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1. Introduction

We investigate the existence of periodic mild solutions for semilinear non-instantaneous impulsive
evolution equation in an ordered Banach space E

u'(t) + Au(t) = f(t,u(t)), te€(sitil,i=0,1,2,---,

. 1.1
u(t) = Wit u), 1€ (s, i=1,2,00, (-
where 0 = 5o <) <51 <t <85 <+ <ty < St <ty < Sy < lpg1 < S < -+, satisfying s, <
w < t,41 and lim s; = oo, lim #; = co are pre-fixed numbers, and #,,,1; = W + t;, Spusi = KW + 55,1 € N,

i—00 i—00

w > 0 is a constant, let J = [0, w]; continuous function f : [0,4+c0) X E — E is w-periodic about
t. Functions h; € C([t;, s;] X E,E) and h,,,.;(t + w,-) = hi(t + w,-) = hi(t,-) foralli = 1,2,--- ,m;
A : D(A) Cc E — E is aclosed linear operator and Cy-semigroup 7(¢)(¢t > 0) is generated by —A in E.
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We can find that the periodic problem (1.1) is equal to the following periodic value problem
l/l,(t) + Al/l(t) = f(t’ u(t))9 re (S,', ti+l]7i = 05 1a 2’ cec o, m,

u(t) = hi(t,u(t)), tet,sl], i=12--,m, (1.2)
u(0) = u(w).

The theory of impulsive differential equations have paid more attention in numerous fields, such
as physical, biological, economical, engineering background and so on, see [1,4, 10, 12, 34, 35] and
references therein. The instantaneous case has been deeply studied, see [3, 13,16, 19,27,31], where
more properties of the solutions of impulsive equations are considered.

The monotone iterative method are important mechanism. Abbas and Benchohra [2] investigated
the existence of solutions for IVP of impulsive partial hyperbolic differential equations by employing
the method of lower and upper solutions and the Schauder fixed point theorem. Li and Liu [26], Guo
and Liu [17] studied impulsive integro-differential equations applying the monotone iterative method.
In the papers [6,7], authors considered the nonlocal evolution equations with impulses by exploiting the
monotone iterative method. For more monotone iterative method, we refer to the monographs [20-25]
and references there in.

Recently, E. Hernandez and D. O’Regan [18] firstly studied new non-instantaneous impulsive
evolution equations

u'(t) = Au(t) + f(t,u(t)), te(si,tiyl],i=0,1,2,--- m,
u(t) = h(t,u(®)), te@,s], i=1,2,---,m.
u(0) = uy,

which have been used to describe gradual and continuous process such as the hemodynamic
equilibrium of a person, the introduction of the drugs in the bloodstream , the consequent absorption for
the body and so on. Authors investigated non-instantaneous impulsive fractional differential equations
in [14,29,32]. In [8], Colao and Muglia considered bounded solutions of non-instantaneous impulsive
differential equations with delay. Researchers in [30,33] studied PBVP of nonlinear non-instantaneous
impulsive volution equations.

However, the literature concerning the existence of periodic mild solutions to this problem is
untreated by using the perturbation method and the monotone iterative technique. Inspired by the
above literatures, this paper is to construct a new maximum principle for the w-periodic solutions of
the corresponding linear equation with non instantaneous impulses. By using perturbation method and
monotone iterative technique, we consider the existence of the minimal and maximal periodic solutions
for Eq (1.1).

The organization of this paper as follows: some definitions and preliminary facts are recalled in
next section, which will be used through this paper. First, we investigate the existence of periodic
mild solution for linear non-instantaneous impulsive equation, which is significant for us to prove the
key conclusion. Furthermore, for linear impulsive evolution equation corresponding to Eq (1.1), we
established a new maximum principle. In Section 3, our major results on the periodic mild solutions of
Eq (1.1) are proposed and proved. In Section 4, we presented an example to demonstrate our abstract
results.
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2. Preliminaries

Let E be a Banach space, Cy-semigroup 7'(¢) (t > 0) is generated by —A in E, where A : D(A) C
E — E be a closed linear operator. Denote finite number

N = sup||[T ()]

teJ

We can see more relevant the properties of the Cy-semigroup from the monographs [5,28].

Let PC(J,E) = {u : J — E | u(?) is continuous in J’, and left continuous at #;, and u(t]) exists,
i=1,2,--- ,m}. Kpc = {u € PC(J,E)lu(t) > 0,t € J} is the positive cone and “ < ” is the partial order
induced by Kpc, then PC(J, E) is an order Banach space with the norm ||:||pc = sup ||u(#)|| and the partial

teJ
order “ < 7. Kpc is normal with the same normal constant N. [v,w] = {u € PC(J,E) | v < u < w}

is the order interval in PC(J, E). In E, denote [v(?), w(t)] = {u(t) € E | v(t) < u(t) < w(t),t € J}. Let
J =J\{t,t2, - tn}, I =J\{0, 11,12, -+ , t,,}. We use E; to denote the Banach space D(A) with the
graph norm || - [|; = || - || + ||A - ||. We can find more relevant the properties of the partial and cone from
the monographs [9, 15].
For the linear problem in E
l/l,(t) + Al/l(t) = g(t)’ re (Sia ti+l]5i = Oa 19 2’ cee .M,
) =yi(t), te,sl, i=12,---,m, 2.1)

u(0) = xo,

we have got the following conclusion.

Lemma 2.1. Let T(¢) (t > 0) generated by —A be Cy-semigroup in Banach space E. For any g €
PC(J,E), yi € PC(J,E),i = 1,2,--- ,m, problem (2.1) has a unique mild solution u € PC(J, E) given
by

T()xo + [ T(t - )g(ndr, 1€[0,1];

I/l(t) = yl(t)’ te (tia Si], l = la 2’ RN ([ (22)
T(t—s)yi(s) + [[ Tt - Dg@)dr, 1€ (sitil, i=1,2-,m.

Proof. Lett € [0,t;] = I, problem (2.1) is equivalent to the initial value problem of linear evolution
equation without impulse

{ uw'(t) +Au(t) = g(t), te€l0,4],
2.3)

u(0) = xp.
IVP (2.3) has a unique classical solution u € C'(I, E) N C(I, E,) expressed by

u(t) = T(Hxy + f T(t—1)g(1)dr.
0
Letr € (t;, s;], then u(t) = yi(¢), i=1,2,---,m.
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Let ¢ € (s;, ti+1], problem (2.1) is changed into IVP of linear evolution equation

{ w' () +Au(t) = g(t), te€(sptiprl,,i=1,2,--,m,
(2.4)

u(s;) = yi(si).

Then (2.4) has a unique mild solution u € C([s;, t;41], E) given by

u®) = T(r = s)yi(si) + f I'(r—71)g(r)dr.

Furthermore, after calculated, the function u € PC(J, E) defined by (2.2) is a mild solution of
problem (2.1). Hence problem (2.1) has a unique mild solution u € PC(J, E) given by (2.2). This
completes the proof.O

Definition 2.1.( [11]) A function u € PC([0, w], E) is said to be a w-periodic PC-mild solution of the
equation
w'(t) + Au(t) = g(#), 1€ (sptin1l,i=0,1,2,---,

ult) =yi(t), tet,s), i=1,2,---. (2.5)

if it is a PC-mild solution of Cauchy problem (2.1) corresponding to some xy and u(t + w) = u(t) for
t>0.

By Definition 2.1, if a function u € PC(J, E) defined by (2.2) is a solution of IVP (2.1), then
u(0) = xo = u(w), (2.6)
namely
X0 = T(w = $p)Ym(Sm) + fw T(w—-1)g(r)dr.
The solution of periodic boundary value problem
w(t)+ Au(t) = g(t), te(s,ti1],i=0,1,2,--- ,m,
u(t) =y(t), tet,sl, i=12,---,m, 2.7)

u(0) = u(w).

can expressed by

TOIT(@ = sp)ym(sn) + [ T(w = 1)g@)dr] + [ Tt = )g(0)dr, t€[0,4];
I/t(t) = yl(t), re (tia Si]9 l = 1’ 2’ s, M (2.8)
T(t = s)yis) + [ T(t = Dg@dr, 1€ (sitil, i=1,2,m.
Next, we show that the solution of the Eq (2.5) is a w-periodic.
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Lemma 2.2. Let T(t) (t > 0) generated by —A be Cy-semigroup in Banach space E. Suppose that the
following conditions are satisfied:

(Gl) g € C(J,E) is w-periodicint, g(t + w) = g(t), t > 0.

(Y1) y; € C(J,E) is w-periodic in t, i.e. yipu(t + w) = yi(t+w) =y;(t),neN", t>0,i=1,2,---.
Then Eq (2.5) has w-periodic mild solution.

Proof. In J, the periodic problem (2.5) is equal to PBVP (2.7). We only prove the solution u(t)
expressed by (2.8) of PBVP(2.7) is periodic.

Casel.Forr e [0,1],ie. t+w € [w, t; + w] = [w, tys1].
By the condition (G1) and (2.6), we have

uit+w) = TOHuww)+ ftm T(t+w-71)g(r)dr
t
= THu(w) + fo T(t—1)g(t+ w)dr
= u(1).
Case 2. For t € (1, s;], this implies t + w € (t; + w, 5; + W] = (Lpsis Spail, i = 1,2, ,m.

By the assumption (Y1), we have
Ut + W) = ypuui(t + w) = yi(t) = u(d).

Case 3. For t € (s;, t;11], this implies  + w € (s; + W, tiy1 + W] = (Sipris tpiv1 ], 0 = 1,2, -+ ,m.
By the conditions (G1) and (Y1), we have

u(t + w)

I+w
T(l +tw— Sm+i)ym+i(sm+i) + f T(t tw-— T)g(T)dT

Sm+i

+w

T(t— sp)yi(s; + w) + f T(t+w-1)g(r)dr

Sitw

u(t).

Therefore, we can asset the solution u(f) of PBVP(2.7) is periodic. u(¢) extended by w-periodic is
the periodic mild solution of Eq (2.5).

The proof is completed.O
Remark 2.1. In Lemma 2.2, let T(t) (t > 0) generated by —A be a positive Cy-semigroup in an ordered
Banach space E. Forany g > 0, and y; > 0,i = 1,2,--- ,m, then the mild solution of Eq (2.5) is a
positive solution.

Remark 2.1 implies the following maximum principle:

Lemma 2.3. Let T(t) (t > 0) generated by —A be a positive Cy-semigroup in an ordered Banach space
E. If
u’(t)+Au(t)29, l‘E(Si,tiH],i:O’],Z’... ’m’

u(t)ZQ, tE(t[,Sl'], i=1,2,--- ,m,
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then u(t) > 6 fort > 0.
3. Main results

In this section, we present and prove our major results. We state the definition of the lower and
upper w-periodic solutions of PBVP(1.2).

Definition 3.1. If functions vy € PC(J,E) N C'(J”,E) N C(J', E,) satisfy
vo(0) + Av(1) < f(t,vo(D), t€(si,ti],i=0,1,2,--- ,m,
vo(t) < hi(t,vo(t)), te(t,s], i=1,2,---,m. (3.1)
vo(0) < vo(w),

then v is known as a lower w-periodic solution of problem (1.2); on the contrary , if all the inequalities
of (3.1) are inverse, it is called an upper solution of problem (1.2).

Theorem 3.1. Let T(¢) (t > 0) generated by —A be a positive and compact Cy-semigroup in an ordered
Banach space E, which positive cone K is normal with the normal constant Ny. Assume that vy and wy
with vo(t) < wo(t)(t € J) are lower and upper solutions of problem(1.2) and the following conditions
are satisfied:

(Fl) f € C(J X E,E) is w-periodic about t, f(t + w,u) = f(t,u), t >0, and Yu € E.
(F2) There exists a constant M > O such that

ft,u)— ft,v) =2 -Mu—-v), tel,

foranyt e J, and vo(t) < v < u < wy(t).

(HI1) h; € C(J,E) is w-periodic in t, i.e. hiy,,(t + w,u) = hi(t + w,u) = hj(t,u),n e N*, t >0, Vu € E,
i=1,2,---.
(H2) For NVt € J,vp(t) < v < u < wy(t),

hi(t,u) > hi(t,v), i=1,2,--- ,m.

(H3) h e CUXE,E)i=1,2,---,m) are compact operators.

Then PBVP (1.2) exist minimal and maximal w-periodic mild solutions u and u between vy and wy,
which can be obtained by iteration from vy and wy.

P}’OOl: It is well know that S (f) = e “'T(¢) generated by —(A + CI) is a positive compact semigroup.
Let N = sup||S (¢)||. Denote D = [vy, wy]. For Vg € D, we consider the following PBVP in E

teJ
u' () + Au(t) + Mu(t) = f(t,g(t)) + Mg(t), te(s;tiq],i=0,1,2,--- ,m,

M(l) = ]’li(l, g(l)), te (li, s, i= 1,2,--- ,m, (32)
u(0) = u(w).
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From Lemma 2.2 and (2.8), PBVP (3.2) has periodic mild solution u € PC(J, E) given by

SOBi(9)+ [ St =T)(f(t, (1) + Mg(x)dr, te[0,1];
hi(t,g®), te(t,s], i=12,---,m;
S — s)hi(s;, g(s:)) + f: S —1)(f(,g(1) + Mg(r))dr,

te(si’ti+l]7 i:1,2,---’m.

u(t) =

where

Bl(g) = S(w - Sm)hm(sma g(sm)) + f S(U-) - T)(f(ta g(T)) + Mg(T))dT

= 0(g)

(3.3)

Since f and h; are continuous, so Q : D — PC(J, E) is continuous. From Lemma 2.2, the w-periodic
mild solutions of PBVP(1.2) are equivalent to the fixed points of operator Q. Now, we complete the

proof by four steps.

Step 1. We show that Q : D — PC(J, E) is an increasing operator. For Vg;,g, € D and g < g,

from the conditions (F2) and (H2), we have

J(t,81(0) + Mgi(1) < f(1, 82(0) + Mgs(1),1 € J.

and
hi(ta gl(t)) < hi(t, gz(l))’ l = 1’ 2’ RN

From Cj-semigroup S (¢) is positive, by (3.4) and (3.5), we have B(g1) < B(g2).

Case 1. For Vg,,8, € D, g1 < g, and for ¢ € [0, #,], we have
SOBi(g) + [ St~ T)(f(r. (1) + Mg ()dr

< S(NBi(g) + [y S(t = 1)(f(7,82(7)) + Mga())dr.
Case 2. For Vg,8, € D, g < g andfort e (t;,s;],i = 1,2,--- ,m, we have
hi(t,81(1)) < hi(t, 82(0), 1 € (8, s:],  i=1,2,--- ,m.
Case 3. For Vg,8, € D, g; < gy and for t € (s;,t;41],i = 1,2,--- ,m, we have
S (t = sphi(si, g1(s) + f;S (1 =1)(f(7, 81(7) + Mg (7))dt
< S( = sphiCsi ga(s) + [ St = D(f (T, 82(1) + Mga(D))dr.

Therefore, Q : D — PC(J, E) is an increasing operator.

Step 2. We show vy < Q(vp), Q(wp) < wy.

Let
V() + Avo(t) + Mvo(t) = g(t) t € (si,tiq],1=0,1,2,--- ,m,

vo(?) :E(t), te(t,s), i=12,---,m.

vo(0) = vo(w),

(3.4)

(3.5)

(3.6)

AIMS Mathematics Volume 7, Issue 3, 3345-3359.
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by the definition of v,, we have

g(0) < f(t,vo(D) + Mvo(1), te€(si,ti1],i=0,1,2,--- ,m,

Fil;(l‘) < ]’li(l', Vo(t)), te (l’,’, Si], i = 1, 2, s M. (37)

By Lemma 2.2, (3.6) and (3.7), we have

SMB@) + [} St - Dgdr, 1€[0,1,];
() =4 B0, te sl =12 m;

S(t = s)hi(s) + [0 St = gD, 1 € (55, tia], i= 1,2, ,m,

where

By®) = S(w = s,)l(s) + f ’ S(w - 1)g(r)dr.
By (3.7), we obtain

By(8) < S(w = $u)hm(Sms vo(sm)) + f S(w = 1)(f(7,v0(7)) + Mvo(1))dT = By (vo).

Particularly, vo(0) = B,(g). We divide our proof into three cases.
Case 1. For ¢ € [0, t;], we have

S()By(g) + f St -1)g(r)dr
0

< S®OB(vy) + f S —1)(f(1,vo(1)) + Mvo(1))dT,t € [0,11].
0

Case 2. Fort € (t;, s;],i = 1,2,--- ,m, by (3.7), we have
hi(t) < hi(t, vo(0), 1 € (t, 5], = 1,2, ,m.

Case 3. For t € (s, ti+1],i = 1,2,--- ,m, combing case 2 with (3.7), we have

S(t — sp)hi(s;) + f S(t—Dg(n)dr

< 81— sohi(si,vo(s)) + f S (1 = D)(f (7, vo()) + Mvo(7))dr.

Hence, vo(r) < Q(vg)(¢). Analogously, we also prove that Q(wg)(t) < wy(t). Therefore, Q :
[vo, wo] — [vo, W] 1s a continuous and increase operator.

Step 3. The operator Q exist fixed points on interval [vy, wy].

AIMS Mathematics Volume 7, Issue 3, 3345-3359.
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Denote two sequences {v,} and {w,} by
Vi = QWp-1)s Wy =0Wp-1), n=12,-- (3.8)
Since the operator Q is monotonous, we have

VoSV S-Sy, < Sw, S Swp S wyp < . 3.9

Next, we prove that {v,} and {w,} are convergent in J. Let G = {v, | n € N}, Gy = {v,_; | n € N}, then
Gy = {vo} UG and G = Q(Gy). For any v,_; € Gy, let

(Qvp-D(@®) = S(OB1(vy—1) + f St - f(r,vp1(D) + My,_((0))dr, t€][0,1];
0
(Oovp-1)(@) = hi(t,vy1 (D), te(t,s], i=12,---,m

(Q3v-1)(@) = S = 5)hi(si, V-1 (50) + f St = D)(f(T, V-1 (1) + My, (7))d,

te(sitil, i=1,2,--- ,m.
By the assumption (F2), it follows that

J@,vo(®) + Mvo(t) < f(t, Va1 (1) + Mv,_1 (1) < (2, wo(1)) + Mwo(D).

Since image sets of f(z,vy(?)) and f(z, wy(?)) are compact sets in E by the continuity of f(z, vo(¢)) and
f(t,wo(?)) in compact set [0, w], furthermore image sets are bounded. Additionally, since the cone K is
normal in E, we have AC; > 0, Yv,_; € Gy,

f (@, var (D)) + My, (D]
£ (2, vo(0) + Mvo(D)l| + Nollf(z, wo(1)) + Mwo(r) = (2, vo(1)) = Mvo(D)|
C.

IA

IA

From the condition (H2), we get that
hi(t,vo(1)) < hi(t,v,—1(2)) < hi(t, wo(1)),i=1,2,--- ,m.
Since the cone K is normal in E, fori =1,2,--- ,m, we have AC, > 0, Yv,_; € Gy,
i (2, Va1 (D)

1i(2, oIl + Nollhi, wo(2)) — hi(t, vo(1))l
< G

IA

We divide our proof into three cases.

Case1.In [0,#], forVe > 0and t,t — € € [0, 1], let
(QVn-1)®) := SOB1(v,-1) + f St —)(f (T, V1 (7)) + Mv,1(7))dT,
0

AIMS Mathematics Volume 7, Issue 3, 3345-3359.
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then

a)(D) = (VD
_ f St = DT vt (7)) + My (D)d
0

- f s (= )T (T, V-1 (1) + M,y (7))d7]|
0

IA

f IS & = DIIlf (T, Va1 (1)) + M,y (DlldT

< NCle.

Therefore, applying the definition of the total boundedness, {(Q;v,-1)(t) | v.-1 € Gy} is precompact in
E.

Case 2. Inr € (t;,s;],i = 1,2,--- ,m, from the condition (H3), the set {(Q,v,_1)(t) | v._1 € Go} is
precompact in E.

Case 3. In interval 1 € (s;,t;41],i = 1,2,--- ,m, similar to the case 1, {(Q3v,_1)(?) | v,-1 € Go} is
precompact in E.

Hence, {v,(1)} = {Q(v,-1)(®) | v,_1 € Gy} is precompact in E for ¢t € J, combining the normality of K
with the monotonicity of {v,}, we easily prove that {v,(r)} is convergent. Let {v,(t)} — u() int € J.
Similarly, we prove that {w,(t)} — u(¢) int € J.

Evidently {v,(0)},{w,.(6)} € PC(J,E), so u(t) and u(¢) is bounded integrable in J. Since for any
t € J,vu(t) = Qvu1)(1), wu(t) = Q(w,_1)(t), letting n — oo, by the Lebesgue dominated convergence
theorem, we have u(t) = Q)(?), u(r) = Q(u)(¢) and u(t),u(t) € PC(J,E). Combining this with
monotonicity (3.9), we have vo(f) < u(r) < u(r) < wy(t).

Step 4. we prove that u(t) and u(¢) are the minimal and maximal fixed points of Q in [vy, wo],
respectively. In fact, for any u* € [vo, wol, Q") = u*, we have vy < u* < wy and v = Q(vy) <
Q") = u* < Q(wy) = wy. Continuing such progress, we get v, < u* < w,. Letting n — oo, we get
u(t) < u* < u(t). Therefor, u(t) and u(r) between vy and w, are the minimal and maximal w-periodic
mild solutions of PBVP (1.2), which can be obtained by iteration from v, and w, respectively. O

Replacing the condition (H3), we can get the following result.

Theorem 3.2. Let T(t) (t > 0) generated by —A be a positive and compact Cy-semigroup in an
ordered Banach space E, which positive cone K is normal with the normal constant Ny. Assume
that problem(1.2) has lower and upper solutions vy and wy with vy(t) < wo(t)(t € J). Suppose that

conditions (F1), (F2), (Hl), (H2) and the following condition are satisfied:

(H3') For any increasing or decreasing monotonic sequence {x,} C [vo, wol, {hi(, x)}(i = 1,2,--- ,m)
are precompact in E.

Then PBVP (1.2) exist minimal and maximal w-periodic mild solutions u and u between vy and wy,
which can be obtained by iteration from vy and wy.

Now, when we cancel the assumption of existence of the lower and upper solutions of problem (1.2),
we consider the existence of solutions for problem (1.2). For this purpose, we need the following
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conditions:
(H4)3b >0,g € PC(J,E),g = 0, yi(s;)) € D(A),y; > 6,i=1,2,--- ,m, such that

ft,x) <bx+g(t), h(tx) <y(), x=>0;

bx — g(t) < f(t’ X), _yi(t) < gi(L X), x<0.

ordered Banach space E, which positive cone K is normal with the normal constant Ny. Suppose that
the conditions (F1), (F2), (H1), (H2), (H3) and (H4) satisfied. Then PBVP (1.2) exist minimal and
maximal w-periodic mild solutions, which can be obtained by monotone iterative procedure.

Theorem 3.3. Let T(t) (t > 0) generated by —A be a positive and compact Cy-semigroup in an

Proof. For g(t) > 0,y,(t) > 6, we discuss the linear non-instantaneous impulsive evolution equation in

E
M/(t) + Au(t) - bu(t) = g(t)’ re (Si’ ti+1]’i = O’ la 2’ s ,m,

wlt) =y, te,s], i=12,--,m (3.10)
u(0) = u(w),
It is well know that S (¢) = e”T(¢)(t > 0) generated by —(A — bI) is a positive compact Cy-semigroup

in E. By Lemma2.2 and assumption (H4), the problem (3.10) exist positive solution u* > 6. Let
Vo = —u*,wy = u*, from the assumptions (H1)—(H3) and (H4), we obtain

vo(8) + Avg(t) = bvo(t) — g(1) < f(£,vo(2)), 1€ (si,8i41],0=0,1,2,- -+ ,m,
Vo(l) = —yi(f) < hi(l, Vo(f)), XS (li, S,‘], = 1,2, cee M.

vo(0) < vo(w),

and
wo(D) + Awo(1) = bwo(?) + g(1) = f(t,wo()), 1€ (si,tix1],0=0,1,2,--- ,m,

wo(1) = yi(t) = hi(t, wo(®)), 1€ (t,s], i=1,2,---,m.

wo(0) > wo(w),

So, it is indicated that the problem (1.2) has a lower solution v, and an upper solution w,. Hence,
conclusion follow from Theorem 3.1. Then the proof is complete.O

When the positive cone is regular, we obtain the following conclusion of existence of PBVP (1.2).

Corollary 3.4. Let T(¢) (t > 0) generated by —A be a positive Cy-semigroup in an ordered Banach
space E, which positive cone K is regular. Assume that vy and wo with vy(t) < wo(t)(t € J) are lower
and upper solutions of problem (1.2) and the conditions (F1), (F2), (HI), (H2) and (H3) are satisfied.

Then PBVP (1.2) exist minimal and maximal w-periodic mild solutions u and u between vy and wy,
which can be obtained by iteration from vy and wy.

Proof. We show that Q : [vg,wy] — [vo, wo] is a continuous and increase operator by Theorem 3.1.
Similarly, in [vg, wy], we define the two sequences {v,(¢)} and {w,(¢)} by (3.8). Since conditions
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(F2), (H2) and (H3) are satisfied, so sequences {v,(7)} and {w,(¢)} are ordered-monotonic and ordered-
bounded in E.

Any ordered-monotonic and ordered-bounded sequence in E is convergent while the cone K is
regular. Using the similar method of Theorem 3.1, we can prove that u(f) and u(f) are the minimal and
maximal w-periodic mild solutions of the problem (1.2) between vy and wy, which can be obtained by
iteration from vy and wy, respectively. O

Corollary 3.5 Let T(¢) (t > 0) generated by —A be a positive Cy-semigroup in an ordered and weakly
sequentially complete Banach space E, which positive cone K is normal with the normal constant Ny.
Assume that vy and wy with vo(t) < wo(t)(t € J) are lower and upper solutions of problem (1.2) and the
conditions (F1), (F2), (Hl), (H2) and (H3) are satisfied.

Then PBVP (1.2) exist minimal and maximal w-periodic mild solutions u and u between vy and w,
which can be obtained by iteration from vy and w.

Proof. We know that the normal cone K is regular in an ordered and weakly sequentially complete
Banach space. O

4. Application

We make an example in this section to illustrate the main theorem.

Example 4.1 Letintegern > 1,Q) C R” is a bounded domain with a sufficiently smooth boundary
0Q). We consider the following parabolic partial differential equation with non-instantaneous impulses:

Ly(x,1) = V*w(x, 1) = Lsinw(x, 1)), x€Q, te[0,%]UGr, 2x],

Lt
wix,f =GRt xeQ, el

4.1)
W laa= 0,

w(x,0) = w(x,2m), xe€Q,

where v is the Laplace operator, J = [0, 27], 5o = 0,1, = g, S| =Tt =21 = w.
Let E = L*(Q), K = {u € L*(Q) | u(x) > 0 a.e. x € Q}, and we define the operator A as follows:

D(A) = H*(Q) N H)(Q), Au = —v?u.

Then we know that E is a Banach space, K is a regular cone of E, and —A generates a positive and
compact analytic Cy-semigroup 7'(¢)(t > 0) in E (see [6,7,28]).

Denote u(f) = w(-, 1), f(t,u(t)) = Lsin(w(x, 1), hi(t, u(t)) = % then the impulsive parabolic
partial differential equation (4.1) can be abstracted into the form of PBVP (1.2).

Theorem 4.2 Let the first eigenvalue of operator —v?u be A; under zero boundary conditions
and ¢;(x) be the corresponding positive eigenvector. Then the impulsive parabolic partial differential

equation (4.1) has minimal and maximal mild solutions.

Proof. 1t is easy to prove that vy = 0 and wy = ¢; are lower and upper solutions of the Eq (4.1)
respectively. We can easily verify that conditions (F1), (F2) are satisfied with % < M < 1 and the
conditions (H1), (H2) and (H3) are satisfied too. Therefore, by Theorem 3.1, we have that PBVP (4.1)
has minimal and maximal mild solutions. Then the proof is complete.O
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5. Conclusions

In this paper, when the nonlinear of the non instantaneous impulsive evolution equation is quasi-
monotonicity, we have considered the existence of the minimal and maximal w-periodic mild solutions
by combining perturbation method and monotone iterative technique. The main result (Theorem 3.1)
1S new.
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