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1. Introduction

As we all know, the time scale theory can unify discrete and continuous analysis, the study of
dynamic equations on time scales can unify the study of difference equations and differential equations
At present, time scale theory and its application have attracted more and more attention [1–3]. On
the other hand, fractional calculus is a generalization of integer calculus. In recent years, the theory
and application of fractional calculus has become a hot field [4–9]. The continuous fractional calculus
has been well developed [10–12]. However, the study of discrete fractional calculus [13–16] is more
complicated than its continuous counterpart. Therefore, the study of fractional dynamic equations
on time scales has important theoretical and practical value. The concept of fractional derivative of
Riemann-Liouville type on time scales was introduced by N. Benkhettou, A. Hammoudi and D. F. M.
Torres in [17]. What happened then was a craze for the studying of it, such as [18–23]. However, as
far as we know, there is almost no research on fractional boundary value problems of fractions on time
scales. Therefore, a substantive investigation of the subject seems promising.

Over-determined equations have always come in considerable problems from mathematical
physics [24–26]. When we discuss the solution of over-determined linear systems, the least squares
method is the most widely used [26–28].

Recently, the boundary value problem of second-order impulsive differential inclusion involving
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relativistic operator is studied in [29] by using non-smooth critical point theorem for locally Lipschitz
functionals. The authors of [30] investigate a class of two-point boundary value problems whose
highest-order term is a Caputo fractional derivative. The existence and multiplicity of positive solutions
for a nonlinear fractional differential equation boundary value problem is established in [31] by the
fixed-point index theory and the Leray-Schauder degree theory. In [32], a class of fuzzy differential
equations with variable boundary value conditions is studied by applying the upper and lower solutions
method and the monotone iterative technique. In [33], some existence results about first-order fuzzy
differential equation with two-point boundary value condition are obtained by the upper and lower
solutions method. In [34], some existence results about first-order fuzzy differential equation with two-
point boundary value condition are provided by using the contraction mapping principle in a complete
metric space. Boundary value problems on time scales are investigated in [35–39].

Through literature search, we found that over-determined boundary value problems on time scales
have not been studied yet, therefore, in this paper, we will study the following nonlinear system of over-
determined Fredholm fractional integro-differential equations on time scales with periodic boundary
condition(FBVPT for short):

T
t Dαi

b (κi(t) Ta Dαi
t ui(t)) = ηGui(t, u1(t), . . . , uN(t)) +

∫
[a,b)T

ξi(t, τ)ui(τ)∆τ,

∆ − a.e. t ∈ [a, b]T, i = 1,N;

ui(t) =

∫
[a,b)T

ξi(t, τ)ui(τ)∆τ, ∆ − a.e. t ∈ [a, b]T, i = 1,N;

ui(a) = ui(b) = 0, i = 1,N,

(1.1)

where η > 0 is a real constant, 0 < αi ≤ 1, κi ∈ L∞∆ [a, b]T, κi = ess inf
t∈[a,b]T

κi(t) > 0 and G : [a, b]T×RN →

R is a function that G(t, u1, . . . , un) is continuous with respect to t and continuously differentiable with
respect to ui, i.e., G(·, u1, . . . , uN) ∈ C([a, b]T) and G(t, ·, . . . , ·) ∈ C1(RN), ξi(·, ·) ∈ C([a, b]T, [a, b]T)
and so the kernel ξi is bounded by Mi, Gs denotes the partial ∆−derivative of G with respect to s, Tt Dα

b
and Ta Dα

t are the right and the left Riemann−Liouville fractional derivative operators of order α defined
on T respectively.

When T = R, FBVPT (1.1) reduces to the following standard nonlinear system of over-determined
Fredholm fractional integro-differential equations

tD
αi
b (κi(t) aDαi

t ui(t)) = ηGui(t, u1(t), . . . , uN(t)) +

∫
[a,b]

ξi(t, τ)ui(τ)dτ,

a.e. t ∈ [a, b], i = 1,N;

ui(t) =

∫
[a,b]

ξi(t, τ)ui(τ)dτ, a.e. t ∈ [a, b], i = 1,N;

ui(a) = ui(b) = 0, i = 1,N.

which has been studied by E. Shivanian in [40].

2. Preliminaries

In this section, we briefly collect some notations, definitions, and some lemmas, propositions and
theorems, which play an important role in the proof of our main results.
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A time scale T is an arbitrary nonempty closed subset of the real set R with the topology and
ordering inherited from R. Throughout this paper, we denote by T a time scale. We will use the
following notations: J0

R = [a, b[, JR = [a, b], J0 = J0
R ∩ T, J = JR ∩ T, Jk = [a, ρ(b)] ∩ T.

Definition 2.1. [41] (Fractional integral on time scales) Suppose h is an integrable function on J. Let
0 < α ≤ 1. The left fractional integral of order α of h is defined by

T
a Iαt h(t) :=

∫ t

a

(t − σ(s))α−1

Γ(α)
h(s)∆s.

The right fractional integral of order α of h is defined by

T
t Iαb h(t) :=

∫ b

t

(σ(s) − t)α−1

Γ(α)
h(s)∆s,

where Γ is the gamma function.

Definition 2.2. [41] (Riemann-Liouville fractional derivative on time scales) Let t ∈ T, 0 < α ≤ 1,
and h : T→ R. The left Riemann-Liouville fractional derivative of order α of h is defined by

T
a Dα

t h(t) :=
(
T
a I1−α

t h(t)
)∆

=
1

Γ(1 − α)

(∫ t

a
(t − σ(s))−αh(s)∆s

)∆

.

The right Riemann-Liouville fractional derivative of order α of h is defined by

T
t Dα

bh(t) := −
(
T
t I1−α

b h(t)
)∆

=
−1

Γ(1 − α)

(∫ b

t
(σ(s) − t)−αh(s)∆s

)∆

.

Theorem 2.1. [19] Let α > 0, p, q ≥ 1, and 1
p + 1

q ≤ 1 + α, where p , 1 and q , 1 in the case when
1
p + 1

q = 1 + α. Moreover, if

T
a Iαt (Lp) :=

{
f : f = T

a Iαt g, g ∈ Lp(J)
}

and

T
t Iαb (Lp) :=

{
f : f = T

t Iαb g, g ∈ Lp(J)
}
,

then the following integration by parts formulas hold:

(a) If ϕ ∈ Lp(J) and ψ ∈ Lq(J), then∫
J0
ϕ(t)
(
T
a Iαt ψ

)
(t)∆t =

∫
J0
ψ(t)
(
T
t Iαbϕ

)
(t)∆t.

(b) If g ∈ Tt Iαb (Lp) and f ∈ Ta Iαt (Lq), then∫
J0

g(t)
(
T
a Dα

t f
)

(t)∆t =

∫
J0

f (t)
(
T
t Dα

bg
)

(t)∆t.
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Proposition 2.1. [42] Suppose p ∈ R̄ and p ≥ 1. Let p′ ∈ R̄ be such that 1
p + 1

p′ = 1. Then, if

f ∈ Lp
∆(J0) and g ∈ Lp′

∆ (J0), then f · g ∈ L1
∆(J0) and

‖ f · g‖L1
∆
≤ ‖ f ‖Lp

∆
· ‖g‖Lp′

∆

.

Definition 2.3. [43] Let 0 < α ≤ 1 and let 1 ≤ p < ∞. By left Sobolev space of order α we will mean
the set Wα,p

∆,a+ = Wα,p
∆,a+(J,RN) given by

Wα,p
∆,a+ :=

{
u ∈ Lp

∆; ∃ g ∈ Lp
∆, ∀ϕ ∈ C∞c,rd such that

∫
J0

u(t) · Tt Dα
bϕ(t)∆t =

∫
J0

g(t) · ϕ(t)∆t
}
.

Remark 2.1. [43] A function g given in Definition 2.3 will be called the weak left fractional derivative
of order 0 < α ≤ 1 of u; let us denote it by Tuαa+ .

Theorem 2.2. [43] If 0 < α ≤ 1 and 1 ≤ p < ∞, then the weak left fractional derivative Tuαa+ of a
function u ∈ Wα,p

∆,a+ coincides with its left Riemann-Liouville fractional derivative Ta Dα
t u ∆ − a.e. on J.

Theorem 2.3. [43] Let 0 < α ≤ 1, 1 ≤ p < ∞ and u ∈ Lp
∆. Then u ∈ Wα,p

∆,a+ iff there exists a function
g ∈ Lp

∆ such that ∫
J0

u(t)Tt Dα
bϕ(t)∆t =

∫
J0

g(t)ϕ(t)∆t, ϕ ∈ C∞c,rd.

In such a case there exists the left Riemann-Liouville derivative Ta Dα
t u of u and g = T

a Dα
t u.

Remark 2.2. [43] The function g will be called the weak left fractional derivative of u ∈ Wα,p
∆,a+ of

order α. From the above theorem it follows that it coincides with an appropriate Riemann-Liouville
derivative.

Let us fix 0 < α ≤ 1 and consider in the space Wα,p
∆,a+ a norm ‖ · ‖Wα,p

∆,a+
given by

‖u‖p
Wα,p

∆,a+
= ‖u‖p

Lp
∆

+ ‖Ta Dα
t u‖p

Lp
∆

, u ∈ Wα,p
∆,a+ .

Theorem 2.4. [43] The space Wα,p
∆,a+ is complete with respect to each of the norms ‖·‖Wα,p

∆,a+
and ‖·‖a,Wα,p

∆,a+

for any 0 < α ≤ 1, 1 ≤ p < ∞.

Theorem 2.5. [43] The space Wα,p
∆,a+ is reflexive with respect to the norm ‖ · ‖Wα,p

∆,a+
for any 0 < α ≤ 1

and 1 < p < ∞.

Theorem 2.6. [43] The space Wα,p
∆,a+ is separable with respect to the norm ‖ · ‖Wα,p

∆,a+
for any 0 < α ≤ 1

and 1 ≤ p < ∞.

Proposition 2.2. [43] Let 0 < α ≤ 1 and 1 < p < ∞. For all u ∈ Wα,p
∆,a+ , if 1 − α ≥ 1

p or α > 1
p , then

‖u‖Lp
∆
≤

bα

Γ(α + 1)
‖Ta Dα

t u‖Lp
∆
; (2.1)

if α > 1
p and 1

p + 1
q = 1, then

‖u‖∞ ≤
bα−

1
p

Γ(α)((α − 1)q + 1)
1
q
‖Ta Dα

t u‖Lp
∆
. (2.2)
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Remark 2.3. [43] It follows from (2.1) and (2.2) that Wα,p
∆,a+ is continuously immersed into C(J,RN)

with the natural norm ‖ · ‖∞.

Proposition 2.3. [43] Let 0 < α ≤ 1 and 1 < p < ∞. Assume that α > 1
p and the sequence {uk} ⊂ Wα,p

∆,a+

converges weakly to u in Wα,p
∆,a+ . Then, uk → u in C(J,RN), i.e., ‖u − uk‖∞ = 0, as k → ∞.

Remark 2.4. [43] It follows from Proposition 2.3 that Wα,p
∆,a+ is compactly immersed into C(J,RN) with

the natural norm ‖ · ‖∞.

Theorem 2.7. [44] Let E be a reflexive real Banach space and Φ : E → R a sequentially weakly lower
semicontinuous, coercive and continuously Gâteaux differentiable in which its Gâteaux derivative has
a continuous inverse on E∗. Furthermore, suppose that Ψ : E → R be a sequentially weakly upper
semicontinuous and continuously Gâteaux differentiable functional in which its Gâteaux derivative is
compact, such that Φ(0) = Ψ(0) = 0. Suppose also there exist r ∈ R and u1 ∈ E with 0 < r < Φ(u1),
satisfying

(H1) sup
u∈Φ−1(]−∞,r])

Ψ(u) < r Ψ(u1)
Φ(u1)

(H2) ∀η ∈ Ir :=

]
Φ(u1)
Ψ(u1) ,

r
sup

u∈Φ−1(]−∞,r])
Ψ(u)

]
, the functional Φ − ηΨ is coercive.

Therefore, for each η ∈ Ir, the functional Φ − ηΨ admits at least three distinct critical points in E.

Note that if κi(·) ∈ L∞∆ (J), κi = ess inf
t∈J
κi(t) > 0, an equivalent norm in Wαi,p

∆,a+ is

‖u‖κi,αi =

(∫
J0
κi(t)| Ta Dαi

t u(t)|p∆t +

∫
J0
|u(t)|p∆t

) 1
p

, ∀u ∈ Wαi,p
∆,a+ , i = 1,N. (2.3)

It easily follows from κi(·) ∈ L∞∆ (J), κi = ess inf
t∈J
κi(t) > 0 and Proposition 2.2 that

‖u‖Lp
∆
≤

bαi

Γ(αi + 1)(κi)
1
p

(∫
J0
κi(t)| Ta Dαi

t u(t)|p∆t
) 1

p

, (2.4)

‖u‖∞ ≤
bαi−

1
p

Γ(αi)((αi − 1)q + 1)
1
q (κi)

1
q

(∫
J0
κi(t)| Ta Dαi

t u(t)|p∆t
) 1

p

. (2.5)

The equality (2.3) and inequality (2.4) yield that the norm defined by (2.3) is equivalent to the
following norm

‖u‖αi =

(∫
J0
κi(t)| Ta Dαi

t u(t)|2∆t
) 1

2

, ∀u ∈ Wαi,2
∆,a+ , i = 1,N, (2.6)

which is induced by the following inner product

(u, v)αi =

(∫
J0
κi(t) Ta Dαi

t u(t) Ta Dαi
t v(t)∆t

) 1
2

, ∀u, v ∈ Wαi,2
∆,a+ , i = 1,N.
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In the following analysis, we will work with the norm given by (2.6). Now, let p = 2, define

E =
N∏

i=1
Wαi,2

∆,a+ equipped with the norm

‖U‖E =

N∑
i=1

‖ui‖
2
αi
, U = (u1, u2, . . . , uN) ∈ E, i = 1,N. (2.7)

Definition 2.4. We call U = (u1, u2, . . . , uN) ∈ E the weak solution of FBVPT (1.1) if the following
equation holds

N∑
i=1

∫
J0
κi(t) Ta Dαi

t ui(t) Ta Dαi
t vi(t)∆t −

N∑
i=1

∫
J0

∫
J0
ξi(t, τ)ui(τ)vi(t)∆τ∆t

−η

∫
J0

N∑
i=1

Gui(t, u1(t), . . . , uN(t))vi(t)∆t = 0, ∀V = (v1, v2, . . . , vN) ∈ E. (2.8)

3. Main result

In this section, we present and prove our main result as follows.

Theorem 3.1. Suppose that G : J × RN → R is a function such that G(·, u1, . . . , uN) ∈ C(J),
G(t, ·, . . . , ·) ∈ C1(RN) and G(t, 0, . . . , 0) = 0 for all t ∈ J. Moreover, suppose that there are a positive
constant r and a function Z(t) = (z1(t), . . . , zN(t)) such that the following suppositions hold:

(S 0) αi ∈
]

1
2 , 1
]
;

(S 1) Mi <
Γ2(αi)κi(2αi−1)

b2αi+1 ;

(S 2)
N∑

i=1
‖zi‖

2
αi
≥ 2r +

N∑
i=1

∫
J0

∫
J0 ξi(t, τ)zi(τ)zi(t)∆τ∆t;

(S 3)

∫
J0 sup

(ν1 ,ν2 ,...,νN )∈Υ(Cr)
G(t,ν1,...,νN )∆t

r <
2
∫

J0G(t,z1(t),...,zN (t))∆t
N∑

i=1
‖zi‖2αi

−
N∑

i=1

∫
J0

∫
J0ξi(t,τ)zi(τ)zi(t)∆τ∆t

;

(S 4) lim inf
∀i:|νi |→+∞

G(t,ν1,...,νN )
N∑

i=1
|νi |2

<

∫
J0 sup

(ν1 ,ν2 ,...,νN )∈Υ(Cr)
G(t,ν1,...,νN )∆t

2Ar .

where

C = max
1≤i≤N

{
b2αi−1

Γ2(αi)κi(2αi − 1) − b2αi+1Mi

}
,

Υ(Cr) =

{
z = (ν1, ν2, . . . , νN) ∈ RN :

1
2

N∑
i=1

ν2
i ≤ Cr

}
,

σi = 1 −
b2αi+1Mi

Γ2(αi)κi(2αi − 1)
, σ = min

1≤i≤N
σi, A = max

1≤i≤N

{
b2αi

σΓ2(αi + 1)κi

}
.

AIMS Mathematics Volume 7, Issue 2, 2646–2665.



2652

Then FBVPT (1.1) has at least three distinct weak solutions in E, for those η′s belong to the
following interval

Ir =


N∑

i=1
‖zi‖

2
αi
−

N∑
i=1

∫
J0

∫
J0
ξi(t, τ)zi(τ)zi(t)∆τ∆t

2
∫

J0
G(t, z1(t), . . . , zN(t))∆t

,
r∫

J0
sup

(ν1,ν2,...,νN )∈Υ(Cr)
G(t, ν1, . . . , νN)∆t

 . (3.1)

Proof. Theorem 2.7 will be the powerful tool for us to prove Theorem 3.1. It follows from the fact that

Wαi,p
∆,a+ is a reflexive and separable Banach space and that E =

N∏
i=1

Wαi,2
∆,a+ equipped with the norm ‖u‖E

is also a reflexive and separable Banach space. Next, for any given U = (u1(t), . . . , uN(t)) ∈ E, define
Φ, Ψ : E → R as follows:

Φ(U) =
1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

∫
J0

∫
J0
ξi(t, τ)ui(τ)ui(t)∆τ∆t (3.2)

and

Ψ(U) =

∫
J0

G(t, u1(t), . . . , uN(t))∆t. (3.3)

The functionals Φ and Ψ are well defined, Gâteaux differentiable and for all V = (v1, v2, . . . , vN) ∈ E,
their Gâteaux derivatives are given as

Φ′(U)(V) =

N∑
i=1

∫
J0
κi(t) Ta Dαi

t ui(t) Ta Dαi
t vi(t)∆t −

N∑
i=1

∫
J0

∫
J0
ξi(t, τ)ui(τ)vi(t)∆τ∆t (3.4)

and

Ψ′(U)(V) =

∫
J0

Gui(t, u1(t), . . . , uN(t))vi(t)∆t, (3.5)

respectively. In fact, Φ(U),Ψ(U) ∈ E∗, where E∗ is dual space of E. It is easy to see that the functional
Φ is sequentially weakly lower semicontinuous and its Gâteaux derivative admits a continuous inverse
on E∗. Besides, in view of (3.2), |ξi(t, τ)| ≤ Mi and by the definition of σ, one gets

Φ(U) =
1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

∫
J0

∫
J0
ξi(t, τ)ui(τ)ui(t)∆τ∆t

≥
1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

Mib‖ui‖∞

∫
J0

ui(t)∆t

≥
1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

Mib2‖ui‖
2
∞

≥
1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

Mib2 b2αi+1

Γ(αi)(2αi − 1)
1
q κi

‖ui‖
2
αi
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=
1
2

N∑
i=1

‖ui‖
2
αi

(
1 − Mib2 b2αi+1

Γ(αi)(2αi − 1)
1
q κi

)

≥
σ

2

N∑
i=1

‖ui‖
2
αi

=
σ

2
‖U‖E. (3.6)

Because of σ > 0 and (S1), so it follows from (3.6) that lim
‖U‖E→+∞

Φ(U) = +∞. That is to say, Φ is

coercive.
Suppose that lim

m→+∞
Um ⇀ U in E, where Um(t) = (um,1(t), . . . , um,N(t)), then Um converges uniformly

to U on J by Proposition 2.3. Therefore, we have

lim sup
m→+∞

Ψ(Um) = lim sup
m→+∞

∫
J0

G(t, um,1(t), . . . , um,N(t))∆t

≤

∫
J0

G(t, u1(t), . . . , uN(t))∆t

=Ψ(U), (3.7)

which yields that Ψ is sequentially weakly upper semicontinuous. In addition, taking G(t, ·, . . . , ·) ∈
C1(RN) into account, one obtains

lim
m→+∞

G(t, um,1(t), . . . , um,N(t)) = G(t, u1(t), . . . , uN(t)), ∀t ∈ J.

Consequently, the Lebesgue control convergence theorem on time scales implies that Ψ′(Um)→ Ψ′(U)
strongly, as a result, we conclude that Ψ′ is strongly continuous on E. Hence, Ψ′ : E → E∗ is a
compact operator.

Assume U0(t) = (0, . . . , 0) and U1(t) = Z(t), in consideration of (S2) , one derives that

0 < r ≤
1
2

N∑
i=1

‖zi‖
2
αi
−

1
2

N∑
i=1

∫
J0

∫
J0
ξi(t, τ)ui(τ)ui(t)∆τ∆t

=
1
2

N∑
i=1

‖zi‖
2
αi
−

1
2

N∑
i=1

∫
J0

∫
J0
ξi(t, τ)ui(τ)ui(t)∆τ∆t

=Ψ(U1). (3.8)

It is obvious for us to deduce that Φ(U0(t)) = Ψ(U0(t)) = 0 by (3.2) and (3.3).
Now, we are in a position to demonstrate that Φ and Ψ satisfy the conditions (H1) and (H2) of

Theorem 2.7.
In view of (3.2), |ξi(t, τ)| ≤ Mi and (2.5), we get

Φ−1(] −∞, r])
= {U ∈ E : Φ(U) ≤ r}

=

{
U ∈ E :

1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

∫
J0

∫
J0
ξi(t, τ)ui(τ)ui(t)∆τ∆t ≤ r

}
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⊆

{
U ∈ E :

1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

Mib‖ui‖∞

∫
J0

ui(t)∆t ≤ r

}

⊆

{
U ∈ E :

1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

Mib2‖ui‖
2
∞ ≤ r

}

⊆

{
U ∈ E :

N∑
i=1

Γ2(αi)κi(2αi − 1)
2b2αi−1 ‖ui‖

2
∞ −

1
2

N∑
i=1

Mib2‖ui‖
2
∞ ≤ r

}

=

{
U ∈ E :

N∑
i=1

Γ2(αi)κi(2αi − 1) − b2αi+1Mi

2b2αi−1 ‖ui‖
2
∞ ≤ r

}

⊆

{
U ∈ E :

1
2C

N∑
i=1

‖ui‖
2
∞ ≤ r

}

⊆

{
U ∈ E :

1
2

N∑
i=1

|ui(t)|2 ≤ Cr,∀t ∈ J

}
⊆ Υ(Cr), (3.9)

which implies that

sup
U∈Φ−1(]−∞,r])

Ψ(U) = sup
U∈Φ−1(]−∞,r])

∫
J0

G(t, u1(t), . . . , uN(t))∆t

≤ sup
z∈Υ(Cr)

∫
J0

G(t, ν1(t), . . . , νN(t))∆t

=

∫
J0

sup
z∈Υ(Cr)

G(t, ν1(t), . . . , νN(t))∆t

=Ψ(U1), (3.10)

together with (S3), one can obtain

sup
U∈Φ−1(]−∞,r])

Ψ(U)

r
=

sup
U∈Φ−1(]−∞,r])

∫
J0

G(t, u1(t), . . . , uN(t))∆t

r

≤

sup
z∈Υ(Cr)

∫
J0

G(t, ν1(t), . . . , νN(t))∆t

r

<

2
∫

J0
G(t, z1(t), . . . , zN(t))∆t

N∑
i=1
‖zi‖

2
αi
−

N∑
i=1

∫
J0

∫
J0
ξi(t, τ)zi(τ)zi(t)∆τ∆t

=
Ψ(Z(t))
Φ(Z(t))

=
Ψ(U1)
Φ(U1)

. (3.11)
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Consequently,
sup

U∈Φ−1(]−∞,r])
Ψ(U)

r < Ψ(U1)
Φ(U1) . That is to say, (H1) of Theorem 2.7 is verified.

In addition, with an eye to (S4), there exist two real constants µ and ε such that

µ

σ
<

sup
z∈Υ(Cr)

∫
J0

G(t, ν1(t), . . . , νN(t))∆t

r
(3.12)

and

G(t, ν1(t), . . . , νN(t)) ≤
µ

2Aσ

N∑
i=1

|νi|
2 + ε, ∀z = (ν1, ν2, . . . , νN) ∈ RN , t ∈ J. (3.13)

Hence, for fixed U = (u1(t), . . . , uN(t)) ∈ E, one has

G(t, u1(t), . . . , uN(t)) ≤
µ

2Aσ

N∑
i=1

|ui|
2 + ε, ∀t ∈ J. (3.14)

According to (3.2), (3.3), |ξi(t, τ)| ≤ Mi, the expression of σi, (2.4), (2.5), (3.1) and (3.12), one gets

Φ(U) − ηΨ(U)

=
1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

∫
J0

∫
J0
ξi(t, τ)ui(τ)ui(t)∆τ∆t − η

∫
J0

G(t, u1(t), . . . , uN(t))∆t

≥
1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

Mib2‖ui‖
2
∞ − η

∫
J0

G(t, u1(t), . . . , uN(t))∆t

≥
1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

Mib2‖ui‖
2
∞ −

ηµ

2Aσ

∫
J0

(
N∑

i=1

|ui(t)|2
)

∆t − ηεb

=
1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

Mib2‖ui‖
2
∞ −

ηµ

2Aσ

N∑
i=1

‖ui‖
2
L2

∆
− ηεb

≥
1
2

N∑
i=1

‖ui‖
2
αi
−

1
2

N∑
i=1

b2αi+1Mi

Γ2(αi)κi(2αi − 1)
‖ui‖

2
αi
−

ηµ

2Aσ

N∑
i=1

b2αi

Γ2(αi + 1)κi
‖ui‖

2
αi
− ηεb

=
1
2

N∑
i=1

σi‖ui‖
2
αi
−

ηµ

2Aσ

N∑
i=1

b2αi

Γ2(αi + 1)κi
‖ui‖

2
αi
− ηεb

≥
σ

2

N∑
i=1

‖ui‖
2
αi
−
ηµ

2

N∑
i=1

‖ui‖
2
αi
− ηεb

≥
1
2

σ − µr

sup
z∈Υ(Cr)

∫
J0

G(t, ν1(t), . . . , νN(t))∆t

 N∑
i=1

‖ui‖
2
αi
− ηεb

→ +∞, as ‖U‖ → +∞. (3.15)

AIMS Mathematics Volume 7, Issue 2, 2646–2665.



2656

In other words, the functional Φ − ηΨ is coercive and so, (H2) of Theorem 2.7 is also testified.
Since the weak solutions of FBVPT (1.1) are exactly the solutions of the equation Φ′(U)−ηΨ′(U) =

0, by Theorem 2.7, we conclude that for η ∈ Ir, FBVPT (1.1) has at least three distinct points in E. The
proof is complete. �

4. Example

In order to illustrate our theoretical results, we give a example as follows.

Example 4.1. Let T = Z, N = 3, α1 = 0.75, α2 = 0.8, α3 = 0.9, κ1(t) = 1 + t2, κ2(t) = 0.5 + t,
κ3(t) = 1 + t, ξ1(t, τ) = 1

3×1010 tτ, ξ2(t, τ) = 1
8×1010 tτ, ξ3(t, τ) = 1

4×1010 tτ, a = 2.5, b = 50, so we can
consider the following nonlinear system of over-determined Fredholm fractional integro-differential
equations on time scales with periodic boundary condition:

t∆
0.75
(
(1 + t2) ∆0.75

2.5 u(t)
)

= ηGu(t, u(t), v(t),w(t)) +
49∑
τ=3

1
3 tτu(τ), ∆ − a.e. t ∈ [2.5, 50]Z;

u(t) =
99∑
τ=3

1
3 tτu(τ), ∆ − a.e. t ∈ [2.5, 50]Z;

t∆
0.8
(
(0.5 + t) ∆0.8

2.5v(t)
)

= ηGv(t, u(t), v(t),w(t)) +
49∑
τ=3

1
8 tτv(τ), ∆ − a.e. t ∈ [2.5, 50]Z;

v(t) =
49∑
τ=3

1
8 tτv(τ), ∆ − a.e. t ∈ [2.5, 50]Z;

t∆
0.9
(
(1 + t) ∆0.9

2.5w(t)
)

= ηGw(t, u(t), v(t),w(t)) +
49∑
τ=3

1
4 tτw(τ)∆τ, ∆ − a.e. t ∈ [2.5, 50]Z ;

w(t) =
49∑
τ=3

1
4 tτw(τ)∆τ, ∆ − a.e. t ∈ [2.5, 50]Z;

u(3) = u(50) = 0, v(3) = v(50) = 0, w(3) = w(50) = 0,

where ∆γ
% and t∆

γ are the left and right Riemann-Liouville delta fractional difference of order 0 < γ ≤ 1
respectively.

G(t, u, v,w) := (1 + t2)

{
(u2 + v2 + w2)2, u2 + v2 + w2 ≤ 2.20550 × 105;

2
√

u2 + v2 + w2 − (u2 + v2 + w2), u2 + v2 + w2 > 2.20550 × 105.

It is easy for us to know that G is continuous with respect to t and continuously differentiable with
respect to u, v, w. Moreover, G(t, 0, 0, 0) = 0 and by simple calculations, we get M1 ≈ 8.33333 × 10−8,
M2 = 3.12500 × 10−8, M3 = 6.25000 × 10−8,

κ1 = ess inf
t∈[2.5,50]Z

κ1(t) = ess inf
t∈[2.5,50]Z

(1 + t2) = 1 + 32 = 10,

κ2 = ess inf
t∈[2.5,50]Z

κ2(t) = ess inf
t∈[2.5,50]Z

(0.5 + t) = 0.5 + 3 = 3.5,

κ3 = ess inf
t∈[2.5,50]Z

κ3(t) = ess inf
t∈[2.5,50]Z

(1 + t) = 1 + 3 = 4,
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σ1 = 1 −
b2α1+1M1

Γ2(α1)κ1(2α1 − 1)
= 1 −

502×0.75+1 × 8.33333 × 10−8

Γ2 (0.75) × 10 × (2 × 0.75 − 1)
≈ 0.99980,

σ2 = 1 −
b2α2+1M1

Γ2(α2)κ3(2α2 − 1)
= 1 −

502×0.8+1 × 3.12500 × 10−8

Γ2 (0.8) × 3.5 × (2 × 0.8 − 1)
≈ 0.99942,

σ3 = 1 −
b2α3+1M1

Γ2(α3)κ3(2α3 − 1)
= 1 −

502×0.9+1 × 6.25000 × 10−8

Γ2 (0.9) × 4 × (2 × 0.9 − 1)
≈ 0.99902,

σ = min
1≤i≤3

σi = min{σ1, σ2, σ3} = min{0.99980, 0.99942, 0.99902} = 0.99902,

C = max
1≤i≤3

{
b2αi−1

Γ2(αi)κi(2αi − 1) − b2αi+1Mi

}
= max

{
502×0.75−1

Γ2 (0.75) × 10 × (2 × 0.75 − 1) − 502×0.75+1 × 8.33333 × 10−8 ,

502×0.8−1

Γ2 (0.8) × 3.5 × (2 × 0.8 − 1) − 502×0.8+1 × 3.12500 × 10−8 ,

502×0.9−1

Γ2 (0.9) × 4 × (2 × 0.9 − 1) − 502×0.9+1 × 6.25000 × 10−8

}
≈ max{0.94196, 3.67460, 6.26321}
= 6.26321,

A = max
1≤i≤3

{
b2αi

σΓ2(αi + 1)κi

}
= max

{
502×0.75

σΓ2 (0.75 + 1) × 10
,

502×0.8

σΓ2 (0.8 + 1) × 3.5
,

502×0.9

σΓ2 (0.9 + 1) × 4

}
≈ max{41.89765, 172.36593, 309.29445}
= 309.29445.

Furthermore, we can define

H1(u(t)) =
1

6 × 1010

49∑
τ=3

tτu(τ), H2(v(t)) =
1

1.6 × 1011

49∑
τ=3

tτv(τ), H3(w(t)) =
1

8 × 1010

49∑
τ=3

tτw(τ).

Hence, in view of

8.33333 × 10−8 ≈ M1 <
Γ2(α1)κ1(2α1 − 1)

b2α1+1 =
Γ2 (0.75) × 10 × (2 × 0.75 − 1)

502×0.75+1 ≈ 4.24710 × 10−4,
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3.12500 × 10−8 = M2 <
Γ2(α2)κ2(2α2 − 1)

b2α2+1 =
Γ2 (0.8) × 3.5 × (2 × 0.8 − 1)

502×0.8+1 ≈ 1.08887 × 10−4,

and

6.25000 × 10−8 = M3 <
Γ2(α3)κ3(2α3 − 1)

b2α3+1 =
Γ2 (0.9) × 4 × (2 × 0.9 − 1)

502×0.9+1 ≈ 6.39275 × 10−5,

we see that the hypothesis (S1) of Theorem 3.1 holds.
Consider z1(t) = (t − 1)1.5, z2(t) = (t − 1.5)1, z3(t) = (t − 0.5)2 and r = 0.0001 to use Theorem 3.1,

one obtains that z1(3) = z1(50) = z2(3) = z2(50) = z3(3) = z3(50) = 0 and more

∆0.75
2.5 z1(t) = ∆0.75

2.5 (t − 1)1.5

=
Γ(1.5 + 1)

Γ(1.5 − 0.75 + 1)
(t − 1)1.5−0.75

=
1.5Γ(1.5)
Γ(1.75)

(t − 1)0.75

=
1.5 × 0.5Γ(0.5)

0.75Γ(0.75)
Γ(t − 1 + 1)

Γ(t − 1 − 0.75 + 1)

=
1.5 × 0.5Γ(0.5)

0.75Γ(0.75)
Γ(t)

Γ(t − 0.75)

=
0.75Γ(0.5)

0.75Γ(0.75)
Γ(t)

Γ(t − 0.75)

=

√
π

Γ(0.75)
Γ(t)

Γ(t − 0.75)
,

∆0.8
2.5z2(t) = ∆0.8

2.5(t − 1.5)1

=
Γ(1 + 1)

Γ(1 − 0.8 + 1)
(t − 1.5)1−0.8

=
Γ(2)

Γ(1.2)
(t − 1.5)0.2

=
1

0.2
Γ(t − 1.5 + 1)

Γ(t − 1.5 − 0.2 + 1)

= 5
Γ(t − 0.5)
Γ(t − 0.7)

,

∆0.9
2.5z3(t) = ∆0.9

2.5(t − 0.5)2

=
Γ(0.5 + 1)

Γ(0.5 − 0.9 + 1)
(t − 0.5)2−0.9

=
0.5

Γ(0.6)
(t − 0.5)1.1

=
0.5

Γ(0.6)
Γ(t − 0.5 + 1)

Γ(t − 0.5 − 1.1 + 1)
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=
0.5

Γ(0.6)
Γ(t + 0.5)
Γ(t − 0.6)

,

then, some simple calculations yield that

‖z1‖
2
0.75 =

49∑
t=3

κ1(t)|∆0.75
2.5 z1(t)|2

=

49∑
t=3

(1 + t2) ×
[ √

π

Γ(0.75)
Γ(t)

Γ(t − 0.75)

]2

≈ 1.89815 × 107,

‖z2‖
2
0.8 =

49∑
t=3

κ2(t)|∆0.8
2.5z2(t)|2

=

49∑
t=3

(0.5 + t) ×
[

5
Γ(t − 0.5)
Γ(t − 0.7)

]2

≈ 1.21632 × 105,

‖z3‖
2
0.9 =

49∑
t=3

κ3(t)|∆0.9
2.5z3(t)|2

=

49∑
t=3

(1 + t) ×
[

0.5
Γ(0.6)

Γ(t + 0.5)
Γ(t − 0.6)

]2

≈ 3.49403 × 105,

As a result, ‖z1‖
2
0.75 + ‖z2‖

2
0.8 + ‖z3‖

2
0.9 ≈ 1.89815×107 + 1.21632×105 + 3.49403×105 = 1.94526×107,

also one gets

H1(z1(t)) =
1

6 × 1010

49∑
τ=3

tτz1(τ)

=
1

6 × 1010

49∑
τ=3

tτ(τ − 1)1.5

=
1

6 × 1010

49∑
τ=3

tτ
Γ(τ − 1 + 1)

Γ(τ − 1 − 1.5 + 1)

=
1

6 × 1010

49∑
τ=3

tτ
Γ(τ)

Γ(τ − 1.5)

≈ 3.84937 × 10−6t,

H2(z2(t)) =
1

1.6 × 1011

49∑
τ=3

tτz2(τ)
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=
1

1.6 × 1011

49∑
τ=3

tτ(τ − 1.5)1

=
1

1.6 × 1011

49∑
τ=3

tτ(τ − 1.5)

≈ 2.41168 × 10−7t,

H3(z3(t)) =
1

8 × 1010

49∑
τ=3

tτz3(τ)

=
1

8 × 1010

49∑
τ=3

tτ(τ − 0.5)2

=
1

8 × 1010

49∑
τ=3

tτ(τ − 0.5)(τ − 0.5 − 1)

=
1

8 × 1010

49∑
τ=3

tτ(τ − 0.5)(τ − 1.5)

≈ 1.77586 × 10−5t.

Therefore, one has

2
49∑
t=3

(H1(z1(t)) + H2(z2(t)) + H3(z3(t))) ≈ 2(0.00470, 0.00029, 0.021701) = 0.05340.

And we see that

1.94526 × 107

≈

3∑
i=1

‖zi‖
2
αi

≥ 2r +

3∑
i=1

49∑
t=3

49∑
τ=3

ξi(t, τ)zi(τ)zi(t)

= 2r +

49∑
t=3

49∑
τ=3

ξ1(t, τ)z1(τ)z1(t) +

49∑
t=3

49∑
τ=3

ξ2(t, τ)z2(τ)z2(t) +

49∑
t=3

49∑
τ=3

ξ3(t, τ)z3(τ)z3(t)

= 2r +

49∑
t=3

49∑
τ=3

1
3 × 1010 tτ

Γ(τ)
Γ(τ − 1.5)

Γ(t)
Γ(t − 1.5)

+

49∑
t=3

49∑
τ=3

1
8 × 1010 tτ(τ − 1.5)(t − 1.5)

+

49∑
t=3

49∑
τ=3

1
4 × 1010 tτ(τ − 0.5)(τ − 1.5)(t − 0.5)(t − 1.5)

≈ 2 × 0.0001 + 52.23916
= 52.23936.
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Hence, clearly the hypothesis (S2) of Theorem 3.1 holds.

In light of the expression of G and the fact that z2
1(t) + z2

2(t) + z2
3(t) =

[
Γ(t)

Γ(t−1.5)

]2
+ [(t − 1.5)]2 +

[(t − 0.5)(t − 1.5)]2 < 2.20550 × 105 for all t ∈ [2.5, 50]Z, we obtain the following inequality

49∑
t=3

sup
(ν1,ν2,ν3)∈Υ(Cr)

G(t, ν1, ν2, ν3)

r

=

49∑
t=3

sup
(ν1,ν2,ν3)∈Υ(Cr)

(1 + t2)(ν2
1 + ν2

2 + ν2
1)2

r

≤

49∑
t=3

(1 + t2)(2Cr)2

r

= 4C2r
49∑
t=3

(1 + t2)

≈ 634.97309
< 3.56496 × 1010

≈

2
49∑
t=3

(1 + t2)(z2
1(t) + z2

2(t) + z2
3(t))2

3∑
i=1
‖zi‖

2
αi
− 2

49∑
t=3

(H1(z1(t)) + H2(z2(t)) + H3(z3(t)))

=

2
49∑
t=3

G(t, z1(t), z2(t), z3(t))

3∑
i=1
‖zi‖

2
αi
− 2

49∑
t=3

(H1(z1(t)) + H2(z2(t)) + H3(z3(t)))

=

2
49∑
t=3

G(t, z1(t), z2(t), z3(t))

3∑
i=1
‖zi‖

2
αi
−

3∑
i=1

49∑
t=3

49∑
τ=3

ξi(t, τ)zi(τ)zi(t)
.

Consequently, the hypothesis (S3) of Theorem 3.1 is satisfied as well.
Actually,

lim inf
∀i:|νi |→+∞

G(t, ν1, ν2, ν3)
3∑

i=1
|νi|

2

= lim inf
|ν1 |→+∞, |ν2 |→+∞, |ν3 |→+∞

G(t, ν1, ν2, ν3)
|ν1|

2 + |ν2|
2 + |ν3|

2

= lim inf
|ν1 |→+∞, |ν2 |→+∞, |ν3 |→+∞

(1 + t2)
[
2
√
ν2

1 + ν2
2 + ν2

3 − (ν2
1 + ν2

2 + ν2
3)
]

|ν1|
2 + |ν2|

2 + |ν3|
2
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= lim inf
|ν1 |→+∞, |ν2 |→+∞, |ν3 |→+∞

2(1 + t2)√
ν2

1 + ν2
2 + ν2

3

− lim inf
|ν1 |→+∞, |ν2 |→+∞, |ν3 |→+∞

(1 + t2)

= −10
< 1.02649

≈

2C2r
49∑
t=3

(1 + t2)

A

=

4C2r2
49∑
t=3

(1 + t2)

2Ar

=

49∑
t=3

(1 + t2)(2Cr)2

2Ar

=

49∑
t=3

sup
(ν1,ν2,ν3)∈Υ(Cr)

(1 + t2)(ν2
1 + ν2

2 + ν2
1)2

2Ar

=

49∑
t=3

sup
(ν1,ν2,ν3)∈Υ(Cr)

G(t, ν1, ν2, ν3)

2Ar
.

Therefore, the hypothesis (S4) of Theorem 3.1 holds.
Based on Theorem 3.1, the above nonlinear system has at least three distinct weak solutions in

the space W0.75,2
∆,2.5+ × W0.8,2

∆,2.5+ × W0.9,2
∆,2.5+ for any η ∈

 3∑
i=1
‖zi‖

2
αi
−

3∑
i=1

49∑
t=3

49∑
τ=3

ξi(t,τ)zi(τ)zi(t)

2
49∑
t=3

G(t,z1(t),z2(t),z3(t))
, r

49∑
t=3

sup
(ν1 ,ν2 ,ν3)∈Υ(Cr)

G(t,ν1,ν2,ν3)

 ≈
]2.80508 × 10−11, 1.574870 × 10−3[.

5. Conclusions

In this work, several sufficient conditions ensuring the existence of three distinct solutions of a
system of over-determined Fredholm fractional integro-differential equations on time scales are derived
by variational methods, which shows that variational methods are powerful and effective methods for
studying fractional boundary value problems on time scales.
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19. I. Area, A. Canada, J. Á. Cid, D. Franco, E. Liz, R. L. Pouso, et al., Nonlinear analysis and
boundary value problems, Santiago de Compostela: Springer, 2018.

20. K. Mekhalfi, D. F. M. Torres, Generalized fractional operators on time scales with application to
dynamic equations, Eur. Phys. J-Spec. Top., 226 (2017), 3489–3499. doi: 10.1140/epjst/e2018-
00036-0.

21. M. R. Sidi Ammi, D. F. M. Torres, Existence and uniqueness results for a fractional
Riemann−Liouville nonlocal thermistor problem on arbitrary time scales, J. King Saud Univ. Sci.,
30 (2018), 381–385. doi: 10.1016/j.jksus.2017.03.004.

22. A. Souahi, A. Guezane-Lakoud, R. Khaldi, On some existence and uniqueness results for a class
of equations of order 0 < α ≤ 1 on arbitrary time scales, Int. J. Differ. Equ., 2016 (2016), 7327319.
doi: 10.1155/2016/7327319.

23. D. Vivek, K. Kanagarajan, S. Sivasundaram, On the behavior of solutions of fractional differential
equations on time scale via Hilfer fractional derivatives, Fract. Calc. Appl. Anal., 21 (2018), 1120–
1138. doi: 10.1515/fca-2018-0060.

24. M. Yeung, D. Walton, Data point reduction for NC tool path generation on over-determined data
set, Control. Eng. Pract., 1 (1993), 117–122. doi: 10.1016/0967-0661(93)92181-3.

25. P. Cordaro, J. Hounie, Local solvability in C∞c of over-determined systems of vector fields, J. Funct.
Anal., 87 (1989), 231–249. doi: 10.1016/0022-1236(89)90009-8.

26. F. An, Y. Cao, B. Liu, Optimized decentralized filtered-x least mean square algorithm for
over-determined systems with periodic disturbances, J. Sound Vib., 491 (2021), 115763. doi:
10.1016/j.jsv.2020.115763.

27. E. Y. Belay, W. Godah, M. Szelachowska, R. Tenzer, ETH−GM21: A new gravimetric geoid model
of Ethiopia developed using the least-squares collocation method, J. Afr. Earth Sci., 183 (2021),
104313. doi: 10.1016/j.jafrearsci.2021.104313.

28. M. Eguchi, K. Wada, Over-determined estimation of pulse transfer function model by least-squares
method, IFAC Proc. Vol., 24 (1991), 823–828. doi: 10.1016/S1474-6670(17)52451-9.

29. S. Shang, Y. Tian, Z. Bai, Y. Yue, Infinitely many solutions for second-order impulsive differential
inclusions with relativistic operator, Qual. Theor. Dyn. Syst., 20 (2020), 47. doi: 10.1007/s12346-
021-00481-x.

30. Z. Bai, S. Sun, Z. Du, Y. Q. Chen, The green function for a class of Caputo fractional differential
equations with a convection term, Fract. Calc. Appl. Anal., 23 (2020), 787–798. doi: 10.1515/fca-
2020-0039.

AIMS Mathematics Volume 7, Issue 2, 2646–2665.



2665

31. W. Lian, Z. Bai, Eigenvalue criteria for existence of positive solutions to fractional boundary value
problem, J. Funct. Space., 2020 (2020), 8196918. doi: 10.1155/2020/8196918.

32. H. Wang, Boundary value problems for a class of first-order fuzzy delay differential equations,
Mathematics-Basel, 8 (2020), 683. doi: 10.3390/math8050683.

33. H. Wang, Monotone iterative method for boundary value problems of fuzzy differential equations,
J. Intell. Fuzzy Syst., 30 (2016), 831–843. doi: 10.3233/IFS-151806.

34. H. Wang, Two-point boundary value problems for first−order nonlinear fuzzy differential equation,
J. Intell. Fuzzy Syst., 30 (2016), 3335–3347. doi: 10.3233/IFS-152081.

35. X. Tian, Y. Zhang, Fractional time-scales Noether theorem with Caputo ∆ derivatives for
Hamiltonian systems, Appl. Math. Comput., 393 (2021), 125753. doi: 10.1016/j.amc.2020.125753.

36. C. J. Song, Y. Zhang, Noether theorem for Birkhoffian systems on time scales, J. Math. Phys., 56
(2015), 102701. doi: 10.1063/1.4932607.

37. J. Zhou, Y. Li, Variational approach to a class of second order Hamiltonian systems on time scales,
Acta Appl. Math., 117 (2012), 47–69. doi: 10.1007/s10440-011-9649-z.

38. J. Zhou, Y. Li, Variational approach to a class of p−Laplacian systems on time scales, Adv. Differ.
Equ., 2013 (2013), 297. doi: 10.1186/1687-1847-2013-297.

39. X. Tian, Y. Zhang, Time-scales Herglotz type Noether theorem for delta derivatives of Birkhoffian
systems, Roy. Soc. Open Sci., 6 (2019), 191248. doi: 10.1098/rsos.191248.

40. E. Shivanian, To study existence of at least three weak solutions to a system of over-determined
Fredholm fractional integro-differential equations, Commun. Nonlinear Sci., 101 (2021), 105892.
doi: 10.1016/j.cnsns.2021.105892.

41. D. F. M. Torres, Cauchy’s formula on nonempty closed sets and a new notion of Riemann-
Liouville fractional integral on time scales, Appl. Math. Lett., 121 (2021), 107407. doi:
10.1016/j.aml.2021.107407.

42. R. P. Agarwal, V. Otero-Espinar, K. Perera, D. R. Vivero, Basic properties of Sobolev’s spaces on
time scales, Adv. Differ. Equ., 2006 (2006), 38121. doi: 10.1155/ADE/2006/38121.

43. X. Hu, Y. Li, Fractional Sobolev space on time scales and its application to a fractional boundary
value problem on time scales, J. Funct. Space., 2021 (2021), In Press.

44. G. Bonanno, S. A. Marano, On the structure of the critical set of non-differentiable functions with
a weak compactness condition, Appl. Anal., 89 (2010), 1–10. doi: 10.1080/00036810903397438.

© 2022 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 2, 2646–2665.

http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Main result
	Example
	Conclusions

