
http://www.aimspress.com/journal/Math

AIMS Mathematics, 7(4): 5605–5615.
DOI:10.3934/math.2022310
Received: 21 October 2021
Revised: 28 December 2021
Accepted: 30 December 2021
Published: 10 January 2022

Research article

The Ostrowski inequality for s-convex functions in the third sense

Gültekin Tınaztepe1, Sevda Sezer2, Zeynep Eken2 and Sinem Sezer Evcan2,∗

1 Vocational School of Technical Sciences, Akdeniz University, Antalya, Turkey
2 Department of Mathematics and Science Education, Faculty of Education, Akdeniz University,

Antalya, Turkey

* Correspondence: Email: sinemsezer@akdeniz.edu.tr; Tel: +902423106662;
Fax: +902423106943.
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1. Introduction

Convex functions are of great importance in both formal and applied sciences due to their nice
properties associated with solving optimization problems. Especially, advances in mathematics
accompany the progress of new convexity types which are extensions or generalizations of convex
functions such as quasiconvexity, B-convexity, B−1-convexity, p-convexity etc [1, 5, 10, 17, 19]. s-
convexity is among them, which attracts many researchers and has found application area in fractal
sets [7, 9, 12]. The basics of s-convexity goes back to the studies on modular spaces and Orclicz
spaces [4, 13]. s-convexity is a generalization of classical convexity obtained by means of changing
the powers of parameters. To clarify, let us recall the classical definitions of convexity.

Let A ⊂ Rn. A is said to be convex if
λx + µy ∈ A

for all x, y ∈ A and λ, µ ∈ [0, 1] such that λ + µ = 1. A real valued function f defined on a convex set
A is said to be convex if

f (λx + µy) ≤ λ f (x) + µ f (y),
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for the same variables as before. In [4, 13], s-convex functions are introduced by using sth power
of λ and µ, where s is called generic class constant and 0 < s ≤ 1. They give two kinds of s-convex
functions, namely, in the first sense and in the second sense. These functions on nonnegative real
numbers are defined as follows.

Let f : [0,∞)→ R. The function f is said to be s-convex function in the first sense if

f (λsx + µsy) ≤ λ f (x) + µ f (y),

for all x, y ∈ [0,∞) and λ, µ ∈ [0, 1] such that λs + µs = 1.
For the function f defined on the same set as above, it is said to be s-convex in the second sense if

f (λx + µy) ≤ λs f (x) + µs f (y),

for all x, y ∈ [0,∞) and λ, µ ∈ [0, 1] such that λ + µ = 1. [11] introduces s-convexity in the third sense
by changing the parameters in a similar manner and extending the domain into subsets of Rn. In order
to set this kind of s-convexity, the function is defined on p-convex sets which is a generalization of
convex sets and already given in [3, 8].

Let A ⊆ Rn and p ∈ (0, 1]. A is said to be p-convex set if

λx + µy ∈ A

for all x, y ∈ A and λ, µ ∈ [0, 1] such that λp + µp = 1. In [11], p-convex sets are called s-convex sets.
For sake of convenience, we use the same. On this set, the third sense s-convex function is given as
follows:

Let A ⊂ Rn be a s-convex set and f : A → R. The function f is said to be s-convex in the third
sense if

f (λx + µy) ≤ λ
1
s f (x) + µ

1
s f (y),

for all x, y ∈ A and λ, µ ∈ [0, 1] such that λs + µs = 1.
In the literature, most of the salient studies on s-convex functions involves the s-convex versions

of the integral inequalities presented for classical convex functions such as Hermite-Hadamard, Fejer,
Grüss inequalities and these versions are given mostly for the first and second senses [2, 6, 15, 16, 18].
The Ostrowski inequality is one of them, which puts a bound for the difference between function and
its average value on an interval. The Ostrowski inequality is stated as follows [14].

Let f : R→ R be a differentiable function. If | f ′(x)| ≤ M, x ∈ [a, b], then the following inequality
holds for all x ∈ [a, b]:∣∣∣∣∣∣ f (x) −

1
b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣ ≤
[
1
4

+
(x − (a + b)/2)2

(b − a)2

]
(b − a)M.

In this work, we state the Ostrowski inequality for functions f having the property that | f ′| is s-
convex in the third sense. Also, we obtain some relations relevant to Hermite-Hadamard inequality type
results for s-convex functions in the third sense as special case. Moreover, using the obtained results,
we provide a bound for a quadrature formula and some relations between generalized logarithmic and
arithmetic means.
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Also, let us state the necessary inequalities and formulas to be used throughout the paper. The Beta
function is defined as follows:

B(α1, α2) =

1∫
0

tα1−1(1 − t)α2−1dt for α1, α2 > 0,

and B(α1, α2) satisfies the properties below:

B(α1, α2) = B(α2, α1) and B(α1 + 1, α2) =
α1

α1 + α2
B(α1, α2).

2. Main results

With the help of the following lemma the Ostrowski inequality is stated for functions f on an
interval [a, b] such that | f ′| is s-convex in the third sense. Also, by applying Hölder and power mean
integral inequalities, we have different bounds expressed in terms of first derivatives of the function.
In addition, as a special case of the obtained inequalities, different upper bounds can be obtained for
the right hand side of the Hermite-Hadamard inequality for functions f such that | f ′| is s-convex in the
third sense. To illustrate, we present it only in Corollary 4.

Lemma 1. Let s ∈ (0, 1], a, b ∈ R with a < b, f : [a, b] → R be a differentiable function and
f ′ ∈ L[a, b], then the following holds:

f (x) −
1

b − a

∫ b

a
f (y)dy =

1
s(b − a)

[∫ 1

0
(t

1
s x + (1 − t)

1
s a − a) f ′(t

1
s x + (1 − t)

1
s a)

[
t

1
s−1x − (1 − t)

1
s−1a

]
dt

+

∫ 1

0
(t

1
s b + (1 − t)

1
s x − b) f ′(t

1
s b + (1 − t)

1
s x)

[
t

1
s−1b − (1 − t)

1
s−1x

]
dt

]
.

Proof. The substitutions y = t
1
s x + (1 − t)

1
s a and y = t

1
s b + (1 − t)

1
s x in the integrals at the right hand

side yield

1
b − a

x∫
a

(y − a) f ′(y)dy and
1

b − a

b∫
x

(y − b) f ′(y)dy,

respectively. Letting u = y − a and u = y − b, f ′(y)dy = dv in common for the partial integration on
integrals above, respectively. Then integration by parts yields the conclusion. �

Before presenting the results, we give some auxiliary arguments, which are used in the proofs of
the results.

Lemma 2. Let s ∈ (0, 1] , t ∈ [0, 1] , a, b ∈ R with a < b, x ∈ [a, b],

g1(t) = t
1
s x + (1 − t)

1
s a − a , g2(t) = t

1
s−1x − (1 − t)

1
s−1a,

h1(t) = t
1
s b + (1 − t)

1
s x − b , h2(t) = t

1
s−1b − (1 − t)

1
s−1x.

Then, the following inequalities hold:

(i) |g1(t)| ≤ |x| + |a| , |h1(t)| ≤ |x| + |b|
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(ii) |g2(t)| ≤ |x| + |a| , |h2(t)| ≤ |x| + |b| ,

(iii) |g1(t)g2(t)| ≤ x2t
2
s−1 + |x||a|(t

1
s (1 − t)

1
s−1 + t

1
s−1(1 − t)

1
s + t

1
s−1) + a2((1 − t)

2
s−1 + (1 − t)

1
s−1),

(iv) |h1(t)h2(t)| ≤ x2(1 − t)
2
s−1 + |x||b|(t

1
s (1 − t)

1
s−1 + t

1
s−1(1 − t)

1
s + (1 − t)

1
s−1) + b2(t

2
s−1 + t

1
s−1).

Proof. (i) Using triangle inequality with t
1
s ≤ 1 and 1 − (1 − t)

1
s ≥ 0, we have

|g1(t)| =
∣∣∣∣t 1

s x + (1 − t)
1
s a − a

∣∣∣∣ =
∣∣∣∣t 1

s x − a(1 − (1 − t)
1
s )
∣∣∣∣ ≤ ∣∣∣∣t 1

s x
∣∣∣∣ + |a| (1 − (1 − t)

1
s ) ≤ |x| + |a| .

Similarly, it can be easily seen that |h1(t)| ≤ |x| + |b| .
(ii) Using triangle inequality with t

1
s−1 ≤ 1 and (1 − t)

1
s ≤ 1, we get

|g2(t)| =
∣∣∣∣t 1

s−1x − (1 − t)
1
s−1a

∣∣∣∣ ≤ ∣∣∣∣t 1
s−1x

∣∣∣∣ +
∣∣∣∣a(1 − t)

1
s−1

∣∣∣∣ ≤ |x| + |a| .
In the same way, it can be shown that |h2(t)| ≤ |x| + |b| .

(iii) From triangle inequality, we have

|g1(t)g2(t)| =
∣∣∣∣(t 1

s x + (1 − t)
1
s a − a)(t

1
s−1x − (1 − t)

1
s−1a)

∣∣∣∣
=

∣∣∣∣x2t
2
s−1 − xa(t

1
s (1 − t)

1
s−1 − t

1
s−1(1 − t)

1
s + t

1
s−1) − a2((1 − t)

2
s−1 − (1 − t)

1
s−1)

∣∣∣∣
≤ x2t

2
s−1 + |x||a|(t

1
s (1 − t)

1
s−1 + t

1
s−1(1 − t)

1
s + t

1
s−1) + a2((1 − t)

2
s−1 + (1 − t)

1
s−1).

(iv) It can be easily seen by using the same method in the proof of (iii).
�

Theorem 3. Let a, b ∈ R with a < b, f : R→ R be a differentiable function such that | f ′| is integrable
on [a, b] and s-convex in the third sense on R. Then the following inequality holds for all x ∈ [a, b]:∣∣∣∣∣∣ f (x) −

1
b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣ ≤ s
(s2 + 1)(b − a)

[
(|x| + |a|)2(| f ′(x)| + | f ′(a)|) + (|x| + |b|)2(| f ′(x)| + | f ′(b)|)

]
.

Proof. Using Lemma 1, triangle inequality, Lemma 2 (i)–(ii), and the s-convexity of | f ′| , we have∣∣∣∣∣∣ f (x) −
1

b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣
≤

1
s(b − a)

∫ 1

0

∣∣∣∣(t 1
s x + (1 − t)

1
s a − a) f ′(t

1
s x + (1 − t)

1
s a)

(
t

1
s−1x − (1 − t)

1
s−1a

)∣∣∣∣ dt

+
1

s(b − a)

∫ 1

0

∣∣∣∣(t 1
s b + (1 − t)

1
s x − b) f ′(t

1
s b + (1 − t)

1
s x)

(
t

1
s−1b − (1 − t)

1
s−1x

)∣∣∣∣ dt

≤
1

s(b − a)

∫ 1

0

∣∣∣∣t 1
s x + (1 − t)

1
s a − a

∣∣∣∣ ∣∣∣∣t 1
s−1x − (1 − t)

1
s−1a

∣∣∣∣ ∣∣∣∣ f ′(t 1
s x + (1 − t)

1
s a)

∣∣∣∣ dt

+
1

s(b − a)

∫ 1

0

∣∣∣∣t 1
s b + (1 − t)

1
s x − b

∣∣∣∣ ∣∣∣∣t 1
s−1b − (1 − t)

1
s−1x

∣∣∣∣ ∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s x)

∣∣∣∣ dt

≤
1

s(b − a)

∫ 1

0
(|x| + |a|)2(t

1
s2 | f ′(x)| + (1 − t)

1
s2 | f ′(a)|)dt

+
1

s(b − a)

∫ 1

0
(|x| + |b|)2(t

1
s2 | f ′(b)| + (1 − t)

1
s2 | f ′(x)|)dt

AIMS Mathematics Volume 7, Issue 4, 5605–5615.



5609

≤
s

(s2 + 1)(b − a)

[
(|x| + |a|)2(| f ′(x)| + | f ′(a)|) + (|x| + |b|)2(| f ′(x)| + | f ′(b)|)

]
.

�

Applying Theorem 3 for x = a+b
2 , we can get a bound for the left side of the Hermite-Hadamard

inequality for functions f such that | f ′| is s-convex in the third sense. This result is similar to but
different from the result given in [17].

Corollary 4. Let f : R→ R be a differentiable function and | f ′| be an integrable on [a, b] and s-convex
in the third sense on R. Then∣∣∣∣∣∣ f (

a + b
2

) −
1

b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣ ≤ s
4(s2 + 1)(b − a)

×[
(3 |a| + |b|)2

(
| f ′(a)| +

∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣) + (|a| + 3 |b|)2

(∣∣∣∣∣ f ′(a + b
2

)
∣∣∣∣∣ + | f ′(b)|

)]
.

Corollary 5. Let f : R→ R be a differentiable function and | f ′| be an integrable on [a, b] and s-convex
in the third sense on R. If | f ′(x)| ≤ M, x ∈ [a, b], then the following inequality holds:∣∣∣∣∣∣ f (x) −

1
b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣ ≤ 2Ms
[
(|x| + |a|)2 + (|x| + |b|)2

]
(s2 + 1)(b − a)

.

Theorem 6. Let a, b ∈ R with a < b, f : R→ R be a differentiable function such that | f ′| is integrable
on [a, b] and s-convex in the third sense on R. Then the following inequality holds for all x ∈ [a, b]:∣∣∣∣∣∣ f (x) −

1
b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣ ≤ 2s
(2s + 1)(b − a)

x2 | f ′(x)| +
s(3s + 2)

(s + 1)(2s + 1)(b − a)

(
a2 | f ′(a)| + b2 | f ′(b)|

)
+

s
(s + 1)(b − a)

|x| | f ′(x)| (|a| + |b|) +
1

s(s + 1)(b − a)

(
| f ′(x)| (a2 + b2) + |x|

(
|a| | f ′(a)| + |b| | f ′(b)|

))
B(

1
s
,

1
s2 )

+
1

s(2s + 1)(b − a)

(
| f ′(x)| (a2 + b2) + x2 (

| f ′(a)| + | f ′(b)|
))

B(
2
s
,

1
s2 )

+
1

s(b − a)
|x|

[
|a|(| f ′(a)| + | f ′(x)|) + |b|(| f ′(b)| + | f ′(x)|)

]
B(

1
s
,

1
s

+
1
s2 ).

Proof. Let g1(t), g2(t), h1(t) and h2(t) functions as in Lemma 2. Using Lemma 1, triange inequality,
Lemma 2 (iii)–(iv), the s-convexity of | f ′| and properties of the Beta function, we can write the
following: ∣∣∣∣∣∣ f (x) −

1
b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣ ≤ 1
s(b − a)

∫ 1

0
|g1(t)g2(t)|

∣∣∣∣ f ′(t 1
s x + (1 − t)

1
s a)

∣∣∣∣ dt

+
1

s(b − a)

∫ 1

0
|h1(t)h2(t)|

∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s x)

∣∣∣∣ dt

≤
1

s(b − a)

∫ 1

0

[
x2t

2
s−1 + |x||a|(t

1
s (1 − t)

1
s−1 + t

1
s−1(1 − t)

1
s + t

1
s−1)

+a2((1 − t)
2
s−1 + (1 − t)

1
s−1)

] (
t

1
s2 | f ′(x)| + (1 − t)

1
s2 | f ′(a)|

)
dt
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+
1

s(b − a)

∫ 1

0

[
x2(1 − t)

2
s−1 + |x||b|(t

1
s (1 − t)

1
s−1 + t

1
s−1(1 − t)

1
s + (1 − t)

1
s−1)

+b2(t
2
s−1 + t

1
s−1)

] (
t

1
s2 | f ′(b)| + (1 − t)

1
s2 | f ′(x)|

)
dt

=
2s

(2s + 1)(b − a)
x2 | f ′(x)| +

s(3s + 2)
(s + 1)(2s + 1)(b − a)

(
a2 | f ′(a)| + b2 | f ′(b)|

)
+

s
(s + 1)(b − a)

|x| | f ′(x)| (|a| + |b|) +
1

s(s + 1)(b − a)
| f ′(x)| (a2 + b2)B(

1
s
,

1
s2 )

+
1

s(s + 1)(b − a)
|x|

(
|a| | f ′(a)| + |b| | f ′(b)|

)
B(

1
s
,

1
s2 )

+
1

s(2s + 1)(b − a)
| f ′(x)| (a2 + b2)B(

2
s
,

1
s2 )

+
1

s(2s + 1)(b − a)
x2 (
| f ′(a)| + | f ′(b)|

)
B(

2
s
,

1
s2 )

+
1

s(b − a)
|x|

(
|a| | f ′(a)| + | f ′(x)| |a| + | f ′(x)| |b| + |b| | f ′(b)|

)
B(

1
s
,

1
s

+
1
s2 ).

�

Theorem 7. Let a, b ∈ R with a < b, p ∈ (1,∞), f : R→ R be a differentiable function such that | f ′|p

is integrable on [a, b] and s-convex in the third sense on R. Then the following inequality holds for all
x ∈ [a, b]:∣∣∣∣∣∣ f (x) −

1
b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣
≤

s
2
p−1

(s2 + 1)
1
p (b − a)

[
(|x| + |a|)2 (

| f ′(x)|p + | f ′(a)|p
) 1

p + (|x| + |b|)2 (
| f ′(x)|p + | f ′(b)|p

) 1
p

]
.

Proof. By making use of Lemma 1, triangle inequality, Lemma 2 (i)–(ii), Hölder inequality and the
s-convexity of | f ′|p , we can write the following:∣∣∣∣∣∣ f (x) −

1
b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣
≤

1
s(b − a)

∫ 1

0

∣∣∣∣(t 1
s x + (1 − t)

1
s a − a) f ′(t

1
s x + (1 − t)

1
s a)

(
t

1
s−1x − (1 − t)

1
s−1a

)∣∣∣∣ dt

+
1

s(b − a)

∫ 1

0

∣∣∣∣(t 1
s b + (1 − t)

1
s x − b) f ′(t

1
s b + (1 − t)

1
s x)

(
t

1
s−1b − (1 − t)

1
s−1x

)∣∣∣∣ dt

≤
1

s(b − a)

(∫ 1

0

∣∣∣∣(t 1
s x + (1 − t)

1
s a − a

) (
t

1
s−1x − (1 − t)

1
s−1a

)∣∣∣∣ p
p−1

dt
) p−1

p
(∫ 1

0

∣∣∣∣ f ′(t 1
s x + (1 − t)

1
s a)

∣∣∣∣p dt
) 1

p

+
1

s(b − a)

(∫ 1

0

∣∣∣∣(t 1
s b + (1 − t)

1
s x − b

) (
t

1
s−1b − (1 − t)

1
s−1x

)∣∣∣∣ p
p−1

dt
) p−1

p
(∫ 1

0

∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s x)

∣∣∣∣p dt
) 1

p

≤
1

s(b − a)

(∫ 1

0
(|x| + |a|)

2p
p−1 dt

) p−1
p

(∫ 1

0

(
t

1
s2 | f ′(x)|p + (1 − t)

1
s2 | f ′(a)|p

)
dt

) 1
p
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+
1

s(b − a)

(∫ 1

0
(|x| + |b|)

2p
p−1 dt

) p−1
p

(∫ 1

0

(
t

1
s2 | f ′(b)|p + (1 − t)

1
s2 | f ′(x)|p

)
dt

) 1
p

≤
s

2
p−1

(s2 + 1)
1
p (b − a)

[
(|x| + |a|)2 (

| f ′(x)|p + | f ′(a)|p
) 1

p + (|x| + |b|)2 (
| f ′(x)|p + | f ′(b)|p

) 1
p

]
.

�

Corollary 8. Under the condition of theorem above with | f ′(x)| ≤ M for x ∈ [a, b], the following
inequality is obtained:∣∣∣∣∣∣ f (x) −

1
b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣ ≤ 2
1
p s

2
p−1M

(s2 + 1)
1
p (b − a)

[
(|x| + |a|)2 + (|x| + |b|)2

]
.

Theorem 9. Let a, b ∈ R with a < b, q ∈ [1,∞), f : R → R be a differentiable function such that | f ′|q

is integrable on [a, b] and s-convex in the third sense on R. Then∣∣∣∣∣∣ f (x) −
1

b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣
≤

1
s(b − a)

[
h0(a)

(
h1(a) | f ′(x)|q + h2(a) | f ′(a)|q

) 1
q + h0(b)

(
h1(b) | f ′(x)|q + h2(b) | f ′(b)|q

) 1
q

]
where

w1(s) =
1

s + 1
B(

1
s
,

1
s2 ) −

1
2s + 1

B(
2
s
,

1
s2 ),

w2(s) =
s2

s + 1
+

s2 + 1
s3 + 2s2 + 2s + 1

B(
1
s
,

1
s2 ) −

s
2s + 1

B(
1
s
,

1
s

+
1
s2 ),

w3(s) =
s4

(s + 1)
(
s + s2 + 1

) + B(
1
s
,

1
s2 )

1
s + 1

−
s + 1

2s + 1
B(

1
s
,

1
s

+
1
s2 ),

h0(y) =

(
s

s + 1
|x|2 +

(
s(2s + 1)

s + 1
−

1
2

B(
1
s
,

1
s

)
)
|x| |y| + |y|2

s
2

)1− 1
q

,

h1(y) =
s2

s2 + s + 1
|x|2 + w2(s) |y| |x| + w1(s) |y|2 ,

h2(y) =
s

(s + 1)
(
s + s2 + 1

)B(
1
s
,

1
s2 ) |x|2 + w3(s) |y| |x| +

s3

(s + 1) (2s + 1)
|y|2 .

Proof. By making use of Lemma 1, triangle inequality, power mean inequality, Lemma 2 (i)–(ii), the
s-convexity of | f ′|q and properties of the Beta function, we have∣∣∣∣∣∣ f (x) −

1
b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣ ≤ 1
s(b − a)

∫ 1

0

∣∣∣∣t 1
s x + (1 − t)

1
s a − a

∣∣∣∣ ∣∣∣∣t 1
s−1x − (1 − t)

1
s−1a

∣∣∣∣ ∣∣∣∣ f ′(t 1
s x + (1 − t)

1
s a)

∣∣∣∣ dt

+
1

s(b − a)

∫ 1

0

∣∣∣∣t 1
s b + (1 − t)

1
s x − b

∣∣∣∣ ∣∣∣∣t 1
s−1b − (1 − t)

1
s−1x

∣∣∣∣ ∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s x)

∣∣∣∣ dt

≤
1

s(b − a)

(∫ 1

0

∣∣∣∣t 1
s x + (1 − t)

1
s a − a

∣∣∣∣ ∣∣∣∣t 1
s−1x − (1 − t)

1
s−1a

∣∣∣∣ dt
)1− 1

q
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×

(∫ 1

0

∣∣∣∣t 1
s x + (1 − t)

1
s a − a

∣∣∣∣ ∣∣∣∣t 1
s−1x − (1 − t)

1
s−1a

∣∣∣∣ ∣∣∣∣ f ′(t 1
s x + (1 − t)

1
s a)

∣∣∣∣q dt
) 1

q

+
1

s(b − a)

(∫ 1

0

∣∣∣∣t 1
s b + (1 − t)

1
s x − b

∣∣∣∣ ∣∣∣∣t 1
s−1b − (1 − t)

1
s−1x

∣∣∣∣ dt
)1− 1

q

×

(∫ 1

0

∣∣∣∣t 1
s b + (1 − t)

1
s x − b

∣∣∣∣ ∣∣∣∣t 1
s−1b − (1 − t)

1
s−1x

∣∣∣∣ ∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s x)

∣∣∣∣q dt
) 1

q

≤
1

s(b − a)

(∫ 1

0

(
t|x| + (1 − (1 − t)

1
s )|a|

) (
t

1
s−1|x| + (1 − t)

1
s−1 |a|

)
dt

)1− 1
q

×(∫ 1

0

(
t|x| + (1 − (1 − t)

1
s )|a|

) (
t

1
s−1|x| + (1 − t)

1
s−1 |a|

) ∣∣∣∣ f ′(t 1
s x + (1 − t)

1
s a)

∣∣∣∣q dt
) 1

q

+
1

s(b − a)

(∫ 1

0

(
(1 − t

1
s ) |b| + (1 − t) |x|

) (
t

1
s−1 |b| + (1 − t)

1
s−1 |x|

)
dt

)1− 1
q

×(∫ 1

0

(
(1 − t

1
s ) |b| + (1 − t) |x|

) (
t

1
s−1 |b| + (1 − t)

1
s−1 |x|

) ∣∣∣∣ f ′(t 1
s b + (1 − t)

1
s x)

∣∣∣∣q dt
) 1

q

≤
1

s(b − a)

(∫ 1

0

(
t

1
s |x|2 +

(
t

1
s−1(1 − (1 − t)

1
s ) + t(1 − t)

1
s−1

)
|x| |a| + (1 − (1 − t)

1
s )(1 − t)

1
s−1 |a|2

)
dt

)1− 1
q

×

(∫ 1

0

(
t|x| + (1 − (1 − t)

1
s )|a|

) (
t

1
s−1|x| + (1 − t)

1
s−1 |a|

) (
t

1
s2 | f ′(x)|q + (1 − t)

1
s2 | f ′(a)|q

)
dt

) 1
q

+
1

s(b − a)

(∫ 1

0

((
(1 − t)

1
s−1
− t (1 − t)

1
s−1

)
|x|2

+
(
−t

1
s + t

1
s−1 + (1 − t)

1
s−1
− t

1
s (1 − t)

1
s−1

)
|b||x| +

(
t

1
s−1 − t

2
s−1

)
|b|2

)
dt

)1− 1
q

×

(∫ 1

0

(
(1 − t

1
s ) |b| + (1 − t) |x|

) (
t

1
s−1 |b| + (1 − t)

1
s−1 |x|

) (
t

1
s2 | f ′(b)|q + (1 − t)

1
s2 | f ′(x)|q

)
dt

) 1
q

≤
1

s(b − a)
h0(a) ×

([
s2

s2 + s + 1
|x|2 + w2(s) |a| |x| + w1(s) |a|2

]
| f ′(x)|q +[

s
(s + 1)

(
s + s2 + 1

)B(
1
s
,

1
s2 ) |x|2 + w3(s) |a| |x| +

s3

(s + 1) (2s + 1)
|a|2

]
| f ′(a)|q

) 1
q

+
1

s(b − a)
h0(b)

([
|x|2

s
(s + 1)

(
s + s2 + 1

)B(
1
s
,

1
s2 ) + w3(s)|b||x| +

s3

(s + 1) (2s + 1)
|b2|

]
| f ′(b)|q

+

[
s2

s + s2 + 1
|x|2 + w2(s)|b||x| + w1(s)|b2|

]
| f ′(x)|q

) 1
q

=
1

s(b − a)

[
h0(a)

(
h1(a) | f ′(x)|q + h2(a) | f ′(a)|q

) 1
q + h0(b)

(
h1(b) | f ′(x)|q + h2(b) | f ′(b)|q

) 1
q

]
�

Corollary 10. Under the conditions of Theorem 9 above with | f ′(x)| ≤ M for x ∈ [a, b], the following
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inequality is obtained:∣∣∣∣∣∣ f (x) −
1

b − a

∫ b

a
f (y)dy

∣∣∣∣∣∣ ≤ M
s(b − a)

[
h0(a) (h1(a) + h2(a))

1
q + h0(b) (h1(b) + h2(b))

1
q
]

3. Applications

It is stated in [11] that f (x) = −x
1
s is an s-convex function in the third sense on [0,∞). Using

this fact and the results, we obtain some mean inequalities. Let us recall some special means, namely,
arithmetic, geometric, Heronian, generalized logarithmic means given, respectively, as follows:

A(a, b) =
a + b

2
, G(a, b) =

√
ab, H(a, b) =

1
3

(a +
√

ab + b),

Lp(a, b) =


a , i f a = b(

ap − bp

p(a − b)

)1/(p−1)

, a , b, p , 0, 1.

Proposition 11. Let s ∈ (0, 1] and a, b ∈ R+ with a < b then the following inequality holds:∣∣∣∣∣[A(a, b)]
1
s +1
−

[
L 1

s +2(a, b)
] 1

s +1
∣∣∣∣∣ ≤ 15H(a2, b2) + G2(a, b)

(b − a)
s + 1
s2 + 1

b
1
s .

Proof. Let us take f (x) = − s
s+1 x

1
s +1 on [a, b] and x = a+b

2 in Theorem 3. Since | f ′(x)| ≤ b
1
s , we can

write ∣∣∣∣∣∣∣ 1
s + 1

(
a + b

2

) 1
s +1

−
s

(s + 1)(2s + 1)
b

1
s +2 − a

1
s +2

b − a

∣∣∣∣∣∣∣ ≤ 2b
1
s

[
( 3a+b

2 )2 + ( a+3b
2 )2

]
(s2 + 1)(b − a)

.

Making some algebraic manipulations and using the definitions of means, we obtain the required
inequality. �

Moreover, we can find an upper bound for the error of a quadrature formula involving Riemann
sums of functions f for which | f ′| is s-convex in the third sense.

Let f be an integrable function on [a, b] and P be a partition of the interval [a, b], i.e., P : a = x0 <

x1 < · · · < xn−1 < xn = b, ∆xi+1 = xi+1 − xi and for i = 0, 1, ..., n − 1, ci ∈ [xi, xi+1]. We denote the
Riemann sums as follows:

Rn( f , Pn, c) =

n−1∑
i=0

f (ci)∆xi.

Then we have the following theorem stating an upper bound for a quadrature formula:

Theorem 12. Let M ∈ (0,∞) and f : R → R be differentiable function such that | f ′| is integrable on
[a, b] with | f ′(x)| ≤ M for x ∈ [a, b] and | f ′| is a s-convex function in the third sense. Suppose that P, ci

for i = 0, ..., n − 1 is as above. Then

b∫
a

f (x)dx = Rn( f , Pn, c) + Qn( f , Pn, c)
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where Qn( f , Pn, c) is the remainder and

|Qn( f , Pn, c)| ≤
2Ms

(s2 + 1)

n−1∑
i=0

[
(ci + xi)2 + (ci + xi+1)2

]
.

Proof. We apply Theorem 3 to the interval [xi, xi+1] and to the point x = ci and get∣∣∣∣∣∣∣∣∣ f (ci)∆xi+1 −

xi+1∫
xi

f (x)dx

∣∣∣∣∣∣∣∣∣ ≤
2Ms

(s2 + 1)

[
(ci + xi)2 + (ci + xi+1)2

]
.

By using triangle inequality and summing up the previous estimate for i = 0, ..., n − 1 we obtain

|Qn( f , Pn, c)| ≤
n−1∑
i=0

∣∣∣∣∣∣∣∣∣ f (ci)∆xi+1 −

xi+1∫
xi

f (x)dx

∣∣∣∣∣∣∣∣∣ ≤
n−1∑
i=0

2Ms
(s2 + 1)

[
(ci + xi)2 + (ci + xi+1)2

]
.

�

If we use midpoints as the points ci, we have the following inequality:

Corollary 13. Under the conditions of the theorem above and ci =
xi + xi+1

2
, the following holds:

|Qn( f , Pn, c)| ≤
Ms

(s2 + 1)

n−1∑
i=0

(5x2
i + 6xixi+1 + 5x2

i+1).
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16. M. Sarikaya, F. Ertuğral, F. Yıldırım, On the Hermite-Hadamard-Fejér type integral inequality for
s-convex function, Konuralp Journal of Mathematics, 6 (2018), 35–41.

17. S. Sezer, Z. Eken, G. Tınaztepe, G. Adilov, p-convex functions and some of their properties, Numer.
Func. Anal. Opt., 42 (2021), 443–459. http://dx.doi.org/10.1080/01630563.2021.1884876

18. S. Sezer, The Hermite-Hadamard inequalities for s-convex functions in the third sense, AIMS
Mathematics, 6 (2021), 7719–7732. https://dx.doi.org/10.3934/math.2021448

19. I. Yesilce, G. Adilov, Some operations on B−1-convex sets, Journal of Mathematical Sciences:
Advances and Applications, 39 (2016), 99–104. http://dx.doi.org/10.18642/jmsaa 7100121669

c© 2022 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 4, 5605–5615.

http://dx.doi.org/http://dx.doi.org/10.1080/02331930410001695283
http://dx.doi.org/http://dx.doi.org/10.1142/S0218348X21501887
http://dx.doi.org/https://dx.doi.org/10.15672/hujms.775508
http://dx.doi.org/https://dx.doi.org/10.1007/s11071-017-3813-6
http://dx.doi.org/https://dx.doi.org/10.1080/01630563.2014.970641
http://dx.doi.org/https://dx.doi.org/10.11568/kjm.2021.29.3.593
http://dx.doi.org/https://dx.doi.org/10.1109/ACCESS.2019.2892013
http://dx.doi.org/http://dx.doi.org/10.12691/tjant-7-3-3
http://dx.doi.org/http://dx.doi.org/10.1080/01630563.2021.1884876
http://dx.doi.org/https://dx.doi.org/10.3934/math.2021448
http://dx.doi.org/http://dx.doi.org/10.18642/jmsaa_7100121669
http://creativecommons.org/licenses/by/4.0

	Introduction
	Main results
	Applications

