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1. Introduction

In 1940s, for dealing with dynamic stochastic systems, stochastic differential equations involving
Wiener process were proposed by Ito for the first time. And they have played a very important role
in many branches of science and industry. Ruelle [1] initiated the study of global random attractors.
In 2004, for a kind of higer order nonlinear difference equation, The literature [2] considered global
attractivity. In particular, for neutral SPDEs, Liu and Li [3] analyzed global attracting set, exponential
decay and stability in distribution. Recently, much research has been done for various differential
systems [4—6].

An uncertain differential system (U-D-S) [7] involving the canonical Liu process [8] was proposed
for the first time. Then Chen and Liu made an in-depth analysis of the U-D-S and obtained the existence
and uniqueness theorem [9]. After that, The U-D-Ss have been applied in more and more fields.
For instance, they have been applied to uncertain optimal control [10-12], and uncertain financial
market [7,13, 14].

Since Liu [15] presented the definition of stability, many scholars have done a lot of research. For
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instance, existence and uniqueness theorem for uncertain differential equations [16-18], Stability in
mean for uncertain differential equation [19], and stability for multi-dimensional uncertain differential
equation [20,21]. In 2021, Some new stability theorems of uncertain differential equations with time-
dependent delay were studied by Jia and Liu [22].

From the perspective of application, attractive domain estimation has been applied to many fields,
such as in power system. If the voltage disturbance exceeds a certain level, it may cause a large area
of power failure of the entire grid, or even make the whole grid collapse. Therefore, it is particularly
important to determine the allowable value of deviation from the stable state, that is, the size of the
attractive domain of the stable fixed point. For example, in an ecosystem, the initial population density
range, namely the size of the viable attractive region, is determined to ensure that the system will
not become extinct or explode under the given parameters. Therefore, the estimation of the attractive
region has strong practical value. Tao and Zhu [23,24] studied attractivity and got some the judgement
conditions for U-D-Ss.

In this paper, our aim is to study global attractivity for U-D-Ss. Furthermore, we will deduce some
judging conditions for linear U-D-Ss. In Section 2, Several basic uncertainty definitions and theorems
will be reviewed. Section 3 will present several global attractivity concepts for U-D-Ss. In Section 4,
for linear U-D-Ss, we will deduce some sufficient conditions. Furthermore, we will find the relationship
of of global attractivity between the solution of the U-D-S and its a-path. In Section 5, we will present
some examples having locally but not globally attractivity. Last, Section 6 will show an interest rate
model with uncertainty, which is a global attractive in mean.

2. Preliminary

Definition 2.1. ( [25]) { defined on uncertainty space (I, L, M) is an uncertain variable. If at least
one of the two integrals is finite, then

+00 0
E[l] = f M > r}dr—f ML < r}dr
0 —o0

is called the expected value E[(] of (.
Definition 2.2. ( [7]) Let f; and f, be two given binary functions, and C, be a canonical process. Then
dY, = fi@@, Y)dt + fo(1, Y)AC, (2.1)
is called a U-D-S.
Definition 2.3. ( [26]) Suppose a number « satisfies 0 < a < 1. If Y} solves
dY® = fi(t, YOt + | fo(t, YOIO (@)dbr, (2.2)
In the above equation, ®~'(a) is the inverse uncertainty distribution of standard normal uncertain

variable, and
V3ln &
T

O (a) =

Then U-D-S (2.1) is said to have an a-path Y;'.
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Definition 2.4. ( [23]) Let Y, and Z, satisfy U-D-S (2.1), and their initial values be Y, and Zy,
respectively. Then the U-D-S (2.1) is called

(i) attractive in measure (i.e., locally attractive in measure) if for any given € > 0, here exists o > (0
satisfying when |Yy — Zy| < o, we can get
lim M{|Y, - Z]| > &} =0;
t—+00
(ii) attractive almost surely (i.e., locally attractive almost surely) if here exists o > 0 satisfying when
|Yo — Zy| < o, one can obtain
lim |Y; — Z,| = 0 almost surely;
t—+00

(iii) attractive in mean (i.e., locally attractive in mean) if there exists o > 0 satisfying when |Yy — Zy| <

o, we can get
lim E[|Y; - Z]] =0.

f—+00
(iv) attractive in distribution (i.e., locally attractive in distribution) if Y, and Z, have uncertainty
distributions Y,(x) and ¥,(x), respectively. And here exists o > 0 satisfying when |Yy — Zy| < o,

we can get
lim |Y,(x) = ¥,(x)| =0, x € R,
t—+00

Theorem 2.1. ( [25]) Let { be an uncertain variable. Then , the following inequality holds.

ELf(D)]
Mgl = 1} < 1)

provided that f is a even function with f > 0 and increasing on [0, o).

Yt > 0.

Theorem 2.2. ( [9]) Suppose that Y, defined on |ay,a,] is an integrable uncertain process, C, is a
canonical process, and the sample path C,(y) has the Lipschitz constant K(y). Then, the following
inequality holds.

f Y,(n)dC,()| < K(y) f ¥yl dt

Theorem 2.3. ( [26]) Let Y, and Y} satisfy (2.1) and (2.2), respectively. Then at each time t,

Y la)=Y", 0<a<l.
is said to be an inverse uncertainty distribution of Y.

3. Some global attractivity concepts

In this section, several global attractivity definitions are given for the U-D-S
dY; = fi(t, Ydt + fo(2, Y)AC,. 3.1

We suppose that Y, and Z, satisfy the above system (3.1), and the initial values are Y, and Z,,
respectively.
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Definition 3.1. If for any 0 < o < +oco and for any € > 0, when |Yy — Zy| < o, the following equation

lim M{|Y,-Z|> ¢} =0.

t—+0o

holds. Then the U-D-S (3.1) is called globally attractive in measure.
Example 3.1. Assume that U-D-S has the below form

dY, = —exp(20)Y,dt + exp(1)Y,dC,. (3.2)
It follows that Ay, - 2)
t t
———— = —exp(20)dr + exp(r)dC,.
Y, - Z) P P

Thus

Y,—Z, = (Yo — Zy) exp (f [—exp(2s)]ds + f exp(s)dCs)
0 0

= (Yo — Zp)exp (% - %exp(Zt) + f exp(s)dCx).
0

For any given o > 0 and € > 0. We prove it in two cases. Case 1: Assume 0 < o < &. When

Yo—Zo| < o, it s easy to see that In 2= > In £ > 0. According to fot —exp(2s)ds = 1 -1 exp(21) < 0,

where ¢ > 0. By the Theorem 2.1, we can obtain

1 1 !
MY, - Z| > e = M{|Y0 — Zylexp (5 -3 exp(2t) + f exp(s)dCs) > 8}
0
M{f (5)AC, > In—F— & L exp(an) 1}
= exp(s s n —eX —_—
0o P Yo—2o 250073
2
E|(f exp(sac,) |
- & 1 1)\2
(ln oz t 2 exp(2t) — 5)
t 2
) (5 Texp(s)ids)
B e 1 1)\2
(ln oz 2 exp(2t) — E)
2
< (exp() - 1) i
(ln £+ % exp(2t) — %)
-0
ast — +oo. Case 2: Assume o > &. When |Yy —Zy| < o, it is easy to see that In £ < In Fszo‘ < 0. Then

there exists Ty = % In (2 +2|1n §|) > 0, such that when ¢t > Ty, we can obtain In IYonol +% exp(2t)—% > 0.
It follows from Theorem 2.1 that

!
MY, -Z|>¢e} = M{f exp(s)dCy > In lexp(2t) - %}
0

£ .
Yo —Zo| 2
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E|(f expisac,) |
(In 55 + L exp(@n) - 1)’
(K 1exp(s)lds)
(ln ooz + %exp(2t) — %)2
(exp(r) - 1)’
(ln§ + %exp(Zt) - %)2

-0

as t — +oo. Thus the U-D-S (3.2) is globally attractive in measure.

Definition 3.2. The U-D-S (3.1) is called globally attractive almost surely if for any o with 0 < o <
+o00, when |Yy — Zy| < o, we get

lim |Y; — Z,| = 0 almost surely.

t—+00

Definition 3.3. The U-D-S (3.1) is called globally attractive in mean if for any 0 < o < +co, when
Yo — Zy| < o, we get

lim E[|Y; - Z]|] =0.
f—+00

Definition 3.4. Suppose Y, and Z, have uncertainty distributions (' ,(x) and ¥,(x), respectively. Then
the U-D-S (3.1) is called globally attractive in distribution if for any 0 < o < 400, when |Yy — Zy| < o,
one can obtain

tlim IT(x) —¥,(x)| =0, xR,
— 400

Remark 3.1. Global attractivity in measure implies local attractivity in measure of the uncertainty
solutions. However the reverse implication may not hold (Several other definitions have similar
results). For the global and local attractivity of zero solution, Figure 1 shows us an intuitional
comprehension. (a) Global attractivity means for any 0 < o < 400, If Y is in the o-neighborhood of
zero, the state Y, with initial value Y, converges to 0 (f — +o0). (b) Local attractivity describes here
exists 0 < o < +00, if ¥} is in the o-neighborhood of zero, then Y, with initial value Y, converges to 0
(t > +00).

\? \\L -’/?C’-@‘
\va ™ |
o

(b)

Figure 1. (a) Global attractivity and (b) Local attractivity.

AIMS Mathematics Volume 7, Issue 2, 2142-2159.



2147

4. Some results

Firstly, this section studies the global attractivity of linear U-D-Ss, and deduces several sufficient
and necessary conditions for global attractivity. Secondly, global attractivity relationships between the
solution and a-path are discussed.

Assuming that A;(¢), A,(¢), By(t), B,(t) are continuous functions on [0, +c0). For the linear U-D-S

dY, = (A1 ()Y, + Ay(1)) dt + (B ()Y, + By(1)) dC, 4.1

we suppose that Y, and Z, satisfy the above system (4.1), and the initial values are Y, and Z,
respectively.

Theorem 4.1. The linear U-D-S (4.1) is globally attractive in measure if

+00
f |B1(s)|ds = +o00 4.2)
0
and here exists one number p > 1 that satisfies
fotAl(s)ds
limsup —— < 0. 4.3)

p
e ([11B1(s)lds)
Proof: According to the system (4.1), It is easy to see that

d(Y,-Z)

=7 = A(t)dt + B;(t)dC,.

Thus . )
Y -7, =Yy — Zp) exp (f Aq(s)ds + f B](S)dcs) .
0 0

For any given o > 0 and € > 0. We prove it in two cases. Case 1: Assume o < &. When |Y; — Zy| < o,

it is easy to see that In |Yono| > 1In£ > 0. According to the (4.3), here exists 7 > 0 satisfying when

t > T, 1t can be seen fotAl(s)ds < 0. From Theorem 2.1, (4.2) and (4.3), if t — 400, we can get

MY, - Z| > &} = M{lYo — Zolexp (f Ai(s)ds +f Bl(s)dCS) > 8}
0 0

! & !
= M{fo Bi(5)dC, > In Yo7 - j; Al(s)ds}

E [(fot Bl(s)dCS)z] ) (fot |B1(S)|ds)2
(In 5 - [ Ads)  (Ings — [ Ai(s)ds)
(f1B1(s)lds)

(£ - [ Aisds)
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1

= -0

2

t 2(p-1) In & i Ar(s)ds

B d - o _ tO >
(5 1Br(s)ids) [(f0 Bisias)  (f |Bl<s>|ds)’]

E
[Yo—Zol

the (4.3), here exists 7 > 0 such that when 7 > 7, the inequality In £ — fOtAl(s)ds > 0 holds. By the
Theorem 2.1, (4.2) and (4.3), we can get

M{IYO — Zolexp (f A(s5)ds +f Bl(s)dCs) > s}
0 0
t & 13
M{fo By(s)dC, > In Yo Zi| - f(; Al(s)ds}

E|(f Bitsrac,)’|
(In 525 - 7 A(s)ds)’
(S 1B(s)ids)

(In2 = [ A()ds)
1

¢ 2(p-1) In £ o Ar(s)ds
B d T < - {O D
(fol 1) S) [(f0 Bi(s)ds)” ([ 1B1()ds)’

Case 2: Assume o > &. When |Yy — Zy| < o, it is easy to see that In £ < In < 0. According to

MY, - Z]| > &}

-0
as t — +oo. Thus the linear U-D-S (4.1) is globally attractive in measure.
Example 4.1. Analyze a following linear U-D-S
dY, = —4£Y,dt + 1Y,dC,.
Obviously A;(¢) = —4#° and B, (¢) = t, then it is easy to get
fOtAl(s)ds P

—+00
f |Bl(s)|ds = 400 and llm ﬁ = — hm " =4 < 0
t—o+00 f—+co
’ (f5 1B1(s)lds) (5)

Thus dY; = —=4£Y,dt + tY,dC; is globally attractive in measure by Theorem 4.1.

Theorem 4.2. The linear U-D-S (4.1) is globally attractive almost surely if and only if

f A(s)ds = —oo0.
0

Proof: Since Y, and Z, both satisfy the linear U-D-S (4.1), the following equation holds
! !
Y, -7 = (Yo - Zo) exp (f Al(S)dS + f Bl(s)ng) .
0 0
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According to [} Bi(s)dC, ~ N(O, [ [Bi(s)lds), [ IBi(s)lds < [ |Bi(s)lds < +oo. Let K(y) be the
Lipschitz constant of C,(y). From the Theorem 2.2, we can get

fOB1(S)dCs<K(7)f0 |Bi(s)lds,

It is easy to see that

+00
f Bi(5)dC; < +o0o almost surely.
0

For any given o > 0, when |Yy — Zy| < o, we know that

! !
lim |Y;, - Z;| = lim {IYO — Zol exp (f Al(s)ds) exp (f Bl(s)dCS)}
t—+00 t—+00 0 0
! !
< tlim {Uexp (f Al(s)ds) exp (f Bl(s)dCs)}.
—teo 0 0

The linear U-D-S (4.1) is globally attractive almost surely if and only if

+00
f Aq(s)ds = —c0.
0

Example 4.2. Analyze a following linear U-D-S
dY, = —(* + H)Y,dt + exp(=31)Y,dC,.

Since A|(f) = —(£* + t) and B,(f) = exp(-3t), the following equations

+00
f Ay(s)ds = —oo,
0

+00 1
f |Bi(s)|ds = = < +0
0 3

and

hold. Thus dY, = —(#* + 1)Y,dt + exp(=31)Y,dC, is globally attractive almost surely.

Theorem 4.3. Suppose that fo+m |Bi(s)|ds < % Then the linear U-D-S (4.1) is globally attractive in
mean if and only if ‘

f A(s)ds = —oo0.
0

Proof: We can get easily the following equation from (4.1)

Yt_Zt:(YO_ZO)eXp(f A](S)dS'i‘fB](S)dCs).
0 0

For the above equation, by taking the expected value, we can obtain

EY, - Z|] =Yy — Zy|lexp (f Al(s)ds)E [exp (f Bl(s)dCs)] .
0 0
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Now that [} Bi(s)dC, ~ N(0, [ Bi(s)lds).

exp (f Bl(s)dCS) ~ £0§N(O,f |Bl(S)|dS).
0 0

fo 1By(s)lds < fo m|Bl(s>|ds<%,

According to the [27], we can obtain

E[exp(ftBl(s)dCS)] = \/gf |B1(s)|dscsc(\/§f IBI(s)Ids).
0 0 0

For any given o > 0, when |Y, — Zy| < o, it is easy to see that

EY, = Zll = Yo — Zolexp (f A1(S)dS)E[eXP(f B1(S)dCs)]
0 0
< oexp (f Al(s)ds)E[eXp (f Bl(s)dCS)].
0 0

t—+00

f Ai(s)ds = —oo.
0

Hence (4.1) is globally attractive in mean if and only if

+00
f Aq(s)ds = —c0.
0

Example 4.3. For the linear U-D-S with following form

Since

Obviously,

is equivalent to

1 1
Y=—Ydt+ ——Y,dC;.
dr: r+1 dt 2+1 G
Note that A;(¢) = —ﬁ and B;(¢) = ﬁ, we immediately obtain
+00 +00 T T
Aq(s)ds = —co and f [Bi($)|lds = = < —.
fo 0 <

Thus dY, = —ﬁY,dt + --Y,dC, is globally attractive in mean.

2+1

Next, global attractivity on the solutions and a-paths for U-D-Ss will be studied.

Theorem 4.4. The U-D-S (3.1) is globally attractive in distribution if and only if the differential system
(2.2) is globally attractive.
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Proof: Suppose Y;(x) and W¥,(x) are corresponding regular distributions of Y; and Z,, respectively.
Let Y}* and Z¢ satisfy (2.2), and their initial values be Y, and Z,, respectively.
If (3.1) is globally attractive in distribution, In other words, for any given 0 < o < +oco, when
|Yo — Zy| < o, we can get
11_1)5120 T (x) = P,(x)| = 0V¥x € R.

Then
lim |7 (@) =¥, ' (@) =0 foralla € (0,1)
t—+00

By Yao-Chen Formula (Theorem 2.3), the following equation holds.

lim Yy - Z'| =0, Vx e R.

t—+o00

with |Yy — Zy| < 0. Hence, (2.2) is globally attractive.
Each of these steps is reversible. Then the proof has been completed.

Example 4.4. Let us analyze the following linear system
dY, = -Y’dt + odC,.
Suppose Y;" is an a-path and the initial value is Yy, i.e., it satisfies the ordinary differential system

o

3
dY® = —(Y*)dr + FREIN —dr 4.4)
T

-«
Since the differential system (4.4) and dY® = —(Y?)3dr have the same as attractivity, we only study
dyy = —(Y,“)3dt. By solving the equation, we get Y;* = Yy[1 + 2(Y0)2t]‘% with the initial value Y|,. For
any o > 0 and € > 0, here exists 7| = ;—2 > 0 such that when |Yy| < o and ¢ > T, one can obtain

<—=x<e.

| 1 1
Y2 = [Yo[1 + 2(Xo)*t] 2| < | Yo <
l Y3t VT,

Thus dY* = —(Y®)3dt is globally attractive. It follows from the globally attractivity of dY® = —(Y®)*dt
that (4.4) is globally attractive. According to the Theorem 4.4, the uncertain differential system dY; =
—Y3dt + odC, is globally attractive in distribution.

Corollary 4.1. The U-D-S (3.1) is not globally attractive in distribution if here exists 0 < a < 1 such
that the differential system (2.2) is not globally attractive.

Proof: We suppose a € (0, 1) and the differential system
Ay = fi(t, Y'O)dt + | folt, YO D™ (cr)dt
is not globally attractive. By the Theorem 4.4, the U-D-S (3.1) is not globally attractive in distribution.
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5. Examples having local but not global attractivity

In this section, we give some examples to show that local attractivity does not implies global
attractivity.

Example 5.1. (Locally but not globally attractive in measure) Let us consider the following form of
system

dY, = (=Y, + Y?)dr — exp(-1) (Y, + ¥2) dC.. (5.1)
We have
dy, 1 1
= — —]dY, = dr — exp(—1)dC
(Y, 1 17 (Y, —1 Yt) p(=dC:.

If we integrate both sides, we can obtain

Y,-1 Yy-1 ( f’ )
= explr— exp(—s)dC].
7 TR N A

That is
Yy exp (—t + fot exp(—s)dC_v)

Y, = , .
Yoexp (— + [} exp(=5)dC,) - Yo + 1

We know that O satisfies (5.1) with the initial Y, = 0. For any given 0 < ¢ < 1, let |[Yy| < 1. We can
prove it in two cases. Case 1: If 0 < Y < 1, it follows that

M{exp (—t + L exp(—s)dCs) > H}
! e(1 =Yy
M {j(; exp(—s)dCy > In (m) + t}
_E |(fy exp(=5)dC,)?|
(n(5522) + 1)
( fot exp(— s)ds)
(in (525) + )

3 —exp( N+ 1)
- In 5(1 Yo)
0

MAYi| > &}

Yo(l 8)
—_—

ast — +oo.
Case 2: Assume —1 < Yj < 0, we can easily obtain

1

MY > &) = M >

Yo exp(—t+f0t exp(—s)dCS)

AIMS Mathematics Volume 7, Issue 2, 2142-2159.
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IA

(YO - 1)8
ex ( exp( s)dC) —Yo(l +s)}

{fo exp(=s)dCy >t + In (—gﬁ;jg)}
E[(fot exp(— s)dC) ]

<
(r+ n (553))

( fo exp(—s)ds)2

4l (?Ef‘hl%))

_ | —exp(=n+1 t)+1
t+ln al¥o_
0

<

Y0(1+£)
N

as t — +oo. No matter what case happens, we always have

lim M{|Y,| > &} =0.

t—+o00

That is to say that (5.1) is locally attractive in measure. However if Yy = 1, ¥, = 1 is the solution of
(5.1). Then we have
MY > e} =1.

Thus (5.1) is not globally attractive in measure.

Example 5.2. (Locally but not globally attractive almost surely) Analyze the U-D-S
dY, = (-7 - ¥,)dt - (-¥] = ¥,) exp(-0)dC.,. (5.2)
It is easy to see that O is the solution of (5.2) and the initial is Y, = 0. It can be obtained that

Yy exp (—t + fol exp(—s)dCs)

Y, = - .
—Yyexp (—t + fo exp(—s)dCS) +Yy+1

From Theorem 2.2, we can deduce

t

exp(—s)dCy| < K(y)f exp(—s)ds < K(y),
0 0

where K(y) is the Lipschitz constant of C,(y). It is easy to see that
+00
f exp(—s)dCy < 400 almost surely.
0

Then we have .
exp ( f exp(—s)dCS) < +oo almost surely.
0
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It follows that

Yoexp(—t + [ exp(—s)dC,)
lim Y| = lim 7
t—+00 1=+ | _ Y exp (—t + fo exp(—s)dCS) +Y+1
Y, exp (fot CXp(_S)dCs)
= lim

=+ — Yy exp (fot exp(—s)dCs) +exp(t) (Yo + 1)
= 0 almost surely

for |Yy| < 1. Thus (5.2) is locally attractive almost surely. But if Y, = —1, we have ¥; = —1 and then
Y| = 1.
Then (5.2) is not globally attractive almost surely.

Example 5.3. (Locally but not globally attractive in mean) Supposed the U-D-S is

1
dY, = (=Y, + Y})dt — (=Y, + Yf)mdc,. (5.3)

We know that 0 is the solution of (5.3) if the initial is Yy = 0. In addition, we can obtain

dy, 1 1 1 2
! ~— == + — —|dY, =dr - dc,.
(_Yt+Yi) 2 Yt_l Yt+1 Yt t2+1
Obviously,
1 1 2 2
+ — —|dY; = 2dt — ——dC,.
(Y,—l Y, +1 Yt) ' P+1
Taking integral on both sides, we get
Y2-1 Y>-1 2
d — = 0 > exp(Zt—f z—dCS).
Y[ YO o § + 1
Thus
Y2 exp(=2t + [ -2dCy)
|Yl| = t .
YZexp(=2t + [ 4dCy) - ¥ + 1
Note that fot 5=dC, ~ N(0, fot —=ds). Hence
! 1 O ! 1
—dC; | ~ 0, ds|.
exp(fo s2+1 ) L QN( Ls2+1 S)
Since o o
Vi T
ds < ds == < —,
foS2+1s_fo 21 2<\/§
from [27], we have
! 1 \/_ ! 1 \/_ ! 1
E dC,|| = V3 d 3 ds|.
[exp(j; s2+1 )} Ls2+1 SCSC( 0 s2+1 s)
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When |Y,| < 1, we have

Y2 exp(=2t + [ -2dCy)
E“Ytl]:E\ ) T 5 : )
|\ Y5 exp(=27 + |y Z5dCy - Y2 +1
YZ exp(—2t + —-dC
. p(=2t+ [7 2:dC))
Y2 +1
. |Y0|exp( t+f0 ~-dCy)
_ Y+l
[Yolexp(-0E [exp( [ 7dC)]
N RS
Y, t |
_ Yolexp(= )\/_f dscsc(\/gf : ds)
—Y2+1 0 o s+l
- 0

ast — +oo. So (5.3) is locally attractive in mean. But if Y, = 1, (5.3) has a solution Y; = 1, and then

we have
E[Y,]]=1( — +o0).

Thus (5.3) is not globally attractive in mean.

Example 5.4. (Locally but not globally attractive in distribution) Analyze the U-D-S with the
following form

Let Y;* be an a-path of the above system and the initial value is Y, i.e., it satisfies the ordinary
differential system

\E (1 ‘_”a)dz. (5.4)

@ @ N2 g
dyy = (=7 + (¥7))dr + —1n
Since the differential system (5.4) and dY* = (=Y + (Y )>)dt have the same attractivity, we only study
dyy = (=Y + (Y,“)2)dt, which has zero solution and a solution Y;* = % with initial value Y.
Let |Yy| < 1, we can prove it in two cases. Case 1: Let 0 < Yy < 1.

Yo exp(—1)
Yoexp(—t) — Xp + 1
< Yo exp(—1)

1-Y,
-0

7| =

ast — +oo, Case 2: Assume —1 < Yy < 0. Then

| Yol exp(=1)
1= Yo [1 —exp(-n)]

7| =
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< |Yolexp(-1)

-0

as t — +oo. No matter what case happens, the ordinary differential system dY® = (=Y + (Y®)*)dt is
locally attractive. But if Yy = 1, then Y = 1 and we have

|Yf‘| =1(t > +00).

Thus the ordinary differential system dY® = (=Y + (Y®)?)dt is not globally attractive. we obtain
that the ordinary differential system (5.4) is locally attractive but not globally attractive. By [23], the
uncertain differential system

dY, = (=Y, + Y})dt + odC,

is locally attractive in distribution but not globally attractive in distribution by Corollary 4.1.

6. Interest rate model with uncertainty

The real interest rate has not kept unchanged. Assumed that the interest rate follows an U-D-S,
Chen and Gao [14] introduced a following model

dZ, = (-aZ, + b)dt + odC, (6.1)

where a, b, o are all positive numbers. Z; and Y, are assumed to satisfy (6.1) with initial values Z; and
Yy, respectively. It is easy to get the following equation

d(Zl - Yl) = _atht + aYtdt = —a(Z, - Yt)dt
Thus
Z,—Y = (Zo - Y()) exXp (—Cll) .

For any 0 < 0 < +00, when |Z, — Y| < o, we can easily obtain the following result
EllZ, - Y]] <oexp(—at) = 0

as t — +oo. Thus
EllZ,-Y]] -0

as t — +oo. Therefore, this model (6.1) is globally attractive in mean.

The above result shows that if Z is higher than g, the drift of (6.1) is negative, and the interest rate
will drop down in the S direction. Similarly, if Z; is less than g, the drift of (6.1) is positive, so the rate
will rise in the direction of 2.

Next, leta = 2,b = 2,0 = 1, using MATLAB, Figure 2 shows the simulation diagram of E(X;)
with several different initial values.
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7. Conclusions

This article gave several concepts of global attractivity. Global attractivity (in measure, in mean,
almost surely, in distribution) implies local attractivity ( in measure, in mean, almost surely, in
distribution). However the reverse implication may not hold. We gave some locally but not globally
attractive examples. For linear U-D-Ss, some sufficient conditions of global attractivitywere presented.
Furthermore, this paper found the relationship of attractivity and stability between the solution of the
U-D-S and its a-path. The attractivity and stability of the general differential system solution can
be determined by constructing Lyapunov function, thus the difficulty of determining the attractivity
and stability of the U-D-Ss is greatly reduced. Last, an uncertain interest rate model which is global
attractive in mean was considered. It is deduced that the solution of the model is attractive in mean.
Future work will focus on the application of stability and attractivity.
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