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1. Introduction

Poisson algebras originally arise from Hamiltonian mechanics and play an important role in Poisson
geometry, algebraic geometry and deformation theory (see [3,4,9]). There are many interesting
generalizations of Poisson structures developed by different authors from different perspectives (see,
for instance, [5,8,12,13,22,23]). One way to generalize Poisson algebras is to twist the structure by a
homomorphism. Such a structure is called a Hom-Poisson algebra, which was first defined in [15] by
Makhlouf and Silvestrov. As a natural generalization of Poisson algebras, Hom-Poisson algebras play
the same role in the deformation of commutative Hom-associative algebras as Poisson algebras do in
the deformation of commutative associative algebras. Generally, a Hom-type algebraic structure (e.g.,
algebra, Lie algebra, coalgebra, Hopf algebra, etc.) is a vector space, endowed with an endomorphism,
such that the classical definition of this algebraic structure is “deformed” by this endomorphism. The
origins of the study of Hom-type algebras can be found in [7], where the notion of Hom-Lie algebra
was introduced as part of a study of deformations of the Witt and the Virasoro algebras. The theory of
Hom-type algebras has been widely studied in the past two decades (see [1,2,6,10,11,14,16,19,20,26]
and the references therein).

In nowadays mathematics, much of the research on certain algebraic object is to study its
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representation theory. The representation theory of an algebraic object is very important since it
reveals some of its profound structures hidden underneath, so is for Hom-Poisson algebra. Similar
to the definition of Poisson modules over Poisson algebras, Hom-Poisson modules over Hom-Poisson
algebras are defined in a natural way. In this paper, in order to study the representation theory of
Hom-Poisson algebras, we introduce the notion of universal enveloping Hom-algebras of Hom-Poisson
algebras.

The paper is organized as follows. In Section 2, we fix notation and recall some definitions and
basic facts used throughout the paper. In particular, we recall the definitions of Hom-associative
algebras, Hom-Lie algebras, Hom-Poisson algebras and Hom-Poisson modules. In section 3, we
mainly study the universal enveloping Hom-algebra of a Hom-Poisson algebra. For any regular Hom-
Poisson algebra (A, u, [+, ], @), basic properties of its universal enveloping Hom-algebra U,,(A) are
discussed, including the relation to the usual universal enveloping algebra of A, whose Poisson structure
is obtained by the action of @~!. Moreover, in the involutive case, we show that the category of
involutive Hom-Poisson modules over A is equivalent to the category of involutive Hom-associative
modules over U,;,(A).

Throughout this paper, all vector spaces and linear maps are over a fixed field k. In what follows,
an unadorned ® means ®;. Given a k-module V, 7 : V® V — V ® V interchanges the two variables,
that is, 7(vi ® v2) = v, ® vy, for any vi,v, € V.

2. Preliminaries

In this section, we briefly recall some definitions and notation used in this paper.

By a Hom-module, we mean a pair (A, @) in which A is a vector space(i.e., k-module) anda : A — A
is a linear map, called the twisting map. Let (A, @) and (B, 8) be two Hom-modules. A homomorphism
f 1 (A @) — (B,B) of Hom-modules is a linear map f : A — B such that §f = fa. A Hom-algebra
is a triple (A, u, @), where (A, @) is a Hom-module, and 4 : A® A — A is a bilinear map, called the
multiplication. For convenience, we shall write u(a ® b) as ab, Ya, b € A, whenever this does not cause
confusion.

Definition 2.1. Let (A, i, @) be a Hom-algebra.

(1) The Hom-algebra A is called a Hom-associative algebra if there exists an element 1, € A such
that

a(ly) = 14, 14a = a(a) = aly, a(a)(be) = (ab)a(c)

for all a,b,c € A. We usually denote a Hom-associative algebra by (A, u, 14, @), or simply by
(A, u, @) or A if no confusions arise.

(2) A Hom-associative algebra (A, u, ) (resp. Hom-module (V, ay)) is said to be involutive if o> = Id
(resp. a3, = Id).

(3) A Hom-associative algebra (A, u, @) (resp. Hom-module (V, ay)) is said to be regular if « is
bijective (resp. ay is bijective).

(4) Let (A,-,14,@4) and (B, e, 15, ap) be two Hom-associative algebras. A homomorphism f :
(A, @s) — (B, ap) of Hom-modules (namely agf = fa,) is a homomorphism of Hom-associative
algebras if f(14) = 1gand f(a-b) = f(a) e f(b) for all a,b € A.
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(5) Let (A, u, 14, @) be a Hom-associative algebra.

(5a) A submodule S C A is called a Hom-associative subalgebra of A if 1, € S, ab € S for all
a,beS anda(S)CS;

(5b) A submodule I C A is called a Hom-associative ideal of Aif ab € I,ba € I foralla e A,b e I
and a(l) C 1.

(6) Let (A, u, 14, @) be a Hom-associative algebra and (M, a);) a Hom-module. We call M a (left)
Hom-associative module over A provided that there is a bilinear map - : A ® M — M such that
@) ayla-m) = ala) - ap(m);
(ii) (ab) - ay(m) = ala) - (b - m);
(iil) 14 - m = ay(m),

for all elements a,b € A,m € M.

Remark 2.2. In the definition of a Hom-associative algebra (A, u, 14, @), the map @ must satisfy the
formula: a(ab) = a(a)a(b) for any a, b € A, because

a(ab) = 1,(ab) = a(14)(ab) = (1,a)a(b) = a(a)a(b).

Lemma 2.3. (1) [24] Let (V,u,1,) be an associative algebra and a« : V — V an algebra
endomorphism. Then (V, u,, 14, @), where u, := au, is a Hom-associative algebra.
(2) Let (A, u, @) be a regular Hom-associative algebra. Then (A, a”'u) is an associative algebra.
(3) Let (A, u, @) be a Hom-associative algebra. If I is a Hom—associative ideal of A, then (A/I, i, @),
where p(a + 1) := u(a) + I,a(a + 1) := a(a) + I for all a € A, is a Hom-associative algebra.

Let (M, ay) be a regular Hom-module. Set Endi(M) = {f : M — M | fisalinear map},
g is the composition of the endomorphism algebra. Then (End; (M), ug) is an associative algebra.
Define a linear map ag : Endi (M) — Endi(M) sending f € Endi (M) to ay fa/;}. Clearly, ag is an
algebra endomorphism. By Lemma 2.3(1), (Endi (M), agug, @g) is a Hom-associative algebra. In the
following, we always set Endi(M), := (Endiy(M), agug, ag) if no confusions arise. Immediately, we
have the following basic observations.

Lemma 2.4. Let (A, u, @) be a Hom-associative algebra and (M, ay;) a regular Hom-module. If there
exists a Hom-associative algebra morphism f : A — Endi(M),, define - : AQM — M bya-m =
f(a)(ay(m)) foranya € A,m € M. Then (M, -, ay) is a Hom-associative module over A. Conversely, if
ozjzu = Idy and (M, e, o)) is a Hom-associative module over A, then the linear map g : A — Endi(M),,
given by g(a)(m) = a ® ay(m) for any a € A,m € M, is a Hom-associative algebra morphism.

Proof. First, we show that (M, -, @),) is a Hom-associative module over A. Since f : A — Endi (M), is
a Hom-associative algebra morphism, for any a,b € A, m € M, we have

f() = Hdppa s f(@(@) = ap(f(@) = anf(@ay,
fab) = ax(f(@)f(b)) = an(f(@)f(b)ay,

and then
Ly -m = f(1a)(apu(m)) = Ideg,mn(apu(m)) = ay(m),
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a(a) - ay(m) = f(a(a))ay(ay(m))) = CVMf(Cl)Olz_u1 (aﬁl(m)) = apyfla)ay(m) = ayla - m),
(@) - (b-m) = a(a) - (fB)ay(m) = fal@) @y fb)ay(m) = ayf(a)ay ey f(b)ay(m)
= ayf(a) f(b)au(m) = ay(f(a)f(b)ay) as,(m)
= flab)(aj,(m)) = (ab) - ay(m).

Thus, (M, -, ) is a Hom-associative module over A.
Next, we prove that g is a Hom-associative algebra morphism. Note that (M, e, a),) is a Hom-
associative module over A, for any a,b € A, m € M, we have

g(L)(m) = 14 ® ay(m) = ag,(m) = m(. @y = Idy),
ar(g(a)g(h))(m) = ay(ga)gh)ay (m) = ayg(a)(b @ ayay, (m) = ayla e ay(b e m))
=aa) e ayay(bem)=ala)e (bem)(. afﬁ,l = 1Idy)
= (ab) ® ay(m) = g(ab)(m),
ap(g(@)(m) = ayg@ay (m) = ay(a o ayay, (m) = ayla e m)

= a(a) o ay(m) = gla(a))(m).
Hence, g is a Hom-associative algebra morphism. O

Other examples and properties of Hom-associative algebras can be found in [16] and the references
therein.

Definition 2.5. (1) A Hom-Lie algebra is a triple (L, [+, -], @), which consists of a k-module L, a bilinear
map [-,] : L® L — L and a linear map « : L — L, satisfying

a([a, b)) = [a(a), a(b)],
la,b] = —[b,al,
[a(a), [b, c]] + [a(b), [c,al] + [a(c), [a, b]] = 0,

for all elements a, b, c € L.

(2) A Hom-Lie algebra (L, [-,-], @) is said to be involutive (resp. regular) if > = Id (resp. « is
bijective).

(3) Let (L, [-,-],@) and (L', [+, -], @’) be two Hom-Lie algebras. A linear map f : L — L’ is called a
homomorphism of Hom-Lie algebras if &’(f(a)) = f(a(a)), and f([a, b]) = [f(a), f(b)] foralla,b € L.

(4) Let (A, [, -], @) be a Hom-Lie algebra and (M, a);) a Hom-module. We call M a (left) Hom-Lie
module over A if the following holds.

(i) There is a bilinear map [, -]y : A® M — M such that ay([a, m]y) = [a(a), ay(m)]y;
(i1) [-, -]a satisfies the formula: [[a, b], ay(m)]y = [a(a), [b, m]yly — [@(b), [a, m]a]um,

for all elements a,b € A,m € M.

Lemma 2.6. (1) [24] Let (L,[-,-]) be a Lie algebra and o : L — L a Lie algebra morphism. Then
(L, [, ]q := al+, ], @) is a Hom-Lie algebra.
(2) Let (L, [, -], @) be a regular Hom-Lie algebra. Then (L,a™'[-,-]) is a Lie algebra.
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As is noted in [17], given a Hom-associative algebra (A, u, @), the triple (A, [+, -];, @) is a Hom-Lie
algebra, where

a, b];, := ab — ba,

for all a,b € A. We denote this Hom-Lie algebra by A; := (AL, [+, ]z, @).
Let us recall the definition of a Hom-Poisson algebra.

Definition 2.7. A Hom-Poisson algebra is a quadruple (A, y, [-, -], @) consisting of a Hom-module
(A, @), bilinearmaps u: A® A - Aand [-,-] : A® A — A, called the Hom-Poisson bracket, satisfying

(1) (A, i, @) 1s a commutative Hom-associative algebra;

(i1) (A, [+, ], @) is a Hom-Lie algebra;

(iii) For all a, b, c € A,

[a(a), bc] = a(b)]a, c] + [a, bla(c). 2.1

Moreover, we call A an involutive (resp. regular) Hom-Poisson algebra provided that o> = Id (resp. a
is bijective).

By the anti-symmetry of the Hom-Poisson bracket [, -], The formula (2.1) can be reformulated
equivalently as

[ab, a(c)] = a(a)[b, c] + [a, c]a(b).

Let (A, [, ]a,@4) and (B, e, [, |3, @p) be two Hom-Poisson algebras. A linear map f : A — Bis
called a homomorphism of Hom-Poisson algebras if ag(f(a)) = f(aa(a)), f(a-b) = f(a) e f(b) and
f([a,bls) = [f(a), f(b)]p for all a,b € A.

Lemma 2.8. (1) [25] Let (A, u, [+, -]) be a Poisson algebra and o : A — A a Poisson algebra morphism.
Then (A, u, = au, [+, lq := al-, -], @) is a Hom-Poisson algebra.

(2) Let (A,j1,[-,-],@) be a regular Hom-Poisson algebra. Then (A, 'u,a'[-,-]) is a Poisson
algebra.

Lemma 2.9. Let (A, i, [+, -], @) be a Hom-Poisson algebra. Then (AP := A, top, [+, lop, @op) is also a
Hom-Poisson algebra, where

Hop(a® D) := ut(a®Db) = u(a®b),
[ lop(@a® D) := [, Jt(a® b) = —[-, - 1(a ® b),
Qop = 0,
for any elements a,b € A.
Lemma 2.10. [25] Let (A, ua, [+, 14, @a) and (B, ug, [+, -1, ag) be Hom-Poisson algebras. Define the
linearmapsa :A®B - B®Aand u,[-,'] : (A® B) ® (A® B) — A ® B by the following ways:

=, ®apg,
Hay ® by,a, @ by) := palay, ax) @ ug(by, by),
[a1 ® b1,a, ® by] := [ay, ax]a ® up(bi, by) + pualar, az) ® [by, bslp

foralla; € A,b; € B,i =1,2. Then (A® B, i, [+, -], @) is a Hom-Poisson algebra.
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Example 2.11. Let (k[x,y], ) be the commutative polynomial algebra in two variables. Define a
Poisson structure on A := k[x, y] by setting

_ 0% 0gof

[/.81= Ox 0y Ox Oy

forall f,g € A, then A is a Poisson algebra. Define an algebra endomorphism a : A — A on the affine
plane A by setting
a(x)=y and a(y)=—x.

It is easy to check that « is a Poisson algebra morphism with o = Id. By Lemma 2.8(1),
(A, au, af-, -], @) is a Hom-Poisson algebra.

In the following, we will consider Hom-Poisson modules over Hom-Poisson algebras.

Definition 2.12. Let (A, i, [+, -], @) be a Hom-Poisson algebra and (M, a),) a Hom-module. We call M
a (left) Hom-Poisson module over A provided that

(i) There exists a bilinear map - : A® M — M such that (M, -, a),) is a Hom-associative module over
the Hom-associative algebra (A, u, @);
(i1) There is a bilinear map [+, ]y : A® M — M such that (M, [-, -]y, @) 1s a Hom-Lie module over
the Hom-Lie algebra (A, [+, ], @);
(iii) The bilinear map - is compatible with the bracket [-, -]5,. That is, we have

[ab, ay(m)|y = a(b) - [a,m]y + ala) - [b, m]y;
[a,b] - ay(m) = [a(a),b - mly — a(b) - [a, m]y,

foralla,be A,me M.

In addition, if A is an involutive (resp. regular) Hom-Poisson algebra, then the Hom-Poisson module
(M, ay) is called involutive (resp. regular) if (xﬁl = Id (resp. ay, is bijective).

Similar to the Lemmas 2.4 and 2.8, we have the following remarks, the proofs of which are left as
easy exercises to the reader.

Remark 2.13. Let (A, u, [+, -], @) be a regular Hom-Poisson algebra and (M, uy, [+, 1m, @p) @ Hom-
Poisson module over A. Suppose that @y, : M — M is a linear isomorphism. Then
(M, (ap) pag, (anr) "I+ -1n) is a Poisson module over (A, a 'y, a7 '[-, -]).

Remark 2.14. Let (A, u, [+, ], @) be a Hom-Poisson algebra and (M, a),) a regular Hom-module. If
there are a Hom-associative algebra morphism y and a Hom-Lie algebra morphism ¢ from A into
(Endi (M), * := agug, ag), such that

¥(la. b)) = 6(a) * y(b) = y(b) * &(a),
6(ab) = y(a)  6(b) + y(b) * 6(a),

for all a,b € A. Define- : A® M — M by a-m = yla)ay(m)), and [-,-]y : AQM — M by
[a,m]y = 6(a)(ay(m)) forany a € A,m € M. Then (M, -, [-, -]y, @pr) is a Hom-Poisson module.
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Remark 2.15. Let (A, i, [+, ], @) be a Hom-Poisson algebra and (M, ay,) an involutive Hom-module.
If (M, -, [, 1y, @p) is a Hom-Poisson module, define y : A — Endiy(M),, := (Endiy(M), * := agug, ag)
by y(a)(m) = a - ay(m), and 6 : A — Endi (M), by 6(a)(m) = [a, ay(m)]y foralla € A,m € M. Then
v is a Hom-associative algebra morphism, and ¢ is a Hom-Lie algebra morphism, such that

¥([a, b]) = 6(a) * y(b) = y(b) * 6(a),
d(ab) = y(a) * 6(b) + y(b) * 6(a),

forall a, b € A.
3. Universal enveloping Hom-algebras of Hom-Poisson algebras
In this section, we study universal enveloping Hom-algebras of Hom-Poisson algebras.

3.1. Definition and examples

The universal enveloping algebra of an ordinary Poisson algebra is given in [18]. Our aim is to
generalize the definition to the Hom-setting.

Definition 3.1. Given a Hom-Poisson algebra (A, y, [-, ], @), let (U.,(A),-, ay,n,0) be a quintuple,
which has property P described as

(P1) (Uen(A), -, ay) 1s a Hom-associative algebra and n : A — U,,(A) is a Hom-associative algebra
morphism;

(P2) 6: A — U,(A), is a Hom-Lie algebra morphism;

(P3) n(la, b]) = 6(a) - n(b) — n(b) - 6(a), and

(P4) 6(ab) = n(a) - 0(b) + n(b) - (a) for all a,b € A.

Then (U,,(A),n,0) is called the universal enveloping Hom-algebra of A if for any other quintuple
(D, e, ap,v,0) that satisfies property P, there exists a unique Hom-associative algebra morphism ¢ :
U.,(A) — D, making the diagram

n, 0

(A,,Ll, [" ']’ CL’)

k 3!(/7

(Da o, aD)

(Uen(A), -, av)

“bi-commute”, i.e., ¢n = y and ¢f = 9.

The relation about the universal enveloping Hom-algebra of a Hom-Poisson algebra and the
universal enveloping algebra of a Poisson algebra is discussed in the following result, which shows
that the universal enveloping algebra deforms into the universal enveloping Hom-algebra via an algebra
homomorphism.

Proposition 3.2. Let (A, u, [+, -]) be a Poisson algebra and (U(A), i") the universal enveloping algebra
of A. Assume that « : A — A is a Poisson algebra isomorphism. Then there exists an algebra
homomorphism ay : U(A) — U(A), such that (U(A), ayu’, ay) is the universal enveloping Hom-
algebra of (A, au, af-, ], @).
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Proof. Let (A, pu,[-,-]) be a Poisson algebra. The universal enveloping algebra (U(A),u") of A can be
constructed explicitly. Let my = {m, : a € A} and hy = {h, : a € A} be two copies of the vector space
A endowed with two linear isomorphisms m : A — my sending a to m, and h : A — h, sending a to
h,. Then (U(A), ') 1s defined to be the quotient algebra of the free algebra generated by my4 and hy,
subject to the following relations:

(1) mp, = 1U(A)’ Mgy = MMy,
(i1) hyap) = hahy — hyhy,
(iii) myqp) = hamy — mphy,
(v) hay = mahy, + myh,

for all elements a, b € A. Define (7, 0) as follows:

n:A—-UA), n(a) = my;
0:A—> UA)L, 0(a) = h,.

By the section 2 of [21], (U(A), ', n, 0) is the universal enveloping algebra of A.

Suppose that « : A — A is a Poisson algebra isomorphism. By Lemma 2.8, (4, = A,- :=
au, [+ le := al-, -], @) is a Hom-Poisson algebra. Let ay : U(A) — U(A) be an algebra homomorphism
determined by

a’U(ma) = My(a), a’U(ha) = ha(a)
for any elementa € A. Then (U(A),, := U(A), ® := ay’, ay) 1s the universal enveloping Hom-algebra
of A, by the following steps.

Step 1: ay is a well-defined algebra homomorphism. It suffices to prove the following equations
fora,b € A:

ay(m, — lyw) =0,

ay(myy —mgmy) = 0,

ay(hiap — (hahy — hyhy)) = 0,
ay(mygp) — (hamy — mphy,)) = 0,
ay(hay — (mahy, + mphy)) = 0,

which follows from

a'U(mlA - 1U(A)) = Mo(1y) — lU(A) =m, — 1U(A) =0,

ay(mgy — mgmy) = Ma(aby — ay(mg)ay(my) = Maoayab) — Ma(a)Mab) = 0,

ay(hiap — (hahy — hphy)) =heqap) — (@u(hg)ay(hy) — ay(hy)ay(h,))
=hja@).ab)] — (ha@haw) = haw)ha@) = 0,

ay(myp — (hamy — mphy)) =My — (@u(hy)ay(my) — ay(my)ay(h,))
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=Mia(a).ab)] — (Na@Map) = Map)ha) =0
and

ay(hgy — (mahy, + mphy)) =hga) — (@y(ma)ay(hy) + ay(my)ay(hy))

=ho@ap) — Ma@haw) + Maw)ha@) = 0.

Step 2: (U(A)qy, ®, @y, 1, 0) satisfies property P.
By step 1, ay is an algebra homomorphism. Then by Lemma 2.3, (U(A),,,®,a@y) is a Hom-
associative algebra. Moreover, for any a, b € A, we have

n(ly) =my, = lyu),
CYUU(G) = aU(ma) = Mo = 770/(61),
a/UQ(a) = a’U(ha) = ha(a) = ea’(a)’

1(a - b) =n(a(ab)) = n(a(a)a(b)) = n(a(a)n(@(b)) = MmawMaw)

=ay(ma)ay(my) = ay(mamy) = m, o my, = 1(a) o n(b),

0([a, b],) =0(a([a, b])) = O([a(a), a(D)]) = O(a(a))d(a(b)) — O(a(D))0(a(a))
=ho@haw) = hayhaw = av(ha)ay(hy) — ay(hp)ay(h,)
=h, ® hy, — hy ® hy = [h,, hp]. = [6(a), 0(b)],,

n(la, bl,) =n(a([a, b])) = n([a(a), a(D)]) = 6(a(a))n(a(b)) — n(a(b))d(a(a))
=No(@yMap) — Moo = au(hy)ay(my) — ay(my)ay(h,)
=h, e m, —my;, @ h, = 0(a) e n(b) — n(b) e H(a)

and

0(a - b) =6(a(ab)) = O(a(a)a (b)) = n(a(a))d(a (b)) + n(a(b))d(a(a))
=My hap) + Moy = dv(ma)ay(hy) + ay(my)ay(hy)
=m, ® h, + m;, ® h, = n(a) e 0(b) + n(b) e H(a).

Thus, (U(A),,, ®, @y, 1, 0) satisfies property P.

Step 3: The universal property is true. For any Hom-associative algebra (D, %, ap, y, 0) satisfying
property P, define an algebra homomorphism ¢ : U(A),, — D by the rules: ¢(m,) := y(a), ¢(h,) =
6(a). We show that ¢ is well-defined. Note that the Poisson algebra homomorphism « is bijective, then
the relations of U(A),, become the following relations:

1) my,, = lyw,,, Map =mg ® mp,
(i1) hpap), = he ® hy — hy @ hy,
(111) Miap), = hq ® my, —my, @ h,
@v) hyp =my e hyy +my, @ hy,
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Then for any a,b € A, we have

o(my, ) =y(14,) = 1p = e(lya,, )

@(myp) = y(a-b) =y(a) = y(b) = p(my,) * p(mp) = p(m, ® my),
@(hpap,) = 0([a, bls) = 6(a) * 6(b) — 6(b) = 6(a)
= @(hy) * p(hp) — p(hp) * p(hy) = p(h, ® hy — hy, ® hy),
o(map),) = ¥(la, bly) = 6(a) = y(b) — y(b) * 6(a)
= @(hy) * @(mp) — p(mp) = @(h,) = @(hy ® my —my, @ hy),
@(hap) = 6(a - b) = y(a) * 6(b) + y(b) * 6(a)
= p(my) = @(hy) + @(mp) = e(hy) = (m, ® hy, + my, ® hy).

Hence ¢ : U(A),, — D is a well-defined algebra morphism. Further,
pay(mg) = p(Myq) = y(a(a)) = ya(a) = apy(a) = app(m,),

pay(hy) = @lhoa) = 6(a(a)) = 6a(a) = apd(a) = app(h,).

Therefore, pay = apy, which means ¢ is a Hom-associative algebra morphism. By the construction
of ¢, we have ¢yn = y and 90 = 6. Note that U(A),, is generated by m(A) and h(A). Since two
Hom-associative algebra homomorphisms that coincide on generators are necessarily identical, the
uniqueness of ¢ is true, as claim.

O

Corollary 3.3. Given a regular Hom-Poisson algebra (A, u, |-, ], @), its universal enveloping Hom-
algebra exists and is unique up to isomorphisms.

Proof. The uniqueness of the universal enveloping Hom-algebra of A, up to isomorphisms, follows
immediately from the universal mapping property. Hence, it suffices to prove that the universal
enveloping Hom-algebra of A exists.

Let (A, u, [+, ], @) be a regular Hom-Poisson algebra. Note that « is bijective, by Lemma 2.8(2),
(At := A,a 'y, a7 '[,-]) is a Poisson algebra. Suppose that (U(A), ) is the universal enveloping
algebra of A,-1. Note that @ : A — A is a Poisson algebra isomorphism. By Lemma 2.8(1),
(A, a(e'p), a(a”'[-,-]), @) is a Hom-Poisson algebra. By Proposition 3.2, there exists an algebra
homomorphism ay : U(A) — U(A), such that (U(A), ayu’, ay) is the universal enveloping Hom-
algebra of (A, a(a~'u), a(a'[-, -]), @), which exactly is (A, u, [, -], @). O

Example 3.4. Let (A = k[x,y],u,[-,-]) be the Poisson polynomial algebra in two variables. Here,
[,-]1: A® A — A is defined by
_0fog 0gof

Lf.gl = oxdy  9xdy

forall f,g € A. By the Example 4 of [18], the Weyl algebra (A, ', n,0) is the universal enveloping
algebra of (A, u, [, -]), where A, is the associative algebra given by generators xi, x,, Y1, y, and defined
relations

X1X2 = X2 X1, Yiya = Yay1, YiXj— X;yi = 0ij,1, j = 1,2.
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The linear maps n and 8 are given by

n(x) = y2, ny) = xi, 6(x) = y1, 0(y) = x2.
Define an algebra endomorphism a : A — A on the affine plane A by setting
a(x)=y and a(y)=—x.

By Example 2.11, a is a Poisson algebra automorphism and (A, := A, au, al-, -], @) is a Hom-Poisson
algebra. Define an associative algebra homomorphism a4, : Ay — A, such that

CYAZ(Xl) ==y, aAz(XZ) ==V aAz(y1) = X2, CYAZ()Q) = X1.

Then by the method in Proposition 3.2, (A, aa,i’, @s,) is the universal enveloping Hom-algebra of
(Ao, o, af-, -], @).

3.2. Some basis properties

Note that the universal enveloping Hom-algebra exists for any regular Hom-Poisson algebra, from
now on, we always consider regular Hom-Poisson algebras. In particular, involutive Hom-Poisson
algebras are also considered.

Proposition 3.5. Let (A, ua, [+, -1a, @a) and (B, ug, [+, -1, ap) be regular Hom-Poisson algebras. Then
we have

(i) Uen(A%) = (Uen(A)),
(ii) Uep(A® B) = Uen(A) ® Uen(B),
(iii) U (AQ AP) = Uy(A) @ U, (A°P).

Proof. We only prove (ii) here. We can get (i) from the same fashion, and (iii) is a corollary of (i)
and (ii). Note that (A, ua, [+, 14, @4) is a regular Hom-Poisson algebra, we know «, is invertible. By
Lemma 2.8(2), (A, as~ s, @s~'[+, 14) is a Poisson algebra. Suppose that (U(A), uy(a)) 1s the universal
enveloping algebra of (A, a4y, a4 '[,14), where U(A) is generated by m, and hy4, subject to some
relations. Let ay ) : U(A) — U(A) be an algebra homomorphism determined by

ayu)(mg) = M,y Qua)y(ha) = ha, )

for any element a € A. then (U(A), aywmlun), @u,) 1s the universal enveloping Hom-algebra of

(A, ua, [+, -]a, @4). Similarly, we get (U(B), aymMus), @u,) 1s the universal enveloping Hom-algebra

of (B, ug, [+, 18, ap). Here, (U(B), 1ys)) 1s the universal enveloping algebra of (B, ag g, ag [, - 1p).
On the one hand, (U(A)QU (B), (Lywa)®Uu ) 1d®Tyw).um®I1d)) 1s the universal enveloping algebra

of (A®B, (s ua®ap™ up)IdR74 sRId), (s~ [, 1a®ap™ p+aa  ua®ap ', 15)(1d®T4 sR1d)). Set

Qy,eUp = Q’UA®CL’UB, then (U(A)@U(B), aUA®UB(/-lU(A)®,uU(B))(Id@TU(A),U(B)®Id), Q'UA®UB) is the universal

enveloping Hom-algebra of (A®B, (ua®up)(1d®t s g®1d), ([-, - 1aQuUp+UARI", -15)(d®T 4 p®Id), € s®ap).
On the other hand,

U, QyHUA)» OZUA) ® (U(B), QyBHUB)> Q'UB)
=(U(A) ® U(B), (@umtun) @ aymMunr)dd @ Tym.us ® 1d), ay, ® ay,),
which is equal to (U(A)® U(B), aUA®U3(,uU(A) ®,UU(B))(Id®TU(A),U(B) ®Id), aUA®UB)~ Hence Ueh(A®B) =
Ueh(A) ® Ueh(B) O
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Recall that a Hom-Poisson algebra (A, i, [+, -], @) is involutive if o =1d. Generally, if there exists
t > 0 such that o' = Id, then we call A is t-involutive. Particularly, when 7 = 1, A is a Poisson algebra.
When ¢ = 2, A is an involutive Hom-Poisson algebra.

Proposition 3.6. Let A := (A, u, [+, -], @) be a t-involutive Hom-Poisson algebra with t > Q.

(a) Let (B, -, ag) be a Hom-associative algebra, f : (A, u, @) — (B, -, ag) a homomorphism of Hom-
associative algebras and g : (A,[-,-],a) — (B, [, 1, ag) a homomorphism of Hom-Lie algebras.
Suppose that E is the Hom-associative subalgebra of B generated by f(A) and g(A). Then E is t-
involutive.

(b) The universal enveloping Hom-algebra (U,,(A),n, 0) of A is t-involutive.

(c) In order to verify the universal property of U,,(A) in Definition 3.1, we only need to consider
t-involutive Hom-associative algebras (D, e, ap,7, ).

Proof. (a) Let
C :={b € B| ak(b) = b}.

Note that A is t-involutive, f is a homomorphism of Hom-associative algebras and g is a
homomorphism of Hom-Lie algebras. Then for any element a € A, we have

ap(f(@) = f(@'(@) = f(@)  and  ap(g(a)) = g(d'(a)) = g(a).

Thus f(A) and g(A) are contained in C. In order to prove (a), it remains to show C is a Hom-associative
subalgebra of B, which means C contains E. Here E is the Hom-associative subalgebra of B generated
by f(A) and g(A). Indeed, C is a submodule of B. For b, c € C, by the formula ag(bc) = ap(b)ap(c),
we have

aybe) = dyb)ay() = b and  al(as(b) = as(@y(h)) = ap(b).

and hence C is a Hom-associative subalgebra of B. Therefore E is z-involutive.

(b) By the universal property of (U,,(A),n,6), U, (A) is the Hom-associative algebra generated by
n(A) and 6(A), and so (b) is a special case of (a).

(c) For any quintuple (D, e, ap, v, 0) satisfies property P, where D is a Hom-associative algebra. Let
C’ :={d € D | a/,(d) = d} be a t-involutive Hom-associative subalgebra of D defined in the proof of (a).
By (a), y(A) and 6(A) are contained in C’" and thus y(resp. ¢) is the composition of a homomorphism
ver A — C' (resp. 6¢ : A — (') of Hom-associative algebras (resp. Hom-Lie algebras) with the
inclusion C’ — D. Note that (C’,y¢,d¢) also satisfies property P. By the assumption, there is a
homomorphism ¢¢ : U.,(A) — C’ of Hom-associative algebras such that o-n = v and @6 = d¢ .
Then composing with the inclusion C’ < D, we obtain a homomorphism ¢ : U,,(A) — D of Hom-
associative algebras such that ¢ = y and ¢ = 6. Note that U,,(A) is a t-involutive Hom-associative
algebra by (b), similar to the previous proof, it is obvious to see the uniqueness of ¢ such that ¢n = 7y
and ¢f = ¢, which completes the proof. m|

Proposition 3.7. Let A = (A,u,[,-],@) be an involutive Hom-Poisson algebra and U,,(A) =
(Uen(A), 1, 0) the universal enveloping Hom-algebra of A. Then n is injective.

Proof. Note that (A, pu, [+, ], @) is an involutive Hom-Poisson module, define y : A — Endi(A), =
(Endi(A), * := agug, ag) by y(a)(m) = a-a(m),and 6 : A — Endi(A), by 6(a)(m) = [a, a(m)],, for all
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a € A,me M. By Remark 2.15, y is a Hom-associative algebra morphism, and ¢ is a Hom-Lie algebra
morphism, such that

¥(la, b)) = 6(a) * y(b) = y(b) * &(a),
6(ab) = y(a) x 6(b) + y(b) * 6(a),

for all a,b € A. By Definition 3.1, there is a Hom-associative algebra morphism ¢ from U,,(A) into
End;(A), such that ¢ = y and @6 = 0. If a € ker(n), then 0 = ¢n(a) = y(a). Thus, 0 = y(a)(1,) =
a-a(ly) =a-1, = a(a). But o® = Id, we have a = 0, as required. o

Now our main result is stated as follows.

Theorem 3.8. Let A = (A,u,[-],@) be a regular Hom-Poisson algebra and U, (A) :=
(Uen(A), ay,n, 0) the universal enveloping Hom-algebra of A.

(1) If M is a regular Hom-associative module over U,,(A), then M is a regular Hom-Poisson module
over A.

(2) Assume that A is involutive. If M is an involutive Hom-Poisson module over A, then M is an
involutive Hom-associative module over U,,(A).

Proof. (1) If (M, o, ayy) is a regular Hom-associative module over (U,,(A), ay), define e : AQM — M
byaem=n(a)om,and [-,-]yy : AQ M — M by [a,m]y = 6(a) o m for any a € A,m € M. In fact, for
any a,b € A, m € M, we have

lyem=n(ly)om=ly,wm om= ay(m),
ay(a em) = ay(na) om) = ay(n(a)) o ay(m) = nala) o ay(m) = a(a) ® ay(m),
(ab) ® ay(m) = n(ab) o ay(m) = (n(a)n(b)) o amu(m) = ay(n(a)) o (n(b) o m)
=na(a) o (b e m) = a(a) e (b e m),

ay(la,mly) = ay((a) o m) = ay((a)) o ay(m) = Oa(a) o ay(m) = [a(a), ay(m)ly,
[la, b], am(m)]y = 6([a, b]) o ap(m) = (6(a)8(b) — 6(b)O(a)) o ay(m)
= ay(8(a)) o (8(b) o m) — ay(0(D)) o (6(a) o m)
= Oa(a) o ([b,m]y) — 0a(b) o ([a, m]y) = [a(a), [b, mIy]u — [a(D), [a, m]y]u,

lab, an(m)]y = 6(ab) o ay(m) = (N(a)d(b) + n(b)o(a)) o ay(m)

= ay(n(a)) o (6(b) o m) + ay(n(b)) o (6(a) o m)

= na(a) o ([b, m]y) + na(b) o ([a,mly) = a(a) ® [b,m]y + a(b) e [a,m]y,
[a, b] ® ay(m) = n([a, b]) o ay(m) = ((a)n(b) — n(b)0(a)) o ay(m)

= ay(6(a)) o (n(b) o m) — ay(n(b)) o (6(a) o m)

= Oa(a) o (b e m) — na(b) o ([a,m]y) = [a(a),b ® m]y — (D) ® [a,m]y.

Therefore, (M, e, [, -]11, @)) 1s a regular Hom-Poisson module over A.
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(2) Assume that A is involutive, if M is an involutive Hom-Poisson module over A, by Remark 2.15,
there exist a Hom-associative algebra morphism 7y, and a Hom-Lie algebra morphism ¢ from A into
End,(M),, := (End (M), * := agug, ag), such that

y(a, b)) = 6(a) * y(b) — y(D) * 6(a),
6(ab) = y(a) = 6(b) + y(b) * 6(a),
for all a,b € A. By the definition of the universal enveloping Hom-algebra of A, there is a unique

Home-associative algebra morphism ¢ : U,,(A) — Endi(M),, such that ¢n = y and 8 = §. By Lemma
2.4, we have M is an involutive Hom-associative module over U,,(A). |

4. Conclusions

We first introduced universal enveloping Hom-algebras of Hom-Poisson algebras, and discussed
their properties. Moreover, we proved that the category of involutive Hom-Poisson modules over an
involutive Hom-Poisson algebra A is equivalent to the category of involutive Hom-associative modules
over its universal enveloping Hom-algebra U,,(A).
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