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Abstract: Let R be a finite commutative chain ring with invariants p, n, r, k, m. It is known that R is
an extension over a Galois ring GR(p", r) by an Eisenstein polynomial of some degree k. If p 1 &,
the enumeration of such rings is known. However, when p | k, relatively little is known about the
classification of these rings. The main purpose of this article is to investigate the classification of all
finite commutative chain rings with given invariants p, n, r, k, m up to isomorphism when p | k. Based
on the notion of j-diagram initiated by Ayoub, the number of isomorphism classes of finite (complete)
chain rings with (p — 1) ¢ k is determined. In addition, we study the case (p — 1) | k, and show that the
classification is strongly dependent on Eisenstein polynomials not only on p, n, r, k, m. In this case, we
classify finite (incomplete) chain rings under some conditions concerning the Eisenstein polynomials.
These results yield immediate corollaries for p-adic fields, coding theory and geometry.
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1. Introduction

We consider only commutative rings which have an identity. An associative Artinian ring with an
identity whose lattice of ideals forms a unique chain is called a chain ring. It is not hard to show that
a finite ring R is a chain ring if and only if its (Jacobson) radical J(R) is principal and the quotient
F = R/J(R) is a field of order p”, p is prime, i.e., R is a local ring. There are known positive integers
p,n, r,k,m associted with R called the invariants of R. Ayoub [3] dubbed these rings “homogenous
rings”. Finite chain rings appear in various areas, for details see [4]. In particular, finite chain rings
have been increasingly used in coding theory [5, 11, 14] and in geometry as coordinatizing rings of
Pappian Hjelmslev planes [9]. An interesting class of finite chain rings is that contains Galois rings,
Le.,

GR(p",r) = Zpy[x]/(f(x)), (1.1)
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where f(x) is a monic polynomial of degree r and irreducible modulo p. However, there are different
algebraic ways to construct finite chain rings.

Let R denote a finite chain ring with invariants p, n, r, k and m, then R is an Eisenstein extension of
a Galois ring GR(p", r)

R = GR(p", r)[x]/(g(x), x™), (1.2)
where g(x) is an Eisenstein polynomial of degree k over GR(p", r), i.e.,
k-1
gx)=x—p ) s, where s is a unit of GR(p", ). (1.3)

i=0

However, the case when g(x) = x* — psg, R is called a pure chain ring.

Another construction of R is that connected to p-adic fields; R is a factor-ring of the ring of integers
of a suitable finite extension of Q,, the field of p-adic numbers. Let K be an extension of Q, with
ramification index k and residue degree r, and let L be the unramified subextension of degree r over
Q,. Let Ok denote the ring of integers of K, and let 7 be a prime element of O. Then,

R = Ok /(n™) = OL/(p")[x]/(8(x), x™) = GR(p", r)[x]/(g(x), x™), (1.4)

where g(x) is the minimal polynomial of 7 over L whose image g(x) in O, /(p")[x] = GR(p", r)[x] is
Eisenstein of degree k. We shall see later that when m is sufficiently large, the classification of Q-
isomorphism finite extensions of Q, coincides with that of finite commutative chain rings. For the
basic of p-adic fields, we refer to [8, 10].

Let U(R) be the group of units of R, then

U(R) =< a > ®H, (1.5)

where a is an element of order p” — 1, and H = 1 + J(R) (Ayoub [3]). The structure of H is introduced
in [3] when (p — 1) 1 k, and given in [1] if (p — 1) | k. However, it turned out that if p | k, H plays a
paramount role in the enumeration of finite chain rings. Let k = k;p’, (p,k;) = 1, Hou [7] classified
pure chain rings when [/ = 1 and (p — 1) 1 k. Moreover, if [ = 0, the classification is independent of H,
and the enumeration, in this case, was determined by Clark and Liang [4]. Our main aim in this article
is to classify, in case of p | k, finite chain rings with fixed invariants p, n, r, k, m up to ismorphism by
using ideas from [1,3].

The present manuscript is organized as follows. Section 2 involves notations and known statements
that will appear in the sequel. In Section 3, we consider the classification problem of finite chain rings
with the same invariants p, n, r, k, m. First, we classify them when (p — 1) 1 k. Next, the case (p—1) | k
is investigated under certain conditions. Section 4 is devoted to apply our results in p-adic number
fields.

2. Preliminaries

This section collects some facts and states notations required in our subsequent discussions.

Let R be a finite chain ring with invariants p, n, r, kK and m, and nonzero radical J(R) with nilpotency
index m. The residue field ' = R/J(R) is of order p". We refer to [1, 3,4, 12, 13] for the verification of

the statements given here.
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The ring R has a coeflicient subring § = GR(p",r) = Z,:[a] for some a of multiplicative order
p'—1.1If x € J(R) \ J*'(R) = J;, we define wt(x) = i. Let wt() = 1, then, J(R) = (rr) and

R =@k, 2.1)

(as S —module). There exists t, 1 <t < k with m = (n — 1)k + ¢ such that

S = Sn, ifo<i<t,
S 2.2)
S/pi'S =Sa, ift<i<k
Let r € J; be fixed, and let U(R) denote the group of units of R, then
UR)=C,_1®H, (2.3)

where C,-_; =< a > is a cyclic group of order p" — 1, and H = 1 + J(R) is the p-Sylow subgroup of
U(R). Moreover, r is a root of an Eisenstein polynomial g(x) (1.3), then, from (2.3),

7" = pBh, Be<a>andh € H. (2.4)

Let u = LP%]J, where | x] means the greatest positive integer less than or equal x, and let H; =
1+J°(R), se P, =1{1,2,...,m}. Consider the following filtering and (admissible) function:

H=H >H,>H;>--->H, =<1 >, (2.5)
. min(ps, m), s<u,

Js) =9 . (2.6)
min(s + k,m), s> u.

The series (2.5) with j and the p-th power homomorphisms n, from H,/H, into H ) /H j5)+1 form
the so called j-diagram, however, we refer to (2.5) when we mention j-diagram. We call the j-diagram
in (2.5) incomplete at s if y is not an isomorphism, and complete if all 7, are isomorphisms.

Definition 2.1. We call R incomplete (complete) chain ring if the series (2.5) is incomplete at u
(complete).

Now, let {a;}i<i<, be a representatives system in R for a basis of F over Z,. Furthermore, let f be the
homomorphism f : F — F, defined by: f(a) = a” + Ba. Letk = kp' (k;, p) = 1), A = [+ 1 and R(j)
be the range of j, then H is generated by:

wi=1+an’, (G,s)eB={G>s):1<i<rands ¢ R())},

v =1+ aqyn"?,
where afl - ,chf/l_l =0and oy ¢ Im f.

. 2.7
(incomplete case)

For each s € P,,, let U, and U; be subgroups of H generated by {ws}1<i<, and {w;,}»<;<,, respectively.
Hence, U, and U? are homogeneous groups of rank r and r — 1, respectively, and of order p*), where
() is the least positive integer satisfying j*’(s) = m. In particular,

Ui, if p>2orp=2andn <2,

C;;_l. ® Con2 ® Cy, otherwise.

U(GR(p",r)) = { (2.8)
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Denote ¢ =| P,, \ R(j) |, then by using j-diagram,

m—12], if m<k+u,
c = p (2.9)

k, otherwise.

Lemma 2.1 ([6] ). Let q and 7 be positive integers such that ¢ > z — 1. Then, for 0 < b < p4,

0, ifvp(b) < q -z,

mod p*
C(pz_l,i), lfb — l'pq—z+1’ ( 14 )

C(p,b) = {

where v, is the p-adic valuation.
All notations mentioned above have the same meanings throughout; in addition, we denote /; =
min{l, v(s)}.

3. Classification of finite chain rings

If n = 1, then R = S[x]/(xX), where S = GF(p") = F, i.e., R is completely determined by its
invariants. Hence, in the sequel, we assume n > 1. Now, let

-1
E(p,k)={) six':s;,€8,50€US)). (3.1)
i=0

For every 0 € J,, there exists a unique defined f(x) € E(p, k) such that is aroot of g(x) = x**—pf(x).
Let E(R) be the set of all such polynomials g(x) (Eisenstein polynomials) corresponding to the set J;.
If o € Aut S, we denote o (E(R)) by:

0(E(R)) = {o(g(x)) : o is applied to the coeflicients of g(x)}. (3.2)

The group of automorphisms of §, Aut §, is cyclic of order r generated by p (Frobenius map)

defined as: 1 1
p(> G = &, (3.3)
i=0 i=0

where ¢; € I(r), the Teichmiiller set of S. Furthermore, Aut (S/p'S) = Aut S (by the natural
isomorphism).
If g(x) € E(R), we denote R, by:

R, = S[x]/(g(x), x™). (3.4)
Remark 3.1. If g(x) € E(R), then R = R,.

Proposition 3.1. Let R and T be two finite chain rings with the same invariants and same coefficient
subring S. Then, R = T if and only if c(E(R)) N E(T) # ¢ for some o € Aut S.

Proof. Assume that R = T and ¢ is the isomorphism. Let ¥ |s= o and 7 be a root of g(x) € E(R). Then,
it is easy to justify that ¥(rmr) is a root of 0(g(x)) in 7. Thus, o(g(x)) € E(T), and so o (E(R))NE(T) # ¢.
Conversely, if 0(g(x)) has aroot 6§ in T for some o € Aut S and g(x) € E(R). Then, the corresponding
Y3 si') = . o (s;)6 is obviously an isomorphism. O
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Corollary 3.1. 0(E(R)) C E(R) for every o € Aut S.

Proposition 3.2. For any finite chain rings R and T, either E(R) N E(T) = ¢ or E(R) = E(T).

Proof. It E(R) N E(T) #+ ¢, then Proposition 3.1 concludes that R = T and, hence, E(R) = E(T). |
Corollary 3.2. R = T (not isomorphic) if and only if E(R) = E(T) (E(R) N E(T) = ¢).

3.1. Complete chain rings

Let R be a complete chain ring, then (cf. [1]) the system {w;,} in (2.7) forms a basis for H, and by
(Theorem 3, [3]),
H = ®s€£R(j)Us- (35)

Let R and T be two complete chain rings with the same invariants p, n, r, k, m. Assume that nt =
pBih, and 6F = pB,h, for R and T, respectively. If R = T, then via Proposition 3.1, there is o € Aut S
such that o-(g(x)) = x* — po(f(x)) has a root in R, where g(x) € E(T). This means, there is £ = 7130,
where ¢ € Hg and 8 €< a > such that

po(B)o(hy) = ¢* = (nBo)* = pBihips*. (3.6)

Observe that, o can be considered isomorphism maps 6 to ¢ (proof of Proposition 3.1). Therefore,

B =B o (Ba), 3.7)
8" = hi'o(hy)  mod 7", (3.8)

Thus, we consider the invariants, p,n— 1, r, k, m. From Eq (3.8), h; = o(hy) mod H”l, 1.e.,1n H/le,
we have
hy = o(hy). (3.9)

Since we have the same structure for H; and Hy, then
us = o(wy), (3.10)

where hy = [ () s and hy = []r(;) ws- By (2.9), there are exactly ¢ equations of the form (3.10).
Moreover, since u,, w, € U,, then u; = []_, wi and w, = []_, (1 + ;6°)™, where a; and m; are
considered mod p', i.e., a;,m; € Z,y. For the converse, assume (3.7) and (3.10) hold for all s € P, \ R(})
and some o € Aut S. Then, there exist § €< a > and ¢ € Hy such that

W) = pY(Bahn) = pBiB's" = (AB6)" = i, (3.11)

where i is the corresponding:
k=1

5:0 > 3 o(s)my'. (3.12)
2580 ),

i=0 i=0
Clearly, 7, is a root of 0(g(x)) in R and, hence, ¥ is an isomorphism. Thus, the following theorem
is proved.

Theorem 3.1. Let R and T be two complete chain rings with the same invariants p,n,r, k, m. Then,
R =T ifand only if (3.7) and (3.10) hold for all s € P, \ R(}).
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Corollary 3.3. If R is associated with p,2,r,k,k + 1 such that (p" — 1,ky) = 1. Then, R is uniquely
determined up to isomorphism by its invariants.

Proof. Since (p" — 1,k;) = 1 and n = 2,¢ = 1, then clearly x* — p € E(R); thus, 3 = 1 and h = 1.
This means, the classification does not depend on (3.7) and (3.10). Therefore, Theorem 3.1 implies
that there is only one ring (up to isomorphism) with such invariants. O

Example 3.1. If R and T are two finite chain rings with the same invariants such thatl > 1 andn > 2 or
n=2andt> 1. Assume x*—p(x+1) € E(R) and x*— p € E(T). Since (n+1) = h; # o(hy)) = o(1) = 1
for any o € Aut S. Hence, from Theorem 3.1, R and T are not isomorphic. By similar argument one
can show R = T when x* — p(1 + x*) € E(T), where k > 2.

Theorem 3.2. Let N be the number of complete chain rings with invariants p,n, r,k,m such that n > 3
orn=2,t> 1. Then,

1 r—1 ' .
N = _Z(pz_ I,Z)p(l’r)[, (3.13)
r i=0
where z = (p" — 1,ki) and v = ¥, 4pjls.

Proof. For s ¢ R(j), U, is a homogeneous group of order p*® and of rank r, and thus U,/U? "is also

!
a homogeneous group of order p” and of the same rank. It follows that every u, of U /U’ can be
written as u; = [[;_, w}’, where the exponents taken modulo p". Now, to simplify notations, we can

identify U,/U? l, as a set, as [*(r)". Since there are ¢ direct summands of H, i.e., ¢ equations of the
form (3.10), we identify H /H”’ as T* (Pl x T*(r)'2 x - - x T*(r)"* . Moreover, replace < a > / < ad" >
by the additive group Z, of integers modulo z, where z = (p" — 1, k;). Let Aut S =< p > acts on the set
Z, X T*(r)t x T*(r) x -« x T*(r)"* by:
o'(a, xg,...,x5,) = (pa, xf:, e, xfj). (3.14)
According to Theorem 3.1, it suffices to verify that N given in (3.13) is the number of equivalence
classes. The number of elements fixed by p’ is (p — 1,2) [Tgr[(P' = 1, p" = D+ 115, but [(p' — 1, p" —
1)+ 1] = p%”, hence,

' =12 [ 1" =1, p7 = D+ 11" = (p = 1, gt Zeest, (3.15)
SER())
Therefore, Burnside Lemma computes the total number of equivalence classes. O

Corollary 34. Ifl < n— 1, then I, = , thus,

1 r—1 . ‘
N == - 1,9p™". (3.16)
r i=0

Corollary 3.5. Ifn=2andt > 1orn=3andt = 1. Then, l; = v(s) in Theorem 3.2.

Example 3.2. Assume that 3 is the class of finite chain rings R with the same invariants and with
associated Eisenstein polynomials g(x) = x* — pB(x+1) € E(R). IfR and T in 3, then by Theorem 3.1,
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R = T if and only if the Equation (3.7) holds. Thus, from Theorem 3.2, there are Ny of non-isomorphic
classes of such rings in 3,

7(a)

where ¢ is Euler function and t(a) is the order of p in Z,. Note that the right-hand side of (3.17)
represents the number of finite chain rings when p { k, and it was given by Clark [4].

1 r—1 .
No=;Z(pl—1,Z)=Z@, (3.17)
i=0 alz

Next, we consider a subclass which consists of all pure chain rings with the same invariants. First,
we determine H” N 1 + pS. By Lemma 2.1, one can directly prove

1+ =1+ Z gkeirsp' e (3.18)

i=0
where € and ¢; are units of R. Let

j(s,i,e) = k(e — i) + sp',

j(s,e) = min{j(s,i,e) : 0 <i<e}.

Then [1],
sp°, if e < by,

i(s,e) = j°(s) = P
Je =T {sp”w(e—bs)k’ ife> b, -

where b; = [log,%1and [x] is the smallest positive integer greater that or equal to x. Moreover,

b;+n-1, ift>u,
v(s) = ) (3.20)
b,+n-2, ift<u.

Lemma 3.1. Let R be a pure finite chain ring with [ > 1,andn >2orn=2andt > k;p™" +--- + k;.
If0<i<l-1ande e U(R), then there exists s, k {1 s such that

(1+ 727" € U, x Uy x Hyy1. (3.21)
Proof. First, if € € I'*(r), then by using (3.18),
(1+ a7 =1+ 7+ 77 hg
= (1 + o 71 + 247" hg),

where €, € are units of R. Take s = k + k; p'~!, and the proof is complete. Now, if € ¢ I'*(r) and i is
fixed, then by successive application of (3.18) and (3.19),

i [—i . o, .
A +77eP " =1+ & +En’ +ER2 + -+ £ 1 + £ 1% + i), (3.22)

(78]
where
Sp = k-l—klpl_l + - +k1pl_b,
_ i

Sig1 = Sp+ J (),

= s+ ki pGED
aiv1 = Sp p 5
q > max{sii, di+1},

€0, £, €T(r) and &, &) € T(r),
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1 < b <iand g is a unit of R. Note that s;.; # a;.; because otherwise yields j"(s’) = k; p!~(* thus,
ky = j(s") which is contradiction since k; < k and (k;, p) = 1. Assume

s = min{sp, Si+1, @i+1 : & # 0}, (3.23)
then the proof is complete. O
Proposition 3.3. Assume that R is a pure finite chain ring with p,n, r,k, m. Then,

1+pSY', ifn>20rn=2andt>kp"',
leﬁ1+pS= 1+ pS) ifn>2orn andt > kip (3.24)
1+ pS, if n=2andt < k;p"~'.

Proof. First, if n = 2 and t < k;p'!, then it is easy to see that every element of 1 + pS is given by
1 + 7ik6”', for some & € I'*(r). This yields (1 + 7°16)” = 1 + 7567, hence,
H" N1+pS=1+pS. (3.25)

Next,letn > 2orn = 2and t > k p'~'. If h € H, there is s € P,, such that h € H, \ H,,; and
h =1+ n'e, where € € U(R). We consider different cases for s.
(@) If s > kand h” € 1 + pS. Then,

Wo=(+re =1+, (3.26)

where € is a unit in R. Since any element of 1 + pS is of the form 1 +  7**a,, where a,, € I'*(r), thus,
7€ = 0or ji(s) = lk + s = gk and & € U(S) for some positive integer ¢ > [ + 1, i.e., k | s. In either
case, we obtain

W' el+p™'s =1+ pS). (3.27)

(b) When s < k. If s # k; p', then similarly k 4 j/(s); thus, 7/ )¢, = 0. On the other hand, if s = k; p',
0 <i < [- 1. Consider the filtering:

Hk>Hk+1>"'>Hm:<1>- (328)

This series is complete, hence, satisfies all related results in [1,3]. The set {wy = 1+a;7* : 1 <i < r}
generates Uy, then, U, = 1 + pS. Notably, Lemma 3.1 implies

W= +ne =1 +ne )Y =1+ o, (3.29)
where £ € [*(r), 9 € H; and k 1 5. Since el + pS, then
R (1 + ™ e 1+ ps, (3.30)

and, thus, 97 € 1+ pS which is impossible since the generators of Hy are linearly independent. Finally,
consider the particular case n = 2 and k;p™™! <t <k;p"'+---+k..Sincen = 2, i*' = (1 + 77 e) = 1
for1 <i<l-1.Ifi =0, then

W=+ 76" = 1+on* + 6,7 4 g 4 g, (3.31)

for 6,61,6, € T*(r), € € UR), s € P, and s > k+k; p'\. Since k+k, p'~! # k+ j'(s), hence h* ¢ 1+pS.
In this case, we have
H' N1+ pS =<1>C(1+pS). (3.32)

O
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Note that if n = 2, then x* — pB € E(R) for every pure chain ring R, thus, N is given by (3.17). The
following theorem gives N when n > 3.

Theorem 3.3. The number N of pure finite chain rings with same invariants p,n, r,k, m such thatn > 3
is precisely

1 r—1 . ‘
N==> (-1, (3.33)
=
where
L ifl <n-2,
L=
n—2, ifl>n-2.
Proof. The proof follows directly from Proposition 3.3 and Theorem 3.2. O

Remark 3.2. Note that N in Theorem 3.3 is dependent on n.
The following corollary illustrates that the result in [7] is just a special case of Theorem 3.3.
Corollary 3.6. If =1, then N = 1 Y70 (p' = 1,2)p".

3.2. Incomplete chain rings

In this section, we investigate the incomplete case. If R is a finite chain ring with invariants p, n, r, k
and m, and 7% = pBh. The incomplete situation happens when (cf. [1]),

p—11k, —ﬁeF*"’_1 and m > k + u, (3.34)

(k = (p — 1)u). However, if R is incomplete, the system (2.7) and § = w;,, = 1 + a;* are subjected to

1

&= [ wier (3.35)

is
(1,s50)#(i,s)eB
where a;,, ay are positive integers divisible by p. Denote u = y; = min{a;, ap : (i, s) € B\ {(1, s9)}}.

Proposition 3.4 (Theorem 2, [1]). Let R be incomplete chain ring, then there are d > 0,
Q = {50, S15- .., 84} € Py, and {;}o<i<qa Such that

H = ®,caU, ®L, (U ® Cpi) ®C, (3.36)

where A = {P,, \ R(j)}\ Qand C =<y >ifk+u ¢ Qor C =<1 >, otherwise.

If R and T are two incomplete chain rings with same invariants p, n, r, k, m. Then, Hx and Hy may
not have the same structure [1]. This situation makes the enumeration much harder than the complete
case.
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3.2.1. Special incomplete chain rings

If we write Hg (3.36) as Hg = Gr® [ [ »,, U; ® G2, where Gg = []<4<,-1 Usand u; = i, Thus, Hg
and Hr have the same summand Gg; Gy = Gp.

We state the following theorem without proof because it involves the same ideas to that ones of
Theorem 3.2. Note that /;, in this case, equal / for 1 < s <u; — 1.

Theorem 3.4. Let X be the class of all finite incomplete chain rings R which have the same invariants
p,n, 1,k and m, and associated with ©* = pBh, where h € Gg. If N is the cardinality (up to isomorphism)
of X, then

1 r—1 - . .
== > (' = 1,9pMmh, (3.37)
r i=0

Remark 3.3. The conditions in (3.34) guarantee the existence of a root of x’~' + p in R (see [1]).
Assume that Ry = S [ry], where ry is a root of xP~! + p, then Ry is a finite (complete) chain suring of R
with p,n,r,p — 1,my;, where m; = (n—1)(p—1)+t; and 1 < t; < p — 1. Consider the class 3 of all
finite incomplete chain rings with p,n, r,k,m which are associated with ©* = pBh, where h € H(Ry). If
ﬁ’f_l =B and h’l’_1 = h for B; €< a > and hy € H(Ry), then one can check that

no = Bihin", (3.38)
is a root of x*~' + p.

Next, we aim to obtain the number of non-isomorphic rings in J. First, we introduce some useful
information about R.

Lemma 3.2. ¢ € Aut R if and only if

I\)

p—

b
(> simo r(s@dm), (3.39)

i=0 i=0
where @ €< a > is a (p — 1)-th root of unity and { € H,,,_,-1)(Ro) for some o € Aut S.

Proof. Let ¢ € Aut Ry, then ¢(my) = al{ny where a@ €< a > and { € H(R,). Note that

—p=¢(l") = o) = —par P (3.40)

Thus, @' = 1 and 7' = 1 mod H,,_,-1)(Ro). Since (p — 1, p) = 1, then ¢ € H,,_,-1)(Ry). On
the other hand, if @ and ¢ satisfy the condition, then one can see that ¢(7rgfl) = ¢(m)P~". Thus, ¢ is an
automorphism of Ry. O

Corollary 3.7. Every o € Aut S can be extended to an automorphism ¢ € Aut Ry.

Proposition 3.5. If R and T are two rings in 3 with the same Ry. Then, R = T if and only if there is
¢ € Aut Ry such that ¢(g(x)) (applies to the coefficients) has a root in R, where g(x) is an Eisenstein
polynomial of T over R,.

The proof involves argument similar to that of Proposition 3.1 with help from Corollary 3.7.
Lemma 3.3. Assume the admlsszble function j satisfies: if j(s) > p, then s € R(j) for all s. Then,
HY =

iitsy» in particular, H? = H .
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Proof. The proof is conducted by induction on i. First, let i = 1, and note that Hy C H ). If y € Hjy),
then y = ujy)y1, where u;s € Uy, and y; € Hj.1. Moreover, uj = ub for some u, € Uy, and
V1 = Ujs)+1Y2» where Ujs)+1 € Uj(s)+l and Y1 € Hj(s)+2~ Since

JGU) +2) 2 j(j(9) + 1) = j(1) = p, (3.41)

then j(s) + 2 and j(s) + 1 € R(j). Which follows that u (), = uf,. Continuing in this way, we obtain
y = y,.and hence H;, C HY. Thus, H;,, = H,.Fori > 1, note that HY = (HfH)P, and by the induction
step, the result follows. O

Lemma 3.4. Let R be in 3. Then,

HY 0 HRo) = (H(Ry)", ifn>2o0rn=2andt>kp", (3.42)
0 H(Ry), if n=2andt <k p~'. '

The proof follows by slightly modifying the proofs of Lemma 3.1 and Proposition 3.3, that is,
consider u instead of k, and the Eq (3.35) as illustrated in (Example 2, [1]).

Theorem 3.5. Assume that | < n — 2, the number N of incomplete chain rings exist in the class 3 is

1 r—1 . ' B
N = Nol= D (p = D(p' = 1,dy)p®7 72, (3.43)
r i=0

where dy = (k, %) and N is the number of finite chain rings Ry given in (3.17).

Proof. If R and T are in J, and if R = T, then by Proposition 3.5, there exists ¢ € Aut R, such that
¢(g(x)) has a root in R, where g(x) = x* — moB1hy, hy € H(Ry). Let my = 6{m be a root of ¢(g(x)) in R,
note that

noPhd " = nf = ¢(mo)o(B)@(hy) = moado(By)p(hy).
Thus,

Bo" = ac(B)
h{* = 9¢(h;) mod H,, _1(Ry).

Since [ < n—3, then j'(1) < m; —(p—1), and since ¥ € H,, —(p-1)(Ro) (Lemma 3.2), then ¢ = 1 mod
H(RO)”I = 1 mod Hi;)(Ry) (Lemma 3.3). This implies & = ¢(h;) mod H 1 (Ro). Let G = Aut S acts
on I*(r)/"~?, then there are p*“""*~2 elements fixed by p' (see proof of Theorem 3.2). On the other
hand, the equation 8" = ao(8,) implies that 87~'6* = o:(8""") (Lemma 3.2). Moreover, if o = o', then
we have (p' — 1,d;) elements in Z,, fixed by p', and since there are p — 1 different roots @ of unity,
then, there are (p — 1)(p’ — 1, d,) elements fixed by p'. Therefore, by an argument similar to the proof
of Theorem 3.2, the number of finite chain rings in J which have the same invariants and same Ry is

r—1
1 . —
Ni=— 3 (p= D' = Ld)p”v?,
r i=0

Furthermore, there are Ny = % > (p' = 1,z) (Example 3.2) of non-isomorphic types of Ry. Thus, the
proof of the theorem follows. O
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Corollary 3.8. The number N of pure chain rings with p,n,r, k,m is precisely given in (3.33)

Proof. In the case [ < n — 2, the proof is just a direct application to the previous Theorem 3.5 when
a=1,{=1and Ny = 1.If ] > n -2, the proof follows from Proposition 3.4 and the proof of Theorem
3.2. O

3.2.2. General incomplete chain rings

The general case of incomplete chain rings when n > 4 or n = 3,7 > 1 is still complicated to

determine N. For the moment, the best we can do is to approximate N by finding upper and lower
bounds. First, we derive a relation between Aut R and N.

Lemma 3.5. Let g,(x) and g,(x) be in E(R) corresponding to ny and rt; respectively. If ¢ € Aut R, then
¢(my) = my if and only if there exists o € Aut S such that o(g,(x)) = g2(x).

Proof. Let ¢ € Aut R maps m; to mp, and let o be its restriction on S. Observe that

$(g1(m)) = (1)) — po(f((m))) = (m2)* — po(f(m2)) = 0 = go(m2). (3.44)
Hence, g,(x) = 0(gi(x)). The other direction is analogous to that of Proposition 3.1. O

Corollary 3.9. Assume the hypotheses of Lemma 3.5, then g,(x) = g.(x) if and only if ¢ € Auts R
(fixing S ).

Corollary 3.10. If ¢ € Auts R such that ¢(r) = &t for some w € Jy, then ¢ is the identity automorphism.

Define a relation ~ on E(R) by: g, ~ g, if and only if g, = 07(g;); that is, G = Aut S acts on E(R).
This relation is well defined since o (E(R)) C E(R) (Corollary 3.1). Let orb(g) denotes the orbit of g
and G, is the stabilizer of g in G. Hence, | orb(g) |=r/ | G, |.

Proposition 3.6. Let R runs over all non-ismorphic classes of finite chain rings with the same
invariants p,n, r,k,m. Then,

1 1
= . 3.45
ZR: | Ggp | Aut R|  rp*=br ( )

Proof. Let Auts R acts on J; in the natural way, i.e., ¢ = ¢(m). Let ~ be the induced equivalence
relation. Thus, J; splits into classes of elements, and Corollary 3.10 implies that each class has |
Autg R | elements. Also Lemma 3.5 emphasizes that the number of the equivalent classes is | E(R) |.
Hence,

| Ji |=| Auts R || E(R) | . (3.46)

Moreover, | J, |=| T*(r) || T(r) |" 2= (p" — 1)p™2?", then

(pr _ l)p(m—Z)r
ER) | ————. 3.47
| E(R) | Auts R (3.47)

On the other hand, E(p, k) splits into non-intersecting by Proposition 3.2. Thus,

|E(p.k) 1= ) 1ER) |, (3.48)

R
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where R represents the classes of finite chain rings with same invariants p, n, r, k, m. Simple calculations
imply that there exist (p” — 1)p™~*=1" of all possible polynomials in E(p, k). Furthermore, in the light
of Lemma 3.5, for each polynomial exists in orb(g), there are | Auts R | different automorphisms of R,
1.e.,

| Aut R |=| orb(g) || Auts R | . (3.49)
This leads to ) .
(p" = Dp™ " | orb(g) |
ERR) |= , 3.50
| E(R) | AutR ] (3.50)
thus, )
ro__ 1 m—2)r b
Z (p )P | orb(g) | —(p - 1)p(m_k_1)r. 3.51)
= | Aut R |
Now, | orb(g) |= r/ | G, | which follows that
1 1
= . 3.52
ZR: | G Il Aut R | rpk=br ( )
O

Corollary 3.11. If g(x) € E(R), then the number of roots of g(x) in R is | Auts R |.

Theorem 3.6. Let N be the number of all non-isomorphic finite incomplete chain rings with invariants
p,n,r,k,m. Then,
<N <@pr-1npmtr (3.53)
,

Proof. By the proof of Proposition 3.6,

| Aut R | =| orb(g) || Auts R |

__r 14l
| Ge |1 E(R) |
r
< (pr _ l)p(m—Z)r‘
| G |
Hence,
1 S | Gg, | 1
|AutR| — r (p"— Lpm-2r
This implies
1 1

> :
| G I Aut R| — r(p" — D)p"=2r

Now, also from Proposition 3.6,

N 1
r(pr _ 1)p(m—2)r - pr(k—l)'
Thus, N < (p" — 1)p™~*=D"_On the other hand,
J
|AutR| = —— 191
| Gg || E(R) |

AIMS Mathematics Volume 7, Issue 2, 1742-1757.



1755

Moreover, from Proposition 3.6,

1 1
— =y — < Np¥
rp®ir ZR: | Go N AwR| -7
Therefore, N > p7 O

Corollary 3.12. N = 1 ifand only if | Auts R |= p*=Vr,

Remark 3.4. The lower and upper bounds in (3.53) are attained when p =k =n=m=2andr = 1.
In this case, they coincide.

The following result is easy to check so we skip the proof.

Proposition 3.7. Assume that R is a finite chain ring with invariants p,n,r,k,m. Then, R is uniquely
determined if and only if one of these conditions holds:
(Jk=m; (ii)m=k+1and (k,p"—1)=1;(iii)m>k+1,(k,p)=1and (k,p"— 1) = 1.

Corollary 3.13. | Auts R |= p* V" if and only if (k,p) = 1 and (k,p" = 1) = L orm -1 = k and
(k,p"—1 =1

Proof. Forward from Proposition 3.7 and Corollary 3.12. O
4. Finite chain rings and p-adic fields

In this section, we apply the above-mentioned results to the p-adic number fields. Any finite
extension of Q, is called a p-adic number field where Q,, is a completion of Q using p-adic norm | . |
generated from p-adic valuation v,, defined as: |a| = p™@. Let K be a p-adic number field with
ramification index k and residue degree r. There is a unique extension v of v, normalized such that
v(m) = 1, where 7 is the unique prime element (uniformizer) of Ok ring of integers of K.

Lemma 4.1. If L is unramified extension of degree r over Q, and K is a totally ramified extension
of degree k over L. Let g(x) be an Eisenstein polynomial over Oy of degree k such that its image in
O./(p") has a root in Ok [(n™), then if m > 2[(I + 1)k — 1], g(x) has a root in Ok.

Proof. Assume that g(x) (mod p") has a root 8 in Ok /(n™). If { € Ok is a lifting of 6, then g({) € (™),
and thus

1
|8 I< —.. 4.1)
p

Consider the formal derivative of g,
() = k™" = play +2ax¢ + -+ + (k= Dagof 7). 4.2)
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Now, let v be the extension of p-adic evaluation v, to K which is complete and nonarchimedean.
Thus, we have v(8) = v(¢) = 1 since  is lifting of 6. Hence, e = v(g’(¢)) < (I + 1)k — 1, and

, 1
18 |= —.
p
, 1
1 ') PP= o
Then, 1 1 1
Iﬁ = k=1 = Iﬁ

This implies
180 <1 g F .
Therefore, by Hensel’s Lemma ( [2]), g(x) has a root in Ok. O

Theorem 4.1. Let N be the number of isomorphism classes of finite commutative chain rings associated
with the same p,n,r,k and m, with m > 2[(l + 1)k — 1]. Then, N is the number of Q,—isomorphism
finite extension of Q, with ramification index k and residue degree r.

Proof. Let K; and K, be both extensions over Q, with ramification index k and residue degree r.
Then, K, and K, have the same maximal unramified extension L over Q,. Assume R = O,/(n™)
and T = O,/(0"), where O; and O, are the rings of integers of K; and K>, respectively. Now, if
R = T, then by Proposition 3.1, there is o € Aut S such that o(g(x)) has a root in T, where g(x) is an
Eisenstein polynomial over L. Assume 6 is the root of o-(g(x)), and let ¢ € O, be a lifting of 6. Note that
o'(g(é)) = 0 and so 7(g({)) € (0"), where T € Autq, L is the corresponding to o since Aufg, L = Aut S
(L 1s unramified over Q,). Since m > 2[(/ + 1)k — 1], then by Lemma 4.1, f(x) = 7(g(x)) has a root 7,
in K. Thus,

K, = L(m) = L(m) = Ky, (4.3)

where 711 is a root of g(x) in K;. Also note that 7, = ¢ mod 6. This ends the proof. O

The following example shows that the condition on m in Theorem 4.1 is necessary.

Example 4.1. Consider K; = Q,( V2) and K, = Qx( V6). Now, let O, and O, be the rings of integers
of K| and K, respectively. Assume that

R = 0,/(n") = Zy[x]/(g:(x)),
T = 0,/(6) = Zy[x]/(g2(x)),
where g1(x) = x> — 2 and g,(x) = x> — 6 (mod 4), i.e., g>(x) = x*> — 2. Then, clearly R and T are finite

chain rings with invariants 2,2,1,2,4 which are isomorphic. While K, and K, are not isomorphic.
Note thatm =4 <6 =2(l+ 1)k - 1.

5. Conclusions

In this paper, we have investigated the classification of finite commutative chain rings with the same
invaraints p,n,r,k,m. If (p — 1) £ k, the full classification of these rings is given. While if (p — 1) | &,
we showed that the number of non-isomorphic classes of finite commutative chain rings depends not
only on their invariants but also on their Eisenstein polynomials. In this case, we classified such rings
up to isomorphism under some conditions concerning the Eisenstein polynomials.
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