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1. Introduction

In recent years, the concept of convex functions has been generalized extensively. In several zones
of Mathematics, applications of convex functions are widely seen in many areas of modern analysis.
Especially in optimization theory they are magical due to number of expedient properties. Convex
functions have significant relation with inequality theory. Many important and useful inequalities can
be obtained by using convex functions. As a consequence of its growing variety of applications, it
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is one of the more intensively developed fields of mathematical analysis. Due to their applicability
in theory of inequality and convex programming, convex functions are the subject of researchers in
several fields.

Definition 1.1. A function Υ : [µ, ν] ⊆ < → < is called convex function if

Υ(ζx + (1 − ζ)y) ≤ ζΥ(x) + (1 − ζ)Υ(y), (1.1)

holds for all x, y ∈ [µ, ν] and ζ ∈ [0, 1]. We say that Υ is concave if (−Υ) is convex.

For more material on convexity of different types and their role in inequalities, see [1–3]. The
literature and results presented in these books are the major motivation behind the progress and
investigation of the integral inequalities pertaining convex functions. The most important and notable
inequalities for convex functions are the Jensen and related inequalities due their immense variety of
applications in real world problems like optimization, computational problems, information theory,
probability theory see [4–6] and references there in.

The following variant of Jensen’s inequality has been given by Mercer [7]:

Theorem 1.1. For a convex function Υ on
[
µ, ν

]
, we have

Υ

µ + ν −

n∑
i=1

ξi ωi

 ≤ Υ (µ) + Υ (ν) −
n∑

i=1

ξi Υ (ωi) , (1.2)

∀ ωi ∈
[
µ, ν

]
and all ξi ∈ [0, 1] , (i = 1, 2, ..., n) .

For recent results concerning Jensen-Mercer inequality and its applications, we refer to [8–11].
Fractional calculus is the generalization of the classical calculus and is effectively utilized in sciences,
particularly in engineering. In most sections of the applied areas of the sciences, the classical calculus
offers a powerful method for modeling and describing many significant dynamic processes. The main
motivation behind the theory of Fractional calculus is to unify and generalize the integer-order
differentiation and n-fold integration. Fractional analysis is an important part of applied sciences.
Many results on the fractional models appeared in different areas of science. Fractional calculus is
more equipped to deal with the time-dependent changes analyzed in real-world processes including
fractional-order relaxation-oscillation model (and memristive chaotic circuit), mathematical biology
and economics see [12, 13].

Due to the fact that the solutions obtained from the fractional integral and derivative operators are
more closer to real world problems, these operators contribute to improve the relationships between
mathematics and other disciplines. One can see the evolution of fractional integral and derivative
operators time to time by looking at the few selected papers [14–17] and references there in. The
most latest compact review about fractional calculus is by two eminent Professors D. Balenu and R. P.
Agrwal in there review article “Fractional calculus in the sky” [18].

In recent years, fractional derivative and the corresponding integral operators have drawn attention
of several researchers to solve many complex real world models in an intrinsic manner. The operators
with nonsingular kernels are highly effective in solving non-locality of real world problems in an
appropriate desired manner. Therefore, we recall the notion of the Caputo-Fabrizio (CF) derivative
operator:
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Definition 1.2. [19] Let Υ ∈ H1(0, ν), η ∈ [0, 1] and ν > µ. Then the new CF derivative is defined as:

CF DηΥ(t) =
M(η)
1 − η

∫ t

µ

Υ′(s)exp
[
−

η

(1 − η)
(t − s)

]
ds, (1.3)

where M(η) denotes the normalization function.

Moreover, the corresponding CF fractional integral operator is given as:

Definition 1.3. [20] Let Υ ∈ H1(0, ν), ν > µ, η ∈ [0, 1].(
CF
µ Iη

)
(t) =

1 − η
B(η)

Υ(t) +
η

B(η)

∫ t

µ

Υ(y)dy,

and (
CF Iην

)
(t) =

1 − η
B(η)

Υ(t) +
η

B(η)

∫ ν

t
Υ(y)dy,

with normalization function B(η).

The CF operator is a highly functional operator by definition, which is of significance importance in-
order to study discrete and continuous dynamical systems, physical phenomena, COVID-19 and highly
epidemic models. Besides its usefulness in many ways, it has one drawback of not retrieving original
function for η = 1. Recently, Atangana & Baleanu successfully proposed a new fractional derivative
operator which also over comes this deficiency. They formulate a new fractional operator pertaining
the Mittag-Leffler (ML) function in the kernel, that solve the problem of retrieving original function (a
clear advantage on CF operator). In modeling physical and natural phenomena, ML function is found
to be more suitable than power law. This made this operator more effective and helpful. As a result
many researchers have shown keen interest in utilizing this operator [21–23]. Atangana & Baleanu
introduced the derivative operator both in Caputo and Reimann-Liouville sense:

Definition 1.4. [24] Let ν > µ, η ∈ [0, 1] and Υ ∈ H1(µ, ν). The new fractional derivative is given as:

ABC
µDη

t [Υ(t)] =
B(η)
1 − η

∫ t

µ

Υ′(x)Eη

[
−η

(t − x)η

(1 − η)

]
dx. (1.4)

Definition 1.5. [24] Let Υ ∈ H1(µ, ν), µ > ν, η ∈ [0, 1]. The new fractional derivative is given as:

ABR
µDη

t [Υ(t)] =
B(η)
1 − η

d
dt

∫ t

µ

Υ(x)Eη

[
−η

(t − x)η

(1 − η)

]
dx. (1.5)

However in the same paper they give corresponding Atangana-Baleanu fractional integral operator
as:

Definition 1.6. [24] Let Υ ∈ H1(µ, ν), then its fractional integral operator with non-local kernel is
defined as:

AB
µIηt {Υ(t)} =

1 − η
B(η)

Υ(t) +
η

B(η)Γ(η)

∫ t

µ

Υ(y)(t − y)η−1dy,

where ν > µ, η ∈ [0, 1].
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Let Γ(η) is the Gamma function, then the right hand side of AB-fractional integral operator [25] is

AB
ν Iηt {Υ(t)} =

1 − η
B(η)

Υ(t) +
η

B(η)Γ(η)

∫ ν

t
Υ(y)(y − t)η−1dy.

The positivity of the normalization function B(η) implies that for any positive function, its fractional
AB-integral is positive. We obtain the classical integral and the initial function when η→ 1 and η→ 0
respectively. Some recent development in theory of integral inequalities involving AB operators can
be seen in [26–28].

In this study, we present new versions of Hermite-Mercer type inequalities for convex functions
through AB integral operators. The ultimate goal to employ AB operators is to obtain results which
yield general inequalities of Hermite-Mercer type. The case α = 1 in obtained results produce certain
variants of the classical Hermite-Mercer type inequalities. At the end, the obtained results have been
supported by reduced results and applications.

2. Hermite-Jensen-Mercer type inequalities for Atangana-Baleanu fractional integrals

By using JM inequalities, we can express the HH type inequalities in AB-fractional integrals form
as follows:

Theorem 2.1. For a positive convex function Υ :
[
µ, ν

]
→ < with 0 ≤ µ < ν and Υ ∈ Xc(µ, ν), the

inequalities for Atangana-Baleanu fractional integrals hold:
2

B(η)Γ(η)
Υ

(
µ + ν −

κ1 + κ2

2

)
≤

1
(κ2 − κ1)η

[ {
AB
(µ+ν−κ2)I

η
(µ+ν−κ1)Υ (µ + ν − κ1) +AB

(µ+ν−κ1) Iη(µ+ν−κ2)Υ (µ + ν − κ2)
}

−
1 − η
B(η)

{Υ(µ + ν − κ1) + Υ(µ + ν − κ2)}
]

≤
1

B(η)Γ(η)
(2[Υ (µ) + Υ (ν)] − [Υ(κ1) + Υ(κ2)]) , (2.1)

and
1

B (η) Γ (η)
Υ

(
µ + ν −

κ1 + κ2

2

)
≤

1
B (η) Γ (η)

(Υ (µ) + Υ (ν)) −
1

2 (κ2 − κ1)η
[{

AB
κ1

Iηκ2Υ (κ2) + AB
κ2

Iηκ1Υ (κ1)
}

−
1 − η
B (η)

{
Υ (κ1) + Υ (κ2)

}]
≤

1
B (η) Γ (η)

[
Υ (µ) + Υ (ν) − Υ

(
κ1 + κ2

2

) ]
, (2.2)

for all κ1, κ2 ∈
[
µ, ν

]
, η > 0.

Proof. As we know that Υ is convex on [µ, ν], we obtain

2Υ

(
µ + ν −

u + v
2

)
≤ Υ (µ + ν − u) + Υ (µ + ν − v) (2.3)

∀ u, v ∈
[
µ, ν

]
.
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Replacing u = ζκ1 + (1 − ζ)κ2 and v = (1 − ζ)κ1 + ζκ2, ∀κ1, κ2 ∈
[
µ, ν

]
and ζ ∈ [0, 1] in (2.3), we

have

2Υ

(
µ + ν −

κ1 + κ2

2

)
≤ Υ (µ + ν − (ζκ1 + (1 − ζ)κ2)) + Υ (µ + ν − ((1 − ζ)κ1 + ζκ2)) .

Multiplying η

B(η)Γ(η)ζ
η−1 on both sides and integrating the inequality w.r.t ζ ∈ [0, 1], we have

2
B(η)Γ(η)

Υ

(
µ + ν −

κ1 + κ2

2

)
≤

η

B(η)Γ(η)

∫ 1

0
ζη−1Υ (µ + ν − (ζκ1 + (1 − ζ) κ2)) dζ

+
η

B(η)Γ(η)

∫ 1

0
ζη−1Υ (µ + ν − ((1 − ζ) κ1 + ζκ2)) dζ,

2
B(η)Γ(η)

Υ

(
µ + ν −

κ1 + κ2

2

)
≤

1
(κ2 − κ1)η

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1)Υ (µ + ν − κ1) +AB

(µ+ν−κ1) Iη(µ+ν−κ2)Υ (µ + ν − κ2)

−
1 − η
B(η)

{Υ(µ + ν − κ1) + Υ(µ + ν − κ2)}
]
,

and we obtain the first inequality in (2.1).
Now, to prove inequality of (2.1), since Υ is convex on [µ, ν], so for ζ ∈ [0, 1] , it gives

Υ (µ + ν − (ζκ1 + (1 − ζ)κ2)) ≤ Υ (µ) + Υ (ν) − ζΥ (κ1) − (1 − ζ)Υ (κ2) , (2.4)

and

Υ (µ + ν − ((1 − ζ)κ1 + ζκ2)) ≤ Υ (µ) + Υ (ν) − (1 − ζ)Υ (κ1) − ζΥ (κ2) . (2.5)

By adding (2.4) and (2.5) we get

Υ (µ + ν − (ζκ1 + (1 − ζ)κ2)) + Υ (µ + ν − ((1 − ζ)κ1 + ζκ2))

≤ 2Υ (µ) + 2Υ (ν) − ζΥ (κ1) − (1 − ζ)Υ (κ2) − (1 − ζ)Υ (κ1) − ζΥ (κ2) .

Multiplying η

B(η)Γ(η)ζ
η−1 on both sides and integrating w.r.t ζ ∈ [0, 1] , we get the required inequality

of (2.1). Next we prove inequality (2.2). Since Υ is convex, we have

Υ

(
µ + ν −

u + v
2

)
≤ Υ (µ) + Υ (ν) −

Υ (u) + Υ (v)
2

. (2.6)

Let ζ ∈ [0, 1], by replacing u = ζκ1 + (1 − ζ)κ2 and v = (1 − ζ)κ1 + ζκ2 in (2.6) we obtain

Υ

(
µ + ν −

κ1 + κ2

2

)
≤ Υ (µ) + Υ (ν) −

Υ (ζκ1 + (1 − ζ) κ2) + Υ (ζκ2 + (1 − ζ) κ1)
2

. (2.7)
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Multiplying η

B(η)Γ(η)ζ
η−1 on both sides and integrating w.r.t ζ we get

1
B (η) Γ (η)

Υ

(
µ + ν −

κ1 + κ2

2

)
(2.8)

≤
1

B (η) Γ (η)
(Υ (µ) + Υ (ν)) −

1
2 (κ2 − κ1)η

[{
AB
κ1

Iηκ2Υ (κ2) + AB
κ2

Iηκ1Υ (κ1)
}

−
1 − η
B (η)

{
Υ (κ1) + Υ (κ2)

}]
,

and we obtain the first inequality in (2.2). To prove the other inequality in (2.2), we observe that if Υ

is convexity, then for ζ ∈ [0, 1],

Υ

(
κ1 + κ2

2

)
= Υ

(
ζκ1 + (1 − ζ) κ2 + ζκ2 + (1 − ζ) κ1

2

)
,

Υ

(
κ1 + κ2

2

)
≤

1
2

[Υ (ζκ1 + (1 − ζ) κ2) + Υ (ζκ2 + (1 − ζ) κ1)]. (2.9)

Multiplying both sides by η

B(η)Γ(η)ζ
η−1 and integrating w.r.t ζ ∈ [0, 1] , we get

1
B (η) Γ (η)

Υ

(
κ1 + κ2

2

)
(2.10)

≤
1

2 (κ2 − κ1)η
[{

AB
κ1

Iηκ2Υ (κ2) + AB
κ2

Iηκ1Υ (κ1)
}
−

1 − η
B (η)

{
Υ (κ1) + Υ (κ2)

}]
.

Multiplying (-1) by (2.10)

−
1

B (η) Γ (η)
Υ

(
κ1 + κ2

2

)
≥ −

1
2 (κ2 − κ1)η

[{
AB
κ1

Iηκ2Υ (κ2) + AB
κ2

Iηκ1Υ (κ1)
}
−

1 − η
B (η)

{
Υ (κ1) + Υ (κ2)

}]
.

By adding 1
B(η)Γ(η) (Υ (µ) + Υ (ν)) in above, we get

1
B (η) Γ (η)

(Υ (µ) + Υ (ν)) −
1

2 (κ2 − κ1)η
[{

AB
κ1

Iηκ2Υ (κ2) + AB
κ2

Iηκ1Υ (κ1)
}

−
1 − η
B (η)

{
Υ (κ1) + Υ (κ2)

}]
≤

1
B (η) Γ (η)

[
Υ (µ) + Υ (ν) − Υ

(
κ1 + κ2

2

) ]
.

Thus, the second inequality is proved. �

Remark 2.1. If we choose η = 1 in Theorem 2.1 is proved by Kian and Moslehian in
(

[8],
Theorem 2.1

)
.
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3. Main results

Lemma 3.1. For a differentiable Υ from
[
µ, ν

]
to< with 0 ≤ µ < ν, the equality for Atangana-Baleanu

fractional integral holds:((κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]
=

(κ2 − κ1)η+1

B(η)Γ(η)

∫ 1

0
(ζη − (1 − ζ)η) Υ

′

(µ + ν − (ζκ1 + (1 − ζ) κ2)) dζ. (3.1)

for all κ1, κ2 ∈
[
µ, ν

]
, η > 0 , ζ ∈ [0, 1].

Proof. Note that

K1 =

∫ 1

0
ζη Υ

′

(µ + ν − (ζκ1 + (1 − ζ) κ2)) dζ

=
Υ (µ + ν − κ1)

(κ2 − κ1)
−

η

κ2 − κ1

∫ 1

0
ζη−1 Υ (µ + ν − (ζκ1 + (1 − ζ) κ2)) dζ.

and

K2 =

∫ 1

0
(1 − ζ)η Υ

′

(µ + ν − (ζκ1 + (1 − ζ) κ2)) dζ

= −
Υ (µ + ν − κ2)

(κ2 − κ1)
+

η

κ2 − κ1

∫ 1

0
(1 − ζ)η−1 Υ (µ + ν − (ζκ1 + (1 − ζ) κ2)) dζ.

Now K1 −K2 and multiplying by (κ2−κ1)η+1

B(η)Γ(η) , using definition of the AB-fractional Integrals, we get (3.1).
�

Remark 3.1. If we choose η = 1 and κ1 = µ and κ2 = ν in Lemma (3.1), we get in
(

[29], Lemma 2.1).

Theorem 3.1. For a differentiable Υ :
[
µ, ν

]
→ < with 0 ≤ µ < ν and Υ

′

∈ L1[µ, ν] such that |Υ
′

| is
convex function on [µ, ν], the inequality for Atangana-Baleanu fractional integrals holds:∣∣∣∣∣( (κ2 − κ1

)η
B(η)Γ(η)

+
1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤

2(κ2 − κ1)η+1

(η + 1)B(η)Γ(η)

(
1 −

1
2η

) ∣∣∣Υ′

(µ)
∣∣∣ +

∣∣∣Υ′

(ν)
∣∣∣ − 

∣∣∣Υ′ (κ1)
∣∣∣ +

∣∣∣Υ′ (κ2)
∣∣∣

2


 .

Proof. By Lemma 3.1 and using JM inequality, we have

∣∣∣∣∣( (κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
AIMS Mathematics Volume 7, Issue 2, 2123–2141.
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−

[
AB
(µ+ν−κ2)+ Iη(µ+ν−κ1){ f (µ + ν − κ1)} + AB

(µ+ν−κ1)− I
η
(µ+ν−κ2){ f (µ + ν − κ2)}

]∣∣∣∣∣
≤

(κ2 − κ1)η+1

B(η)Γ(η)

∫ 1

0
|(ζη − (1 − ζ)η)|

∣∣∣Υ′

(µ + ν − (ζκ1 + (1 − ζ) κ2))
∣∣∣ dζ

≤
(κ2 − κ1)η+1

B(η)Γ(η)

∫ 1

0
|ζη − (1 − ζ)η|

×

{ ∣∣∣Υ′

(µ)
∣∣∣ +

∣∣∣Υ′

(ν)
∣∣∣ − (

ζ
∣∣∣Υ′

(κ1)
∣∣∣ + (1 − ζ)

∣∣∣Υ′

(κ2)
∣∣∣) }dζ

=
(κ2 − κ1)η+1

B(η)Γ(η)
[I1 + I2] .

where

I1 =

∫ 1
2

0
((1 − ζ)η − ζη)

×

{ ∣∣∣Υ′

(µ)
∣∣∣ +

∣∣∣Υ′

(ν)
∣∣∣ − (

ζ
∣∣∣Υ′

(κ1)
∣∣∣ + (1 − ζ)

∣∣∣Υ′

(κ2)
∣∣∣) }dζ

=
(∣∣∣Υ′

(µ)
∣∣∣ +

∣∣∣Υ′

(ν)
∣∣∣) ( 1

η + 1
−

2−η

η + 1

)
−

{∣∣∣Υ′

(κ1)
∣∣∣ ( 1

(η + 1) (η + 2)
−

2−η−1

η + 1

)
+

∣∣∣Υ′

(κ2)
∣∣∣ ( 1

(η + 2)
−

2−η−1

η + 1

)}
,

and

I2 =

∫ 1

1
2

(ζη − (1 − ζ)η)

×

{ ∣∣∣Υ′

(µ)
∣∣∣ +

∣∣∣Υ′

(ν)
∣∣∣ − (

ζ
∣∣∣Υ′

(κ1)
∣∣∣ + (1 − ζ)

∣∣∣Υ′

(κ2)
∣∣∣) }dζ

=
(∣∣∣Υ′

(µ)
∣∣∣ +

∣∣∣Υ′

(ν)
∣∣∣) ( 1

(η + 1)
−

2−η

η + 1

)
−

{∣∣∣Υ′

(κ1)
∣∣∣ ( 1

(η + 2)
−

2−η−1

(η + 1)

)
+

∣∣∣Υ′

(κ2)
∣∣∣ ( 1

(η + 1) (η + 2)
−

2−η−1

(η + 1)

)}
.

Placing the values of the evaluated integrals I1 and I2 gives require inequality. �

Theorem 3.2. For a differentiable Υ :
[
µ, ν

]
→ < with 0 ≤ µ < ν and Υ

′

∈ L1[µ, ν] such that |Υ
′

|r is
convex on [µ, ν], the inequality for Atangana-Baleanu fractional integrals holds:

∣∣∣∣∣( (κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤

(κ2 − κ1)η+1

B(η)Γ(η)

(2 − 21−η

(sη + 1)

) 1
s

∣∣∣Υ′

(µ)
∣∣∣r +

∣∣∣Υ′

(ν)
∣∣∣r − 

∣∣∣Υ′ (κ1)
∣∣∣r +

∣∣∣Υ′ (κ2)
∣∣∣r

2




1
r

, (3.2)
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where 1
r + 1

s = 1, ζ ∈ [0, 1] and κ1, κ2 ∈ [µ, ν].

Proof. By Lemma 3.1, we have∣∣∣∣∣( (κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤

(κ2 − κ1)η+1

B(η)Γ(η)

∫ 1

0
|(ζη − (1 − ζ)η)|

∣∣∣Υ′

(µ + ν − (ζκ1 + (1 − ζ) κ2))
∣∣∣ dζ.

By applying Hölder’s inequality with Jensen Mercer’s inequality and convexity of |Υ′|r, we get∣∣∣∣∣( (κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤

(κ2 − κ1)η+1

B(η)Γ(η)

[( ∫ 1

0
|ζη − (1 − ζ)η|s dζ

) 1
s

( ∫ 1

0

∣∣∣∣Υ′

(µ + ν − (ζκ1 + (1 − ζ) κ2))
∣∣∣∣rdζ) 1

r

]
.

Where ∫ 1

0

∣∣∣∣Υ′

(µ + ν − (ζκ1 + (1 − ζ) κ2))
∣∣∣∣rdζ

≤

∫ 1

0

[ ∣∣∣Υ′

(µ)
∣∣∣r +

∣∣∣Υ′

(ν)
∣∣∣r − ζ ∣∣∣Υ′

(κ1)
∣∣∣r − (1 − ζ)

∣∣∣Υ′

(κ2)
∣∣∣r ]dζ.

It can be easily notice that ∫ 1

0
ζ dζ =

1
2

=

∫ 1

0
(1 − ζ) dζ.

After simplification, we get (3.2). �

Theorem 3.3. For a differentiable Υ :
[
µ, ν

]
→ < with 0 ≤ µ < ν and Υ

′

∈ L1[µ, ν] such that |Υ
′

|r is
convex on [µ, ν], the inequality for Atangana-Baleanu fractional integrals holds:∣∣∣∣∣( (κ2 − κ1

)η
B(η)Γ(η)

+
1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤

(κ2 − κ1)η+1

B(η)Γ(η)

( 2 − 21−η

s(sη + 1)

)
+

∣∣∣Υ′ (µ)
∣∣∣r +

∣∣∣Υ′ (ν)
∣∣∣r

r
−


∣∣∣Υ′ (κ1)

∣∣∣r +
∣∣∣Υ′ (κ2)

∣∣∣r
2r


 .

Where 1
s + 1

r = 1.

AIMS Mathematics Volume 7, Issue 2, 2123–2141.



2132

Proof. By Lemma 3.1, we have∣∣∣∣∣( (κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤

(κ2 − κ1)η+1

B(η)Γ(η)

∫ 1

0
|(ζη − (1 − ζ)η)|

∣∣∣Υ′

(µ + ν − (ζκ1 + (1 − ζ) κ2))
∣∣∣ dζ.

By using Young’s inequality xy ≤ 1
s xs + 1

r yr.

≤
(κ2 − κ1)η+1

B(η)Γ(η)

[
1
s

∫ 1

0
|(ζη − (1 − ζ)η)|s dζ +

1
r

∫ 1

0

∣∣∣Υ′

(µ + ν − (ζκ1 + (1 − ζ) κ2))
∣∣∣r dζ

]
.

After further simplifications, we get required result. �

Lemma 3.2. Suppose that Υ :
[
µ, ν

]
→ < is a differentiable mapping on (µ, ν) with 0 ≤ µ < ν. If

Υ
′′

∈ L[µ, ν], then((κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]
=
η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[ ∫ 1

0

[
1 − ζη+1]Υ′′

(
µ + ν − (ζκ1 + (1 − ζ) κ2)

)
dζ

−

∫ 1

0
ζη+1Υ

′′
(
µ + ν − ((1 − ζ)κ1 + ζκ2)

)
dζ

]
, (3.3)

for all κ1, κ2 ∈
[
µ, ν

]
, η > 0 , ζ ∈ [0, 1] .

Proof. It is easy to write that

η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[ ∫ 1

0

[
1 − ζη+1]Υ′′

(
µ + ν − (ζκ1 + (1 − ζ) κ2)

)
dζ

−

∫ 1

0
ζη+1Υ

′′
(
µ + ν − ((1 − ζ)κ1 + ζκ2)

)
dζ

]

η(κ2 − κ1)η+2

B(η)Γ(η + 2)
[K1 − K2]. (3.4)

Where

K1 =

∫ 1

0

[
1 − ζη+1]Υ′′

(
µ + ν − (ζκ1 + (1 − ζ) κ2)

)
dζ
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= −
Υ′ (µ + ν − κ2)
κ2 − κ1

+
η + 1
κ2 − κ1

∫ 1

0
ζη Υ

′
(
µ + ν − (ζκ1 + (1 − ζ)κ2)

)
dζ

= −
Υ′ (µ + ν − κ2)
κ2 − κ1

+
η + 1

(κ2 − κ1)2 Υ (µ + ν − κ1)

−
η(η + 1)

(κ2 − κ1)η+2

∫ µ+ν−κ1

µ+ν−κ2

[u − (µ + ν − κ2)]η−1Υ(u)du,

and

K2 =

∫ 1

0
ζη+1Υ

′′
(
µ + ν − ((1 − ζ)κ1 + ζκ2)

)
dζ

= −
Υ (µ + ν − κ2)
κ2 − κ1

+
η + 1
κ2 − κ1

∫ 1

0
ζη Υ

′
(
µ + ν − (ζκ2 + (1 − ζ)κ1)

)
dζ

= −
Υ′ (µ + ν − κ2)
κ2 − κ1

−
η + 1

(κ2 − κ1)2 Υ (µ + ν − κ2)

+
η(η + 1)

(κ2 − κ1)η+2

∫ µ+ν−κ1

µ+ν−κ2

[(µ + ν − κ1) − u]η−1Υ(u)du.

Substituting the value of K1 and K2 in (3.4), we get (3.3). �

Theorem 3.4. For a twice differentiable function Υ on
[
µ, ν

]
such that 0 ≤ µ < ν with Υ

′′

∈ L1[µ, ν]
and |Υ

′′

| is convex, then∣∣∣∣∣( (κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣ (3.5)

≤
η (κ2 − κ1)η+2

B (η) Γ (η + 2)

[{ (∣∣∣Υ′′

(µ)
∣∣∣ +

∣∣∣Υ′′

(ν)
∣∣∣) 1
η + 2

−


∣∣∣Υ′′ (κ1)

∣∣∣
(η + 2) (η + 3)

+

∣∣∣Υ′′ (κ2)
∣∣∣

η + 3

 }
+

{ (∣∣∣Υ′′

(µ)
∣∣∣ +

∣∣∣Υ′′

(ν)
∣∣∣) η + 1
η + 2

−

(
η + 1

2 (η + 3)

∣∣∣Υ′′

(κ1)
∣∣∣ +

(η + 1) (η + 4)
2 (η + 2) (η + 3)

∣∣∣Υ′′

(κ2)
∣∣∣) }],

for all κ1, κ2 ∈
[
µ, ν

]
, η > 0 , ζ ∈ [0, 1] and Γ (.) is the Gamma f unction.

Proof. From the Lemma 3.2 and applying the modulus property along with Jensen-Mercer’s inequality
for the convex function |Υ

′′

|, we have∣∣∣∣∣( (κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤
η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[ ∫ 1

0

∣∣∣∣∣1 − ζη+1
∣∣∣∣∣∣∣∣∣∣Υ′′

(
µ + ν − (ζκ1 + (1 − ζ) κ2)

)∣∣∣∣∣dζ
+

∫ 1

0

∣∣∣∣∣ζη+1
∣∣∣∣∣∣∣∣∣∣Υ′′

(
µ + ν − ((1 − ζ)κ1 + ζκ2)

)∣∣∣∣∣dζ]
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≤
η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[ ∫ 1

0

∣∣∣∣∣1 − ζη+1
∣∣∣∣∣{ ∣∣∣Υ′′

(µ)
∣∣∣ +

∣∣∣Υ′′

(ν)
∣∣∣ − (

ζ
∣∣∣Υ′′

(κ1) + (1 − ζ) Υ
′′

(κ2)
∣∣∣) }dζ

+

[ ∫ 1

0

∣∣∣∣∣ζη+1
∣∣∣∣∣{ ∣∣∣Υ′′

(µ)
∣∣∣ +

∣∣∣Υ′′

(ν)
∣∣∣ − (

(1 − ζ)
∣∣∣Υ′′

(κ1) + ζΥ
′′

(κ2)
∣∣∣) }dζ.

After further simplifications, we get required result. �

Corollary 3.1. If we let η = 1 in Theorem 3.4, then we have the following inequality∣∣∣∣∣∣Υ (µ + ν − κ1) + Υ (µ + ν − κ2)
2

−
1

κ2 − κ1

∫ µ+ν−κ1

µ+ν−κ2

Υ (u) du

∣∣∣∣∣∣
≤

(κ2 − κ1)2

4

[ (∣∣∣Υ′′

(µ)
∣∣∣ +

∣∣∣Υ′′

(ν)
∣∣∣) − (

1
3

∣∣∣Υ′′

(κ1)
∣∣∣ +

2
3

∣∣∣Υ′′

(κ2)
∣∣∣) ].

Theorem 3.5. For a twice differentiable function Υ on
[
µ, ν

]
such that 0 ≤ µ < ν with Υ

′′

∈ L1[µ, ν]
and |Υ

′′

|r is convex with r > 1, then∣∣∣∣∣( (κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤
η (κ2 − κ1)η+2

B (η) Γ (η + 2)

[ ( 1
(η + 1) s + 1

) 1
s
∣∣∣Υ′′

(µ)
∣∣∣r +

∣∣∣Υ′′

(ν)
∣∣∣r − 

∣∣∣Υ′′ (κ1)
∣∣∣r +

∣∣∣Υ′′ (κ2)
∣∣∣r

2


1
r

+

(
(η + 1) s

(η + 1) s + 1

) 1
s
∣∣∣Υ′′

(µ)
∣∣∣r +

∣∣∣Υ′′

(ν)
∣∣∣r − 

∣∣∣Υ′′ (κ1)
∣∣∣r +

∣∣∣Υ′′ (κ2)
∣∣∣r

2


1
r

, (3.6)

for all κ1, κ2 ∈
[
µ, ν

]
, η > 0 , ζ ∈ [0, 1] and Γ (.) is the Gamma f unction.

Where 1
s + 1

r = 1.

Proof. Using the Hölder’s integral inequality along with Jensen-Mercer’s inequality for |Υ
′′

|r in
Lemma 3.2, we have∣∣∣∣∣( (κ2 − κ1

)η
B(η)Γ(η)

+
1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤
η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[ ∫ 1

0

∣∣∣∣∣1 − ζη+1
∣∣∣∣∣∣∣∣∣∣Υ′′

(
µ + ν − (ζκ1 + (1 − ζ) κ2)

)∣∣∣∣∣dζ
+

∫ 1

0

∣∣∣∣∣ζη+1
∣∣∣∣∣∣∣∣∣∣Υ′′

(
µ + ν − ((1 − ζ)κ1 + ζκ2)

)∣∣∣∣∣dζ]
≤
η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[( ∫ 1

0

∣∣∣∣∣1 − ζη+1
∣∣∣∣∣sdζ) 1

s
( ∫ 1

0

∣∣∣∣∣Υ′′
(
µ + ν

−

(
(1 − ζ)κ2 + ζκ1

)∣∣∣∣∣r dζ
) 1

r

+

( ∫ 1

0
ζ s(η+1)dζ

) 1
s
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×

( ∫ 1

0

∣∣∣∣∣Υ′′
(
µ + ν −

(
ζκ2 + (1 − ζ)κ1

)∣∣∣∣∣r dζ
) 1

r
]

≤
η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[( ∫ 1

0

∣∣∣∣∣1 − ζη+1
∣∣∣∣∣sdζ) 1

s
{∣∣∣∣∣Υ′′

(µ)
∣∣∣∣∣r ∫ 1

0
dζ

+

∣∣∣∣∣Υ′′

(ν)
∣∣∣∣∣r ∫ 1

0
dζ −

∣∣∣∣∣Υ′′(
κ2

)∣∣∣r ∫ 1

0
(1 − ζ)dζ −

∣∣∣∣∣Υ′′(
κ1

)∣∣∣∣∣r ∫ 1

0
ζdζ

} 1
r

+

( ∫ 1

0
ζ s(η+1)dζ

) 1
s
{∣∣∣∣∣Υ′′

(µ)
∣∣∣∣∣r +

∣∣∣∣∣Υ′′

(ν)
∣∣∣∣∣r

−

∣∣∣∣∣Υ′′(
κ2

)∣∣∣∣∣r ∫ 1

0
ζdζ −

∣∣∣∣∣Υ′′(
κ1

)∣∣∣∣∣r ∫ 1

0
(1 − ζ)dζ

} 1
r
]
.

After simplification we get 3.6. �

Corollary 3.2. If we let η = 1 in Theorem 3.5, then we have the following inequality∣∣∣∣∣∣Υ (µ + ν − κ1) + Υ (µ + ν − κ2)
2

−
1

κ2 − κ1

∫ µ+ν−κ1

µ+ν−κ2

Υ (u) du

∣∣∣∣∣∣
≤

(κ2 − κ1)2

4

[ ( 1
2s + 1

) 1
s
∣∣∣Υ′′

(µ)
∣∣∣r +

∣∣∣Υ′′

(ν)
∣∣∣r − 

∣∣∣Υ′′ (κ1)
∣∣∣r +

∣∣∣Υ′′ (κ2)
∣∣∣r

2


1
r

+

(
2s

2s + 1

) 1
s
∣∣∣Υ′′

(µ)
∣∣∣r +

∣∣∣Υ′′

(ν)
∣∣∣r − 

∣∣∣Υ′′ (κ1)
∣∣∣r +

∣∣∣Υ′′ (κ2)
∣∣∣r

2


1
r ]
.

Theorem 3.6. For a twice differentiable function Υ on
[
µ, ν

]
such that 0 ≤ µ < ν with Υ

′′

∈ L1[µ, ν]
and |Υ

′′

|r is convex, then∣∣∣∣∣( (κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤
η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[(
η + 1
η + 2

)1− 1
r
(
η + 1
η + 2

∣∣∣Υ′′(
µ
)∣∣∣r

+
η + 1
η + 2

∣∣∣Υ′′(
ν
)
)
∣∣∣r − ( (η + 1)(η + 4)

2(η + 3)(η + 2)

)∣∣∣Υ′′(
κ2

)∣∣∣r − (
η + 1

2(η + 3)

)∣∣∣Υ′′(
κ1

)∣∣∣r) 1
r

+

( 1
η + 2

)1− 1
r
( 1
η + 2

∣∣∣Υ′′(
µ
)∣∣∣r

+
1

η + 2

∣∣∣Υ′′(
ν
)
)
∣∣∣r − 1

η + 3

∣∣∣Υ′′(
κ2

)∣∣∣r − 1
(η + 2)(η + 3)

∣∣∣∣∣∣Υ′′(
κ1

)∣∣∣r) 1
r
]
, (3.7)

for all κ1, κ2 ∈
[
µ, ν

]
, η > 0 , ζ ∈ [0, 1] and Γ (.) is the Gamma f unction. Where 1

s + 1
r = 1.

Proof. Applying the inequality along with Jensen-Mercer’s inequality for |Υ
′′

|r in Lemma 3.2, we
have
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∣∣∣∣∣( (κ2 − κ1
)η

B(η)Γ(η)
+

1 − η
B(η)

)[
Υ
(
µ + ν − κ1

)
+ Υ

(
µ + ν − κ2

)]
−

[
AB
(µ+ν−κ2)I

η
(µ+ν−κ1){Υ(µ + ν − κ1)} + AB

(µ+ν−κ1)I
η
(µ+ν−κ2){Υ(µ + ν − κ2)}

]∣∣∣∣∣
≤
η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[ ∫ 1

0

∣∣∣∣∣1 − ζη+1
∣∣∣∣∣∣∣∣∣∣Υ′′

(
µ + ν − (ζκ1 + (1 − ζ) κ2)

)∣∣∣∣∣dζ
+

∫ 1

0

∣∣∣∣∣ζη+1
∣∣∣∣∣∣∣∣∣∣Υ′′

(
µ + ν − ((1 − ζ)κ1 + ζκ2)

)∣∣∣∣∣dζ]
≤
η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[( ∫ 1

0

[
1 − ζη+1]dζ)1− 1

r
( ∫ 1

0

[
1 − ζη+1]∣∣∣∣∣Υ′′

(
µ + ν

−

(
(1 − ζ)κ2 + ζκ1

)∣∣∣∣∣r dζ
) 1

r

+

( ∫ 1

0
ζη+1dζ

)1− 1
r

×

( ∫ 1

0
ζη+1

∣∣∣∣∣Υ′′
(
µ + ν −

(
ζκ2 + (1 − ζ)κ1

)∣∣∣∣∣r dζ
) 1

r
]

≤
η(κ2 − κ1)η+2

B(η)Γ(η + 2)

[( ∫ 1

0

[
1 − ζη+1]dζ)1− 1

r
{∣∣∣∣∣Υ′′(

µ
)∣∣∣∣∣r ∫ 1

0

[
1 − ζη+1]dζ

+

∣∣∣∣∣Υ′′(
ν
)
)
∣∣∣∣∣r ∫ 1

0

[
1 − ζη+1]dζ − ∣∣∣∣∣Υ′′(

κ2
)∣∣∣r ∫ 1

0

[
1 − ζη+1](1 − ζ)dζ

−

∣∣∣∣∣Υ′′(
κ1

)∣∣∣∣∣r ∫ 1

0

[
1 − ζη+1]ζdζ

} 1
r

+

( ∫ 1

0
ζη+1dζ

)1− 1
r
{∣∣∣∣∣Υ′′(

µ
)∣∣∣∣∣r ∫ 1

0
ζη+1dζ +

∣∣∣∣∣Υ′′(
ν
)
)
∣∣∣∣∣r ∫ 1

0
ζη+1dζ

−

∣∣∣∣∣Υ′′(
κ2

)∣∣∣∣∣r ∫ 1

0
ζη+1ζdζ −

∣∣∣∣∣Υ′′(
κ1

)∣∣∣∣∣r ∫ 1

0
ζη+1(1 − ζ)dζ

} 1
r
]
.

After simplification, we get inequality 3.7. �

4. Applications

Consider the following two special means for κ1 , κ2, with 0 < κ1 < κ2.

The arithmetic mean:
A(κ1, κ2) =

κ1 + κ2

2
.

The Harmonic mean:

H(κ1, κ2) =
2κ1κ2

κ1 + κ2
.

The logarithmic-mean:

L(κ1, κ2) =
κ2 − κ1

logκ2 − logκ1
.
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The generalized logarithmic-mean:

Lm(κ1, κ2) =

[
κm+1

2 − κm+1
1

(m + 1)(κ2 − κ1)

] 1
m

; m ∈ < \ {−1, 0}.

Proposition 4.1. Suppose κ1, κ2 ∈ < such that 0 < κ1 < κ2, 0 does not belongs to [κ1, κ2] and m ∈ Z,
|m| ≥ 2. Then the following inequality∣∣∣A ((µ + ν − κ1)m , (µ + ν − κ2)m) − Lm

m (µ + ν − κ1, µ + ν − κ2)
∣∣∣

≤
m (m − 1)

4
(κ2 − κ1)2

[
2A

(
|µ|m−2, |ν|m−2

)
−

1
3

(
|κ1|

m−2 + 2|κ2|
m−2

) ]
.

Proof. Applying the Corollary 3.1 for the Υ(x) = xm. one can obtain the result immediately. �

Proposition 4.2. Suppose κ1, κ2 ∈ <\0 such that 0 < κ1 < κ2, 0 does not belongs to [κ1, κ2]. Then the
following inequality ∣∣∣H−1 (µ + ν − κ1, µ + ν − κ2) − L−1 (µ + ν − κ1, µ + ν − κ2)

∣∣∣
≤

(κ2 − κ1)2

4

[
4A

(
|µ|−3 , |ν|−3

)
−

1
3

(
2 |κ1|

−3 + 4 |κ2|
−3

) ]
.

Proof. Applying the Corollary 3.1 for the Υ(x) = 1
x . one can obtain the result immediately. �

Proposition 4.3. Suppose κ1, κ2 ∈ < such that 0 < κ1 < κ2, 0 does not belongs to [κ1, κ2] and m ∈ Z,
|m| ≥ 2 with r > 1. Then the following inequality∣∣∣∣∣A ((µ + ν − κ1)m , (µ + ν − κ2)m) − Lm

m (µ + ν − κ1, µ + ν − κ2)
∣∣∣∣∣

≤
m (m − 1)

(
κ2 − κ1

)2

4

[ ( 1
2s + 1

) 1
s {

2A
(∣∣∣µm−2

∣∣∣r , ∣∣∣νm−2
∣∣∣r) − A

(∣∣∣κm−2
1

∣∣∣r , ∣∣∣κm−2
2

∣∣∣r) } 1
r

+

(
2s

2s + 1

) 1
s {

2A
(∣∣∣µm−2

∣∣∣r , ∣∣∣νm−2
∣∣∣r) − A

(∣∣∣κm−2
1

∣∣∣r , ∣∣∣κm−2
2

∣∣∣r) } 1
r
]
.

Proof. Applying the Corollary 3.2 for the Υ(x) = xm. one can obtain the result immediately. �

4.1. q-digamma function

Suppose 0 < q < 1, the q-digamma function ϕq, is the q-analogue of the digamma function ϕ

defined by
(
see in [30]

)
.

ϕq = − ln (1 − q) + ln q
∞∑
j=0

q j+v

1 − q j+v

= − ln (1 − q) + ln q
∞∑
j=0

q jv

1 − q jv .

For q > 1 and v > 0, q-digamma function ϕq defined by
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ϕq = − ln (q − 1) + ln q
[
v −

1
2
−

∞∑
j=0

q−( j+v)

1 − q−( j+v)

]
= − ln (q − 1) + ln q

[
v −

1
2
−

∞∑
j=0

q− jv

1 − q− jv

]
.

Proposition 4.4. Let 0 < q < 1 and µ, ν,q, r, s be real numbers with 0 < µ < ν, r > 1. Then∣∣∣∣∣∣∣ϕ
′

q (µ + ν − κ1) + ϕ
′

q (µ + ν − κ2)

2
−
ϕq (µ + ν − κ1) + ϕq (µ + ν − κ2)

κ2 − κ1

∣∣∣∣∣∣∣
≤

(κ2 − κ1)2

4

[ ( 1
2s + 1

) 1
s
∣∣∣ϕ(3)

q (µ)
∣∣∣r +

∣∣∣ϕ(3)
q (ν)

∣∣∣r − 
∣∣∣ϕ(3)

q (κ1)
∣∣∣r +

∣∣∣ϕ(3)
q (κ2)

∣∣∣r
2


1
r

+

(
2s

2s + 1

) 1
s
∣∣∣ϕ(3)

q (µ)
∣∣∣r +

∣∣∣ϕ(3)
q (ν)

∣∣∣r − 
∣∣∣ϕ(3)

q (κ1)
∣∣∣r +

∣∣∣ϕ(3)
q (κ2)

∣∣∣r
2


1
r ]
.

holds true for all v > 0 and s = r
r−1 .

Proof. Observe that the q-trigamma function Υ(v) = ϕ′q(v) is completely monotonically on (0,∞).
That implies the function ϕ(3)

q (v) is also completely monotonically on (0,∞) for each q ∈ (0, 1).
(

see
in [31], p. 167

)
. The result follows from Corollary 3.2. �

5. Conclusions

The study dealt with investigating new Hermite-Hadamard-Mercer inequalities for AB-fractional
integral operators. Several new integral identities are obtained involving first and second-order
derivatives. Using new fractional operators, some achievements have been obtained in the study of
Hermite-Hadamard type integral inequalities. We also extend the study of Hermite-Hadamard-Mercer
type inequalities via AB-fractional integral operators for differentiable mapping whose derivatives in
the absolute values are convex. Finally, we have applied our findings to give estimations of
inequalities pertaining to special functions. All these integral inequalities are open to being
investigated for other classes of generalized convex functions like s-convex, Strong convex and
F-convex functions.
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