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Abstract: Present research deals with the time-fractional Schrodinger equations aiming for the
analytical solution via Shehu Transform based Adomian Decomposition Method [STADM]. Three
types of time-fractional Schrodinger equations are tackled in the present research. Shehu transform
ADM is incorporated to solve the time-fractional PDE along with the fractional derivative in the
Caputo sense. The developed technique is easy to implement for fetching an analytical solution. No
discretization or numerical program development is demanded. The present scheme will surely help to
find the analytical solution to some complex-natured fractional PDEs as well as integro-differential
equations. Convergence of the proposed method is also mentioned.
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1. Introduction

Fractional calculus is a modification of the notion of differentiation and integration of arbitrary
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orders [1-7]. As there exist various prototypes in engineering and sciences, fractional calculus has
attained the researcher’s interest. Multiple models in numerous aspects such as; physics, biology, and
engineering are tackled as per fractional differential and integral calculus. Some examples are
electrochemistry, signal processing, diffusion, finance, acoustic, plasma physics, image processing,
and others [8—13].

Integral transforms are notified as one of the most suitable approaches to tackle models regarding
applied mathematics, mathematical physics, engineering, and some other branches as well. The
primary motivation is to deal with the provided mathematical model via any suitable integral transform
and to retrieve the associated outcome in the best possible approach.

Via an appropriate selection of integral transform, the differential and integral equations can be
transformed into an algebraic equations system, which can be easily tackled.

Various integral transforms and integral transform-based approaches are generated and incorporated
for this purpose, such as; Laplace transform [14], Sumudu transform [15], Elzaki transform [16], and
Natural transform [17], and many others.

Definition 1: Shehu transform of the function 6(t) is defined over the following functions [18-20].

A= {e(r): there exists N, ky,k, > 0s.t.16(t)| < Nexp (%),where T € (=1)/ x [0, 00)}. (1)

Definition 2: Shehu transform of function €(7) is defined as follows [18-20]:

Sle(@)] = Fls,ul = [} exp [~ T] e()dr. )
Definition 3: Inverse Shehu transform is defined as follows [18-20]:
STHF(s,w)] = €(2). (3)
Where s, u are the Shehu transform variables. a € R.

Definition 4: [18-20]

S[e'(®)] = 7 Fls,u] = €(0), (4)
S[e" (@] = 5 F(s,u) - £e(0) - €'(0), (5)
S[e" (@] = S Fls,ul = 5 (0) = €'(0) — €”(0). (6)

Definition 5: Linearity property of Shehu transform [18-20]:

Sle1€1(7) + c262(0)] = e1S[e1 (D] + 2 S[e2(D)]. (7)
Definition 6: Linearity property of inverse Shehu transform [18-20]:
If
€1(r) = ST'[Fi(s,w)] and €,(7) = STHF(s, W],
then
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STHerFi(s,u) + 2 Fp(s,w)] = ¢ STHF (s, u)] + ¢S Fy (s, w),
S7HerFi(s,u) + o Fy(s,u)] = c161(1) + c26,(7).

Definition 7: Shehu transform of Caputo fractional derivative [C.F.D.] [20,21]:

SIDfeCu 0] = S sleGu ] - 5223 () €0 ®

v
Definition 8: Mittag-Leffler function considered for two parameters was given in [22-24].

nk

Euy(n) = Xm0 iy )
Where E; 1(n) = exp (n) and E,,;(n?) = cos (n).

In Tables 1 and 2 basic formulae regarding Shehu transform and inverse Shehu transform are
provided.

Table 1. Chart regarding to the Shehu transform [20].

€(7) Sle(r)] = F(s,v)
1. 1 v
s
2 T v?
52
3. T meN pym+l
zm (=)
S
4. ™ m>—1 Fom 41 (V)m+1
m+1) (%
5 et v
s—av
6. sin (m7) my?
s? + m?v?
7. cos(mt) sv?
s? + m?v?
8. sinh(mrt) my?
SZ _ m2v2
9. cosh(mr) sv?
SZ _ m2v2
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Table 2. Chart regarding to the inverse Shehu transform [20].

F(s,v) €(t) = STYF(s,v)]
1. v 1
s
2 v? T
s2
3. v\l T
G Zm
4. pyym+1 Tm
rm+1)(3) Tm+ 1)
5. v et
s—av
6. mv? sin (mr)
s% +m?v?2
7. sv? cos(mt)
s% +m?v?2
8. mv? sinh(mt)
2 — m22
9. sv? cosh(mt)
2 — m2v2

1D Non-linear time-fractional Schrodinger equation.

iDfO(u, ) = R[O(u, )] + N[O (1, T)] + ¢ (1, 7). (10)

2D Non-linear time-fractional Schrédinger equation.
iD{0 (1, p2, T) = RO (py, 2, D] + N[O (g, 2, D] + () 2, 7). (11)

3D Non-linear time-fractional Schrédinger equation.
iDE 6 (u, o, 13, T) = R[O(uy, iz, 13, D] + N[O (s, iz, 13, D] + d (1, bz, 113, 7). (12)

One of the well-known models in mathematical physics is Schrdodinger equation model. There
exist various implementations in numerous branches, such as; non-linear optics [25], mean-field theory
of Bose-Einstein condensates [26,27], and plasma physics [28]. One emerging aspect of quantum
physics is considered as fractional Schrodinger equation; which is associated with the notion of non-
local quantum phenomena.

Naber [29] notified time-fractional Schrodinger equation regarding Caputo derivative. Wang and
Xu [30] elaborated on the linear Schrddinger equation regarding the space-fractional and time-
fractional aspects as well as tackled the models via integral transform approach. Due to the existence
of numerous implementations of the time-fractional Schrdodinger equation; various researchers have
worked in this field. Regarding this, novel analytical and numerical regimes have been generated for
the time-fractional Schrodinger equation [31-34]. Hemida et al. [35] implemented HAM to provide
the approximated results for the space-time fractional Schrdodinger equation. More work related to
fractional Schrodinger equation is provided in [36-38]. Other noteworthy work in this regard is
notified as [39—42].
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The main advantage of ADM is that it does not rely upon perturbation or linearization or any
discretization. Therefore, the actual outcome of the model remains unchanged. Discretization of
variables is not demanded, which is a difficult and challenging approach. It means that the obtained
results are error-free, which occurred because of discretization. Furthermore, it is accurate in finding
the approximated and exact solutions of the non-linear prototypes. Such methods can be implemented
to the diversified differential equations such as; integro-differential equations, differential-algebraic
equations, differential-difference equations, as well as some functional equations, eigenvalue problems,
and Stochastic system problems.

The main idea of the present study is to concentrate on the implementation of Shehu ADM for
attaining the exact solution to the Schrodinger equations in various dimensions. Some latest research
regarding this field is provided on [43—47].

Novelty and significance of the paper

There are several schemes observed in the literature that deal with fractional Schrodinger equation
in one, two, or three dimensions, but rare methods are provided that tackles fractional Schrodinger
equation in all one, two, and three dimensions. Therefore, the authors have focused on developing a
technique that proves the validity of the approximated-analytical solution of the mentioned equations
in one, two, and three dimensions.

An iterative scheme is developed in the present research regarding the solution of fractional
Schrodinger equation in one, two, and three dimensions. The present scheme is easy to implement and
needs no complex programming regarding numerical discretization. Developing the numerical
programs for the fractional PDEs is not an easy task; therefore, developing such iterative schemes is
the need of time to find the approximated-analytical solutions. There exist several transforms provided
in the literature, but from the calculation aspect, some transforms are easy to implement, and some are
not. Shehu ADM is noticed as one of the easiest methods to implement integral transform among all
existing integral transforms; as in the case of Shehu ADM, no perturbation parameter is required. Via
literature, it is observed that fractional Schrédinger equations have never been solved in one, two, and
three dimensions with the aid of a single integral transform. Therefore, due to the importance of such
equations, in this research, concentration is focused upon the solution for the same, which retains the
novelty of the study. Furthermore, convergence analyses are also incorporated in the article.

Motivation of the study

In the present research, an iterative regime is developed and incorporated named Shehu ADM
regarding the solution of fractional Schrddinger equation in one, two, and three dimensions. The
present regime is easy to implement and needs no complex calculation in the process of numerical
discretization. Generating the numerical programs to deal with the fractional PDEs is cumbersome;
therefore, generating such novel iterative regimes is demanded to fetch the approximated-analytical
solutions.

There exist numerous transforms in the literature, but as per the calculation aspect, some
transforms are easy to incorporate, but some are not. Shehu transform ADM is notified as one of the
easiest methods. From an exploration of the literature, it is noticed that fractional Schrodinger
equations are rarely solved in one, two, and three dimensions with the aid of a single integral transform-
based method. Therefore, in this research, the focus is on finding the solution for the same, which
contains the novelty of the research. Moreover, error analysis and convergence analysis are also
elaborated in this article.
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In the present paper, the convergence of the method is checked numerically. Convergence is
affirmed via Tables 3—8. As per Tables 3-8, it is observed that on increasing the number of grid points
the L., error norm got reduced rapidly, which is robust proof of the convergence of the generated
semi-analytical techniques.

Table 3. Comparison of L, errors at different time levels regarding Example 1.

N L, at t=1 L, at t=2 L, at t=3
11 2.4979¢-08 5.0711e-05 4.3236e-03
21 4.4755¢e-16 4.1023e-14 2.0302e-10
31 4.4755e-16 5.6610e-16 1.3911e-15

|

Convergence up to

10—16

|

Convergence up to

10—16

|

Convergence up to

10—16

Table 4. Comparison of L., errors at different time levels regarding Example 2.

N L, at t=0.1 L, at t=0.2 L, at t=0.3
11 7.8430e-09 1.5949¢-05 1.3635e-03
21 2.4825¢-16 4.8963e-15 2.2250e-11
31 3.7238e-16 5.5788e-16 1.1802e-15

l

Convergence up to

10—16

l

Convergence up to

10—16

l

Convergence up to

10—15

Table 5. Comparison of L., errors at different time levels regarding Example 3.

N L, at t=1.0 L, at t=1.3 L, at t=1.5
21 3.1906e-07 7.8034e-05 1.5627¢-03
31 8.4843e-15 7.0869¢-12 5.9702e-10
41 6.4393e-15 2.9407e-14 5.6576e-14

l

Convergence up to

10—15

l

Convergence up to

10—14—

l

Convergence up to

10—14—
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Table 6. Comparison of L, errors at different time levels regarding Example 4.

N L, at t=1.0 L, at t=1.3 L, at t=1.5
11 1.8114¢-06 3.2318e-05 1.5541e-04
21 1.3092e-16 2.0510e-14 4.0767e-13
31 2.2377e-16 2.421256-16 2.4815&16
Convergence up to Convergence up to Convergence up to
10-16 10-16 10-16

Table 7. Comparison of L., errors at different time levels regarding Example 5.

N L, at t=1 L, at t=2 L, at t=3
21 4.0910e-14 8.4807e-08 4.1536e-04
31 3.3766¢-16 1.9860e-15 1.5697¢-10
41 3.3766¢-16 1.7342¢-15 1.6577e-14

l

Convergence up to

1071

l

Convergence up to

10—15

l

Convergence up to

107

Table 8. Comparison of L., errors at different time levels regarding Example 6.

N L, at t=1 L, at t=2 L, at t=3
21 4.4168e-13 9.1039¢-07 4.4156e-03
31 5.7220e-17 5.5268e-14 1.5682¢-08
41 4.6548e-17 6.9573e-16 8.8374e-15

l

Convergence up to

10—17

l

Convergence up to

10—16

l

Convergence up to

10—15

2. Outline of the paper

e The present paper is divided into different sections and subsections.

e In Section 3, Implementation of the Shehu ADM is developed for various kinds of fractional
Schrodinger equations.

e In Sub-section 3.1, the general formula is generated for 1D time-fractional Schrédinger
equation.

e In Sub-section 3.2, the general formula is generated for 2D time-fractional Schrédinger
equation.

e In Sub-section 3.3, the general formula is generated for 3D time-fractional Schrédinger
equation.

e In Section 4, six examples are elaborated to validate the efficiency and efficacy of the
developed regime.

AIMS Mathematics Volume 7, Issue 10, 19562-19596.
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e In Section 5, graphical analysis, error analysis, and convergence analysis is notified.
e Section 6 is provided as the concluding remarks.

3. Implementation of the proposed regime
3.1. Implementation of the scheme on 1D time-fractional Schrodinger equation

Applying Shehu transform upon Eq (1):
iS[DF0(w, )] = S[RO(w, D] + N[O (1, D] + ¢ (1, T)]

= (2) stoG, 01 - GZZ 0)" 07000 = ~iSIRIOG D] + NBGL )] + 9, )]
> (3) stoGe 01 = 2 E) 07 0) ~ tSTRIBGL ] + N[O D] + ¢ 7]
> s10Ge] = (2) 9: B oo - 1(2) sIRI6G D + MO D] + $ )]
=60, =57 (5) 9 6 owo|- s |3) striow o) + M0G0 + 400
=S a0 =5 |3 O rwo rous
—is™! [(g)“ S[RIE 50 0 (1, D] + N[Z5eg 6 (1, r)]]]. (13)
Where,
000 =57 (%) 2 () 00 + (), (14)
Onss () = i8S~ [(5)“5[1?[25:;0 (1,0 + N[Zi0 O bt r)]]],n =0,1,23,.. (19

3.2. Implementation of the scheme on 2D time-fractional Schrodinger equation

Applying Shehu transform upon Eq (2):

AIMS Mathematics Volume 7, Issue 10, 19562-19596.
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lS[DL{XH(:ulﬂ Uz, T)] = S[R[H(‘Lll, Uz, T)] + N[e(:ulf .HZ'T)] + d)(lul’ Uz, T)]
= S[DFO(py, 2, T)] = —iS[R[O (1, p2, D] + N[O (g, p2, D] + (1, 2, 7)]

0-1 o
= () st =Y ) 6 w0

r=0

= —iS [R [0 (.ull Uz, T)] + N[e (,u1; Uy, T)] + (]5(,[11, Uy, T)]

> (2) S[0Gu, 1,0

-1

- Z (S)a_r_ HT(Hl,/,tz, 0) — S[R [9(/11,‘[,[2,‘[)] + N[e(.ulﬂ :LLZ'T)] + ¢(.u11 MZ!T)]

r=0

= S[e (.ul' ,le, T)]
0-1 o
= (E) Z (3) 01‘(#1! ,le, 0)
r=0
~i(2)" SIRIOGuy 2 D) + N1OGt, o, ] + by, D)
9-1 o
= 9(”1) :uZ'T) = S_l (g) z (S) 1 Hr(:ul) Uz, 0)
r=0

-5 ()

oo 0-1
Vv a S a-r—1
= z On (U, iy, T) = st (E) Z (;) 07 (uy, 2, 0) + Pp(uy, o, )
n=0 r=0

a

S[R [e(ﬂll llz' T)] + N[B(ﬂli .UZI T)] + (;b(/'ll' MZ' T)]l

—is™! l(g)a SIR[Z =0 On (i1, 2, D] + N[ Zozo 0n (i, 2, T)]]l (16)

Where,
0o (e, Y2, T) = §7 [(E)a 22;3 (i)a_r_l 07 (uq, 2, 0) + P 1y, U, T)] (17)

v

On+1 (uy, 2, 7)

,n=0,123,.. (18)

= —is™! [(5)“ SIRIZ0 On (i, 2, D] + NIZ520 00 (11, 112, D]

3.3. Implementation of the scheme on 3D time-fractional Schrodinger equation

Applying Shehu transform upon Eq (3):
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lS[Dlge(:ul' ,le, ,Ll3, T)] = S[R [9 (lul' MZI ,113, T)] + N[e (M1, ‘le, M3' T)] + ¢(x! y' Z, t)]
= S[D{“xe(:uli Uz, U3, T)] = —lS[R[@(‘Lll, M2, U3z, T)] + N[H(ﬂl, M2, U3, T)] + d)(x' Y,z t)]

0-1 L
= (2 aS[Q(Hl,ﬂz,ﬂg,T)] - AN 19r(ll1»ﬂz;ﬂ3»0)
v v

r=0

= —iS[R[O(uy, 2, 3, T)] + N[O (uq, 1z, 3, T)] + S (ph, U, i3, T)]
= (%) S[6(uq, k2, 113, 7)]

a-r—1

(%) 07 (U1, o, 13, 0)

r=0
- lS[R[H(‘Hl, Uz, U3z, T)] + N[e(.ulf Uz, U3z, T)] + d)(:ulﬂ Uz, U3z, T)]

= S[6(uy, pas s, T
0-1

- (g)a Z (E)a_r_l 0" (uy, Uy, U3, 0)

r=0

Vv a
—1 (E) S[R[H(,Ltl, Ua, U3z, T)] + N[e(.uli Uz, .HS'T)] + d)(tulr Uz, Uz, T)]
= 6(.“1' #2» .u3' T)

-1
a-r—1

Sl NG R
-5 |%)

oo -1
v (24 S a-r—1
= Z Hn(:ul' Uz, ,Ll3,T) = S_l (E) Z (;) er(:ulf Uz, Uz, 0) + ¢(.u11 Uz, H3,T)
r=0

n=0

a

S[R [9(/"1' Uz, U3, T)] + N[g(,ulf Uz, U3, T)] + (p(.uli Uz, #3"[)]]

—is™t I(E)a S[R [Xn=0 On(tt1, p2, 3, D] + N [X7o On (1, t2, 13, T)]]l- (19)

Where,

_1 v a 0-1(s a-r—1 -
00(#1: Uz, Au3fT) =S I:(;) Zr:O (_) 0 (Mll Uz, U3z, 0) + ¢(.u1' Uz, ‘113,'[)]. (20)

v

9n+1(#1; Uz, Usz, 7)

= _iS_l l(g)a S[R [Z;?:O Hn(:ul' ‘le, ,Ll3, T)] + N[Z%o:O en(:ulf ‘le, ,U3, T)]]l yn= 01 1' 2' 3' (21)

4. Examples and derivation

In the present section, six examples are tested to ensure the validity of the proposed regime,
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Examples 14 are associated with 1D time-fractional Schrodinger. Example 5 is provided regarding
2D time-fractional Schrédinger. Example 6 is associated with 3D time-fractional Schrédinger
equation. In all the provided cases, approximated and exact profiles are generated.

Example 1: Considered 1D non-linear time-fractional Schrodinger as follows [36]:
iDf0 + 0, + 2161%6 = 0. (22)

I.C.: 6(u,0) = e'¥.
Applying Shehu transform upon Eq (22):

iS[DEO (1, )] = —S[0,, (1, T) + 216 (1, D26 (1, 7))

= SIDEOW )] = iS[0 ) + 210w, D)2, )]
-1
> (2) sto@nl- Y (2) 07 0) = iS[6,(w D) + 210G4 D)0 )]
S\X g__Ol sya-r-1
=(0) slwol=) (5) 670 +iS[6,Gu ) + 2061 D26, 7)]
r=0
-1
= sl ) = (3) . 5 owO+i(3) S +200w D16 D)
£-1
a a-r—-1 a
oD =57(2) D.C) oo +is [(E) S[%(m)+2|9(u,r>|29(u,r>]]
r=0

= 3200,wn) =57 () SR ()T oo +is [(g)“ S[(Ei0 O (1, Ty + 2 zs::oAn]]- (23)

Where

F(O) = 10 D0 ™) = ) Ay
n=0

-1
om0 =51 ) oo
r=0

0,,,(u 1) =iS1 I(g)“ S[(0n (it ) + 2An]l n=01,23,..

Considered, & = 1:
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Considered n = 0:

Where,

Considered n = 1:

Where,

AIMS Mathematics

& -r—1
6D =57G) D) w0

r=0

=000 =57 () )" 600
= B(1,7) = 61, 0) = el

v

0,(u,7)=iS1 I(;)a S[(GO(M, ) up t+ ZAO]l.

(00) (1, ) = —e™,Ag = F(8,) = 636, = e™.

0,(u,7) = is™? [(g)a S[—ei + 2eiﬂ]l.

= 60;,(u,t)=1S" I ‘”]l
= 0,(u,7) = ie'hS~1 (g)as[l]l

r 2a 2a-1
= 0,(u, ) = ietS~1 (g) ] = 0,(u,7) = ie rCa)

0,(u,7) =St [(E)“s[(@l) up 2A1]l.

2a-1

CYMCIE —iett ] r2a)’

2a-1

ra)’

Ay = 20,010, + 026, = iet >

N ,l.Za—l TZa—l
—ic-1|(= _iolu )
0,(u,7) =1iS (s) Sl ie T 2a) + 2ie F(Za)l

so, ) =is () s [iem T
2(1,7) s I'2a)

Volume 7, Issue 10, 19562-19596.
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Vv 20.']

S

= 0,00 = @e)s~ | (2)'(

= 0,(u,1) = (izeiﬂ)s_l[ E 3“]

— j2 inl
= 0,(u,t) =i TG

O(u, ) = 0o, 7) + O, (u, 1) + 02(, 7) + O3(1, 7) + -

2a0-1 3a—-1
=0 ) — plu Pl P2 1l
(u,t)=e* +ie F(2a)+l e F(3a)+
l[,l 201—1 9 .[311—1
=0(u1) =€ [1+lr(2a)+l om ]
Considered a = 1:
=0 = el 1+— (lT)2+ :
W) =e TR

= 0(u,7) = ellrttl,
Example 2: Considered 1D linear time-fractional Schrodinger equation as follows [37]:
DZO(u,7) +i6,,(u1)=0. (23)

I.C.: 8(u,0) = e3i#
Applying Shehu transform in Eq (23):

£-1

) stocu o —Z(

> (%) [0(,7)] =

a-r—1

) 6 (1, 0) = —iS[6,, (1, 7)]

<
H
R |lw

ww
N

er(u, 0) — iS[6,, (1w D]

N

MHOM

(i)a ! 0" (u,0) — i (g)“ S[euu(“' )]

%

N——

SO0 = (g

r=0
i1 -r— a
=0 =52 | 20 owo|-57|() s[m,m]
it f a r—1
= 6w =57"(3 Z 67 (1,0)| — s~ Ze wo | ||
n=0 r=0
a iy a-r—1 N
oo =5"(5) Y () ool
r=0
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01 (,7) = —iS™1 I(g)as[(en(u, T))W]l ,n=0,1,23,..

Considered & = 1:

oo =572 )" 600

v
v
S

= 0o(w, 1) = 57 [(5) 0w, 0]

v
= 6o() = 6(1, 07" |
= 90(/1; T) = 9(#: 0) = e3i/L.

Considered n = 0:
91(//‘! T) = _iS_l [(Z)QS[(GO(M, T))yy]la (00);1# = (3i)2€3iﬂ
= 0,(u,7) = —iS~? [(g)as[@i)ze“ﬂ]l

= 0,(1,7) = —i(30)2e3i1s1 I(g)asu]l

= 0,17) = ~ia0etis [(2) ]

2a-1

— Qjp3iu
= 6,(u,t) =9ie rQ2a)

Considered n = 1:

02(n,7) = —iS™ [G)as[(el)uu]l’ e 81i3e3i”;2;—;

N  r2a-1 1
= 0,(u,7) = —iS™? [ (E) S [81i3e3”‘ WI

. e [r2e71]
— 9 13,31l -1 _
> 0,(u,1) = —i(81i3e3H)S [(S) SIF(Za)_]
i v 3a
P i3 ,3iu -11(_
= 0,(u, 1) L(81l e )S [(s) ]
T3a—1
— i2,3iu
= 0,(u, t) = 8li“e TGa)

=0 1) =0(w1) +0:(1,7) + 0, (1 7) + O5(1, 7) + -
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2a—1 3a—1
=0 ) — p3iu 9i 3iu 812 31;1
(u,t) = e’ + 9ie (2a )+ i“e "Ga )+
Considered a = 1:
5 9it  (9ir)?
=0 =1+ ——+—;

= 0(u, 1) = e3ilut3tl,
Example 3: Considered 1D linear time-fractional Schrodinger equation as follows [37]:
DF6(u,t) +i6,,(u,7) = 0. (24)
LC.: 6(u,0) =1+ cosh(2u)
Applying Shehu transform upon Eq (24):

S[DE6] = —iS[6,,]

y
ey

a S a-r—1

= (0) sto@nl- Y (2) 07w 0) = ~is[6u(u D)

vy
1
)

a

> (<) Sl =

a-r—1

) owo-is[auw)

Tipv

£-1
STOG )] = Z(% w0 1 (2) sl8,w o)
r=0
5_1 -1 a
=01 = =0 6" (u,0)| —is™* [(E) S[QW(#, T)]l
af ! CZ r—1
:ZQ (w,t)=S871 Z 0" (u,0)| —is? 29 (u, 1)
r=0

uu

Where
v CZE_]- S a—-r—1
6w =53 .5 owol
r=0

Opir(u,7) = —iS™1 l(g)as[(en(y, f))w]l ,n=0,1,23,..

Considered & = 1:
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=000 =57 [(2) ()" 000
= 0,(1,7) = 0(x,0)S™! E]

= 0,(u, 7) = 0(u,0) =1+ cosh(2u).

Considered n = 0:

61(u,7) = —iS ™! [(E)“ S[(8o(u, r)),m]] , (60) e = 4cosh (241)

= 0,(u, 1) =—iS71 I(E)as[élcosh (Z,u)]l

= 01(w,T) = —4icosh 2u)S™* [(E)Za]

2a—-1

= 0,(u,7) = —4icosh(2u) T2a)

Considered n = 1:

2a-1

0,(u,7) = —iS™1 I(g)as[(el)lm]l (01 (1, 7))y = —16i cosh(2p) ;(Za)

= 0,(u,7) = —iS™? [(g)as l—16i cosh(2u) ;z::)”

Y 3%
= 0,(u, ) = 16i% cosh(2u) S7* [(E) ]
3a-1

— P2
= 6,(u, 7) = 16i* cosh(2u) TGa)
=0, 7) =0(u1) +01(1, 1) + 0, (1, T) + O3(1, T) + -+

2a-1 3a-1

=1 h(2u) — 4i h(2 16i? h(2
= 60(u, 1) + cosh(2u) i cosh( ‘u)F(Za)+ 6i“ cosh(2u) TG

Considered a = 1:

4it  (4it)?
= 0(u,t) =1+ cosh(2u) |1 _T-I_ TR

= 0(u,7) = 1+ cosh(2u) exp[—4it].

Example 4: Considered 1D non-linear time-fractional Schrodinger equation as follows [38]:

iDEO (1, 7) + 5 B (1, 7) — O, T)cos?pu — B, IO, D> = 0, € [0,1] .

(25)
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AIMS Mathematics



19578

L.C.: u(u,0) = sinu
Applying Shehu transform upon Eq (25):

1
iS[DFO(, D] =S [—Euw(u, T) + 6 (u, T)cos?u + 6 (u, )16 (1, T)Iz]

1
= S[DFO(u,v)] = —iS [—Eu,m(u, 7) + 6(u, T)cos*u + 0 (u, 7)16 (1, T)IZ]
-1

=) stowni-Y ) w0

r=0

1
= —i5 [~ S (0. 1) + 601 Dcos + 61, D10 D]

vV
§-1 o
=) 00 i [- Fuw) + 6 Dcos?u + 6w DIB G D]
r:i(§—1 a-r—1
= S[O(u,1)] = (E) (%) 6" (u, 0)

. )
—is™t (E) S [_Euuu(ﬂ' )+ 0(u, )cos?u + 0(u,7)|0(u, T)IZH

S a-r—1

0" (u, 0)]

+iS7t G)a S [% <Z u, (U, 1')) — cos?p (Z u, (4, r)) - Z A,
n=0 i n=0 n=0
1
o) =5 I(;) > ol
] W 1
Ons1(u,7) =iS71 [(E) S [E (0n (1, 7))y — cos*u(6, (1, 7)) — An”,n =0,1,23,..

Considered & = 1:
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=000 =57 [(2) ()" 000

v
v
— -1|_
= o () = 0,05 [ ]
= 0, = u(y, 0) = sinu.

Considered n = 0:

14

6, (u,7v) =iS™t [(g)a \) E (00) yuy — cos?u(6y) — Ao”-

Where,

(00)uu = —sinu, Ag = F(8,) = 056, = sin® u

. _1 [ V @ 1 . 2 . . 3
= 60,(u,1)=1S (E) S [E (—sinu) — cos*x(sinu) — sin ,u]

= 0,(u,7) = iS~? (g)a S [— ;sinu”

30 . [/\%@
=60,(u1) = —?smyS 1 [(;) ]

3l TZa—l
=60,(u,1) = — 5 siny T2a)
Considered n = 1:
0,(u,7) =iS~ 1 (K)QS[l (0:(w1)  —cos?u(B1(n,1)) — A ]
2 ) s 2 1 U I 1 ) 11l

Where

2a-1

31\ . 2a-1 — _ 30\ .
O ) = () sinu iy, A = 2608380 + 058, = (=) sin®

2a0—-1

L - (V)“S 1 (31’) I X 3i T
2 T) =1 S AL Sm'uF(Za) cos‘“u Zsm'uF(Za)

N————
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P2

= 0,(u, 1) = (%) sinuS—1 [(g)w]

T

9i2 3a—-1
= 62(.“': T) = <T> Sin.u' 1—-(3a)

=0, 1) =0p(w 1)+ 6:(u, 1) + 0, (1, 7) + O3(1, ) + -

3i TZa'—l 912 T3a—1
6 , = 1 —_—— 1 —_— 1 —_— e
= 0(u,t) = sinu > sinu Za) + ( 2 )Sln/,t TGa)

Considered o = 1:

ity (3iry’
(12!)+(3!) o

= 0(u,1) =sinu|l—

= 0(u, ) = sinuexp [— %]
Example S: Considered 2D non-linear time-fractional Schrodinger equation as follows [38]:
iDE0 = — [0, 4. + 0, ] + (1 — sinu;sinu,)6 + 66]? (26)
TV T Pk H2 P2 K1 K2 ’

where uy,u, €[0,2r] X [0, 27].
LC.: 0(uy, ty,0) = sinu,sinu,
Applying Shehu transform in Eq (26):

iS[DZO(uy, iz, T)]
1 . .
=S [_E 16,0, 0 (W1, 2, T) + Oy, (11, 12, D] + (1 = sin®puy5in? )0 (g, phz, T)
+ 9(.“1: Uz, T) |0(H1, Uz, T) |2]
= S[DF0 (1, 2, )]

1 . :
= —iS [_E [9u1u1 (U1, H2,T) + 6Oy, (#1».“2'T)] + (1 = sin®uy5in®p,) 0 (Uy, pha, T)
+ 0 (w1, 2, D16 (g, o, T)|2]
§-1 )
S a S a—r-—
—_ —_ —_ T
= (V) S[6 (11, 2, 7)) ; (V) 0" (uq, p2, 0)
r=
. 1 . 2 . 2
=-=i$5 [_E [Qulul(ﬂp#zﬂ) + O, (#1,#2'T)] + (1 = sin“uysin“p,) 0 (py, Uz, T)

+ 0 (pq, 2, T) |9(H1; Uz, T) |2]
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a

= (2) S10Gu, k2]
-1

sya—r-1
= z (;) 91‘(“1’ Uz, 0)
r=0
. 1 . ,
—iS [_E [eulul(ﬂpllz»'f) + Ou,u, (#1'#2»7)] + (1 — sin®uySin®uy) 0 (1q, o, T)

+ 0 (g, Ha, T) |9(ﬂ1; Uz, T) |2]
= S[6(uy, p2, 7)]

S a-r—1

(;) 07 (1, uz,0)

. V\ ¢ 1
—1 <§) S I:—E [9H1H1 (,Ul; ‘le,T) + 0112112 ('ul"uz"[)]

+ (1 = sin®uysin®u,)0 (y, o, T) + 0 (1y, 1z, T (U, s T)|2]

§-1 o
= 0G0 =5 ()Y ) 07,0
r=0

v\ & 1
—is™! I(E) S [_E [9M1M1 (:ulr MZ)T) + 6#2#2 (,Ul, :uZ'T)]

+ (1 = sin®pysin1,)0 (uy, i, T) + 9(#1.uz,f)lt9(u1.uz,f)IZH

= z 0, (U1, 12, T)
n=0

&-1
v a S a—-r—1

—_c-1|(Z § - T
=S (S) (V) 9 (llp.“z»o)

r=0
—is1 (K)as 1 Eoo On( )|+ EOO B, ( )

l S > n\HU1, U2, T nU1, U2, T
n=0 n=0

Hil1 Uzal2

+ (1 = sin®uysin®u,) z U (i, 2, T) + Z Ay
n=0 n=0
&-1

uo (g, pp, 7) = S71 (E)“ Z (3)“‘“1 0" (uq, 42, 0) |,

r=0

AIMS Mathematics Volume 7, Issue 10, 19562-19596.
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Upq (U1, U2, T)

a 1
= —iS_l l(g) S [_E [(Hn)ﬂlﬂl(ﬂl, ,le,‘[) + (en)uzuz (/*‘1' ‘le,‘L')]

+ (1 — sin?uysin?uy) 0, (Uq, iy, T) + An”,n =0,1,2,3,..

Considered & = 1:

S a-1

= 0o(tt1, U2, T) =571 [(E)a (_)

v
= 0o(q, t2, ) = 0 (g, 13, 0),

0 (uy, i, 0)]

0o (11, Ua, T) = Sinysing,.

Considered n = 0:

v

@ 1
Uy (g, o, T) = —iS71 [(;) S [_E [(90);11#1(#1,.[12»'[) + (90)u2u2 (ﬂpllz'T)]

+ (1 = sin®uy5in® ;)0 (g, i, 7) + Ao”-

Where

(00) gy (W1, 2, T) = (00) pyp, (W1, 2, T) = —Sinpy sinps,,
and

Ay = 620, = sin® p, sin® p,
= 01 (null Uz, T)

a

v 1
=—is?! [(g) S [— 5 [—2sinu,sinu,] + (1 — sin?u,ysin®u,) (sinu, sinuy) + sin® py sin3 ;12]]

a

14
= 01 (., 7) = —iS™! [(g) S[Zsinulsinuzll

a

= 0, (g, hp, T) = —i(2sinp,sinp;)S™ l(g) 5[”]

VA 2¢

= 0, (Uy, Uy, T) = —2isinpy sinp, S~ [(E) ]
TZa—l
= 0, (g, iy, T) = —2isinu; Siny, Go

Considered n = 1:
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14

a 1
0,1y, 1z, T) = —iS71 [(E) S [_E [(u1)u1u1 (1, 12, T) + (ul)uz#z (#1;ﬂ2'7)]

+ (1 = sin®py sin®pp)uy (g, . T) + A1”-

Where,
r2a-1
(el)ﬂlﬂl = (el)ﬂzuz = 2isinu,Siny, m,
r2a-1
(Hl)ulﬂl + (¢91)H2H2 = 4isinu,Siny, m,
B B r2a-1
A; = 260,0,0, + 020, = —2i sin® p, sin® u, r2a)

= 0, (U, U2, T)

_ g [(g)“s -3

+ | —2isin3 xsin®y A
I'Ca)

VAN .L.Za—l
. _1 . . .
= 0,(Uq, Uy, T) = —IS l(g) S {—4lsmulsm,u2 F(Za)}l

T2a—1 TZa—l
4isinu,sinu, m] + (1 — sin?uysin®u,) (—Zisinulsin,uz —F(Za))

VA 3%
= 0, (U, Uy, T) = 4i2sinp,sinp, S~ [(E) ]

T3a—1
= 0, (g, Uy, T) = 4i%sinu,sinu, m

= 0y, o, T) = Uo(Uq, o, T) + Uy (U, fo, T) + U (g, o, T) + Uz (U, o, T) + -+
2a—-1 T3a—1
= 0(Uq, Uy, T) = Sinu,Siny, — 2isiny, siny, m + 4i%sinu, sinu, m — .

Considered a = 1:

2it  (2it)?

= 0(Uy, th, T) = Sinp,siny, (1 — I + T

= 0(uy, Uz, T) = sinuy sinp, exp(—2i1).

Example 6: Considered 2D non-linear time-fractional Schrodinger equation as follows [34]:
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] 1
iDFO(uq, po, 3, T) = — 5 [9;;1#1 (Uq, tos p3,T) + O, 0, (W, Mg, 13, T) + Oy, (e, Uos U, T)]

+(1 - Sin2#15inzﬂzsinzﬂ3)9(ﬂ1: Uz, .u3'T) + 9(#1' Uz, M3,T)|9(‘Lll, Uz, ‘Ll3,T)|2. (27)
Where py, Uy, 43 € [0, 2m] X [0, 27] X [0, 27].

LC.: 0(u, o, 3, 0) = sinpysinp,sing;
Applying Shehu transform in Eq (27):

iS[DF 6 (uy, M2, 13, T)]

1
=S [_E [9M1M1 (U1, 2 3, T) + Oy, (U1, 2 3, T) + 9#3113 (#1;#2'#3;'5)]

+ (1 — sin®uysin®u, sin®pu3)0(uy, 1y, U3, T) + 9(ul.uz,u3,f)l9(u1,uz,uz,f)lz]
= S[DF0 (U, poy 3, T)]

. 1
= —iS [_E [glhlh (W1, 2, 3, T) + Oy, (e o 3, T) + 6,0, (#1'.‘12,#3'1')]

+ (1 = sin®uysin®p, sin®pu3)0 (g, dp, U3, T) + 9(#1,112,#3,T)IH(ul,uz,uz,T)lz]

1 s\a—r-1
S[6 () 2, 13, D) = Z (;) u'(x,y,2,0)
r=0

s
=)
v
) 1
= —iS [_E [9u1u1 (W1, 2, 3, T) + Oy, (e, o 3, T) + 6,0, (#1'.112,#3"[)]

+ (1 — sin®pysin®p, sin®pu3)0 (g, tp, U3, T) + 0(#1,/12,#3,T)IB(ul.uz,us,T)lz]

a

- (3) S[0(ty, o, 13, 7)]
-1

= Z (S)a_r_l 0" (x,y,2,0)

r=0

] 1
—iS [_ 2 [9H1H1 (U1, U2 Y3, T) + Oy, (U1, 2 3, T) + 9;43#3 (U1, H2) U3, T)]

+ (1 = sin®puySin®p,sinu3) 0 (y, Up, 3, T) + 0 (s, ha, iz, T)|O (11, Uz, U3, T)Iz]
= S[0 (w1, 2 13, 7))

E_l S a-r—1
(;) 0" (uq, Uz, i3, 0)
=0

-y

v 1
—1 (;) S [_ 2 [eﬂlﬂl (U1, 12 Y3, T) + 9;12;12 (U1, o) ps, T) + 9;13;13 (U1, U2, U3, T)]

+ (1 - SinzﬂlsinZMZSinzl’l3)9(/’l1' Uz, U3, T) + 0(.“11 H2, U3, T)le(:ul' H2, U3, T)Iz]
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= 0 (U, Uz, U3, T)

£-1
v a S a-r—-1
— ¢c—1 _ —_ r
=S (s) Z (V) 0" (1, a, 143, 0)
r=0
o1 | 1

+ (1 — sin®py sin®ppsin®u3) 0 (Uy, fa, s, T) + 6 (g, fo, 3, D0 (1, o, s, T)IZH

= Z en (‘Lll, Uz, U3z, T)
n=0

=0

- iS_l (g)a S |:_ % I(Z Hn(#lf U2, U3, T))
n=0

+ (Z en(.ull Uz, U3, T))
n=0

&-1
v a S a-r—1
6o (11, iz, pi3,T) = S7* (E) Z (;) 07 (1, 2y 13, 0) |,
r=0

1
=51 [(1;/) Z G) 1 0" (1, iz, U3, 0)‘
+ (Z O (1, Ha) i3, ﬂ)

K1l n=0 125725

]

+ (1 — sin®pysin®p,sin’us) z On (1, o, u3,T) + Z Ap
n=0

H3H3 n=0

Ont1 () oy U3, T)

N AN 1
=—is™! [(E) \) [_E [(gn)ulul(ﬂlrMZ'/’l3'T) + (0n) iy, (H1s 2 13, T) + (0) s (#1#2’#3"[)]

+ (1 — sin?uysin®u,sin?u3) 0, (uq, Uz, 13, 7) + An” ,n=0,1,23,..

Considered & = 1:

S a—1

= 0o (y, Po, 3, T) = S71 [(E)“ (;) 6 (uy, 2, U3, 0)

= 0o (U1, Uas 3, T) = 0 (1, i, 3, 0)
= 0o (1, Uo) 3, T) = Sinpy Sinp,sinys.

Considered n = 0:

91 (:u'lt Uy, ,[1.3, T)

a1 | M 1
= —i$ (E) S [_E [(eo)ulul(#l'ﬂz'#&f) + (eo)uzuz(.“p#z;.“&f)

+ (90)u3u3 (/11,,112,/13,‘[)] + (1 = sin?puysin®puy sin® uz) 0o (s, pz, 3, 7) + Ao”-
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Where

(eo)ulul(ﬂpﬂz’ﬂs:f) = (eo)uzuz (1, o, 3, T) = (eo)ugug (U1, U2, Y3, T)
= _Sinﬂ15inllzsmﬂ3(90)u1u1 (1, 2, U3, T)

+ (00) uy, (1, 2, 3, T)+(00) gy (W P, 13, T) = —3sinuy sinp, sinps,

and

Ay = 620, = sin® p, sin® u, sin®u,
= 01 (.ull Hos U3, T)

v\ % 1
= —is1 [(E) S [_E [—3sinu;sinp,sinuz] + (1 — sin?uy sin?u,sin?us) (sinp, siny, sinus)
+ sin3 y, sin3 y, sin3 u3”
o [ NE LT . .
= 01(u1, o, U3, T) = IS (E) S [E Sm.u15mllzsmﬂ3]

5i . ) ) e
= 01(ty, Py U3, T) = _?Slnﬂ15mllzsmﬂ35 (E) S[1]

Si e
:91(.‘11;#2'#3'@:_?Slnﬂ1smﬂzsmﬂ35 (_) ]

oy T2a—1s
= 01 (U, Po, 13, T) = _?sin,ulsinquinlh F2a)’
Considered n = 1:
60, (py, 2, 3, T)
V@ 1
=—iS?! l(;) S [_E [(91);11#1(#1;112:#3'T) + (01) iy, (W1, 2, U3, T)

+ (91)u3u3 (H1;ﬂ2'ﬂ3:’f)] + (1 = sin?puy sin®pysin®puz)0; (g, iy, Pz, T) + A1”-
Where,

(61);11/11(.“1' H2, ‘Ll3,‘l,') = (91)/12/12(.“1' M2, Au'3’T) = (91)u3u3 (Au'l' M2, Au'3’T)

2a-1

_ <5i> . . . T
=13 SLnulsznuzsznu3F(2a).
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T2a—1

n_ 20 5i : 03 .3
Al = 2909190 + 9091 = _?Ml Sin~ U, SIn ﬂ3m

N 250 ] o el
= 0,(U1, o) U3, T) = —IS (E) S _Tsmﬂ15lnllzsmﬂ3 I'(2a)

251,2 ) i i 1 Vv 3a
= 0,(uy, o, U3, T) = Sinp, Sinp,sinus;S [(E) ]
25i2 r3a-1
= 02 (.ulr Uz, U3z, T) = 4 Sinﬂlsinﬂzsinﬂ3 m

= 0(uy, Uz, 3, T) = Og(Ue, Uz, U3, T) + 01 (Uy, Up, t3, T) + O2(Uy, o, ts, T) + O3(Uy, tp, 3, T) +
5l T2a—1 2512 T3a—1

= 0(uq, Uy, U3, T) = Sinp,Sinu,sinps — ?sinulsinuzsinyg m + Tsinulsinuzsinu3 m —

Considered a = 1:
CONCal

= 0(U1, o, p3, T) = SiNUySINU,SINU3 |1 — 11 + o

. . . 5it
= 0y, to, U3, T) = Sinpy Sinp,sinpz exp (— 7)

5. Graphical and tabular discussion

In the present section, the validity of the proposed regime is affirmed vias graphical and tabular
analysis of the results. In Figure 1, approx. and exact profiles are matched at t=1, 2, 3, 4, and 5 for
Example 1. In Figure 2, matching of approx. and exact profiles are provided at 7=6, 7, 8, 9, and 10 for
Example 1. A wide range of time levels is checked for compatibility. In Figure 3, a match of approx.
and exact profiles is provided at 7=1.0, 1.5, 2.0, 2.5 and 3.0 for Example 2. Figure 4 is related to the
approx. and exact profile compatibility at t=1, 2,3, 4, and 5 for Example 3. In Figure 5, compatibility
of approx. and exact profiles are matched at 7 =1, 2, 3, 4, and 5 for Example 4. In Figure 6, approx.-
exact compatibility is mentioned at =6, 7, 8, 9, and 10 for Example 4. Figures 7 and 8 are related to
the mesh-contour and surface-contour presentations at t=1 and 7=2 respectively for Example 5.
Figures 9 and 10 are related to the mesh-contour and surface-contour presentations at t=1 and 7=2,
respectively for Example 6.

Via Tables 3-8, it can be affirmed that the approx. and exact profiles are matched for a wide range
of time levels regarding the proposed scheme. Error analysis and convergence property are done by
means of Tables 3—8. In Tables 3-8, L., errors are provided at various grid points and time levels. Via
Tables 3-8, it is reported that on increasing the number of grid points at different time levels, L, error
got reduced, and in most of the cases, convergence is affirmed up to higher order.
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MW7)

o 01 02 03

Figure 1. Approx. and exact profiles at t=1, 2, 3, 4 and 5 regarding Example 1.
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Figure 2. Approx. and exact profiles at t=6, 7, §, 9, and 10 where N=101 regarding Example 1.
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Figure 9. Approx. and exact profiles at t=1, where N=101, z=0.1 regarding Example 6.
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Figure 10. Approx. and exact profiles at t=2 where N=101, z=0.1 regarding Example 6.

6. Conclusions

In the present study, the motive is to deal with 1D, 2D, and 3D time-fractional Schrodinger
equations regarding the approx.-analytical outcome. Shehu transform ADM is incorporated for this
purpose. The prime key of a developed regime is it's easy-to-implement approach and accurate results.
Furthermore, with the aid of the six mentioned examples, it is ensured that the retrieved approximated
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profiles are compatible with exact profiles. The graphical matching aspect between the approximated
and exact results is also notified, which ensures that the developed technique is a good alternative to
solve complex natured time-fractional PDEs. L., error is mentioned inTables 3—8. Via mentioned
tables, it is ensured that the proposed methodology is convergent, as on increasing the number of grid
points, L, error got reduced. With the aid of the developed regime, various complex natured
fractional PDEs can be easily solved.
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