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1. Introduction

Throughout this paper, the following notations are used. R, RB, represent the set of real number
and reduced biquaternion, respctively. R'(R,) represent the set of all real column(row) vectors with
order t. R™", R]ng" represent the set of all m X n real matrices, reduced biquaternion matrices,
respectively. RB',;XS, RBZXQ” represent the set of all n X n Hermitian reduced biquaternion matrices and
Anti-Hermitian reduced biquaternion matrices, respectively. I; represents the unit matrix with order
k, 6;'{ represents the ith column of unit matrix f. O[iy, -+, i;] is a abbreviation of [(52, cee, (52“].
A=A +A)i+Asj+Ak e RBgX”, where A; e R™" (i = 1:4)and define A = A — Ayi — Asj — Adk
to be conjugate of A. AT, A#, A" represent the transpose, conjugate transpose, Moore-Penrose(M P)
inverse of matrix A. ® represents the Kronecker product of matrices. = represents the semi-tensor
product of matrices. ||-|| represents the Frobenius norm of a matrix or Euclidean norm of a vector.

The concept of quaternion was proposed by Hamilton in 1843, which is an extension of complex
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number. It consists of four parts, i.e.
a=a,+ai+ajj+ak,
where a,, a;, a;, a; are real numbers and i, j, K satisfy
2 2 12 s e 1, s e T T
i'=j=k"=-1,ij=—-ji=Kk, jk=-Kkj=1, ki=-ik =}j.

As can be seen from the product rule above, quaternion is not commutative with respect to
multiplication. Owing to this reason, quaternion becomes more complicated in some operations, and
it will have great trouble in application to practical problems. This also promotes the generation of
reduced biquaternion to some extent. Reduced biquaternion is similar to quaternion in form, but it has
a different product rule.

Definition of reduced biquaternion [1]

a=a,+ai+ajj+ak,
where a,, a;, aj, a; are real numbers and
2 12 2 T S Lt s s o el s
"=k '=-1,j7=1,ij=ji=Kk, jk=kj=1, ki=ik = —j.

_ 14y
1=

1-j . . . . .
, e, = - are two special numbers in reduced biquaternion. Obviously,

e} :e’f_l =...=e], € :eg_l =...=eyee, =0.
Therefore, e; and e, are both idempotent elements and divisors of zero. Any reduced biquaternion with
the form ke, or kye, is also a divisor of zero and does not have a multiplicative inverse, where, k;, k, are
arbitrary complex numbers. By means of e; and e,, we can uniquely express the reduced biquaternion
a=a,+aji+a;j+akasa=ae +ae,, where a; = (a, + a;) + (a; + api, ar = (a, — a;) + (a; — ap)i.
The conjugate of a reduced biquaternion a is denoted by @ and a = a, — a;i — a;j — a;k. The norm
of a reduced biquaternion a is

llal| = \/a% +ai + a? +a;.

Then, the Frobenius norm of A € RBgX” is defined as follows

m n
D0 laglp.
i=1 j=1

The concept of reduced biquaternion was first defined by Schiitte and Wenzel in 1990 [2]. It can be
seen that the product of reduced biquaternions has commutability compared with quaternion. Thus,
many operations of reduced biquaternion are simpler than those of quaternion. Such as, the
implementations of the discrete reduced biquaternion Fourier transform, convolution, correlation.
Therefore, it is of importance to study the theoretical knowledge and numerical calculation of reduced
biquaternions. Many good results on reduced biquaternions have obtained. For example, Pei et al.
investigated digital signal and image processing using reduced biquaternion in 2004 [1] and gave the
algorithms for calculating the eigenvalues, the eigenvectors, and the singular value decomposition of a
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reduced biquaternion matrix in 2008 [3]; Isokawa et al. studied two types of multistate Hopfield
neural networks using reduced biquaternion in 2010 [4]. At the same time, scholars also focused on
the solution of specific reduced biquaternion matrix equations because matrix equations have a wide
range of applications in control theory, stability and other fields. Hidayet derived the expressions of
the minimal norm least squares solution for the reduced biquaternion matrix equation AX = B using
the e; — e, form in 2019 [5]; Yuan studied the Hermitian solutions of the reduced biquaternion matrix
equation (AXB, CXD) = (E, F) using complex representation [6].
In this paper, we study the least squares problems of the reduced biquaternion matrix equation

k
ZA,XBi - C. (1.1)
=1

Since Hermitian and Anti-Hermitian matrices are very useful in engineering problems and linear
system theory. So many researchers turn on the problems of (Anti)-Hermitian matrix equations, for
example, [7, 8] derived explicit determinantal representation formulas of the general, Hermitian, and
Anti-Hermitian solutions to the system of two-sided quaternion matrix equations A; XA} = C; and
A, XA = C, in 2018 and the Sylvester type matrix equation AXA* + BYB* = C in 2019 using
determinantal representations of Moore-Penrose inverse, respectively. [9] proposed a recursive
algorithm for calculating the inversion of the confluent Vandermonde matrix that with consecutive
powers devoted just to the Hermite type interpolation and derived an explicit analytic formula for the
calculation of the inverse of the confluent Vandermonde matrix in 2013. [10] considered the
quaternion matrix equation X — AXB = C and studied its minimal norm least squares solution,
J-self-conjugate least squares solution and anti-j-self-conjugate least squares solution by means of
real representation matrices of quaternion matrix in 2020.

We determine our research objective as the least squares Hermitian solution and the least squares
Anti-Hermitian solution as follows:

Problem 1. Let A; € RB}", B; € RBZX‘I, Ce Rng‘f, and

k
So = {X|X € R}B’gp, ZA,-XB,- - c}.

i=1

Find out X, € S such that
IXol| = min11x]1.
ESQ

Problem 2. Let A; € RB}, B; € RB”QX’f, Ce RB’SX", and

k
Sto = {X|X € RBY, ZA,-XB,-
i=1

Il
a
——

Find out XHQ € SHQ such that
X = min || X||.
|| HQ” c ” ”

Problem 3. LetA; € RB, B; € RB’gq, Ce RB’SX”’, and

k
Sap = {XlX € RBLY, ZA,»XBi = c}.
i=1
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Find out X, € S 40 such that
Kol = gmin 111

The semi-tensor product(STP) of matrices was proposed initially by Cheng to solve linearization
problem of nonlinear systems, which is a generalization of traditional matrix product for the case when
the two factor matrices do not meet the dimension matching condition. It has been proved to be a
power tool in many fields such as game theory [11], graph coloring [12], logic systems [13] and so on.
In this paper, we will convert the least squares problem of reduced biquaternion matrix equation to the
corresponding real problems by using the semi-tensor product of matrices.

This paper is organized as follows. In Section 2, some basic knowledge of semi-tensor product of
matrices is introduced. In Section 3, a new kind of real vector representation of a reduced biquaternion
matrix and the main properties are proposed. In Section 4, the solutions of Problems 1-3 are studied by
using the real vector representation of reduced biquaternion matrix, the special structure of solutions
and semi-tensor product of matrices. In Section 5, two examples are illustrated to demonstrate the
Algorithms. Finally the present thesis is summarized.

2. Semi-tensor product of matrices(STP)

In this section, we will recall some basic knowledge of semi-tensor product of matrices. Please
refer to [14, 15] for more details.

Definition 2.1. Let A € R™", B € RP*4, the semi-tensor product of A and B, denoted by
AxB=(A®1;,)(B®I,,),

where t = lcm(n, p) is the least common multiple of n and p. If n = p, the semi-tensor product reduces
to the traditional matrix product.

Next, a simple numerical example is used to explain the semi-tensor product of matrices.
2 -2 -1 1

Example 2.1. Suppose A=|1 0 3 —3,B:[_12 _21], then

-2 -3 2 1

2 2 -1 1)y L)

AxB=ABe®hL)=|1 0 3 -3

232 a0 o

0 -2 0 -1
4 -4 5 -5
=[-5 6 -1 3
-6 -5 -6 -7

Lemma 2.1. Assume that A, B, C are real matrices with appropriate sizes, a, b € R.

(1) (Distributive law) A < (aB + bC) = aA =< B+ bA < C, (aA +bB) < C =aA =< C +bB=C.
(2) (Associative law)(A < B) < C = A= (Bx C).

(3) (Transpose)(A < B)T = BT =< AT,

(4) (Inverse)(A < B)™! = B~ =< A~ where A and B are invertible square matrices.

(5) Assume that x e R", y e R", then x <y = x® y.
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It can be seen from the Definition 2.1 that semi-tensor product of matrices is a generalization of
traditional matrix product. A large part of the properties of traditional matrix product are preserved by
semi-tensor product of matrices. Here, only (3) of Lemma 2.1 is simply proved and the other properties
of Lemma 2.1 are similarly proved.

Proof. Suppose A € R™", B € R4, t = lcm(n, p), we can obtain

AxB) = (A0l (Bo1,))
= (B®1,) (A®1,)
= (BT ® 1,/p) (AT % 1,/,,)
=B" =< AT,
O
The semi-tensor product of a matrix and a vector has the following property of quasi-commutativity.

Definition 2.2. A swap matrix Wy, , is a mn X mn matrix, which is defined as
Winn = Omnll, -+, m=Dm+1, -+, m, ---, nm] € R™™,
We use the following example to briefly illustrate the construction of swap matrix.
Example 2.2. Suppose m =2, n = 3, then

Winm = 0l1,3,5,2,4,6] = 8¢, 62, 63, 67, 5¢, 55 |
(1 0 0 0 O

—_—0 000 O

co oo o
coor~o
o= o oo
co oo~
oo ~oc o

Remark 2.1. When m = n, we denote Wi, ;) = Wi,.
The function of a swap matrix is to exchange the order of two vectors in vector multiplication.

Lemma 2.2. Let x € R" and y € R" be two column vectors. Then W, < x <y =y x x.

V1
Example 2.3. Suppose x = [il] y = |y2|. Using the swap matrix constructed in Example 2.2, we can
2
y3

obtain
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(1 0 0 0 0 O] [1 0 0 0 0 O][xy]
000100 y 0001 0 Offxy
o1 000 0Off[x] PPl |01 00 0 0ffxys
Wona=x=y =16 0 0 0 1 o([xJ@yZ)‘ 0000 1 0||wy
001000 Y1001 0 0 0f|xay
0 000 0 1] 0 0 0 0 0 1][xys]
]
X
QXT . X1
= = ® =yXX
YaXxo V2 [Xz] Y
y3X1 :
| V3X2 |
Lemma 2.3. Assume A € R™" is given, x € R, w € R,. Then
xxA=(®A)xx,
Axw=wx,®A).
, ayy ... Qip
Proof. Supposex:[xl,xz,...,x,] eR,A=]|: i | € R™", thus
Aml .. Qup
x1®@Ly|lan ... an
xxA=x®l,)A=
xt®lm aAml cee g
’xlo...o...xto...oTa .
0 x ... 0 ... 0 x, ... 0f(™ =
000 0 x, ... 0 0 0 x| t4m - Gm
>)C1A
XzA
=| . [=L;®A) = x.
| XA

When w is a row vector, we use the transpose property of the semi-tensor product of matrices to derive
the transformation. m|

Definition 2.3. Let W; (i = 0, 1,--- ,n) be vector spaces. The mapping F : 1I\_|\W; — W, is called a
multilinear mapping, if forany 1 <i <n, a, B €R,

F(XI,"' ,xi—l,a'xi+,8)7i,"' ,xn) :a’F(Xl,"‘ s Xis " ,.xn)+ﬁF(XI,"' ,)’i,"' s xn)’
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in which x; € Wi,1 <i < n,y; € Wi. If dim(W;) = k;, i = 0,1,---, n), and (51,-’ 6,%’_, e 5],2) is the
basis of W;. Denote
ko
Ji J2 - Jny Jis J2, s Jn S8
F(5y,5 6, s Op) = Z Cs Oro>
s=1
in which j, =1, -+, k;, t=1, ---, n. Then
{Cél’jz’m’]nljt: 1, ---, kt’ t=1,---,n s=1, ---, ko}
are called structure constants of F. Arranging these structure constants in the following form
11---1 11kn klkan
“Kn 1K2"Kp
C2 oo C2 e C2
MF - . B
-1 . Weky kiky--ky
cko cko cko

M is called the structure matrix of F.

3. A new Kkind of real vector representation of a reduced biquaternion matrix and its properties

In this section, we will propose the concept of real vector representation of a reduced biquaternion

matrix and study its properties.

Definition 3.1. Let x = x; + x;1 + x3j + x4k € RBy, denote VR(X) = [x1, X2, X3, X417, VR(x) is called as

the real vector representation of x.

Theorem 3.1. Let x,y € RBy, then

vi(xy) = Mg < vi(x) < vE(p),

where
10000 -100 00100 0 0 -1
M0 1001000000100 10
100100 0 0-11000O0C-10 01
00010 010010010 0 0

M is the structure matrix of multiplication of reduced biquaternions.
Proof. Suppose x = x; + xi + x3j + x4K, y = y; + yoi + y3j + y4K, we can obtain
xy = (x1 + xi + X3 + x4K) (1 + yoi + y3j + y4K)
= (X1y1 — X2y2 + X3y3 — X4y4) + (X1y2 + X2y + X3y4 + X4y3) i
+ (X1y3 + X3y1 — X2y4 — X4y2) J + (X1y1 + Xay1 + X293 + x3)02) K,
thus the left hand side of (3.1) is
X1Y1 — X2Y2 t X3Y3 — X4)4
X1Y2 + XoY1 + X3V4 + X4Y3

X1y3 + X391 — Xo¥a — Xay2 |
X1Y4 + X4Y1 + X2Y3 + X3

3.1)
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Since the right hand side of (3.1) is

X1 Vi X1 V1
X2 Y2 X2 Y2

Mo =< VR (x) < VR(y) = M, = < =M, x ®
© *) ”) e X3 Y3 ¢ X3 Y3
X4 Y4 X4 Y4

X1Y1 — X2Y2 + X3Y3 — X4Y4
X1Y2 + X2Y1 + X3Ya + X4y3
X1y3 + X3y1 — XoY4 — X4)a |
X1Y4 + X4y1 + X2Y3 + X3Y2

(3.1) can be obtained. O

Combined the real vector representation of a reduced biquaternion with vec operator of a real matrix,
we propose a new kind of real vector representation of a reduced biquaternion matrix. For this purpose,
we first propose the real vector representation of a reduced biquaternion vector as follows.

Definition 3.2. Let x = [xl, cee, x"] , V= [yl, cee y”]T be reduced biquaternion vectors. Denote
A G
Vo= o [V o= |,
A" ()

VvR(x) and vR(y) are called as the real vector representation of reduced biquaternion vectors x and y.
Now we define the concepts of the real vector representation of a reduced biquaternion matrix A.

Definition 3.3. For A = (A%) ¢ RBSX”, e=1,---,m,d=1,---,n, denote

7VR(A11)7 ’VR(AII)‘
E "(Coly(A)) | V(Row (A))
VR(Aml) v VR(Aln)
WR(A) = 5 _ VR(CO.lz(A)) CVRA) = E _ VR(RO\:/VZ(A)) ’
FADT oty AL |k Rowa)
»VR(Amn)_ _VR(Amn)_

vR(A) and vR(A) are called the real column stacking form and the real row stacking form of A,
respectively. Real column stacking form and real row stacking form of A are collectively called real
vector representation of A.

We can prove that this real vector representation has the following properties with respect to vector
or matrix operations.

AIMS Mathematics Volume 7, Issue 3, 3258-3276.
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Theorem 3.2. Let x = [xl,xz,--- ,x"], X = [)?l,x Lo ,)Vc”], y = [yl,yz,--- ,y"] ,a€R, X, ¥, y e
RBy, then

(D) vRB(x + %) = vB(x) + VR (%),

(2) vR(ax) = av®(x),

n

(3) VR(xy) = Mg = (00" < (L ® (81)") < VR () < VR ().

i=1

Proof. By simply computing, we know (1), (2) hold. We only give a detailed proof of (3). Using
Theorem 3.1, we have

VGey) = VRGy + % + -+ XYY
= Mg VR(xl) [ vR(yl) +oeet Mg VR VR(yn)
= My (8T s vR(x) s (1) s R () + -+ + M < (") 3¢ vR(x) s (1) o< vR(y)
= Mg < (6 ¢ (Lun ® (617 ) < vR(x)  VE(3) + -+ + Mo i< (5T ¢ (L ® (G ) < E(2) ¢ vR(y)

= Mg ) (G < (L ® 6)") = V() < V().

i=1

O

By using Theorem 3.2, we can drive the following results on the real vector representation of
multiplication of two reduced biquaternion matrices.

Theorem 3.3. Let A, A € RBy*", B € RB,,”, a € R, then

() VRA + A) = vRA) + VR A), VA + A) =vR ) +vR(A),
(2) V(@A) = av®(A), VR(aA) = avR(A),
(3) V*(AB) = G =< v} (A) = VvE(B), VR(AB) = G’ < v*(A) = V¥(B),

in which
[F < (6,)" o< [Lan ® (5,)"]] [F o< (6,,)" < [Lan ® (6,)"]]

F o 85)7 % [Lan ® (3571 F o (S0 % L ® (0171
s LG = s
F o )7 % [ ® (3171 F < (81)7 > L ® (@)1

|F < (67 tl4mn ® (6" [F < (57 < il4mn ® ()"
and F = Mg = 3,57 (L, ® (5})7).
i=1

Proof. We still only prove the first equality in (3). We block A and B with its rows or columns as
follows

AIMS Mathematics Volume 7, Issue 3, 3258-3276.
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Row;(A)
Row,(A)

= . B =|Coly(B) Coly(B) --- Col,(B)|.

Row;,l(A)

Then we have

[VR(Row (A)Col(B))] [ F =< vE(Row,(A)) =< VvR(Col,(B))]
vR(Rowl(A)Colp(B)) F~ vR(Rowl(Ai) > VR(Colp(B))
v (AB) = : = :
VE(Row,,(A)Col,(B)) F =< vR(Row,,(A)) < vR(Col,(B))
_VR(ROWm(A)COZP(B))_ | F = vR(Rowm(A')) < vR(Colp(B))_
(F < [(6,)7 < vRA)] < [(6))T < VEB)]  [F < (62" > [ty ® (5,)" 1]
F < [(6,)" = Vf(A).] < [(Gp) =< vE(B)]| | F < (6),)" w tl4mn ® ()]
- : = : < VR(A) < vR(B).
F o< [T = v A =< [(6)" < VEB|  |F =< (0" = [apn ® (5))"]
LF < [T =< vR(A)] =< [(65)" < vEB)] LF =< ()" < [an ® (55)" 1]
The second equality can be proved similarly. O

4. Algebraic solutions of Problems 1-3

In this section, we study Problems 1-3. By means of the real vector representation of reduced
biquaternion matrix and STP, we first convert Problems 1-3 into the corresponding real least squares
problems. And then we obtain their solutions.

Lemma 4.1. [16] The matrix equation Ax = b, with A € R™" and b € R™, has a solution x € R" if

and only if
AATD = b.

In that case it has the general solution
x=A"b+ (U, - ATA)y,

where y € R" is an arbitrary vector. The minimal norm solution of the linear system of equations
Ax=bis ATh

Theorem 4.2. Let A; € RBY, B; € RBZX'], Ce RBZX‘], denote

k
M = G] =< G (I4mn ® W[4pq,4np]) < (Z Vf(A,) P< Vf(Bl)) s

i=1
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where G has the same structure as G in Theorem 3.3 excepting the dimension. Hence the set S o of
Problem 1 is represented as

So = {X VR = MWAC) + (L - MTM)y, Vy e R} 4.1)
And then, the minimal norm solution X¢ of Problem 1 satisfies
VR (Xp) = MWVE(O). (4.2)

Proof.

Zk: AXB; =C
i=1

k
= [Z AiXBi) =R(C)

i=1
k
& Gy % G < (Lin ® Wiapganp)) = [Z V(A %‘(B»] < VE(X) = vR(C)
i=1

= MVEX) =V*C).

For the real matrix equation
MYR(X) =vR(O),

by Lemma 4.1, its solutions can be represented as
VvE(X) = MYVE(C) + (I, — MTM)y, Yy e R,

Thus we get the formula in (4.1).
Notice
rmn | X|| = min ||v (X)”
VLQXP (X) cR4np
According to the previous proof of this theorem, we have that the minimal norm solution X, € S of
Problem 1 satisfies
vE(Xp) = MWVE(O).

Therefore, (4.2) holds. O

By Theorem 4.2, we can get the sufficient and necessary condition of compatlblhty of the reduced

biquaternion matrix equation Z A;XB; = C and the expression of the solution when Z A XB; = Cis
i=1 i=1
compatible.

Corollary 4.3. Let A; € RB", B; € RB], “ Ce RBqu M is given in Theorem 4.2. Then the following
statements are equivalent:
(a) Problem 1 has a solution X € S o;
(b) (MM ~ Ly Vi(C) =
Moreover, if (b) holds, the solution set of (1.1) over RB"QXP can be represented as

So = {X VR = MWVAC) + (L - MTM)y, Vy € R},

AIMS Mathematics Volume 7, Issue 3, 3258-3276.
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Proof.

k
D AXB; = C == MEX) = VH(C) &= MM ME(X) = v¥(C)

i=1
ESMMVEC) = vi(C) & (MM = I4,,y) vi(C) = 0
O

In order to study Problem 2, we define v¥(X) and give the relation of v#(X) and vE(X) for an
Hermitian matrix.

Xipocce X
Theorem 4.4. Let X = | : : D | €RBYY, xij = x + X7 i+ x 4 k € RBy, denote
Xl ot xnn_
] [J1 ] [/, |
Xii LX, . .
R : :
Vi (Xi+ 1)) LX,
Lx,=| U o= J= 4 o= e
R : :
1% (xin) ) LXn
»Jl’l_ ,Jnr_
yn+2\T SA+0+2
(62n2—n) (5/“'21 )T ( 2n2—n)
(_57+71+3)T 2n’=n ( /1+9+3)
er = 2n2-n T er = 01><2n2—n mr 2n2n
+p+4\ 2 T ’ 4 ’
m<r ( 6;n2’7—n) m=r glxznz_n m>r < ;:1'201'” )T
y+n+5 1x2n%— A+6+5
( 62n2—n) e (62n2—n)
where,y—w,n A(r—m —1),/1=%'2”2_4’),0=4(m—r—1). Then

VEX) = T VR (X).

Remark 4.1. It can be seen from the structural characteristics of matrix X that only part of the elements
in matrix X can be used to represent the whole matrix X. So we need to find all the non-zero and non-
repeating elements in X, which reduces the number of elements in v¥(X). J is a correspondence between
the real vector representation of the matrix X and the real vector representation of the independent
elements of the matrix X.

Theorem 4.5. Let A; € RB”, B; € RB’gq, Ce RB'gxq, denote

k
M = G5 % Gy < (Lipn ® Wignganny) = (Z V(A = v’§<Bl->) < J,

i=1
where G3, G4 have the same structure as G in Theorem 3.3 excepting the dimension. Hence the set
S o of Problem 2 is represented as

Sno = {XWEX) = MVAC) + (Lo - MMy, ¥y e R} (4.3)
And then, the minimal norm solution Xy of Problem 2 satisfies
Ve (Xno) = MWVE(O). (4.4)
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Proof.
k k
> AXB;=C =k (Z A,XB,.] = vR(O).
i=1 i=1

Using Theorem 4.4, we can obtain

k
VR (Z A[XBI-] = vR(C)
i=1
k

& G3 <Gy (I4mn ® W[4nq,4n2]) < [Z VE(A)) Vf(Bi)) < VR (X) = vE(C)
i=1
k

& G3 <Gy (I4mn ® W[4nq,4n2]) < [ VE(A)) Vf(Bi)) < J < V(X)) =VE(C)
Py

= M X) =E(C).

For the real matrix equation
MR =R (),

we can obatin VR(X) = vaf(C)+(12nz_n -~ MTM) y by using Lemma 4.1. Thus we get the formula (4.3).
Notice

min [IX|| < min_ V¥,

XGRB”HXQ” vf (X)ERZ"Z_”

we obtain that the minimal norm reduced biquaternion Hermitian solution Xy € S g of Problem 2
satisfies

Vi X)) = MVE(O).
Therefore, (4.4) holds. O
Corollary 4.6. Let A; € RBY", B, € RBZX’{, Ce R]BBZX”, M is given in Theorem 4.5. Then the following
statements are equivalent:
(c) Problem 2 has a solution X € S yg;

(d) (MM" = L )VE(C) = 0.
Moreover; if (c) holds, the solution set of (1.1) over RB’}fél can be represented as

Sho = {X V(X)) = MTVE(C) + (12n2—n - M%M)y, Vy € Rz"z‘”},

Remark 4.2. When X is a Hermitian matrix, Theorem 4.4 can be used to transform the reduced
biquaternion matrix equation ), A;XB; = C into real matrix equation va(X) = vR(C). Corollary 4.6

i=1
can be obtained by a proof method similar to Corollary 4.3.

Similar to Theorem 4.4, we can give the relationship between vf(X) and v¥(X) in the reduced
biquaternion Anti-Hermitian matrix for studying Problem 3.
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X11 Xlin
Theorem 4.7. Let X = € RB, Xij = x}j + xl.zji + xfjj + x;‘jk € RBy, denote
Xnl Xnn
N
X% A o
125 —~ J J
X} LX, ! v
ZX _ x;‘i R(X) _ X2 J/ _ J./ JI _ JI
A IEPTSY EECE s T A el Rl e
: ZX” J J
| Vi) | L
_(so+E T ( T—& T
(52n2+n) 01><2n2+;% 52n2+n)
(5o+§+1)7 (5r+1 ) ( ‘r—f+1)T
J. = 2n%+n J. = 2n%+n r . J = 2n%+n
mr (6(r+§+2)T > Ymr (5T+2 ) > mr (6T—§+2)T ’
m=r 2n%+n r m=r 2n*+n m=r 2n%+n r
o3 ( 743 T-£+43
(62n2+n ) 52"2"'”) ( 2n2+n)

where, o = w, T= Mx%ﬂ, & =4(r —m). Then
R
VX)) = 77 =< VR(X).

Theorem 4.8. Let A; € RB", B; € RB'gq, Ce RBZX‘I, denote

k
M =G3 <Gy (I4mn ® W[4nq,4n2]) > [Z Vf(At) > Vf(Bl)] < J',

i=1

where, G3,G4 are defined in Theorem 4.5. Hence the set S 5o of Problem 3 is represented as

S a0 = {XWEX) = MVEC) + (Lypy = MTHE)y, Vy e R}

4.5)

And the minimal norm reduced biquaternion Anti-Hermitian solution Xsg € S s of Problem 3 satisfies

VR (Xap) = MVE(O).

(4.6)

Corollary 4.9. Let A; € RBY", B, € RBZX”, Ce R]BBZX", M is given in Theorem 4.8. Then the following

statements are equivalent:
(e) Problem 3 has a solution X € S 5p;
(f) (MM = Liyug)vE(C) = 0.
Moreover, if (f) holds, the solution set of (1.1) over RBZXQ" can be represented as

Sao = [XWACO = MVAC) + (Lo — MOH)y, Yy € R

5. Algorithm and numerical experiments

Based on the algebraic solutions in Section 4, we now present the numerical algorithms and

numerical examples for finding solutions of Problems 1-3 in this section.
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Algorithm 5.1. For Problem 1
Step!: Input: A;, Bi, C, Wiapgunp) Ai € RB" B; € RBZM
and C € RBZX‘I i=1:k)
Step2: Compute vR(A)), vR(B), v}(C), G1, G, M
Step3: if b in Corollary 4.3 holds, then calculate the
solution X € S o according to (4.1).

Step4: if b in Corollary 4.3 and rank(M) = 4np hold, then
calculate the unique solution Xy according to (4.2).

Step5: Output: the solution X € S

Algorithm 5.2. For Problem 2

Step/: Input: A;, B;, C, Wiy,que) Ai € RB" B; € RB"QX"
and C € RBZX‘] (i=1:k)
Step2: Compute VR(A;), vR(B)), vR(C), G3, G4, M
Step3: if d in Corollary 4.6 holds, then calculate the
solution X € S g according to (4.3).
Step4: if b in Corollary 4.6 and rank(M) = 2n* — n hold, then
calculate the unique solution Xy according to (4.4).
Step5: Output: the solution X € S yo

Algorithm 5.3. For Problem 3

Step/: Input: A;, B;, C, Wiyugun) Ai € RBY" B; € RB’g"
and C € RB"QW (i=1:k)
Step2: Compute vR(A;), vR(B;), VR(C), G3, G4, M
Step3: if f in Corollary 4.9 holds, then calculate the
solution X € S 4¢ according to (4.5).
Step4: if f in Corollary 4.9 and rank(M) = 2n*> + n hold, then
calculate the unique solution X, according to (4.6).
Step5: Output: the solution X € S 49

To simplify the process of checking the algorithms, in the following numerical examples, we use
the reduced biquaternion matrix equation A; XB, + A,XB, = C. To ensure that Problem 1 under testing
has a solution, we suppose A;, B;, C, X are known reduced biquaternion matrices.

Example 51. Letm =n = p=9qg= 3, and A,‘ = Ail + Aizi + Algj + Ai4k € RBZXH, B,' = Bil + B,‘gi +
Bij + Buk € RBqu(i:J,z), X=X +Xi+X;j+ X,k € RB’g”. We take

52 4 1 5 3] 8 4
A11: 3 7 6,A12: 9 4 5,A13: 8 8
7 2 8 8 4 5| 6 5
2 4 4 10 3 3] 2 3
A21:23 2,A22: 4 46,A23—1 4
299 1 6 7] 3 5
56 4 91 7 I 8
BU B 2 7 10 . Bl2 = 9 3 1 ’ B]3 = 7 7
540 8 3 7 59
AIMS Mathematics

n

O \O

lm w _\

9
3
7

aA14:

, Agy =

, Biy =

6 2 2
6 3 8,
6 5 2
05 5
9 6 10|,
7 2 5
2 5 6
05 6|,
7909
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8 2 5 71 1 8 1 10 51 4
le = 6 9 2 . B22 = 5 7 5 ’ 323 = 8 7 6 . 324 = 4 1 8
2 0 10 501 75 8 8 2 8
1 4 3 10 4 3 1 4 4 77 1
Xi=(4 7 4|, X=2 2 10|, X;5=|7 5 10|, Xy =|7 7 10].
560 1 59 39 3 52 2
Compute
C =AXB; +AXB. (51)

Denote &1 = logo|MM" = Iy,,ll, we obtain
rank(M) = 36, g = —12.6916.

According to Algorithm 5.1, the reduced biquaternion matrix equation (5.1) has a unique solution
Xp € S, we can get &, = logol|Xg — X|| = —11.3929.

Example 5.2. A; and B; (i = 1,2) are defined in Example 5.1. Suppose

22 0 -225 [0 -2 -15] 0 150
Xi=[2 0 55[,X=[2 0 -3[,X3=|2 0 0|, X4=|-15 0 1,
2 55 7 -25 3 0 L5 0 0 0 -10
§:Y1+Y2i+§3j+§4k
1 2-2i-2j+1.5k 2+25i-1.5j
=|2+2i+2j- 1.5k 0 55-3i+k |€RB};
2 - 2.5i + 1.5j 55+3i-k 7

Compute (5.1). we can get g5 = logo|MM" — Limgll = —10.7394 and rank(M) = 15. The reduced
biquaternion matrix equation (5.1) has a unique solution Xy o by using Algorithm (5.2). So we can get
&y = l()gl()”XHQ - X” = —13.5758.

Example 5.3. A; and B; (i = 1,2) are defined in Example 5.1. Suppose

0 -05 -15 1 7 55 8 6 5 6 4 4
X, =105 0 2 |, X,=|7 4 45|, X;5=|6 8 7|, X4=[4 3 6.5],
1.5 -2 0 55 45 5 579 4 65 2
Y:)_(1+)_(2i+?3j+Y4k
i+ 8j+6k -05+7i+6j+4k —1.5+5.5i+5j+4k
=] 05+7i+6j+4k 4i + 8j + 3k 2+4.5i+7j+6.5k | € RBy,
1.5+55i+5j+4k -2+4.5i+7j+6.5k 5i+9j+2k
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Similarly, Compute (5.1). we can get €5 = loglolll\AlM% — Lyngll = =9.6723 and rank(M) = 21. The
reduced biquaternion matrix equation (5.1) has a unique solution X,o by using Algorithm 5.3. So we
can get g = logo||Xag — X|| = —12.6248.

Example 5.4. Form = n = p = q = 2K, A; and B; generated randomly for K = 2 : 6. Consider the
reduced biquaternion matrix equation (1.1), we record the errors in the three Problems in Figure 1.

-10 T T : * . T ——
5-11F i .
E e

12+ _Ffff--*“' -
2 25 3 35 4 45 5 55 6
K. Problem 1
. —
. A3t e -
= e
W.a3sp s il
"l 4-‘”_ T 1 L L L i | 1
2 25 3 35 4 4.5 5 5.5 8
K., Problem 2
. e ——
L A3f e -
=] i
Tt e
W.i3st o
_--""'-_-'f
‘1 45(’—-'- i 1 1 i 1 L
2 25 3 35 4 45 5 55 8
K. Problem 3

Figure 1. Errors in different dimensions.

Examples 5.1-5.4 are used to show the feasibility of Algorithms 5.1-5.3.
6. Conclusions

In this paper, we proposed a real vector representation of reduced biquaternion matrix, which
preserves the relative positions of the elements in the original reduced biquaternion matrix. For every
element in reduced biquaternion, the real and three imaginary parts are remained as a whole.
Combined this real vector representation with semi-tensor product of matrices, we solved the
Problems 1-3.
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