is used to prove the trapezoid type inequalities for generalized fractional
integral operators.

Lemma 2. Assuming w : [11,mt,] — R is a differentiable mapping, such that w € L'([t\, m7,]) with
0 < 11 < m7t, < oo, then the following identity exists:

x(t1,mto, 1, n)

1 1
mty —Tj s g 1= I+s s gl +s I-s
:m{\[o [e™" —l]w( 3 T+ 3 mrz)ds—fo [e™" —l]w( 3 T+ 3 mrz)ds},

4.7)
where m € (0,1], n = _”% and
__w(T)) + w(mty) 1 —pu u  (T1+mTy q (T1+mTy
X(T1,mty, p,m) = > "0 —e—v)[ (T) IT“’(T) : (4.8)
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Proof. 1t suffices to note that
1 1
—ns ,1_S 1+ s ,1+S 1—=s
g:j;[e’? —1]0)( > T+ > MTz)dS—j;[e" —1]0)( > T + 5 m7'2)dS
1

s 1= l+s b l+s l—s
:[j;[eﬂ —1]w( > T + > m72)ds]+[—£[e" —1]w( > T + 5 m‘rz)ds]
=40+ 0.

Integrating by parts, we have

1
Zns 1= 1+s
I ::f(; [e™ —1]w( 5 T+ 5 m7'2>ds

2 - 1-s 1+s
= j(;[e ”‘—1]d(a)( STt m‘rz))

mty — T

-2 [fol e"”d(m(l ; — ;smrz))—w(l ; Syt ;sm‘rz)

mty) — T

2 IS 1+ ! R 1+ s
:ng—n[enw( STt mrz)o—fow( STt m‘rz)d(e")
—w(mty) + w(Tl +2m7'2)
2 [ ! s (L—8 I+s
= pr—— »(e T— Dw(mty) + nf(; e w( 5T + > m‘rg)ds]
= 2 E(e*'l - Dw(mt,) + 2 1 —ppmry -7 f ’ e’%%‘hz;;:lmw(x)dx
mty — 11l mr, -7, MU 2 ki)
2 e = Dty + (1 - i o1 )]
mty —T1L 2
and
1
1+s 1-—5
o _[,-ns _ ’
b= j(: [e l]a)( > T+ 7 Tz)ds
2 ! 1+ 1-s
=2 | qer-1 d( N )
Mty — T fo le | a)( 2 ! 2 mrz)
2 ! 1+s 1—5 1+5s 1-=s !
— -ns _
= —m‘r2 i [j(: e d(a)( > T + > mrz)) w( 2 T + 2 mTz) 0]
2 1+s 1-ys ! L ol+s 1-s
— s _ -ns
g [e w( 5T + 7 m‘rz) . fo a)( 7T + 3 mrz)d(e )
T+ m7,
—w(ty) + a)(T)
2 7 : 1+ 1-
=— (e = Dw(ry) + nf e"’sw( STI + Sm‘rz)ds]
mty — Tl 0 2 2
T1+mT2
2 [ 2 1 — — -z _ lopmrpy—1 (T1+m79)-2x
=— (e - Dw(ry) + e Tlf e T e (x)dx
mty — Tl mt, —T; M 2 -
2 [ +
=— ("= Dw(t) + (1 —M)I’ﬂa)(w)].
mt, — 11 L 7 2
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From ¢; and >, we deduce

mty, — T

m[& + 52] =

(1) + w(mty) B 1—pu [I“ (T1 + m‘rz) N I’ﬂa)(T] + m‘rz)]’
2 2(1 —e™) 2 7 2

which completes the proof.

Corollary 5. If we take m = 1 in Lemma 2, then we have Lemma 3.1 in [25].

Theorem 9. Let w be defined as in Lemma 2. If the function |'|? for g > 1 with % + 611 = 1isan
exponential type m-convex mapping on [11, T,], then the following inequality exists:

mry—7T r]p+e"71’—1% 1
L\/(T17T27/l’ 77)| < L [ " ] [((262 -

Q=

+m(2e — 2e7 — 1)|a)'(‘r2)|q)

e 1 | (4.9)
+ (e -2 +m(2et = 3o @)
where m € (0,1], n = _”% and
(t1,mt )= wt) +wimty) - 1-p [I" w(TI + mrz) G (Tl + m‘rz)]
X\T1, 2, 1,1) . 3 2(1 — e—r]) 5 7-]+ 5 )

Proof. Applying Lemma 2, Holder inequality and the exponential type m-convexity of |w’|?, we deduce
-5 I+s

_ 1
IX(TIaTZaN’n)IS% f e >

1+ 1-
+f |e ﬂS—IHw 2s7'1+ 2Sm7'2 ‘ds]

4’7(1;-2__;;;)[ f ' s — 1‘ ds f 'w 1-s T+ lzsm‘rz)‘qu);
f ‘ -ns _ 1' ds ( 1 * ST] + - Sn’sz)'qu);]

2 2

mry— T s ; !
= 4(1i—e ;)[(b[‘ (1-e pn)ds) (~[‘
+ (f (1 —e P ds f (eIH 1)|w'(7'1)|q + m(e% - 1)|w’(T2)|qu)}I]

mty; — Ty 4)

T A1 -e)

mTz)'ds

=

np +e’
np

+((2e = 2¢% = D]w/(r))|" + m(2¢>

]p[((Ze; - 3)|a)'(T1)|q +m(2e — 2e?

q)é]'

Here, we use the fact that (x — y)? < x7 — y? for any x > y > 0 and ¢ > 1. The proof is completed.

Theorem 10. Let w be defined as in Lemma 2. If the function |w'|? for ¢ > 1 is exponential type
m-convex on [T1,7T,], then the following inequality for fractional integrals with exponential kernels
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holds:
PCIRINTR)

1

mty — T [17+e"7—1 =

] ]{(T1|w’(71)|‘1 + mT2|w/(T2)|q)q

4 q ’ q é
S TE = +(nkwnﬂ +mT¢uwg|)}
where m € (0,1], n = _"% and
(1, mt )= w(71) + wimy) _ l—p [ u (Tl + "’”'2) Y w(Tl +mT2)]
e 2 21 e 2 ATl

Proof. Applying Lemma 2, power-mean inequality and the exponential type m-convex of |w’'|?, we
deduce

IX(Tl,Tz,,U '7)|
mTz—Tl f|-ns
_4(1—e’7)
+f|e_"s ,1+s 1;3
mr, — T -5 l_ns gl =5 1+5 BRY
_4(1_6”)[f’ —l'ds (j(;|e —1”0)( 7 T+ 7 mTz)’ds)
. I~ s L+ -5 g \i
+(£‘eﬂ_l‘ds (fo |e" w( > T + > m72)|ds)]
MTy — T 17+e"7—11‘$ ! .
_4(1—6’7)[ 7 ] {(j;‘l_en
1-¢e™
+(f(;‘ e [(e

By calculation, we have

1+s

mrz)'ds

mTz)‘ds]

(e = D]/ )|’

q]ds)q

1

q]ds)"}.

1+s

2

4 m(eﬂ

— —41\;+2772+77+e"7—1
T, := f (eT - 1)(1 —e ™P)ds = < >
0 n—2n

and

1 1- _
45 4 2e' |
i) :=f (elz —1)(1 e M)ds = Ven S PR
0 1-2p 2p-1 n n

After suitable arrangements, we obtain

PCIRINTR)]

Mty — T} 77+e"7—1“$ , q , q\4
< 4(1—e"7)[ " ] (’I’1|a) (T1)| +m‘I’2|a) (7'2)| )

1

+ (T2|w’(rl)|q + mT1|w’(Tz)|q)q}.
The proof is completed.
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5. Dragomir-Agarwal type inequalities

We now use the following lemma, which is presented in [24], to obtain some Dragomir-Agarwal
type inequalities for exponential type m-convex mappings.

Lemma 3. Assuming w : [11,mt,] — R is a differentiable mapping with 0 < 17| < mt, < oo and
0<m< 1. Ifw € L'([11,mt,)]), then the following identity holds:

B 1 1
Q(1y, 12,6, m) = M2~ 7 fl f e W (st + m(1 — 5)15)ds — f ~00=90y (11 + m(1 — T)Tg)ds]
2(1 —e 9L Jy 0
(5.1
where 6 = %(mrz —711) and
_w@)+wimn) (1 -p) u
Q(t1,72,6,m) := 5 T 5)[ w(mty) + I, (T, (5.2)

Theorem 11. Let w be defined as in Lemma 5.1. If the function |'|? for g > 1 is exponential type
m-convex on [1, T,] with some fixed m € (0, 1], then the following inequality for fractional integrals
with exponential kernels holds:

—1y [ed(ed = 1P 1 2
‘9(71,72,77,”1)' Tz o [e G ) ] [( [€+€_6—2€¥] + 5[2{% -(1 +e‘5)]

—e™9) ) 1+6
L (5.3)
1 1-6 — ’
+ m[Ze > —(1+¢! 5)])[ s m|w (T2)|q]
where 6 = lﬂ;“(mrz —T1) and
Q(11,T2,6,m) := W) +2a)(m‘rz) - 2((11 —,u_)é)[ Lw(mty) + 1! w(Tl)] (5.4)

Proof. Applying Lemma 1, power-mean inequality and the exponential type m-convexity of |w’|?, we
deduce

Q(y1, 72,0, m)'
mty, — Ty
- 2(1 —e |
mty, — 7T [

B 2(1 —e )l

1
W (st + m(1 = $)1) — eV (511 + m(1 - S)Tz)‘ds]

L

1

f e — 70U 'w’(s*rl +m(1 - s)‘rz)‘ds]

0
mr,—1 [ [ 1‘5 !

< 2 1 f 005 _ g=00-9) d S f ‘ o5 _ o=0(1-9)
2(1 — e J,

M2 6(62 -1y’ ] f ‘ 01—
=21 -e)|
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By calculation, we have

1
f (es _ 1)‘6—5s _ e—(s(l—s)
0
1

= 1—_6[2e|2;6 —-(1+ el_‘s)] + %[26‘g —(1+ e_‘s)] +

ds

1+6

and

ds

1
f m(el—s _ 1)‘6—53 _ e—5(1—s)
0

= gle =20+ St (e e (1 e ))

After suitable arrangements, we obtain

1
mr, — 1, [e7(es = 1)*]
Qy1, 2, 6,m)| < 5 [ ]

=209 5 ( ! [e+e‘5—2e¥]

1+6

1

et -aeede 2ol e el ool

The proof is completed.

Theorem 12. Let w be defined as in Lemma 5.1. If the function |w'|? for g > 1 with 11—7 + }1 =1is
exponential type m-convex on [Ty, T,] for some fixed m € (0, 1], then we have the following inequality:

Q(')’l » Y2, 6’ m) <

mry — 1, [eP(e¥ — 1) ;
T 2(1 —e)

7 ]p((e = 2)|w' (x)|" + mle - 2) w’(‘rz)|q)ds)q, (5.5)

where 6 = lﬂ;“(mrz —7T1) and

w(T) +wimty) (1 -p) [

Q(TI’ T2, 5a m) = 2 2(1 _ 6_6)

T

I w(me) + I_w(n)| (5.6)

AIMS Mathematics Volume 7, Issue 4, 6311-6330.



6327

Proof. Applying Lemma 1, Holder inequality and the exponential type m-convexity of |w’|?, we deduce

Qy1, 2, 6,m)|

_ _ 1
LMo f ‘ W (st +m(l = 5)T2) — eV (57 +m(1_s)T2)'ds]
20— el J,

1
mty; — 1T -85 —0(1-s)
—_— e” —e
2(1 —e )l f ‘
mry, —T 65 —6(1—s
< ﬁ f ' 5s _ ,=0(1=s) ds f |cu (st +m(l - S)Tz)‘ ds) ]
mt, — T o001~ g)' ) ( (
< — ds (e
2(1 —e)l f ' 0
1 1 1
mr; — 7 o es  —5(1-9)\ ~5(1-s) _ _~o6s\' 4.\"
Sm(L (e —e )ds+ é(e —e )ds
1
x e - + e = )|/ ()| )as) |
1 1 1
mt; — 7 S -es _ —s(1-9)\ -6(1=s) _ =05\’ 3.\"
Sm[(fo (e —e )ds+ ;(e —e )ds
X ((e - q)dS)q]
1 1 1
mt; — T P -pss _ —ps(1-s) —ps(l-s) _ _—pos r
S—2(1—e‘5)[(£ (e” e’ )ds+£ (e” e’ )ds)

W' (st +m(1 — s)‘rz)'ds]

1

" me'™ = Djo' @[ )as)' |

+ m(e —

X ((e - + m(e — 2)|w’(72)|q)ds)q]
—1y [eor(e® — 1)) , / s
- 2’1(1;2_ ei;)[ 5 ] ((e = )| ()| + m(e - 2)|w (12)|")ds) .

Here, we use the fact that (x — y)? < x? — y? for any x > y > 0 and ¢ > 1. The proof is completed.
6. Conclusions

In this paper, some new fractional integrals with exponential kernels inequalities of Hadamard
type, midpoint type, trapezoid type and Dragomir-Agarwal type for exponential type m-convex
mappings are obtained. In view of this, we first present three right-side Hadamard inequalities for
exponential type m-convex mappings by choosing different parameters in fractional integrals with
exponential kernels. Then, we scale the three established equations by using the exponential type
m-convexity and other deflation methods to obtain the boundary estimates of the midpoint-type,
trapezoid-type and Dragomir-Agarwal-type inequalities separately. The results presented in this paper
would provide generalizations of those given in earlier works. We hope that the equation we have
established can help other scholars build new inequality and we will find out the application of our
established inequality in other disciplines.
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