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size is large enough.

Keywords: random convolution sampling; multiply generated shift invariant subspace; weighted
mixed Lebesgue space
Mathematics Subject Classification: 94A20

1. Introduction

Random sampling problems widely arise in compressed sensing [5, 7], learning theory [17] and
image processing [6]. Recently, many random sampling results for signals in different subspaces of the
classical Lebesgue space have already been presented such as bandlimited space [2, 3], shift invariant
subspace [19], multiply generated shift invariant subspace [18] and reproducing kernel subspace [14,
16]. However, an obvious shortcoming of the classical Lebesgue space is that it imposed the same
control over all the variables of a function [12]. Thus, when considering the random sampling problems
for some time-varying signals which depend on independent quantities with different properties, the
mixed Lebesgue space, which could realize the separate integrability for each variable, seems to be a
much more suitable tool to model those signals.

Up to date, abundant sampling results for many subspaces of a mixed Lebesgue space have already
been presented [10-13]. While, we should notice that most of those sampling results are all obtained
based on a pre-given relatively separated set whose sampling gap satisfies some restricted conditions.
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As for the random sampling results, which are based on a randomly selected sampling set, there are
very few results. Furthermore, an obvious precondition for these existing sampling results is that
those signals are all integrable in the corresponding spaces, which is impossible for some
non-decaying or infinitely growing signals. Based on these two facts and the properties of the
moderated weight functions, which could control the growth or decay of the signals [1, 9], we
consider to use weighted mixed Lebesgue space to model those non-decaying or infinitely growing
signals such that the corresponding random sampling problem could be well solved .

Generally, the sampling problem mainly consists of the following two aspects. Firstly, finding
out the proper conditions which ensure the given sampling set satisfies sampling stability. Secondly,
designing an efficient reconstruction algorithm to restore the signals. In this paper, we mainly focus on
the investigation of sampling stability. As for the research about the reconstruction algorithm, it will
be the goal of our future work. In the following, some essential definitions or properties are presented
such that the random convolution sampling problem is well understood.

The weighted mixed Lebesgue space L)Y(R*"!) consists of all measurable functions f = f(x,y)
defined on R x R? such that

fllprceanny = IUFCe VO Wlggs |, <00, 1< pg<oo. (1.1)

<
Li(®)
The corresponding weighted sequence space £(Z%*!) is defined by

9@ = {e < ellgozon = [tk kvt k)l |, <o} T<pgzeo.  (12)

& @

In this paper, the weight function v(x,y) is assumed to be continuous, positive, symmetric and
moderated with respect to the weight function w(x, y), i.e., there exists a constant C > 0, such that,

0<vix+x,y+Y) < Cvix,y)w,y), xy),x,y)eRx RY, (1.3)

Unless otherwise specified, the constant C without any subscript or superscript in this paper all stands
for the above mentioned constant in (1.3). Furthermore, we also make the assumption that the weight
function w(x, y) is continuous, positive, symmetric and submultiplicative, that is, for all (x, y), (x’,y") €
R x R?,

0<wx+x,y+y) <wlyw,y), (xy),*,y)eRxR.

The classical example about the above weight function is
m(x) = e (1 + |x))’(log(e + 1x)', x € R,

If a,s,t > 0and 0 < b < 1, then the weight function m(x) is submultiplicative. If a, s, € R and
0 < b < 1, then the weight function m(x) is moderated. For further information about weight function,
please refer to [8].

In addition, the sampling set X = {(x}, yi)}j=1,. =1, i this paper is assumed to consist of
sampling points which are randomly selected in Cg, g, with the density function p(x, y) satisfying

0< Cp,l < p(X, y) < Cp,u, (x, y) (S CRl,Rz’ (14)

where Cg, g, := [-R1, Ri]X[-R>, R,]? with R|, R, > 0. Meanwhile, due to the limitation of the sampling
devices, the obtained sampling value is not the exact value of signal at each sampling point but is the
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local average value near the corresponding sampling location. Thus, we assume that the corresponding
sampling values are obtained by the following convolution version

{(f =¥ (xjy0),  (xj,0) € X},

where the convolution function ¢ satisfies
¥ e LEYRMY),  suppy € Cryz,. (1.5)

In this paper, we mainly consider the random convolution sampling stability for signals in multiply
generated shift-invariant subspace of weighted mixed Lebesgue space, which has the form

Vi = {Z D0 itk k)i — ki, y = ko), e € E29Z)], 1 < p,g < oo, (1.6)

i=1 ki €Z kyezd
where the generators ¢;, i = 1,-- -, r satisfy the following conditions:
e For any (x,y) € R x RY,

1
S B e SRR (17)

where | - | means the traditional Euclidean norm.
e There exist constants ¢, 4, C,, > 0 such that

c,,ancnmm) HZZ 3 itk ki = ki y = ko)

LPQ(RdH)
i=1 ki€Z kyezd
<Cpy Z llcillpazasy. (1.8)
i=1
e There exists a constant 0 < 8 < 1 such that
,3||¢||L51(CR1YR2)||f||L£”q(Rd+1) <|If = '/’||LC"‘1(CR1,R2)- (1.9)

Besides these, for a well defined function f in the practice, the values of the sampling points which
are located in a very distant place may not be significant. Thus, we only consider the following subset

VI = € VP (= ) fllgaeny < Illpacy u) (1.10)

or its normalization
Vit = € ViR gy Wflligaeny = 1), (1.11)

where 0 < § < 1. Obviously, the sets V. , and V], consist of those functions whose energy is
mainly concentrated in Cg, g, .

This paper is organized as follows. In Section 2, we prove that the defined multiply generated shift
invariant subspace could be approximated by a finite dimensional subspace. In Section 3, we present
some essential results which will contribute to the proof of the sampling stability. In Section 4, we
prove that with overwhelming probability, the sampling stability holds for the signals in some subset
of the defined multiply generated shift invariant subspace when the sampling size is large enough.
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2. Approximation

Define a finite dimensional subspace by
V=Y ST S ki ki — ki y ko) € U-NNIDL T < pig <o (2.1)
i=1 |ki|<N |ko|<N

and its normalization
ViRt = {f e Vi e = 1,1 < p.g < . 2.2)

Lemma 2.1. [15]Leta >0, x € R, I}(M,a) = |

oM |x[~4~*dx, then

d 1
L(M,q) = 2n%r(§)—1aM—“. (2.3)

Lemma 2.2. Let 1 < p,q < oo, R = max{R,, \/ERZ} and s = min{n; —1—d, n, — 1 —d}. Assume that the
function f € V! with ||f|| pszany = 1, then for the given e),&, > 0, there exists a function fy € V) ¥
such that

If = fvllzaccon, oy < €15 (2.4)
if
1 d d
» S 8C. ("Y1 + VdR 2d+1 d
N>9R+14 {C<4R1>p(4R2)q[ 2 D($)7 (1 + VdRy) L ZMCL+R)
Cp.q€1 (l’l2 - d) (l’l] - 1)
4C,CmfT(E) ™ s
=2R+1+N 2.5
o= Do) t1+Nite) 23)
and
If - fN||L§°’°°(c2R1,2R2) < &, (2.6)
if

C (8Cm (L)' (1 + VdR,) L 2+ Ry
Cpg&2 (np — d) (1 —1)
4C,CymT(2)!
4
(ny — D(ny —d)

where C| and C, are the constants which depend on the dimensional of the corresponding space.

N22R+1+{

V"= 2R+ 1+ Nates), 2.7

Proof. By the definitions of V7 and Vf v in (1.6) and (2.1),

f-tv= Z > ci<k1,kz>¢i<x—k1,y—kz>+2 DL D itk kgix — ka,y — k)

i=1 |k1|<N |ka|>N i=1 |k1|>N |kz|<N
000 D itk kgix —k,y = ko) =1y + b+ I, (2.8)
i=1 |k1|>N |k2|>N
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Next, we will separately estimate ||/;|| L29(Car, 0, (||| L29(Cor, 20,) and ||13]| L29(Car, 1,
Firstly, by (1.3), (1.7) and (1.8), we could obtain

1) ”Le’q(cml.sz)

<SS ST Kemthn ks ki~ ko)

i=l  |k|<N kol>N

.
<C Z llcillgpagzany '
i=1

LPA(CoR, 2R,)

DD g —k,y = ko)l

LPA(Car, 2r,y)

k1|<N lk2|>N
<cY el 1
i=1 lk1|<N lka|>N (1 +x = k)" (1 + [y — kal)= 1Lr9(Car, 2ry)

C 1

<
(I +[x =k [y (1 + |y = kaf)

LP9(Cog, 2r,)

P4 2N ooV
With the help of Lemma 2.1 and the fact (a + b)? < a*(1 + b)? fora > 1and b > 0,

1
(I +|x = ki) (1 + |y — ko)

|k1|<N |ka|>N

1 1
=( 2, <1+|x—k1|>"1)( 2, (1+|y—k2|)"2)

lki|<N lka|>N

1 1
S(Z:(1+|x—k1|)’“)( Z (1+|y—kz|)"2)

kil<N lka—yl=N—=1y|

<(2N + I)Cdf !

u—yl=N—p 14— Y™

= (2N + 1)Cy f lu — y[ "Dy

|u=y|=N~yl
- 2C,(N — |yl + |yl + 1)271-%1“(%1)—1
- (ny —d)(N — |y|)nz—d
_ 2CuN = bidyl + 2274 ()
(ny —d)(N — |y|)n2—d
- 2C,(2VdR, + 2)271’5’1“(%1)—1
"~ (ny = d)(N = 2 VdRy)m—d-1 ’

Combining the results of (2.9) and (2.10),
8CC4(4R))7 (4R,) i T($)™ (1 + VdRy)
Cpg(na — d)Y(N = 2VdRyym=d-1

17: ”Lf’q(Cle,sz) <

By the similar method, we could obtain

1 d
Ul < ZEICCIAR) @R+ R
21LY (Cory 2ry) = Cp,q(nl — 1)(N — 2R1)n|_d_1 5

(2.9)

(2.10)

(2.11)

(2.12)
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4CC,Cm* () (4R1)7 (4Ry)'

L||;pa < . 2.13
” 3||Lv (Cor 2Ry) = cp,q(nl _ 1)(1’12 _ d)(N _ 2R)n1+n2—d—l ( )
Thus, the result (2.4) is followed by (2.11)—(2.13).
When p = g = oo,
m BCCariTGY 1 + ViR) (2.14)
HIL™ 127 = ’ )
L, (Cary 2R,) Cp,q(nz —d)(N -2 \/C_ZRQ)"Z_d_I
22d+1CC1(1 + Rl)d
L || o < , 2.15
” 2||L,, (Car 2Ry) = Cp,q(nl _ 1)(N _ 2R1)"1_d_1 ( )
4CC,CmfT ()™
L] oo < . 2.16
” 3||LV (Cory 2Ry) = Cp,q(nl _ 1)(1’[2 _ d)(N _ 2R)n1+n2—d—l ( )
Thus, the result (2.6) is followed by (2.14)—(2.16). O

3. Some lemmas

For dealing well with the random convolution sampling stability for signals in multiply generated
shift invariant subspace of weighted mixed Lebesgue space, some essential conclusions are presented
in the following.

Lemma 3.1. For f € L?Y (R4 and h € L5'(R*),
IIf = h”L’v’"’(Rd“) < C”f”L’;"’(]R"“)”M|L01;‘(Rd+1)- (3.1
Proof. For any f € L/(R*") and h € L}'(R¥),
I(f * W) (x, y)Iv(x, y)
< f |f @, s)h(x —t,y — s)ldtdsv(x, y)
R JR4

<C ff (f, s)(hlw)(x —t,y — s)dtds
R JRC

= C(Ifl * Ihlw)(x, y). (3.2)

By the result in [4],
I Allgeas, < ClUWD Q| o < Ol Bl g3 gy (3.3)
O

Furthermore, we also need the help of the covering number which is a powerful tool in estimating
the probability error or the number of samples required for a given confidence and error bound [20].
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Lemma 3.2. Let V" be defined by (2.2). Then for any 1 > 0, the covering number of V. with
respect to the norm || - || poga+1) is bounded by

N(VIRE ) < exp (r2N + 1! ln(% +1)). (3.4)

The proof could refer to [10]. There will omit it.

Lemma 3.3. Let V" be defined by (2.2). Then for any 1 > 0, the covering number of V}\'" with
respect to the norm || - || =g+, is bounded by

2 *
NP ) < exp (r@N + D™ In (% +1)), (3.5)
where c ) )
Ci=— —_ —). (3.6)
Cp,q(klez (1 + |k [)m )( e 1+ |k2|)"2)

Proof. Forany f € V)",

1SNl Lo Rasrty = H 2 Z ci(ki, ko)gpi(x — ki, y — k»)

i=1 |k1|<N |k2|<N L@
<C|1Z > D ek k)@e)x—ky =k
i=1 |k1|<N |k2|<N
< CHZ Z (civ)(ki, ko)l
= vy 1 = kalyn (- by = dolys st

1
‘ Z (I + |x = ki) (L + |y = ko)™

ki|<N lka|<N

1 1
\(Zm)(zw—-w)

< CZ ledlepaqnavper

Loo,oo(Rd+l)

= C Z ||Ci||(f,”q([—N,N]d+l)

Loo,oo(RdJrl)
<C ||cl|| e *
Z AN kZz (1+ |k1|)"1 Z 1+ l’@')’”
C||f||vaq(Rd+1)
< v — ) =C". (3.7
kZeZ (1+ |k1|)’” )(kzezzd 1+ Ikzl)"z)

Cpg

Let F be the corresponding 2 2= — net for the space V"7 " with respect to the norm || - || raa+y. Then for
any f € Vp | there exists a function f € ¥ such that ||f - f | roasty < & -L . Furthermore,

Ilf - ﬂ|L$°~°°(Rd+1) <Cf - ﬂlL’v"q(R‘/“) <n. (3.8)

Thus, ¥ is also a n— net of V’"" with respect to the norm || - ||+, and the cardinality of  is at
most (3.5). ]
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Based on the function f € V2, we will introduce the random variable

R
Ziu(f) = I(F * )G yOI G i) — f R f[ P by, (B9)

where the sampling set {(x;, yi)} j=1.... mk=1.. » 1S @ sequence of independent random variables which are
drawn from a general probability distribution over Cg, z, With the density function p satisfying (1.4).
Obviously, {Z;x(f),j = 1,--- ,m;k = 1,--- ,n} is a sequence of independent random variables with
E[Z;«(f)] = 0. Regarding to the other properties, we will elaborate on them in the following section.

Lemma 3.4. Let the density function p satisfy the condition (1.4) and the convolution function W
satisfy (1.5). Then for any f,g € VI,

(D) 1Zx(Dlles < CUALE oW1
@) 1Zis() = Zia@llew < 2CIF = gllisicoe s W11y o
(3) VarZ(H) < CUMse ey W1 ey

)?
(4) Var(Zj,k(f) - Z./}k(g)) < Czlll'b”il;l(CRl,Rz)”f - gl|L$°’°°(C2R1,2R2)(”f”lzso’m(czkl,mz) + ||g||L3°’m(C2R1,2R2))'

Proof.

(D) NZj (Pl
R

= sup sup  |I(f = ) (xj, yolv(x), yi) —f j[‘ ] p(X,y)I(f*¢)(x,y)|v(x,y)dxdy|
-R; J[-R2,Ry ¢

xj€[=R1.R1] yre[-Ry,Ry1¢

R
smax( sup sup [(F ey, | f[ P e )

X€[-R1,R1] ye[-R2,R,]¢

< sup sup |(f =) (x, y)v(x,y)

X€[-R1,R1] ye[-Ry,R 14

R
<C sup sup fR j[‘R . ]d(lflv)(x —t,y — )(Ylw)(t, s)dtds

x€[-R1,R1] ye[-Ry,R, ¢

< C“f”Lso'm(CZRl,2R2)||w”L,1l;1(CR],R2)'

2 NZja(f) = Zja(@ll=ss
|(f * ',[/)(Xj, yk)lv(xja yk) - |(g * l//)(x.,-,yk)|v(xj,yk)

= sup sup
xj€[-R1,R1] yre[-R,y,R 14

R
- f f[ | e (I ¥, IV, ) = 18 * ¥, ), y))dxdy‘
—R —R2,Ry d

R
< s s [(F -9 * W) |ny) + f R f[ Pl = )y

X€[-R1,R1] ye[-Ry,R, 14

<2 sup  sup (|((f - &)+ W) Y)|(x. )

X€[-R1,R1] ye[-Ry,R, ¢
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SZC SUP sup f f (f —g(x =1,y — s)(Ylw)(t, s)dtds
Ry.R> 17

RI R]])E[ —-Ra, Rz]d
< 2C||f - g”L(f’w(CZRLMz)”l’b”Lljl(CRl,Rz)'

B) VarZu(h) = BZu (PP EIZu(HI = ElZu(PP
- f [ (i s e e - f [ i =y dzas) dnas
[-Ry.Ry ¢ [—R2.Ry ]

Rl
< f f p(t, (I * w)(E, DN, 5)) deds
[-R2.R2]¢

<c? f I e f I s sy s
Ra.Ry 4 Ry.RyJ

2
<Cf ||Lg°v°°<cz,<1,2k2)”¢”Llﬂ(ch,RzY

4) VarZj(f) - Zjn(9) = EIZjx(f) — Zjx(®))* — EIZjx(f) — Zja(@D* = EIZix(f) — Zix(D)]
f f p(t, )| (ICF  w)(e. )| = (g * W), D)v(t, 5)
[—R2.Ry1¢

- f f pCe (I * 9 ) = (g * w)x YV, Vdxdy| dids
—-Ry.Ry1?
R
< f f p(t. | * w)(0, 9] = (g *w)(e. . )] e
-R; R2.R 4

R
< f f[ ] p(t, 5)(|((f = &) = )t D, ))(|((f + g) * )&, |2, 9))dtd s
-R; —R>,Ry1¢

2 2
S C ||f - g”qu’oo(CZRl,2R2)(||f||L‘o,o’oo(C2Rl!2R2) + ||g||L$C'OO(C2Rl'ZRZ))”I?[/”L}U’I(CRsz).
O

Lemma 3.5. [I0] Let Z;j; be independent random variables with expected values E[Z;;] = O,
Var(Z;;) < o? and |Zixl <M forall j=1,--- ,mandk = 1,--- ,n. Then for anyy > 0,

Prob( jzzzjkjm < 2exp|( - 2mm22 2M) (3.10)

J=1 k=1

Lemma 3.6. Assume that {(X;, yi)}j=1,.. mp=1,.- IS a sequence of independent random variables which
are drawn from a general probability distribution over Cg, g, with the density function p satisfying (1.4).
Then for any m,n € N, there exist positive constants A, B > 0 such that

2
Prob( sup ZZ k(f)‘>y ) <Aexp( - 12mnC?:‘D+2y)’ 3.11)

fEVIrT A =

where A is of order exp(C'(2N+1)7Y), C" = (5r) In2+2rIn(C*+1)+rIn(4C*+1), B = mln{ng, 12‘9/2,)}
and D = C”‘/’“Lj;'(CR,,Rz)-
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Proof. For given | € N, we construct a 2~'-covering for Vf }3’* with respect to the norm || - || o~ ga+1). Let
A7) be the corresponding 27'-net for [ = 1,2,---. By Lemma 3.3, A(27') has cardinality at most
N(V]w",27"). Suppose that f; is the function in A(2™) that is close to f € V] with respect to the
norm || - ||z gasty, then || f = fill oo geny < 270 — 0 as [ — co. Define

Zi(f) = Zi(h) + D (Zilh) = Zia(fin)),
=2

By Lemma 3.4, the random variable Z;,(f) is well defined.

m n

sup |2 2 Zix( f)' > vy, then the event w; must hold for some [/ > 1, where
fev’j‘f J=lk=1

w; = {there exists f; € AQ2™") such that ‘ i Z Ziu f])‘ > /2

=1 k=1

and for [ > 2,

={there exist f; € AR, fiy € AQ ) with |Ifi = fiuallzpogany <327,
such that | ]Z:; kZ:; (Zj,k(fl) Zix(Jfi- 1))‘ 212}

If this were not the case, then with f; = 0, we have

n o)

3520l s 25

j=1 k=1 =1 j=1 k=1

n
7T

J,k(fl) = Zji(fi- 1) | i 21 =
I=1

In the following, we will estimate the probability of w;. By Lemma 3.5, for each fixed function
feAQ™,

SEN (y/2)*
PrOb(‘;; wh|z3) 2o (=5 e 2n 3 )
<2ex (— 372 )
=P\ T S 2mn(C DY + 2yCD)
) 3y
=2exp( - 2C*D(12mnCD + 2y))'

Moreover, by the result of Lemma 3.3, there are at most
N(Vfﬂ ,—) < exp (r(ZN + DT In@Ccr + 1))

functions in A(27"). Therefore, the probability of w, is bounded by

2

. 3
Prob(w;) < 2exp (r2N + )™ In(4C" + 1)) exp - 36 D0 szC*D 7

). (3.12)

AIMS Mathematics Volume 7, Issue 2, 1707-1725.



1717

By the similar method, we could obtain the following estimations about the probabilities of w;, [ > 2.
In fact, for f; € AQR™), fir; € AQ™Y) and |If; — fioillpoo gy < 327,

Prob ‘Zml ,,k(fz) Zii(fi- 1))' 212)

j=1 k=1
N2
S2exp(— (212)2 7)
2mnVar(Z;x(f) = Zjx(fi-1) + 51Zix(fD) = Zja(fi-)ll oo 5
PRy
SZexp(— (32) 2 )
2mn-3-271-D?-2C*+5-2D-3-27-
92!
< 2exp( - ). (3.13)
where 9 = WM. There are at most N(V?¥",27) functions in AR™) and N(V}y", 27"

functions in A(2~Y~V). Therefore, we have

Prob Ow, i/\/(v”*,z NV 2 IH)ZeXp(—ﬂT%Z)
=2

2!
< ) 2exp(r2N + D' In@"*'C" + 1)) exp (r2N + ™' In2'C* + 1)) exp ( - ’91_4)
d+1 . 92!
2exp (2r@N + D[+ DIn2 +In(C" + D] - =)

i T EMa

)
2 exp ([(2r In2)(2N + 1)d+1]l +2rIn2)2N + D@+ 2r2N + D n(C* + 1) - ﬂl—z)

= C1 i GXp Czl - —)

=2

N TGyl
e Seol-onr- 20

where C; = 2exp ((2rIn2)2N + D! +2r2N + D™ In(C* + 1)) and C; = 2rIn2)2N + D)¥*!,

Notice that
201 I 3V2
B T 34 ST T
then
221G, S 1 (6 V21n2)Dr(2N + D)™ (12mnDC* + 2y)
259 324 v? '

We first consider the case that

1 (6V2In2)Dr(2N + D)**'(12mnDC* + 2v) 0
324 v?

(3.14)
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e as

Notice that s,a > 0, one has )] et < see [17] and let

=2

salna’

211G, |
S:ﬂ(ﬁ_%)’ 61222,

we can obtain

d+1 *
C, exp( _ ‘/iﬁ(ﬁ (6 \Eln2)Dr(2N+1)2 (12mnDC +2y)))

Prob( cul) < ’

g ( \/zln \/E) 19( ﬁ _ 6 \/iln2)Dr(2N+;/)2d 1(12mnDC +2y))

h ( \/Eln \/5) 19( ﬁ _(® \rZIn2)Dr(2N+§,)2d+1(12mnDC*+27))
1 (6 V21n 2)Dr(2N + D) (12mnDC* + 2vy)

xexp(—\/zﬂ(324— " ))
b n 7 d+1(12mnDC*

C exp(\@(ﬁ\/ﬁl 2)D (21\;;1) (12mnDC +2y)) ( \/519)
= expl — —
( \/Eln \/i) 19( ﬁ _ (6 \/Eln2)Dr(2N+1y)2"+1(12mnDC*+2y)) p 324

2exp((2rIn2 +2rIn(C” + 1) + 3rIn2)2N + 1)) o
= (\/Eln \/E)ﬁ(ﬁ _ (6\/ian)Dr(ZN+1)2d+1(12mnDC*+27)) ex (— 3j)

Y
2exp (((57)In2 + 2rIn(C* + 1)) 2N + 1)) o - Viy? ) .
B (6 V21n2)Dr@N+1)*1(12mnDC* +2y) 1296D(12mnDC* + 2y)’" '
(V2In V2)9(sk; - = =0) (12mn 7
Combining the results of (3.12) and (3.15), we can obtain that

m n 2
Y

Prob( sup |33 Zu(f)] > 7) < Aexp( - BT — 2y), (3.16)

fevin™ A k=1

where A is of order exp(C’'2N + 1)), ¢’ = (5r)In2 + 2rIn(C* + 1) + rIn(4C* + 1) and

— i V2
B = min{327, 135 )-
If
1 (6 V21n2)Dr(2N + D' (12mnDC* + 2y) 0 31
324~ 72 : G17)
then we could choose C’ > 324B(6 V2 In 2)Dr such that A exp(—BL) > 1. O

12mnDC*+2y
4. Sampling stability

In order to obtain the random convolution sampling stability for signals in multiply generated
subspaces of weighted mixed Lebesgue space, we also need the help of the corresponding sampling
stability for some subset of V/y.
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Theorem 4.1. Assume that {(xj, yi)}j=1,- mk=1,. n is a sequence of independent random variables which
are drawn from a general probability distribution over Cg, g, with the density function p satisfying (1.4)
and the convolution function s satisfies (1.5). Then for any m,n € N, there exist positive constants
0 <6,y < 1 such that .

A8} := mrna(1 —y)(C, 0GP > 0,

B1{6) := mn(y(C,,0G™)" + CC* |l 1 (CRI,R;) >0,

where
pg-1

(CCrCWzic, ) ™ -

Furthermore, the random convolution sampling stability

dp-1)
rq

G = (2R)) " (2R)

ANl < |[{CF * 920590} < By fllpeqeen, (“.1)

J= Lo k=1, nll e

holds for all f € Vi* == {f € V| 1 |If * Ullepace, o, = 0} with the probability at least

2
(ymn(C 0GP )
12mnC*C|Izp||LL|U,1(CR1 o T Zymn(CpJHG—l)pq)’

1-Aexp(-B

where A, B are defined as in Lemma 3.6.

Proof. Obviously, every function f € Vf ° satisfies the random convolution sampling stability (4.1) if
and only if f/[|fll,p4@e) also does. Thus we assume that f € V20" := {f € VI« || fllpagganry = 1)
Define the event

H={ sup Z Z Zix( f)' > ymn(C,,0G™")"}. (4.2)

eVl E =

Its complement is
—~ Ri
H = (= ymn(C,i0G "+ [ [ | oy
—Ri J[-Ra,Ry ¢

si N

Jj=1 k=1

R
< ymn(Cy 6G™ " + mn f f P y|(f * | y)dxdy,  fe V) 43)
—R1 J[-R2.R;]

Write g(x,y) := p(x, DI(f * ¥)(x, y)Iv(x, y) with f € V", we can obtain

R\

f lg(x, y)ldxdy

-Ri J[-Ry.R:)¢
R R

[ pll [ s sy st sidnds] i pddy
-R| J[-R2.R:])¢ -R; J[-R2.R:)?

R R,
<C f f (p(x.) f f (V= 1,y = W), $)ldrds)dxdy
-Ri J[-Rp.R:)¢ —R| J[-Ry,R]¢
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< C”f”Lso'w(Cle,2R2)||¢”Li;l(CR1,R2)
< C||f||L;°’°"(Rd+l)||lﬁ||Lbl(CRI’Rz)
< CC*”‘””L&‘(CRI,RZ)'

Furthermore,

1, mik=1,+,n L, mik=1,-n

H{(f * t,//)(xj,yk)}j= {(f = ;y)(xj,yk)}j=

<|
e by

Combining the results of (4.4) and (4.5), we can obtain

{7 = w0}

< mn(y(Cp G~ + CC* [yl <CR1.R2>)'

Lo i1l

In addition,

llgl |u’q(cR, Ry)

. Ri 1.1
Sl R
< R)F (Igll=ccn ) [( f ([ teonasfas)]

g-1 g1 1
< (2Ry) 7 (Ilgllm,wc,el,ez ! f ) f lg(x, y)l”dx y)’
[-R2.R2]

q 1
181l 1) f f 180 P dx)dy)”
[R2,R21¢ R

p=1 1

a

< QRS QR (Il ) * (l8llimmcney) ™ I en
(
a

< (2R (QRy) 7

rq-1 1

-1 >
< (2R1) rq (2R2) 1’ C pu”f”Lv (CZR] 2R2)”w”1‘ (CR Ry )) " ”gl L I(CR R )

pg=1

< QR)F QR (CCLC W1 ) ™ N P

B G”g”L' {Cryy)”
Thus,
gy o
lgllLitccr, ) 2 T
AR R 12
16U (0 - 0050 ) 0
- GPra
Pq
[Cp,l”(f * Yl paccy, )] _
= o = > (C,,6G" .
By Holder inequality, we have
N =weol o sm T ooyl L

(4.4)

4.5)

(4.6)

4.7)

(4.8)
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Combining the results of (4.7) and (4.8), we can obtain

m_Tn_T[ - ymn(Cp,ZQG_l)pq + mn(Cp,IOG_l)pq] < “{(f * 'ﬁ)(xj,)’k)} 4.9)

=1 k=1 n' e

Followed by the results of (4.3), (4.6) and (4.9), the event

_ p—1 —1

H = {m_Tn_qT [m”(Cp,ng_l)pq _ ymn(CpJGG—l)pq]
< |{cr = wces,30)
< [ymn(C,0G™) 4+ mnCC Wy e, | € VEE)

j=Le mk=1, nll 04

_r-l

= {m T |mn(C,, 10671 = ymn(C,, 1 0G4 | fll poceer,
{(f = v 30)
< [ymn(Cpi0G™ Y + mnCC Wl e, o 1 gy f € Vi) (4.10)

<|

Jj=1 msk=1, nllgh?

contains the event .
By Lemma 3.6, we can obtain

Prob(H) > Prob(H) > 1 — Prob(H)

>1- Prob( sup Zm: anzj,k(f)‘ > ymn(cpﬂG_l)pq)

eV a1 k=

>1- Prob( sup i izf?k(f)‘ > )’mn(CpJ@G_l)pq)
j=1 k=1

Pq-*
f er’ N .

(ymn(C, 106"y

>1-Aexp(-B .
2 1= Aexp 12mnC Cllrcq pp + 2ymn(cp,,9G—1)pq)

O

Theorem 4.2. Assume that {(X;, Y)}j=1,. mp=1,- 1S a sequence of independent random variables which
are drawn from a general probability distribution over Cg, g, with the density function p satisfying (1.4)
and the convolution function  satisfies (1.5). Then for any m,n € N, there exist positive constants
0 <vy,e < 1 such that

Cemn||y|, 1.
w (CR|.Ry)
R1.Ry > O

(4R\)7 (4Ry) '

Ar = AB = CaMWl 1 ¢y )} (1 = 5= ) =

and Cemnl|ly|

C emn|y|, 1.1

} g + : Ly (CR;,RZ) >0,
Cpq (4R))? (4Ry)«

where Ay, By are defined as in Theorem 4.1. Furthermore, the random convolution sampling stability

By = Bi{(B - CoONM L1, 1,

Aallflzpaqgan, < [[{CF * 920x5, 0] o < Ballf gy (@.11)

j=1, mzk=1,-n
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holds for any f € V) , with the probability at least

(ymn[Cp,l(,B - C8)||l/’||L51(CR1,R2)G_1]M)2

1-A exp( -B
12mnC*C||w||Lb1(CR]7R2) + Zymn[Cp,,(,B - CS)”‘””LL"(CR,&)G

(4.12)

el

where the constants A, B, G are defined as in Theorem 4.1 with

) +2R+1}, R=max{R, VdR;}.

N > max{N,(¢) + 2R + |, Ny(—————
(4R )7 (4Ry)«

Proof. 1t is obvious that every function f € Vf}gl &, satisfies the random convolution sampling

stability (4.11) if and only if f/[|fl|;p4za also does. Thus, we assume that f € V2", .
By Lemma 2.2, for any f € V/2", ‘and & > 0,
€
S 1 d”?’
(4Ry)7 (4Ry) ¢

||f - fN”LC’q(CZRl,ZRZ) < g, (414)

||.f - fN”Lso'oo(CzRIYZRZ) (413)

if N > max{N,(e) + 2R + 1, Ny(——*—7) + 2R + 1} and R = max{R|, \/ERZ}.
(4R1) P (4R2) 4
Moreover, by the result of Lemma 3?1,

I1f 0 = S Wllpaccg, xy)
< CUS = Ivllzzacr, ap WL g, )
< CUf = Inllz oo, anp N L5 g, )

< CelllLyt g, 5

Thus,

v Wlleraccy, x)
< Callyllpsicy, ) + 1 Wllizacy, ay)
< Cellyllynicy, o) + I Wlipageeny
< Cellll e, ny + O psaen 1L e .15

Furthermore, by inequality (1.9),

v * Wlliraccy, &)
2 —CellWllLy iy py + I Wllizaccr, s,

> _Cgllw”Lbl(CRl,Rz) +ﬁ”w”L}u’](CRI,RZ)”f”Lf’q(RdH)' (4.16)
Combining the results of (4.15) and (4.16), we can obtain for any function f € V] |

(B - Cg)”w”Li;l(ch’Rz) < ”fN * wHL[v”q(CR,,RZ) < Cglll’llllLi}l(CRl,Rz) + CHw”Lbl(ch’Rz)- (417)
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By Theorem 4.1, the inequality

A = CoMl iy o Mgy < {03 90}

J=1 mik=1,n

< Bi{(B = CoOMI e, o Nz ce0en

[5.‘1

holds with the probability at least

Pq\2
(ymn| (8 - Cg)”‘*”LE(CRI,RZ)G_I] ) )
rq )’
12mnC-ClWllsic, ) + 2mn[CoiB ~ CoOWly1 G|

1-Aexp(- (4.18)

At the same time, by inequality (4.13),

H{(f # Y)(xj, yi) — (fv * l//)(xj’ylc)}jzl’
<[{ar = A e Wl

ask=1, nll el

e mzk=1,

Zm: zn: ‘(|f Inl = WDy yivix, yi)

fﬁq

P
q

)1/17

)

j:l
<) \(|f Pl WD vV (e, 30)|
Jj=1 k

=1

= aRDFaRY (4R\)7 (4Ry)1 JZ‘kZ“f f[—zez,w Wit et s)dtds‘

Cemnlyll,y

(CRry,ry)

(4R))7 (4Ry)7

(4.19)
which is equivalent to

CgmnllwllLb‘(ch,Rz)

(4R))7(4R,)

ot

J{ch = o),

Jj=1, msk=1,-n

< H{(f * ) (x;, )’k)}j

=1 k=1, allepe

Cemnllly ey, 4,

< H{(fN * )0} i o (4R))7(4R,)

1, ymsk=1,,n

Furthermore,

(I =) Sfllppagary — & < ||f||Lf"1(cR]’R2) —&= ”f”Lf’q(CzR,,sz) —&= ||fN||L§-‘1(c2R|,2R2) < lfwllpragras

and

r r
Cpq
”fN”Le’q(R‘”l) < Cp,q Z ”C,‘”fly’s‘I([_N’N]dﬂ) < Cp,q Z ”C,‘”d’yq(zdﬂ) < C_”f”LIV’v‘I(RdH). (420)
i=1 P4

i=1
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. p,q,*
Thus, for any function f € VV,R],Rz’

Cemnllll 11 ¢y, 1)

(4R))7(4R,)

Al{(ﬂ -~ CS)IIIﬁllL;I(ch,Rz)}(l —0- ‘9) -

<|l{cr = wrxs, )

J=1e k=1, nlleh4

Cemnllll 11 ¢y, 1)

< BB - Colpllyc, )| 24 + —
¢ Cpg (4R))? (4Ry)«

holds with the probability at least (4.12). Thus the random convolution sampling stability is proved. O
5. Conclusions

This paper is aimed at studying the random convolution sampling stability in multiply generated
shift invariant subspace of weighted mixed Lebesgue space. Under some restricted conditions and
essential results, we prove that with overwhelming probability, the random convolution sampling
stability holds for signals in some subset of the defined multiply generated shift invariant subspace
when the sampling size is large enough.
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