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Abstract: This article is concerned with the existence of entire solutions for the following complex
second order partial differential-difference equation

f(z1,22) . 8 f(z1,2)\

k
+f(Zl + C1,22 +C2) = 19
2 2
07; 07z,

where ¢y, ¢, are constants in C and k, [ are positive integers. In addition, we also investigate the forms
of finite order transcendental entire solutions for several complex second order partial differential-
difference equations of Fermat type, and obtain some theorems about the existence and the forms
of solutions for the above equations. Meantime, we give some examples to explain the existence
of solutions for some theorems in some cases. Our results are some generalizations of the previous
theorems given by Qi [23], Xu and Cao [35], Liu, Cao and Cao [17].
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1. Introduction and main results

For positive integers m, n, the equation x™ + y"* = 1 is called as the Fermat equation. In 1995,
A. Wiles and R. Taylor [28, 29] pointed out that this equation does not admit nontrivial solutions in
rational numbers for m = n > 3, and this equation does exist nontrivial rational solution for m = n = 2.
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The functional equation f(z)" + g(z)" = 1 can be regarded as the Fermat type equation. It has attracted
the attention of many mathematics workers in the studying of Fermat type equation. We know that the
Fermat type equation has no transcendental meromorphic solutions when n = m > 4 (see [5]); and this
equation has no transcendental entire solutions when n = m > 3 (see [21]). In [10], Iyer pointed out
that the entire solutions are of the form f = cos a(z), g = sina(z), where m = n = 2 and a(z) is an entire
function, no other forms exist. In [36], Yang discussed the Fermat type functional equation

a(@)f(2)" + b(2)g()" =1, (1.1)

where a(z), b(z) are small functions with respect to f and obtained

Theorem A. (see [36]). Let m,n be positive integers satisfying 1/m + 1/n < 1. Then there are no
nonconstant entire solutions f and g that satisfy (1.1).

When g is replaced by f’ or a differential polynomial of f and m = n = 2 for Eq (1.1), Yang
and Li [37] in 2004 studied the Malmquist type nonlinear differential equational by using Nevanlinna
theory of meromorphic functions, and obtained

Theorem B. (see [37]). Let a;,a, and asz be nonzero meromorphic functions. Then a necessary
condition for the differential equation

alf> +arf? = as.

to have a transcendental meromorphic solution satisfying T (r,ay) = S(r, f),k = 1,2,3, is Z—l =constant.

Theorem C. (see [37]). Let n be a positive integer, by, by, ...,b, | be constants, b, be a non-zero
constant and let L(f) = Y_obif®. Then the transcendental meromorphic solution of the following
equation

f@* + L(f)* = 1. (1.2)

must have the form f(z) = %(Pe*Z + %e‘ﬁz), where e* = P, P is a non-zero constant and A satisfies the

following equations:
- 1 - 1
Dibdt=— Y b=t = -
k=0 ! k-0 !

Remark 1.1. Let L(f) = f"(z). From Theorem C, we can see that if n is an odd, then Eq (1.2) has
transcendental entire solutions. If n is an even, then Eq (1.2) has no transcendental entire solutions.

Over the past two decades, with the help of difference Nevanlinna theory for meromorphic
functions (see [4, 6, 7]), the study of the properties of solutions for complex difference equations
and complex differential-difference equations has become more and more active, and a series of
literatures concerning the existence and forms of solutions for some equations have sprung up
(including [15, 16,18, 19,23, 30-33]).

When L(f) is replaced by f(z+c) in Eq (1.2), Liu [15] in 2009 investigated the entire solutions of the
equation f(z)*+ f(z+c)*> = 1 by using the difference Nevanlinna theory for meromorphic functions and
pointed out that the finite order transcendental entire solutions f(z) of the equation f(z)* + f(z+¢)* = 1
must satisfy f(z) = 3(h1(2) + ha(2)), where HE5) =, 2E — i and iy (2)ha(z) = 1. Later, Liu, Cao
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and Cao [17] in 2012 studied the existence of solutions for some complex difference equations and
obtained

Theorem D. (see [17, Theorem 1.1]). The transcendental entire solutions with finite order of the

. 2 2 _ . o . _ (4k+)m
equation f(z)” + f(z+ c)” = 1 must satisfy f(z) = sin(Az + B), where B is a constant and A = %, k
is an integer.

Theorem E. (see [17, Theorem 1.3]). The transcendental entire solutions with finite order of

@+ flz+co) =1,

must satisfy f(z) = sin(z + Bi), where B is a constant and ¢ = 2kn or c = (2k + 1)r, k is an integer.

In 2019, Liu and Gao [20] further studied the entire solutions of second order differential and
difference equation when f’(z) is replaced by f”(z) in Theorem E and obtained

Theorem F. (see [20, Theorem 2.1]). Suppose that f is a transcendental entire solution with finite
order of the complex differential-difference equation

'@+ fz+ ¢ = Q@)
then Q(z) = cic, is a constant, and f(z) satisfies

C]eaz+b + Cze—az—b
2a? ’

f@) =

) .
where a,b € C, and a* = 1,¢ = l"g““aﬂ,kez.

Let us recall some conclusions on the Fermat type equations in several complex variables.
Hereinafter, let z +w = (z; + w1, 2, + w») for any z = (21, 22), w = (wy, w»). For the equation f>+g*> =1

in C?, Li [13] showed that meromorphic solutions f, g must be constant if and only if g—j; and g—i have
the same zeros. When f = g—;‘l and g = % in f2 + g% = 1, then any entire solutions of the equation

duy2

)+ (37”2)2 = 1 in C? are necessarily linear ( [11]), which was originally investigated by [14,26].

Recently, Xu and Cao [34] investigated the existence of the entire and meromorphic solutions for
some Fermat-type partial differential-difference equations and obtained the following theorems.

Theorem G. (see [34, Theorem 1.1]). Let ¢ = (cy, ¢») be a constant in C*. Then the Fermat-type partial
differential-difference equation

(af(ZhZZ)

) + fzi+c,0+0)' =1
07,

doesn’t have any transcendental entire solution with finite order, where m and n are two distinct positive
integers.

Remark 1.2. In fact, the equation

(af(ZhZZ)
0z,

2
) +fla+Lz+1)=1. (1.3)
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admits a finite order transcendental entire solution. For example, let

f@) =

1 1 ' 2
4 4Z1 + (Z] - 1)22 + (Zl _ 1)627UZ2 _ (5(22 _ 1) + eZﬂlZz) ,

then f(z) is a finite order transcendental entire solution of Eq (1.3).

Theorem H. (see [34, Theorem 1.2]). Let ¢ = (cy,¢,) be a constant in C*. Then any transcendental
entire solutions with finite order of the partial differential-difference equation

(0f(21,22) ’

) + flzi+c1,22 +6‘2)2 =1
07

has the form of f(z1,2,) = sin(Az; + B), where A is a constant on C satisfying Ae*“' = 1, and B is a
constant on C; in the special case whenever c¢; = 0, we have f(z;,z;) = sin(z; + B).

In view of Theorem G and Remark 1.2, one question can be raised as follows.

Question 1.1. How to deform the equation can guarantee that the conclusion of Theorem G holds
under the condition m # n?

The forms of equations in Theorem F and Theorem G prompts us to consider the following
problems.

. . . . 0 s .
Question 1.2. What can be said about the solution of equation if ﬂaszlZZ) is replaced by

(92f(11, 22) + 82f(zl, 22)
0z; 05

in Theorem G?

Question 1.3. What can be said about the existence and the forms of the entire solution of the equation
when &) (Z' 2) i replaced by
0 f(z1,22) or »’f(z1,22)
0z 02102

in Theorem H?

Motivated by Questions 1.1-1.3, we investigate the existence and the forms of solutions for some
second order partial differential-difference equations, by utilizing the Nevanlinna theory and difference
Nevanlinna theory of several complex variables (see [3,12]). We give some existence theorems and the
forms of entire solutions for some partial differential-difference equations, and also list some examples.
Our results are some generalizations of the previous theorems given by Xu and Cao, Liu, Cao and
Cao [17,34].

The first theorem is as follows.

Theorem 1.1. If ¢ = (c|,c;) € C?, and L k be two distinct positive integers, then the Fermat-type
partial differential-difference equation

Pf@z) | PfGnz) :
0z} 9z

does not have any transcendental entire solution with finite order.

+fz+enn+o) =1, (1.4)
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Remark 1.3. In fact, on the basis of the proof of Theorem 1.1, it is easily to get that the conclusions of
2
Theorem 1.1 still hold if % fé;,zz) z f(Z‘ 2) js replaced by P i)
1

021022

Next, we proceed to study the existence and forms of entire solutions of Eq (1.4) for [ = k = 2.

Theorem 1.2. Let ¢ = (ci,¢;) € C? and ¢, # 0. If the second order Fermat-type partial differential-
difference equation

2 2
(%;;ZZ)) + f(Zl +cC1,20 + C2)2 = 1. (15)
1

admits a transcendental entire solution with finite order f(z1,22), then f(z1, z2) has the following form

ei(alzl +ar7p+B) + e—i(alzl +arzp+B)

2 b

f(zi,z2) =1

where 1, ¢y, ¢3, a1, ay, B are constants in C, and satisfy one of the following cases
() L(c) = 2kn + l7T a% =1, and n = —1, where L(c) := a\c| + ayc,, here and below k is a integer;
(i1) L(c) = 2km — §7r a1 —1,andn = 1.
Two examples are given to explain the existence of solutions for Eq (1.5).
Example 1.1. Let a = (a;,a) = (1,-1), ¢ = (¢1,¢2) = (7, %n), and B € C. Thus, the function
oi@1=2+B) | o=izi=22+B)

2

f(Zla ZZ) = =
satisfies the following equation

0 f(z1,2)\ 1,
(T) + flzy +mz + Eﬂ) =1.

Example 1.2. Let a = (ay,a;) = (i, 1), ¢ = (c1, ¢3) = (i, %n), and B € C. Thus, the function

ei(izl +22+B) + e—i(im +22+B)

2

f(z1,22) =
satisfies the following equation

) 2
1
(af;;;z’@)) + f(z) + 2mi 20 — En)2 - 1.
1

Corollary 1.1. Let ¢ = (c1,¢;) € C? and ¢, # 0. If the second order Fermat-type partial differential-
difference equation

") 2
(a%;ﬁ)) +f@tenn o) =1 (1.6)
2

admits a transcendental entire solution with finite order f(zi,22), then f(z1, z2) has the following form

ei(alz|+a2z2+B) + e—i(alz|+a2z2+B)

2 b

fzi,22) =1
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where 1, ¢y, c2, a1, ay, B are constants in C, and satisfy one of the following cases
(i) L(c) = 2kn + %ﬂ', a% =1, and n = —1, where L(c) := a,c; + axcy;
(ii) L(c) = 2kn — im,al = -1, and n = 1.

Theorem 1.3. Let ¢ = (c1,¢;) € C? and cic; # 0. If the second order Fermat-type partial differential-
difference equation

(52f(Z1 s Zz)
02102,

admits a transcendental entire solution with finite order f(z1,22), then f(z1, z2) has the following form

2
) +fla+enn+a) =1 (1.7)

ei(alz|+a2z2+B) + e—i(a12|+a212+3)

2 b

fi,22) =7

where 1, ¢y, c2, a1, ay, B are constants in C, and satisfy one of the following cases
() L(c) = 2kn + %ﬂ,alaz =1l,andn=-1;
(i) L(c) = 2km — %71',(11(12 =-l,andn=1.

Theorem 1.4. Let ¢ = (c1,¢c2) € C*and ¢; # 0, ¢; # 0. If the second order Fermat-type partial
differential-difference equation

62f(z1,zQ) + (92f(21,22) ?

e P +fzi+ennt+a) =1 (1.8)
1 2

admits a transcendental entire solution with finite order f(zi,z2), then f(z1, z2) has the following form
ei(alzl+a212+B) + e—i(alzl+a212+B)
2 b

where n, c1, ¢3,ay, az, B are constants in C, and satisfy one of the following cases

f(zi,z2) =1

(l) L(C) = 2kﬂ'+ %ﬂ',a% + a% = 1, andn —_ _1’.

(i1) L(c) = 2km — %71', a% + a% =—-1l,andn = 1.

Theorem 1.5. Let ¢ = (c1,c2) € C>and ¢; # 0, ¢; # 0. If the second order Fermat-type partial
differential-difference equation

f(z1,22) . 8f(, )\

+ teLm+ ) =1, 1.9
oz 92,023 f@i+ce,2+0) (1.9)

admits a transcendental entire solution with finite order f(z1,22), then f(z1, z2) has the following form
ei(alz|+a2zz+B) + e—i(a1z|+a2z2+B)

2 b

fzi,22) =1
where 1, ¢y, c2, a1, ay, B are constants in C, and satisfy one of the following cases
(l) L(C) = 2kﬂ' + %ﬂ', al(al + a2) = 1’ andn — _1;

(i) L(c) = 2km — %ﬂ,al(al +ay)=-1,andn=1.
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Remark 1.4. From Theorems 1.1-1.5, the Eq (1.4) has no nonconstant entire solution for the case
[ = k > 2, and has no nonconstant meromorphic solutions for the case | = k > 3. Hence based on
Theorems 1.1-1.5, an open question is: What will happen for the meromorphic solutions of the Fermat
type partial difference-differential equation

Pf@z) | PfGnz) :
02% 6z§

+ f(z1 +eL,m+ o) = 1.

in C*?
Similar to Examples 1.1 and 1.2, it is easy to give some solutions for Eqs (1.7), (1.8) and (1.9).
Example 1.3. Let a = (a;, ) = (i, —i), ¢ = (¢1,¢3) = (—ni, —%m’), and B € C. Thus, the function

e~ @—ntB) | ,(zi-22+B)

2

fz1,22) = =
satisfies the following equation

aZﬂzl,@))Z e

— 7 4+ f(zy —mi,zp — =mi)” = 1.

( 02,0z, us ’ 2 :

Example 1.4. Leta = (a;,a) = (1,-1), c = (¢1,¢2) = (%ﬂ, n), and B € C. Thus, the function
el@—0+B) 4 ,=izi—22+B)

f(z1,22) = >

satisfies the following equation

(32f(zl, 2)

2
1 2
+ +—m,z+n) =1
5Z18Z2 ) f(Z1 27[ 2 ﬂ)

Example 1.5. Leta = (ay,a;) = (\/5, D), c=(c,c) = (%, ’g), and B € C. Thus, the function

el V2z1+iz2+B) 4 il V221 +iz2+B)

fz1,22) = - >

satisfies the following equation

(02f<zl,z» . 52f<z1,zz>)2

2 2
0z 0z,

b4 i
+ f(zy +—,Z2+5)2 =1.

\2
Example 1.6. Let a = (ay,a;) = (\/Ei, 1), c =(c1,c0) = (%ﬁﬂi, ), and B € C. Thus, the function

i(V2izi+20+B) + e i V2izi+22+B)

2

e

f(Z] s ZZ) =
satisfies the following equation

(82f(zl, 22) + azf(Zl,Zz)

2 2
0z; 0z,

2
P
) + f+ %/_m',@ + g)z -1
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Example 1.7. Let a = (a,, ;) = (i, =2i), ¢ = (¢, ¢2) = (—ni, =), and B € C. Thus, the function
e—(Z1—2Z2)+B + em—Zzg—B

2

fzi,22) = -
satisfies the following equation

(azf(ZI,ZZ) N ’f(z1,22)
9z 02,0z,

Example 1.8. Let a = (a;,a,) = (1,-2), ¢ = (¢1,¢2) = (

2 .
, i
) + f(z1 —mi,zp— =) = 1.
4
.3), and B € C. Thus, the function
ei(z1—212+B) + e—i(zl—2Z2+B)

f(z1,22) = )

satisfies the following equation

(02f<zl,@> . &f(m,Zz))z
9z 02102

+ + -, +=) =1
[z 5% 2)

2. Proof of Theorem 1.1

To prove Theorem 1.1, the following lemmas should be required.

Lemma 2.1. ( [2]). Let f be a nonconstant meromorphic function on C" and let I = (iy,...,1,) be a
multi-index with length |I| = Z’J’-zl ij. Assume that T (ro, f) > e for some ry. Then

a'f )
m|r,— | =S f),

&

holds for all r > ry outside a set E C (0, +00) of finite logarithmic measure fE % < oo, where ' f =

My
PRI

Lemma 2.2. ( [3,12]). Let f be a nonconstant meromorphic function on C" such that f(0) # 0, co,
and let e > 0. If o(f) := 0 < 1, then

o, L@\ _ (L)
Cfero)) o\t )

holds for all r > ry outside a set E C (0, +00) of finite logarithmic measure fE % < oo, where

, log™log™ T¢(r)
O'z(f) = lim sup T}’f

Remark 2.1. In view of Lemma 2.2, one can get that if f is a nonconstant meromorphic function with
finite order on C" such that f(0) # 0, co, for c € C", then

f(2) fz+o))
m(r,f(z+c))+m(r, 7@ )—S(i’,f),

where S (r, f) denotes any quantity satisfying S (r, f) = o(T(r, f)) as r sufficiently large outside possibly
a set E of r with finite Lebesgue measure.
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The proof of Theorem 1.1: The proof of Theorem 1.1 is very similar to the argument as in Ref. [35].

Assume that f is a finite order transcendental entire solution of Eq (1.4), then f(z; + c¢1,22 + ¢3) 18

Ff1,2) " P f(z1,22)
0z 022

transcendental. Thus, in view of (1.4), is also transcendental. Here, two cases will

be considered below. ’

Case 1. k > [. Thus, it follows from Lemma 2.2 that
( f(z1,22)
mlr,
fzi+ci, 22+ )

holds for all » > 0O outside of a possible exceptional set £ C [1, 4+c0) with finite logarithmic measure
. % < oo. Thus, by (2.1) and combining with the properties of m(r, f), we can deduce that

T(r, f(z1,22)) = m(r, f(z1,22)) = m (r £, 22)

" f(zi 4,22+ )
f(z1,22)

“fzi ezt )
=m(r, f(z1 + c1,20 + ¢2)) + log2 + S(r, f)
=T, f(z1 +c1,220 +¢2)) +1log2 + S(r, f), 2.2)

) = S(r, f). 2.1)

f@i+c,z+ Cz))

Sm(r )+m(r,f(z1 +c1,20 +¢3)) +log2

forall r ¢ E. In view of (2.2), by applying Lemma 2.1 and the Mokhon’ko theorem in several complex
variables [8, Theorem 3.4], we have

kT (r, f(z1,22)) < KT (r, f(z1 + c1,22 + ¢2)) + S(1, f)
=T(r, f(z1 + c1,22 + 2)) + S (1, f)
_ T( (azf(zl’ZZ) azf(zl’ ZZ)
=T|r, +

!
) —1)+S(r,f)

0z% azg
2 2
—IT (r, I /@z) 9 f(Z“ZZ)) + S f)
9z 025
2 2
:lm(r,af(ZI’ZZ)+8f(Z1’Z2))+S(}’,f)
0z} 9z
32f(212,Z2) 52f(112,zz)
< 1| m|r,—2 % £ ) | + log2 + S f)
fl(Zl, 22)
=IT(r, f(z1,22)) +1log2 + S(r, f), (2.3)
for all r ¢ E. This means
(k= DT(r, f(z1,22)) <log2 + S(r, f), r¢ E. (2.4)

Since f is transcendental, so this is a contradiction.

Case 2. [ > k > 2. Then % + % < % < 1. Thus, it follows that [ > ﬁ In view of the Nevanlinna

second fundamental theorem, Lemma 2.2, and Eq (1.4), we have

& f(z1,22) . 02f(Z1,Zz))

[-DT|r,
(=T 0z} 9z

AIMS Mathematics Volume 7, Issue 2, 1907-1924.
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[ P f(z, P f(z1. L 1
SN(n ng@)+ ~ﬂﬂzﬁ)+§:N'ny. —
0z 925 féil%,m " fé%,zz) —w,
2 2
LS (r, 0°f(z1,22) N 0 f(z1,22)
8z% ﬁzi
— 1 0? , 0? ,
<N|r, z S (r, f(Zl2 22) + f(212 Zz))
(azf(m,zz) + 32f(11,z2)) -1 9z 0z;
a2 83
— 1
<N|r, +S@, f)
f(Zl+Cl,Zz+Cz)) s
ST(r’f(Zl +C],ZZ+C2))+S(r,f), (25)

where w, is aroot of w' — 1 = 0.
On the other hand, in view of Eq (1.4), and by applying the Mokhon’ko theorem in several complex
variables [8, Theorem 3.4], it yields that

IT(r, f(z1 + 1,22+ €2) = T(r, f(z1 + 1,22+ €2))) + S (1, f)

k
_ T(r,(azf G@12) , &F (ZI’ZZ)) - 1] +S0 P

61% 82%
an(Zl» 22) azf(Zl, 22)
= kT (r, 5zf + az% ) + S, f). (2.6)

In view of (2.5)—-(2.6) and [ > ﬂ’ it follows

k
(- k_—l)T(r, fzi+c1,220+¢)) S, f).

This is impossible since f is transcendental.
Case 3. / > k = 1. Then it follows

2 2 !
(a fnz)  PrG zz>) Ff@+enmte) =1 27
07; 0z,

Differentiating this equation for z;, z, respectively, we have

2" a2

l(aZf il
821 622

) 0(f) = _(af(z+6) s 5f(z+6))’

where Q(f) is a differential polynomial in g—; and % of the form

p P Of
o) = ( - )(ﬁ_z%+8_z§)
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Divide both sides of the above equation by f*, it follows that

-1

’f P afzre) | Ofzte)
|7 Y| o) _ oot o 2.8)
f f i f
By Lemmas 3.1 and 2.2, we have
2f, Pf
2 2
mlr, 2= = 50 ), m(r, @) = 5@, f), (2.9)
f f
and
Of(z+c) + 0f(z+c)
m(r, %} =S(r, f). (2.10)

Thus, in view of (2.8)—(2.10), it follows
1
m r,]m =S, f),
which is a contradiction with the assumption of f being transcendental and / > 1.
Therefore, this completes the proof of Theorem 1.1.

3. Proofs of Theorems 1.2-1.5

The following lemmas play the key roles in proving Theorems 1.2-1.5.

Lemma 3.1. ( [9, Lemma 3.1]). Let fi(%£ 0), j = 1,2, 3, be meromorphic functions on C" such that f;
is not constant, and fi + > + f5 = 1, and such that

3 1 .
D {sz )+ 2N, f»} < AT(r, fi) + Olog" T(r, f1),

=1 J

for all r outside possibly a set with finite logarithmic measure, where A < 1 is a positive number. Then
either f, = 1 or f3=1.

Remark 3.1. Here, N,(r, )%) is the counting function of the zeros of f in |z| < r, where the simple zero
is counted once, and the multiple zero is counted twice.

Lemma 3.2. ( [25,27]). For an entire function F on C", F(0) # 0 and put p(ng) = p < co. Then there
exist a canonical function fr and a function gp € C" such that F(z) = fr(z)e$*9. For the special case
n =1, fr is the canonical product of Weierstrass.

Remark 3.2. Here, denote p(nr) to be the order of the counting function of zeros of F.

Lemma 3.3. ( [22]). If g and h are entire functions on the complex plane C and g(h) is an entire
Jfunction of finite order, then there are only two possible cases: either

(a) the internal function h is a polynomial and the external function g is of finite order; or else

(b) the internal function h is not a polynomial but a function of finite order, and the external function
g is of zero order.
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3.1. The Proof of Theorem 1.2

Proof. Suppose that f is a finite order transcendental entire solutions of Eq (1.5), then it follows that

2
‘”;%ZZ) is transcendental. Otherwise, f(z; + ¢1,22 + ¢2) is not transcendental, this is a contradiction
1
with the condition. Firstly, Eq (1.5) can be represented as the following form
Pf(z1,2) . Pf(z1,22) |
T"‘lf(zl-'-ChZz"'Cz) T—lf(21+01,22+02) =L (3.1)
4 4
2
Since afé%m and f(z; +cy, 22 + ¢») are transcendental, then by Lemma 3.2 and Lemma 3.3, from (3.1),
1
there exists a nonconstant polynomial p(z) in C? such that
% +if(zi +ci,20+¢) = )
azf(ZI ) G2
Z1,% . —i
# —if(z1 +c1, 20 + C) = e PO,
0z,
Thus, in view of (3.2), it yields
0 f(z1,20) €PE) 4 7P
o 2 ’ (3.3)
eiPz2) _ p=ip(z1,22)
fzi+cn,z+e)= x
i
In view of (3.3), we have
giPatennte) o, mip@itennte)
2
— 82P(Z17Z2) 4 6P(Z1’Z2)) PULCES
sz 0z
o) 2
+ a p(Zl’ ZZ) _ l- ap(zl$ ZZ) e—ip(zl’22)' (3‘4)
3Z% 821

. 2 . 2 .
Now, we claim that 22 ;;’ZZ) - l(ﬂpgzlfm) £ 0. If &) ((,)Z'Z‘I’ZZ) = 0, then Eq (3.4) becomes e/PG1te12+¢2)
1 - 4

p(z1,22) _l-(ﬁp(21,zz))2 =0
a2 9z -

. . . 1 s
. Solving this equation, we have —- = iz; + ¢1(22),

' . . . . . . . 2
e~Plrterated) = (), this is impossible since p(z) is a nonconstant polynomial. If 2

ap(z1,22) Ou _ 2 _ 0p(z1,22)
and o # 0, then i L where u = B

that is, ‘”’S‘T‘I’ZZ) =u = —m, where ¢,(z;) is a polynomial in z,. Thus, it follows that p(z;,22) =
ilogliz; +¢1(22)]1+¢a(z2), where ¢,(z2) is a polynomial in z,. This is a contradiction with the assumption

Ppziz) i(ap(ZIaZZ)
922 az1

2
of p(z1,z2) being a nonconstant polynomial. Hence, ) # 0. Similarly, we have

2 2
9 péj‘z’m + i(ap(;;l’“)) % 0. Thus, (3.4) becomes
‘1

2 2
(0_p + i(a_p)Z)ei(P(Hc‘)w(z)) + ((')_p - i(a_p)2)ei(l)(z+c)—p(z)) — @2irate) = 1. (3.5)

072 071 (?z% 07,

1
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Since p(z) is a nonconstant polynomial, we have that %P+ ig not a constant, and

2
) ) l(P(Z+C)+P(Z))) (r, (Z l( ) ) i(p(z+c)—p(2))
Z

— N(r _eZip(Z+C)) —

0*p
N{r,
T (az% + l(f)Z

and
: .
N|r,— : = O(logr) = S(r, ele(z+C))’
(?k? - i<§£ )?)eipErertp)
1 2ip(z+c)
N|r, = O(logr) = S (r, e*PE*)),

2
gz — (L 9p )2)61<p<z+c> P()

Thus, by Lemma 3.1, it yields

&p dp i(p(+0)-p(2)
wpirampPid) = 1, 3.6
( 8Z1 ! (6Z1 ) ] ( )
In view of (3.5) and (3.6), it follows
ﬁ + l(ap) (P@=pte) = 1 (3.7)
azl 821

Here, we claim that p(z) = L(z) + B, where L(z) is a linear function as the form L(z) = a,z1 + a;z2, B
is a constant in C. In fact, since p(z) is a nonconstant polynomial, and in view of (3.6) and (3.7), we
conclude that p(z) = L(z) + H(s) + B, where H(s) is a polynomial in s, s := ¢z — ¢1z2. Thus, it follows
from (3.6) that H” ¢, — i(H’c» + a;)? must be a constant in C. By combining with ¢, # 0, then we have
deg, H < 1. Thus, L(z) + H(s) + B is still a linear form of z,, z,. Hence, we have p(z) = L(z) + B and
L(2) = a1z1 + ar2o. Thus, it follows
0*p _

= —iaj 201 = 1,

> iaje”™ =1, (3.8)
1
Thus, it follows from (3.8) that
1 1
a =1, L(c) = 2kn + 37 or a; = -1, L(c) = 2kn - 37 (3.9)

By observing the second equation in (3.3), we can define the form of f(z;,z,) as
o LD-L)+B) _ ,=i(L(2)=L(c)+B)

fz,20) = 5 ) (3.10)

By combining with (3.9) and (3.10), it yields
o LD+B) 4 ,=i(L(2)+B)
fGzi,z2)=n 5 >

where 1, ay, a,, B are constants in C satisfying one of the following conditions
()n=-1,da = 1, and L(c) = 2kr + im;
(i)n=1,a} = -1, and L(c) = 2kn — im.

Therefore, this completes the proof of Theorem 1.2. O
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3.2. The Proof of Theorem 1.4

Proof. Suppose that f is a finite order transcendental entire solutions of Eq (1.8), then it follows
2 2
that &L ;z;’“) + & g;’m is transcendental. Otherwise, f(z; + c¢1,22 + ¢») is not transcendental, this is
1 2

a contradiction with the condition. Firstly, Eq (1.8) can be rewritten as the following form

P f(2) . &’ f(2)

’f(z) 0 f(2)
+if(z+c + —if(z+c)|=1. 3.11
9z 9z Je+o [ 0z 0z fe+o) G1D
Since £ (;2’“) + 2 éz;’“) and f(z; + ¢1, 22 + ¢;) are transcendental, then by Lemma 3.2 and 3.3, it follows
1 2

from (3.11) that
azf(Zl,Zz) + (92f(21, 22)
dz; 0z
f(z1,22) N & f(z1,22)
dz; 025
where p(z) is a nonconstant polynomial in C?. Thus, in view of (3.12), it yields

FPf@z) | PfGz) _ €O 4 i
2 2 - ’
0z} 9z 2
eip(z1,zz) _ e—l'p(zn,zz)

2i

+ if(Zl +cC1,20 + C2) — eip(Z],22)’

(3.12)
- if(Zl +c1,0+0) = e—ip(m,zz)’

(3.13)

fzi+ci,0+¢)=

In view of (3.13), we have
eiP(Zl+C1,Zz+62) + e—iP(Zl+Cl,Zz+02)

= (A + iAy) €% 4 (A — iAy) e PO, (3.14)

_ pGiz) | 0%pziz) _ (@) | (9pGi))\?
where A = g + P and A, = ( o, ) ( s ) .
If A; + iA, = 0, then it follows that

e2ip(21+61722+62) = (A, — iA,) ei(P(Zl+C1’ZZ+C2)_P(leZZ)) - 1. (3_15)

By making use of the Nevanlinna second fundamental theorem and (3.15), it follows that

T (r eZiP(Zl +c1 ,Z2+62))
9

<N|\r, —— ! +N|r,— ! +S (r, esz(z‘+cl’zz+62))
ele(zl+cl,z2+cz) ele(zl+c|,z2+C2) +1

1 ) +S (7", eZip(zl+Cl,z2+62))

<
=N (r, (A| — iA,) ellritera+e)—pa)

1 ; ot
<N (r, - Az) £ § (r, e (3.16)

If A| —iA; = 0, in view of (3.15), it yields that ?PG1+e122+¢2) = _1 3 contradiction. If A| — iA, % 0,
then from (3.16), it leads to

T(r eZiP(Z1+c1,Z2+cz)) < T(r A] _ lAz) +S (’, EZiP(Zl+C1,Zz+CQ))
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<OT(r,p)+S (r, ez"p(zl+cl’zz+62)) ’
outside possibly a set of finite Lebesgue measure. This is a contradiction with the fact

T 2ip
lim Tne™) =+
F—+00 T(r, p)

b

for p(z) is a nonconstant polynomial. Thus, it follows that A +iA, # 0. Similarly, we have A; —iA, % 0.
Thus, (3.14) becomes

(A; +iAy) e (PEtO+p@) | (A —iA 2)ei(p(z+c)—p(z)) — glireto) = 1. (3.17)
Since p(z) is a nonconstant polynomial, we have that ¢*7“* is not a constant, and
N(r, (A + iAz)ei(P(Z+c)+p(Z))) — N(r, (A — l'Az)ei(p(z+c)—p(z)))
= N(r, —*"**9) = 0,

and

1 2ip(z+c)
N(r’ (A + iAz)ei(p(z+c)+p<z))) = Ologr) = S(r, ™),

1
N (r’ (A} — iAy)eiPeta-p)
Thus, by Lemma 3.1, it yields

) = O(logr) = S(r, 7).

(A — iAy) €PEO=PR) = (3.18)
In view of (3.17) and (3.18), it follows
(A| + iA,) PO=PEFD) = (3.19)

Since p(z) is a nonconstant polynomial, in view of (3.18) and (3.19), similar to the argument as in the
proof of Theorem 1.2, we conclude that p(z) = L(z) + B, where L(z) is a linear function as the form

L(z) = a1z + a»22, B is a constant in C. Thus, it follows
0? 0? - _—
2P0, L0 i+ a2 =1, id]+ad)e ™ = 1. (3.20)
0z, 0z,

Thus, it follows from (3.20) that
1 1
(@+ad)=1, L) =2kn+ 57 or (at+ad)=-1, L(c) = 2kn - 37 (3.21)

By observing the second equation in (3.13), we can define the form of f(z,2,) as
ei(L(z)—L(c)+B) _ e—i(L(Z)—L(C)+B)

fz1,22) = 5 : (3.22)
By combining with (3.21) and (3.22), it yields

ei(L(Z)+B) + e—i(L(Z)+B)
2 b
where 7, a1, az, B are constants in C satisfying one of the following conditions
()n-1,(@+a) =1,and L(c) = 2kn + im;
(i) p =1, (a> + @) = -1, and L(c) = 2kn - 1n.

f(ZbZZ) =n

Therefore, this completes the proof of Theorem 1.4. O
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3.3. Proofs of Theorems 1.3 and 1.5

By using the same argument as in the proof of Theorem 1.4, we can easily prove the conclusions of
Theorems 1.3 and 1.5.

4. Conclusions

We can see that Theorem 1.1 is an extension of Theorem G. Meantime, it is also a positive answer
to Question 1.1. Moreover, Theorems 1.2—-1.5 are the answer to Questions 1.2—1.3. More important, a
series of examples show that our results are accurate.
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