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Abstract: Present research deals with the time-fractional Schrödinger equations aiming for the 

analytical solution via Shehu Transform based Adomian Decomposition Method [STADM]. Three 

types of time-fractional Schr𝑜̈dinger equations are tackled in the present research. Shehu transform 

ADM is incorporated to solve the time-fractional PDE along with the fractional derivative in the 

Caputo sense. The developed technique is easy to implement for fetching an analytical solution. No 

discretization or numerical program development is demanded. The present scheme will surely help to 

find the analytical solution to some complex-natured fractional PDEs as well as integro-differential 

equations. Convergence of the proposed method is also mentioned. 
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1. Introduction 

Fractional calculus is a modification of the notion of differentiation and integration of arbitrary 
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orders [1–7]. As there exist various prototypes in engineering and sciences, fractional calculus has 

attained the researcher’s interest. Multiple models in numerous aspects such as; physics, biology, and 

engineering are tackled as per fractional differential and integral calculus. Some examples are 

electrochemistry, signal processing, diffusion, finance, acoustic, plasma physics, image processing, 

and others [8–13]. 

Integral transforms are notified as one of the most suitable approaches to tackle models regarding 

applied mathematics, mathematical physics, engineering, and some other branches as well. The 

primary motivation is to deal with the provided mathematical model via any suitable integral transform 

and to retrieve the associated outcome in the best possible approach. 

Via an appropriate selection of integral transform, the differential and integral equations can be 

transformed into an algebraic equations system, which can be easily tackled. 

Various integral transforms and integral transform-based approaches are generated and incorporated 

for this purpose, such as; Laplace transform [14], Sumudu transform [15], Elzaki transform [16], and 

Natural transform [17], and many others. 

Definition 1: Shehu transform of the function 𝜃(𝜏) is defined over the following functions [18–20]. 

𝐴 = {𝜖(𝜏): 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑁, 𝑘1, 𝑘2 > 0 𝑠. 𝑡. |𝜃(𝜏)| < 𝑁𝑒𝑥𝑝 (
|𝜏|

𝑘𝑖
) , 𝑤ℎ𝑒𝑟𝑒 𝜏 ∈ (−1)𝑗 × [0,∞)}. (1) 

Definition 2: Shehu transform of function 𝜖(𝜏) is defined as follows [18–20]: 

𝑆[𝜖(𝜏)] = 𝐹[𝑠, 𝑢] = ∫ 𝑒𝑥𝑝 [−
𝑠𝜏

𝑢
]

∞

0
𝜖(𝜏)𝑑𝜏.      (2) 

Definition 3: Inverse Shehu transform is defined as follows [18–20]: 

𝑆−1[𝐹(𝑠, 𝑢)] = 𝜖(𝜏).         (3) 

Where 𝑠, 𝑢 are the Shehu transform variables. 𝛼 ∈ 𝑅. 

Definition 4: [18–20] 

𝑆[𝜖′(𝜏)] =
𝑠

𝑢
𝐹[𝑠, 𝑢] − 𝜖(0),        (4) 

𝑆[𝜖′′(𝜏)] =
𝑠2

𝑢2 𝐹(𝑠, 𝑢) −
𝑠

𝑢
𝜖(0) − 𝜖′(0),       (5) 

𝑆[𝜖′′′(𝜏)] =
𝑠3

𝑢3 𝐹[𝑠, 𝑢] −
𝑠2

𝑢2 𝜖(0) −
𝑠

𝑢
𝜖′(0) − 𝜖′′(0).      (6) 

Definition 5: Linearity property of Shehu transform [18–20]: 

𝑆[𝑐1𝜖1(𝜏) + 𝑐2𝜖2(𝜏)] = 𝑐1𝑆[𝜖1(𝜏)] + 𝑐2𝑆[𝜖2(𝜏)].      (7) 

Definition 6: Linearity property of inverse Shehu transform [18–20]: 

If 

𝜖1(𝜏) = 𝑆−1[𝐹1(𝑠, 𝑢)] and 𝜖2(𝜏) = 𝑆−1[𝐹2(𝑠, 𝑢)], 

then 
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𝑆−1[𝑐1𝐹1(𝑠, 𝑢) + 𝑐2𝐹2(𝑠, 𝑢)] = 𝑐1𝑆
−1[𝐹1(𝑠, 𝑢)] + 𝑐2𝑆

−1[𝐹2(𝑠, 𝑢)], 

𝑆−1[𝑐1𝐹1(𝑠, 𝑢) + 𝑐2𝐹2(𝑠, 𝑢)] = 𝑐1𝜖1(𝜏) + 𝑐2𝜖2(𝜏). 

Definition 7: Shehu transform of Caputo fractional derivative [C.F.D.] [20,21]: 

𝑆[𝐷𝑡
𝛼𝜖(𝜇, 𝜏)] =

𝑠𝛼

𝜈𝛼 𝑆[𝜖(𝜇, 𝜏)] − ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜖𝑟(𝜇, 0).𝜃−1
𝑟=0      (8) 

Definition 8: Mittag-Leffler function considered for two parameters was given in [22–24]. 

𝐸𝜇,𝜈(𝑛) = ∑
𝑛𝑘

Γ(𝑘 𝜇+𝜈)

∞
𝑘=0 .         (9) 

Where 𝐸1,1(𝑛) = exp (𝑛) and 𝐸2,1(𝑛
2) = cos (𝑛). 

In Tables 1 and 2 basic formulae regarding Shehu transform and inverse Shehu transform are 

provided. 

Table 1. Chart regarding to the Shehu transform [20]. 

 𝝐(𝝉) 𝑺[𝝐(𝝉)] = 𝑭(𝒔, 𝝂) 

1. 1 𝜈

𝑠
 

2. 𝜏 𝜈2

𝑠2
 

3. 𝜏𝑚, 𝑚 ∈ 𝑁 
∠𝑚 (

𝜈

𝑠
)
𝑚+1

 

4. 𝜏𝑚, 𝑚 > −1 
Γ(𝑚 + 1) (

𝜈

𝑠
)
𝑚+1

 

5. 𝑒𝑎𝜏 𝜈

𝑠 − 𝑎𝜈
 

6. sin (𝑚𝜏) 𝑚𝜈2

𝑠2 + 𝑚2𝜈2
 

7. 𝑐𝑜𝑠(𝑚𝜏) 𝑠𝜈2

𝑠2 + 𝑚2𝜈2
 

8. 𝑠𝑖𝑛ℎ(𝑚𝜏) 𝑚𝜈2

𝑠2 − 𝑚2𝜈2
 

9. 𝑐𝑜𝑠ℎ(𝑚𝜏) 𝑠𝜈2

𝑠2 − 𝑚2𝜈2
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Table 2. Chart regarding to the inverse Shehu transform [20]. 

 𝑭(𝒔, 𝝂) 𝝐(𝝉) = 𝑺−𝟏[𝑭(𝒔, 𝝂)] 

1. 𝜈

𝑠
 

1 

2. 𝜈2

𝑠2
 

𝜏 

3. 
(
𝜈

𝑠
)
𝑚+1

 
𝜏𝑚

∠𝑚
 

4. 
Γ(𝑚 + 1) (

𝜈

𝑠
)
𝑚+1

 
𝜏𝑚

Γ(𝑚 + 1)
 

5. 𝜈

𝑠 − 𝑎𝜈
 

𝑒𝑎𝜏 

6. 𝑚 𝜈2

𝑠2 + 𝑚2𝜈2
 

sin (𝑚𝜏) 

7. 𝑠𝜈2

𝑠2 + 𝑚2𝜈2
 

𝑐𝑜𝑠(𝑚𝜏) 

8. 𝑚𝜈2

𝑠2 − 𝑚2𝜈2
 

𝑠𝑖𝑛ℎ(𝑚𝜏) 

9. 𝑠𝜈2

𝑠2 − 𝑚2𝜈2
 

𝑐𝑜𝑠ℎ(𝑚𝜏) 

𝟏𝑫 Non-linear time-fractional Schrödinger equation. 

𝑖𝐷𝑡
𝛼𝜃(𝜇, 𝜏) = 𝑅[𝜃(𝜇, 𝜏)] + 𝑁[𝜃(𝜇, 𝜏)] + 𝜙(𝜇, 𝜏).      (10) 

𝟐𝑫 Non-linear time-fractional Schrödinger equation. 

𝑖𝐷𝑡
𝛼𝜃(𝜇1, 𝜇2, 𝜏) = 𝑅[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜏).   (11) 

𝟑𝑫 Non-linear time-fractional Schrödinger equation. 

𝑖𝐷𝑡
𝛼𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) = 𝑅[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜇3, 𝜏).  (12) 

One of the well-known models in mathematical physics is Schr𝑜̈dinger equation model. There 

exist various implementations in numerous branches, such as; non-linear optics [25], mean-field theory 

of Bose-Einstein condensates [26,27], and plasma physics [28]. One emerging aspect of quantum 

physics is considered as fractional Schr𝑜̈dinger equation; which is associated with the notion of non-

local quantum phenomena. 

Naber [29] notified time-fractional Schr𝑜̈dinger equation regarding Caputo derivative. Wang and 

Xu [30] elaborated on the linear Schr 𝑜̈ dinger equation regarding the space-fractional and time-

fractional aspects as well as tackled the models via integral transform approach. Due to the existence 

of numerous implementations of the time-fractional Schr𝑜̈dinger equation; various researchers have 

worked in this field. Regarding this, novel analytical and numerical regimes have been generated for 

the time-fractional Schr𝑜̈dinger equation [31–34]. Hemida et al. [35] implemented HAM to provide 

the approximated results for the space-time fractional Schr𝑜̈dinger equation. More work related to 

fractional Schr𝑜̈ dinger equation is provided in [36–38]. Other noteworthy work in this regard is 

notified as [39–42]. 
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The main advantage of ADM is that it does not rely upon perturbation or linearization or any 

discretization. Therefore, the actual outcome of the model remains unchanged. Discretization of 

variables is not demanded, which is a difficult and challenging approach. It means that the obtained 

results are error-free, which occurred because of discretization. Furthermore, it is accurate in finding 

the approximated and exact solutions of the non-linear prototypes. Such methods can be implemented 

to the diversified differential equations such as; integro-differential equations, differential-algebraic 

equations, differential-difference equations, as well as some functional equations, eigenvalue problems, 

and Stochastic system problems. 

The main idea of the present study is to concentrate on the implementation of Shehu ADM for 

attaining the exact solution to the Schr𝑜̈dinger equations in various dimensions. Some latest research 

regarding this field is provided on [43–47]. 

Novelty and significance of the paper 

There are several schemes observed in the literature that deal with fractional Schr𝑜̈dinger equation 

in one, two, or three dimensions, but rare methods are provided that tackles fractional Schr𝑜̈dinger 

equation in all one, two, and three dimensions. Therefore, the authors have focused on developing a 

technique that proves the validity of the approximated-analytical solution of the mentioned equations 

in one, two, and three dimensions. 

An iterative scheme is developed in the present research regarding the solution of fractional 

Schr𝑜̈dinger equation in one, two, and three dimensions. The present scheme is easy to implement and 

needs no complex programming regarding numerical discretization. Developing the numerical 

programs for the fractional PDEs is not an easy task; therefore, developing such iterative schemes is 

the need of time to find the approximated-analytical solutions. There exist several transforms provided 

in the literature, but from the calculation aspect, some transforms are easy to implement, and some are 

not. Shehu ADM is noticed as one of the easiest methods to implement integral transform among all 

existing integral transforms; as in the case of Shehu ADM, no perturbation parameter is required. Via 

literature, it is observed that fractional Schrödinger equations have never been solved in one, two, and 

three dimensions with the aid of a single integral transform. Therefore, due to the importance of such 

equations, in this research, concentration is focused upon the solution for the same, which retains the 

novelty of the study. Furthermore, convergence analyses are also incorporated in the article. 

Motivation of the study 

In the present research, an iterative regime is developed and incorporated named Shehu ADM 

regarding the solution of fractional Schr𝑜̈ dinger equation in one, two, and three dimensions. The 

present regime is easy to implement and needs no complex calculation in the process of numerical 

discretization. Generating the numerical programs to deal with the fractional PDEs is cumbersome; 

therefore, generating such novel iterative regimes is demanded to fetch the approximated-analytical 

solutions. 

There exist numerous transforms in the literature, but as per the calculation aspect, some 

transforms are easy to incorporate, but some are not. Shehu transform ADM is notified as one of the 

easiest methods. From an exploration of the literature, it is noticed that fractional Schrödinger 

equations are rarely solved in one, two, and three dimensions with the aid of a single integral transform-

based method. Therefore, in this research, the focus is on finding the solution for the same, which 

contains the novelty of the research. Moreover, error analysis and convergence analysis are also 

elaborated in this article. 
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In the present paper, the convergence of the method is checked numerically. Convergence is 

affirmed via Tables 3–8. As per Tables 3–8, it is observed that on increasing the number of grid points 

the 𝐿∞ error norm got reduced rapidly, which is robust proof of the convergence of the generated 

semi-analytical techniques. 

Table 3. Comparison of 𝐿∞ errors at different time levels regarding Example 1. 

𝑵 𝑳∞ at 𝒕=1 𝑳∞ at 𝒕=2 𝑳∞ at 𝒕=3 

11 2.4979e-08 5.0711e-05 4.3236e-03 

21 4.4755e-16 4.1023e-14 2.0302e-10 

31 4.4755e-16 5.6610e-16 1.3911e-15 

  

 

Convergence up to 

𝟏𝟎−𝟏𝟔 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟔 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟔 

Table 4. Comparison of 𝐿∞ errors at different time levels regarding Example 2. 

𝑵 𝑳∞ at 𝒕=0.1 𝑳∞ at 𝒕=0.2 𝑳∞ at 𝒕=0.3 

11 7.8430e-09 1.5949e-05 1.3635e-03 

21 2.4825e-16 4.8963e-15 2.2250e-11 

31 3.7238e-16 5.5788e-16 1.1802e-15 

  

 

Convergence up to 

𝟏𝟎−𝟏𝟔 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟔 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟓 

Table 5. Comparison of 𝐿∞ errors at different time levels regarding Example 3. 

𝑵 𝑳∞ at 𝒕=1.0 𝑳∞ at 𝒕=1.3 𝑳∞ at 𝒕=1.5 

21 3.1906e-07 7.8034e-05 1.5627e-03 

31 8.4843e-15 7.0869e-12 5.9702e-10 

41 6.4393e-15 2.9407e-14 5.6576e-14 

  

 

Convergence up to 

𝟏𝟎−𝟏𝟓 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟒 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟒 
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Table 6. Comparison of 𝐿∞ errors at different time levels regarding Example 4. 

𝑵 𝑳∞ at 𝒕=1.0 𝑳∞ at 𝒕=1.3 𝑳∞ at 𝒕=1.5 

11 1.8114e-06 3.2318e-05 1.5541e-04 

21 1.3092e-16 2.0510e-14 4.0767e-13 

31 2.2377e-16 2.4825e-16 2.4825e-16 

  

 

Convergence up to 

𝟏𝟎−𝟏𝟔 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟔 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟔 

Table 7. Comparison of 𝐿∞ errors at different time levels regarding Example 5. 

𝑵 𝑳∞ at 𝒕=1 𝑳∞ at 𝒕=2 𝑳∞ at 𝒕=3 

21 4.0910e-14 8.4807e-08 4.1536e-04 

31 3.3766e-16 1.9860e-15 1.5697e-10 

41 3.3766e-16 1.7342e-15 1.6577e-14 

  

 

Convergence up to 

𝟏𝟎−𝟏𝟔 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟓 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟒 

Table 8. Comparison of 𝐿∞ errors at different time levels regarding Example 6. 

𝑵 𝑳∞ at 𝒕=1 𝑳∞ at 𝒕=2 𝑳∞ at 𝒕=3 

21 4.4168e-13 9.1039e-07 4.4156e-03 

31 5.7220e-17 5.5268e-14 1.5682e-08 

41 4.6548e-17 6.9573e-16 8.8374e-15 

  

 

Convergence up to 

𝟏𝟎−𝟏𝟕 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟔 

 

 

Convergence up to 

𝟏𝟎−𝟏𝟓 

2. Outline of the paper 

• The present paper is divided into different sections and subsections. 

• In Section 3, Implementation of the Shehu ADM is developed for various kinds of fractional 

Schr𝑜̈dinger equations. 

• In Sub-section 3.1, the general formula is generated for 1𝐷  time-fractional Schrödinger 

equation. 

• In Sub-section 3.2, the general formula is generated for 2𝐷  time-fractional Schrödinger 

equation. 

• In Sub-section 3.3, the general formula is generated for 3𝐷  time-fractional Schrödinger 

equation. 

• In Section 4, six examples are elaborated to validate the efficiency and efficacy of the 

developed regime. 
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• In Section 5, graphical analysis, error analysis, and convergence analysis is notified. 

• Section 6 is provided as the concluding remarks. 

3. Implementation of the proposed regime 

3.1. Implementation of the scheme on 𝟏𝑫 time-fractional Schr𝒐̈dinger equation 

Applying Shehu transform upon Eq (1): 

𝑖𝑆[𝐷𝜏
𝛼𝜃(𝜇, 𝜏)] = 𝑆[𝑅[𝜃(𝜇, 𝜏)] + 𝑁[𝜃(𝜇, 𝜏)] + 𝜙(𝜇, 𝜏)] 

⇒ 𝑆[𝐷𝜏
𝛼𝜃(𝜇, 𝜏)] = −𝑖𝑆[𝑅[𝜃(𝜇, 𝜏)] + 𝑁[𝜃(𝜇, 𝜏)] + 𝜙(𝜇, 𝜏)] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇, 𝜏)] − ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜃−1

𝑟=0

= −𝑖𝑆[𝑅[𝜃(𝜇, 𝜏)] + 𝑁[𝜃(𝜇, 𝜏)] + 𝜙(𝜇, 𝜏)] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇, 𝜏)] = ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜃−1

𝑟=0

− 𝑖𝑆[𝑅[𝜃(𝜇, 𝜏)] + 𝑁[𝜃(𝜇, 𝜏)] + 𝜙(𝜇, 𝜏)] 

⇒ 𝑆[𝜃(𝜇, 𝜏)] = (
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜃−1

𝑟=0

− 𝑖 (
𝜈

𝑠
)
𝛼

𝑆[𝑅[𝜃(𝜇, 𝜏)] + 𝑁[𝜃(𝜇, 𝜏)] + 𝜙(𝜇, 𝜏)] 

⇒ 𝜃(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜃−1

𝑟=0

] − 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝑅[𝜃(𝜇, 𝜏)] + 𝑁[𝜃(𝜇, 𝜏)] + 𝜙(𝜇, 𝜏)]] 

⇒ ∑ 𝜃𝑛(𝜇, 𝜏)

∞

𝑛=0

= 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0) + 𝜙(𝜇, 𝜏)

𝜃−1

𝑟=0

] 

−𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝑅[∑ 𝜃𝑛(𝜇, 𝜏)∞
𝑛=0 ] + 𝑁[∑ 𝜃𝑛(𝜇, 𝜏)∞

𝑛=0 ]]].        (13) 

Where, 

𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼
∑ (

𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0) + 𝜙(𝜇, 𝜏)𝜃−1
𝑟=0 ].     (14) 

𝜃𝑛+1(𝜇, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝑅[∑ 𝜃𝑛(𝜇, 𝜏)∞
𝑛=0 ] + 𝑁[∑ 𝜃𝑛(𝜇, 𝜏)∞

𝑛=0 ]]] , 𝑛 = 0, 1, 2, 3, …  (15) 

3.2. Implementation of the scheme on 𝟐𝑫 time-fractional Schr𝒐̈dinger equation 

Applying Shehu transform upon Eq (2): 
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𝑖𝑆[𝐷𝑡
𝛼𝜃(𝜇1, 𝜇2, 𝜏)] = 𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜏)] 

⇒ 𝑆[𝐷𝑡
𝛼𝜃(𝜇1, 𝜇2, 𝜏)] = −𝑖𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜏)] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇1, 𝜇2, 𝜏)] − ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0)

𝜃−1

𝑟=0

= −𝑖𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜏)] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇1, 𝜇2, 𝜏)]

= ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0)

𝜃−1

𝑟=0

− 𝑖 𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜏)] 

⇒ 𝑆[𝜃(𝜇1, 𝜇2, 𝜏)]

= (
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0)

𝜃−1

𝑟=0

− 𝑖 (
𝜈

𝑠
)
𝛼

𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜏)] 

⇒ 𝜃(𝜇1, 𝜇2, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0)

𝜃−1

𝑟=0

]

− 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜏)]] 

⇒ ∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜏)

∞

𝑛=0

= 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0) + 𝜙(𝜇1, 𝜇2, 𝜏)

𝜃−1

𝑟=0

] 

−𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝑅[∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜏)
∞
𝑛=0 ] + 𝑁[∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜏)

∞
𝑛=0 ]]].     (16) 

Where, 

𝜃0(𝜇1, 𝜇2, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼
∑ (

𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0) + 𝜙(𝜇1, 𝜇2, 𝜏)
𝜃−1
𝑟=0 ].   (17) 

𝜃𝑛+1(𝜇1, 𝜇2, 𝜏) 

= −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝑅[∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜏)
∞
𝑛=0 ] + 𝑁[∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜏)

∞
𝑛=0 ]]] , 𝑛 = 0, 1, 2, 3, … (18) 

3.3. Implementation of the scheme on 𝟑𝑫 time-fractional Schr𝒐̈dinger equation 

Applying Shehu transform upon Eq (3): 
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𝑖𝑆[𝐷𝑡
𝛼𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] = 𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝜙(𝑥, 𝑦, 𝑧, 𝑡)] 

⇒ 𝑆[𝐷𝑡
𝛼𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] = −𝑖𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝜙(𝑥, 𝑦, 𝑧, 𝑡)] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] − ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 𝜇3, 0)

𝜃−1

𝑟=0

= −𝑖𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜇3, 𝜏)] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)]

= ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 𝜇3, 0)

𝜃−1

𝑟=0

− 𝑖𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜇3, 𝜏)] 

⇒ 𝑆[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)]

= (
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 𝜇3, 0)

𝜃−1

𝑟=0

− 𝑖 (
𝜈

𝑠
)
𝛼

𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜇3, 𝜏)] 

⇒ 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)

= 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 𝜇3, 0)

𝜃−1

𝑟=0

]

− 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝑅[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝑁[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] + 𝜙(𝜇1, 𝜇2, 𝜇3, 𝜏)]] 

⇒ ∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜇3, 𝜏)

∞

𝑛=0

= 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 𝜇3, 0) + 𝜙(𝜇1, 𝜇2, 𝜇3, 𝜏)

𝜃−1

𝑟=0

] 

−𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝑅[∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜇3, 𝜏)
∞
𝑛=0 ] + 𝑁[∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜇3, 𝜏)

∞
𝑛=0 ]]].   (19) 

Where, 

𝜃0(𝜇1, 𝜇2, 𝜇3, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 𝜇3, 0) + 𝜙(𝜇1, 𝜇2, 𝜇3, 𝜏)
𝜃−1
𝑟=0 ].  (20) 

𝜃𝑛+1(𝜇1, 𝜇2, 𝜇3, 𝜏) 

= −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝑅[∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜇3, 𝜏)
∞
𝑛=0 ] + 𝑁[∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜇3, 𝜏)

∞
𝑛=0 ]]] , 𝑛 = 0, 1, 2, 3, …  (21) 

4. Examples and derivation 

In the present section, six examples are tested to ensure the validity of the proposed regime, 
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Examples 1–4 are associated with 1𝐷 time-fractional Schr𝑜̈dinger. Example 5 is provided regarding 

2𝐷  time-fractional Schrödinger. Example 6 is associated with 3𝐷  time-fractional Schrödinger 

equation. In all the provided cases, approximated and exact profiles are generated. 

Example 1: Considered 1𝐷 non-linear time-fractional Schr𝑜̈dinger as follows [36]: 

𝑖𝐷𝑡
𝛼𝜃 + 𝜃𝜇𝜇 + 2|𝜃|2𝜃 = 0.        (22) 

I.C.: 𝜃(𝜇, 0) = 𝑒𝑖𝜇 . 

Applying Shehu transform upon Eq (22): 

𝑖𝑆[𝐷𝜏
𝛼𝜃(𝜇, 𝜏)] = −𝑆[𝜃𝜇𝜇(𝜇, 𝜏) + 2|𝜃(𝜇, 𝜏)|2𝜃(𝜇, 𝜏)] 

⇒ 𝑆[𝐷𝜏
𝛼𝜃(𝜇, 𝜏)] = 𝑖𝑆[𝜃𝜇𝜇(𝜇, 𝜏) + 2|𝜃(𝜇, 𝜏)|2𝜃(𝜇, 𝜏)] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇, 𝜏)] − ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

= 𝑖𝑆[𝜃𝜇𝜇(𝜇, 𝜏) + 2|𝜃(𝜇, 𝜏)|2𝜃(𝜇, 𝜏)] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇, 𝜏)] = ∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

+ 𝑖𝑆[𝜃𝜇𝜇(𝜇, 𝜏) + 2|𝜃(𝜇, 𝜏)|2𝜃(𝜇, 𝜏)] 

⇒ 𝑆[𝜃(𝜇, 𝜏)] = (
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

+ 𝑖 (
𝜈

𝑠
)
𝛼

𝑆[𝜃𝜇𝜇(𝜇, 𝜏) + 2|𝜃(𝜇, 𝜏)|2𝜃(𝜇, 𝜏)] 

⇒ 𝜃(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

] + 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝜃𝜇𝜇(𝜇, 𝜏) + 2|𝜃(𝜇, 𝜏)|2𝜃(𝜇, 𝜏)]] 

⇒ ∑ 𝜃𝑛(𝜇, 𝜏)∞
𝑛=0 = 𝑆−1 [(

𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)𝜉−1
𝑟=0 ] + 𝑖𝑆−1 [(

𝜈

𝑠
)
𝛼
𝑆[(∑ 𝜃𝑛

∞
𝑛=0 (𝜇, 𝜏))𝜇𝜇 + 2∑ 𝐴𝑛

∞
𝑛=0 ]]. (23) 

Where 

𝐹(𝜃) = |𝜃(𝜇, 𝜏)|2𝜃(𝜇, 𝜏) = ∑ 𝐴𝑛.

∞

𝑛=0

 

𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

]. 

𝜃𝑛+1(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[(𝜃𝑛(𝜇, 𝜏))𝜇𝜇 + 2𝐴𝑛]] , 𝑛 = 0, 1, 2, 3, … 

Considered, 𝜉 = 1: 
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𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

] 

⇒ 𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

(
𝑠

𝜈
)
𝛼−1

𝜃(𝜇, 0)] 

⇒ 𝜃0(𝜇, 𝜏) = 𝜃(𝜇, 0) = 𝑒𝑖𝜇. 

Considered 𝑛 = 0: 

𝜃1(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼
𝑆[(𝜃0(𝜇, 𝜏))𝜇𝜇 + 2𝐴0]]. 

Where, 

(𝜃0)𝜇𝜇(𝜇, 𝜏) = −𝑒𝑖𝑥, 𝐴0 = 𝐹(𝜃0) = 𝜃0
2𝜃0
̅̅ ̅ = 𝑒𝑖𝜇. 

𝜃1(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[−𝑒𝑖𝜇 + 2𝑒𝑖𝜇]]. 

⇒ 𝜃1(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝑒𝑖𝜇]] 

⇒ 𝜃1(𝜇, 𝜏) = 𝑖𝑒𝑖𝜇𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[1]] 

⇒ 𝜃1(𝜇, 𝜏) = 𝑖𝑒𝑖𝜇𝑆−1 [(
𝜈

𝑠
)
2𝛼

] ⇒ 𝜃1(𝜇, 𝜏) = 𝑖𝑒𝑖𝜇
𝑡2𝛼−1

Γ(2𝛼)
. 

Considered 𝑛 = 1: 

𝜃2(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[(𝜃1)𝜇𝜇 + 2𝐴1]]. 

Where, 

(𝜃1)𝜇𝜇(𝜇, 𝜏) = −𝑖𝑒𝑖𝜇 𝜏2𝛼−1

Γ(2𝛼)
, 

𝐴1 = 2𝜃0𝜃1𝜃0
̅̅ ̅ + 𝜃0

2𝜃1
̅̅̅ = 𝑖𝑒𝑖𝜇 𝜏2𝛼−1

Γ(2𝛼)
, 

𝜃2(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−𝑖𝑒𝑖𝜇
𝜏2𝛼−1

Γ(2𝛼)
+ 2𝑖𝑒𝑖𝜇

𝜏2𝛼−1

Γ(2𝛼)
]] 

⇒ 𝜃2(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [𝑖𝑒𝑖𝜇
𝜏2𝛼−1

Γ(2𝛼)
]] 
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⇒ 𝜃2(𝜇, 𝜏) = (𝑖2𝑒𝑖𝜇)𝑆−1 [(
𝜈

𝑠
)
𝛼

(
𝜈

𝑠
)
2𝛼

] 

⇒ 𝜃2(𝜇, 𝜏) = (𝑖2𝑒𝑖𝜇)𝑆−1 [(
𝜈

𝑠
)
3𝛼

] 

⇒ 𝜃2(𝜇, 𝜏) = 𝑖2𝑒𝑖𝜇 𝜏3𝛼−1

Γ(3𝛼)
, 

𝜃(𝜇, 𝜏) = 𝜃0(𝜇, 𝜏) + 𝜃1(𝜇, 𝜏) + 𝜃2(𝜇, 𝜏) + 𝜃3(𝜇, 𝜏) + ⋯ 

⇒ 𝜃(𝜇, 𝜏) = 𝑒𝑖𝜇 + 𝑖𝑒𝑖𝜇
𝜏2𝛼−1

Γ(2𝛼)
+ 𝑖2𝑒𝑖𝜇

𝜏3𝛼−1

Γ(3𝛼)
+ ⋯ 

⇒ 𝜃(𝜇, 𝜏) = 𝑒𝑖𝜇 [1 + 𝑖
𝜏2𝛼−1

Γ(2𝛼)
+ 𝑖2

𝜏3𝛼−1

Γ(3𝛼)
+ ⋯]. 

Considered 𝛼 = 1: 

⇒ 𝜃(𝜇, 𝜏) = 𝑒𝑖𝜇 [1 +
𝑖𝜏

1!
+

(𝑖𝜏)2

2!
+ ⋯] 

⇒ 𝜃(𝜇, 𝜏) = 𝑒𝑖[𝜇+𝑡]. 

Example 2: Considered 1𝐷 linear time-fractional Schr𝑜̈dinger equation as follows [37]: 

𝐷𝜏
𝛼𝜃(𝜇, 𝜏) + 𝑖 𝜃𝜇𝜇(𝜇, 𝜏) = 0.        (23) 

I.C.: 𝜃(𝜇, 0) = 𝑒3𝑖𝜇 

Applying Shehu transform in Eq (23): 

(
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇, 𝜏)] − ∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

= −𝑖𝑆[𝜃𝜇𝜇(𝜇, 𝜏)] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇, 𝜏)] = ∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

− 𝑖𝑆[𝜃𝜇𝜇(𝜇, 𝜏)] 

⇒ 𝑆[𝜃(𝜇, 𝜏)] = (
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

− 𝑖 (
𝜈

𝑠
)
𝛼

𝑆[𝜃𝜇𝜇(𝜇, 𝜏)] 

⇒ 𝜃(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

] − 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝜃𝜇𝜇(𝜇, 𝜏)]] 

⇒ ∑ 𝜃𝑛

∞

𝑛=0

(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

] − 𝑖𝑆−1

[
 
 
 
 

(
𝜈

𝑠
)
𝛼

𝑆 [(∑ 𝜃𝑛

∞

𝑛=0

(𝜇, 𝜏))

𝜇𝜇

]

]
 
 
 
 

, 

𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

], 
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𝜃𝑛+1(𝜇, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[(𝜃𝑛(𝜇, 𝜏))𝜇𝜇]] , 𝑛 = 0, 1, 2, 3, … 

Considered 𝜉 = 1: 

𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

(
𝑠

𝜈
)
𝛼−1

𝜃(𝜇, 0)] 

⇒ 𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
) 𝜃(𝜇, 0)] 

⇒ 𝜃0(𝜇, 𝜏) = 𝜃(𝜇, 0)𝑆−1 [
𝜈

𝑠
] 

⇒ 𝜃0(𝜇, 𝜏) = 𝜃(𝜇, 0) = 𝑒3𝑖𝜇. 

Considered 𝑛 = 0: 

𝜃1(𝜇, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[(𝜃0(𝜇, 𝜏))𝜇𝜇]], (𝜃0)𝜇𝜇 = (3𝑖)2𝑒3𝑖𝜇 

⇒ 𝜃1(𝜇, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[(3𝑖)2𝑒3𝑖𝜇]] 

⇒ 𝜃1(𝜇, 𝜏) = −𝑖(3𝑖)2𝑒3𝑖𝜇𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[1]] 

⇒ 𝜃1(𝜇, 𝜏) = −𝑖(3𝑖)2𝑒3𝑖𝜇𝑆−1 [(
𝜈

𝑠
)
2𝛼

] 

⇒ 𝜃1(𝜇, 𝜏) = 9𝑖𝑒3𝑖𝜇
𝜏2𝛼−1

Γ(2𝛼)
. 

Considered 𝑛 = 1: 

𝜃2(𝜇, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼
𝑆[(𝜃1)𝜇𝜇]], (𝜃1(𝜇, 𝜏))𝜇𝜇 = 81𝑖3𝑒3𝑖𝜇 𝜏2𝛼−1

Γ(2𝛼)
 

⇒ 𝜃2(𝜇, 𝜏) = −𝑖𝑆−1 [ (
𝜈

𝑠
)
𝛼

𝑆 [81𝑖3𝑒3𝑖𝜇
𝜏2𝛼−1

Γ(2𝛼)
]] 

⇒ 𝜃2(𝜇, 𝜏) = −𝑖(81𝑖3𝑒3𝑖𝜇)𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [
𝜏2𝛼−1

Γ(2𝛼)
]] 

⇒ 𝜃2(𝜇, 𝜏) = −𝑖(81 𝑖3𝑒3𝑖𝜇)𝑆−1 [(
𝜈

𝑠
)
3𝛼

] 

⇒ 𝜃2(𝜇, 𝜏) = 81𝑖2𝑒3𝑖𝜇
𝜏3𝛼−1

Γ(3𝛼)
 

⇒ 𝜃(𝜇, 𝜏) = 𝜃0(𝜇, 𝜏) + 𝜃1(𝜇, 𝜏) + 𝜃2(𝜇, 𝜏) + 𝜃3(𝜇, 𝜏) + ⋯ 
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⇒ 𝜃(𝜇, 𝜏) = 𝑒3𝑖𝜇 + 9𝑖𝑒3𝑖𝜇
𝜏2𝛼−1

Γ(2𝛼)
+ 81𝑖2𝑒3𝑖𝜇

𝜏3𝛼−1

Γ(3𝛼)
+ ⋯ 

Considered 𝛼 = 1: 

⇒ 𝜃(𝜇, 𝜏) = 𝑒3𝑖𝜇 [1 +
9𝑖𝜏

1!
+

(9𝑖𝜏)2

2!
+ ⋯] 

⇒ 𝜃(𝜇, 𝜏) = 𝑒3𝑖[𝜇+3𝜏]. 

Example 3: Considered 1𝐷 linear time-fractional Schr𝑜̈dinger equation as follows [37]: 

𝐷𝜏
𝛼𝜃(𝜇, 𝜏) + 𝑖𝜃𝜇𝜇(𝜇, 𝜏) = 0.         (24) 

I.C.: 𝜃(𝜇, 0) = 1 + 𝑐𝑜𝑠ℎ(2𝜇) 

Applying Shehu transform upon Eq (24): 

𝑆[𝐷𝜏
𝛼𝜃] = −𝑖𝑆[𝜃𝜇𝜇] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇, 𝜏)] − ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

= −𝑖𝑆[𝜃𝜇𝜇(𝜇, 𝜏)] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇, 𝜏)] = ∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

− 𝑖𝑆[𝜃𝜇𝜇(𝜇, 𝜏)] 

⇒ 𝑆[𝜃(𝜇, 𝜏)] = (
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

− 𝑖 (
𝜈

𝑠
)
𝛼

𝑆[𝜃𝜇𝜇(𝜇, 𝜏)] 

⇒ 𝜃(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

] − 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[𝜃𝜇𝜇(𝜇, 𝜏)]] 

⇒ ∑ 𝜃𝑛

∞

𝑛=0

(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

] − 𝑖𝑆−1

[
 
 
 
 

(
𝜈

𝑠
)
𝛼

𝑆 [(∑ 𝜃𝑛

∞

𝑛=0

(𝜇, 𝜏))

𝜇𝜇

]

]
 
 
 
 

. 

Where 

𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

]. 

𝜃𝑛+1(𝜇, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[(𝜃𝑛(𝜇, 𝜏))𝜇𝜇]] , 𝑛 = 0, 1, 2, 3, … 

Considered 𝜉 = 1: 
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⇒ 𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

(
𝑠

𝜈
)
𝛼−1

𝜃(𝜇, 0)] 

⇒ 𝜃0(𝜇, 𝜏) = 𝜃(𝑥, 0)𝑆−1 [
𝜈

𝑠
] 

⇒ 𝜃0(𝜇, 𝜏) = 𝜃(𝜇, 0) = 1 + cosh(2𝜇). 

Considered 𝑛 = 0: 

𝜃1(𝜇, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[(𝜃0(𝜇, 𝜏))𝜇𝜇]] , (𝜃0)𝜇𝜇 = 4cosh (2𝜇) 

⇒ 𝜃1(𝜇, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[4cosh (2𝜇)]] 

⇒ 𝜃1(𝜇, 𝜏) = −4𝑖cosh (2𝜇)𝑆−1 [(
𝜈

𝑠
)
2𝛼

] 

⇒ 𝜃1(𝜇, 𝜏) = −4𝑖 cosh(2𝜇)
𝜏2𝛼−1

Γ(2𝛼)
. 

Considered 𝑛 = 1: 

𝜃2(𝜇, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[(𝜃1)𝜇𝜇]] , (𝜃1(𝜇, 𝜏))𝜇𝜇 = −16𝑖 cosh(2𝜇)
𝜏2𝛼−1

Γ(2𝛼)
 

⇒ 𝜃2(𝜇, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−16𝑖 cosh(2𝜇)
𝜏2𝛼−1

Γ(2𝛼)
]] 

⇒ 𝜃2(𝜇, 𝜏) = 16𝑖2 cosh(2𝜇) 𝑆−1 [(
𝜈

𝑠
)
3𝛼

] 

⇒ 𝜃2(𝜇, 𝜏) = 16𝑖2 cosh(2𝜇)
𝜏3𝛼−1

Γ(3𝛼)
 

⇒ 𝜃(𝜇, 𝜏) = 𝜃0(𝜇, 𝜏) + 𝜃1(𝜇, 𝜏) + 𝜃2(𝜇, 𝜏) + 𝜃3(𝜇, 𝜏) + ⋯ 

⇒ 𝜃(𝜇, 𝜏) = 1 + cosh(2𝜇) − 4𝑖 cosh(2𝜇)
𝜏2𝛼−1

Γ(2𝛼)
+ 16𝑖2 cosh(2𝜇)

𝜏3𝛼−1

Γ(3𝛼)
− ⋯  

Considered 𝛼 = 1: 

⇒ 𝜃(𝜇, 𝜏) = 1 + cosh(2𝜇) [1 −
4𝑖𝜏

1!
+

(4𝑖𝜏)2

2!
− ⋯ ] 

⇒ 𝜃(𝜇, 𝜏) = 1 + cosh(2𝜇) exp[−4i𝜏]. 

Example 4: Considered 1𝐷 non-linear time-fractional Schr𝑜̈dinger equation as follows [38]: 

𝑖𝐷𝑡
𝛼𝜃(𝜇, 𝜏) +

1

2
𝜃𝜇𝜇(𝜇, 𝜏) − 𝜃(𝜇, 𝜏)𝑐𝑜𝑠2𝜇 − 𝜃(𝜇, 𝜏)|𝜃(𝜇, 𝜏)|2 = 0, 𝜇 ∈ [0, 1] .   (25) 
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I.C.: 𝑢(𝜇, 0) = 𝑠𝑖𝑛𝜇 

Applying Shehu transform upon Eq (25): 

𝑖𝑆[𝐷𝜏
𝛼𝜃(𝜇, 𝜏)] = 𝑆 [−

1

2
𝑢𝜇𝜇(𝜇, 𝜏) + 𝜃(𝜇, 𝜏)𝑐𝑜𝑠2𝜇 + 𝜃(𝜇, 𝜏)|𝜃(𝜇, 𝜏)|2] 

⇒ 𝑆[𝐷𝜏
𝛼𝜃(𝜇, 𝜏)] = −𝑖𝑆 [−

1

2
𝑢𝜇𝜇(𝜇, 𝜏) + 𝜃(𝜇, 𝜏)𝑐𝑜𝑠2𝜇 + 𝜃(𝜇, 𝜏)|𝜃(𝜇, 𝜏)|2] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇, 𝜏)] − ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

= −𝑖𝑆 [−
1

2
𝑢𝜇𝜇(𝜇, 𝜏) + 𝜃(𝜇, 𝜏)𝑐𝑜𝑠2𝜇 + 𝜃(𝜇, 𝜏)|𝜃(𝜇, 𝜏)|2] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇, 𝜏)]

= ∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

− 𝑖𝑆 [−
1

2
𝑢𝜇𝜇(𝜇, 𝜏) + 𝜃(𝜇, 𝜏)𝑐𝑜𝑠2𝜇 + 𝜃(𝜇, 𝜏)|𝜃(𝜇, 𝜏)|2] 

⇒ 𝑆[𝜃(𝜇, 𝜏)] = (
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

− 𝑖 (
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
𝑢𝜇𝜇(𝜇, 𝜏) + 𝜃(𝜇, 𝜏)𝑐𝑜𝑠2𝜇 + 𝜃(𝜇, 𝜏)|𝜃(𝜇, 𝜏)|2] 

⇒ 𝜃(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

]

− 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
𝑢𝜇𝜇(𝜇, 𝜏) + 𝜃(𝜇, 𝜏)𝑐𝑜𝑠2𝜇 + 𝜃(𝜇, 𝜏)|𝜃(𝜇, 𝜏)|2]] 

⇒ ∑ 𝜃𝑛(𝜇, 𝜏)

∞

𝑛=0

= 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

]

+ 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [
1

2
(∑ 𝑢𝑛

∞

𝑛=0

(𝜇, 𝜏))

𝜇𝜇

− 𝑐𝑜𝑠2𝜇 (∑ 𝑢𝑛

∞

𝑛=0

(𝜇, 𝜏)) − ∑ 𝐴𝑛

∞

𝑛=0

]] 

𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇, 0)

𝜉−1

𝑟=0

], 

𝜃𝑛+1(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [
1

2
(𝜃𝑛(𝜇, 𝜏))𝜇𝜇 − 𝑐𝑜𝑠2𝜇(𝜃𝑛(𝜇, 𝜏)) − 𝐴𝑛]] , 𝑛 = 0, 1, 2, 3, … 

Considered 𝜉 = 1: 
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⇒ 𝜃0(𝜇, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

(
𝑠

𝜈
)
𝛼−1

𝜃(𝜇, 0)] 

⇒ 𝜃0(𝜇, 𝜏) = 𝜃(𝜇, 0)𝑆−1 [
𝜈

𝑠
] 

⇒ 𝜃0 = 𝑢(𝜇, 0) = 𝑠𝑖𝑛𝜇. 

Considered 𝑛 = 0: 

𝜃1(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [
1

2
(𝜃0)𝜇𝜇 − 𝑐𝑜𝑠2𝜇(𝜃0) − 𝐴0]]. 

Where, 

(𝜃0)𝜇𝜇 = −𝑠𝑖𝑛𝜇, 𝐴0 = 𝐹(𝜃0) = 𝜃0
2𝜃0
̅̅ ̅ = sin3 𝜇 

⇒ 𝜃1(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [
1

2
(−𝑠𝑖𝑛𝜇) − 𝑐𝑜𝑠2𝑥(𝑠𝑖𝑛𝜇) − sin3 𝜇]] 

⇒ 𝜃1(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
3

2
𝑠𝑖𝑛𝜇]] 

⇒ 𝜃1(𝜇, 𝜏) = −
3𝑖

2
𝑠𝑖𝑛𝜇𝑆−1 [(

𝜈

𝑠
)
2𝛼

] 

⇒ 𝜃1(𝜇, 𝜏) = −
3𝑖

2
𝑠𝑖𝑛𝜇

𝜏2𝛼−1

Γ(2𝛼)
. 

Considered 𝑛 = 1: 

𝜃2(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [
1

2
(𝜃1(𝜇, 𝜏))

𝜇𝜇
− 𝑐𝑜𝑠2𝜇(𝜃1(𝜇, 𝜏)) − 𝐴1]]. 

Where 

(𝜃1)𝜇𝜇(𝜇, 𝜏) = (
3𝑖

2
) 𝑠𝑖𝑛𝜇

𝜏2𝛼−1

Γ(2𝛼)
, 𝐴1 = 2𝜃0𝜃1𝜃0

̅̅ ̅ + 𝜃0
2𝜃1
̅̅̅ = (−

3𝑖

2
) sin3 𝜇

𝜏2𝛼−1

Γ(2𝛼)
 

⇒ 𝜃2(𝜇, 𝜏) = 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [
1

2
((

3𝑖

2
) 𝑠𝑖𝑛𝜇

𝜏2𝛼−1

Γ(2𝛼)
) − 𝑐𝑜𝑠2𝜇 (−

3𝑖

2
𝑠𝑖𝑛𝜇

𝜏2𝛼−1

Γ(2𝛼)
)

− ((−
3𝑖

2
) sin3 𝜇

𝜏2𝛼−1

Γ(2𝛼)
)]] 

⇒ 𝜃2(𝜇, 𝜏) = (
9𝑖2

4
) 𝑠𝑖𝑛𝜇𝑆−1 [(

𝜈

𝑠
)
𝛼

𝑆 [
𝜏2𝛼−1

Γ(2𝛼)
]] 



19580 

AIMS Mathematics  Volume 7, Issue 10, 19562–19596. 

⇒ 𝜃2(𝜇, 𝜏) = (
9𝑖2

4
) 𝑠𝑖𝑛𝜇𝑆−1 [(

𝜈

𝑠
)
3𝛼

] 

⇒ 𝜃2(𝜇, 𝜏) = (
9𝑖2

4
) 𝑠𝑖𝑛𝜇

𝜏3𝛼−1

Γ(3𝛼)
 

⇒ 𝜃(𝜇, 𝜏) = 𝜃0(𝜇, 𝜏) + 𝜃1(𝜇, 𝜏) + 𝜃2(𝜇, 𝜏) + 𝜃3(𝜇, 𝜏) + ⋯ 

⇒ 𝜃(𝜇, 𝜏) = 𝑠𝑖𝑛𝜇 −
3𝑖

2
𝑠𝑖𝑛𝜇

𝜏2𝛼−1

Γ(2𝛼)
+ (

9𝑖2

4
) 𝑠𝑖𝑛𝜇

𝜏3𝛼−1

Γ(3𝛼)
− ⋯ 

Considered 𝛼 = 1: 

⇒ 𝜃(𝜇, 𝜏) = 𝑠𝑖𝑛𝜇 [1 −
(
3𝑖𝜏
2

)

1!
+

(
3𝑖𝜏
2

)
2

2!
− ⋯] 

⇒ 𝜃(𝜇, 𝜏) = 𝑠𝑖𝑛𝜇 exp [−
3𝑖𝜏

2
]. 

Example 5: Considered 2𝐷 non-linear time-fractional Schr𝑜̈dinger equation as follows [38]: 

𝑖𝐷𝜏
𝛼𝜃 = −

1

2
[𝜃𝜇1𝜇1

+ 𝜃𝜇2 𝜇2
] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛

2𝜇2)𝜃 + 𝜃|𝜃|2,   (26) 

where 𝜇1, 𝜇2  ∈ [0, 2𝜋] × [0, 2𝜋]. 

I.C.: 𝜃(𝜇1, 𝜇2, 0) = 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2 

Applying Shehu transform in Eq (26): 

𝑖𝑆[𝐷𝜏
𝛼𝜃(𝜇1, 𝜇2, 𝜏)]

= 𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜏)] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛

2𝜇2)𝜃(𝜇1, 𝜇2, 𝜏)

+ 𝜃(𝜇1, 𝜇2, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜏)|
2] 

 ⇒ 𝑆[𝐷𝜏
𝛼𝜃(𝜇1, 𝜇2, 𝜏)]

= −𝑖𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜏)] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛

2𝜇2)𝜃(𝜇1, 𝜇2, 𝜏)

+ 𝜃(𝜇1, 𝜇2, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜏)|
2] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇1, 𝜇2, 𝜏)] − ∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0)

𝜉−1

𝑟=0

= −𝑖 𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜏)] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛

2𝜇2)𝜃(𝜇1, 𝜇2, 𝜏)

+ 𝜃(𝜇1, 𝜇2, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜏)|
2] 
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⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇1, 𝜇2, 𝜏)]

= ∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0)

𝜉−1

𝑟=0

− 𝑖 𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜏)] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛

2𝜇2)𝜃(𝜇1, 𝜇2, 𝜏)

+ 𝜃(𝜇1, 𝜇2, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜏)|
2] 

⇒ 𝑆[𝜃(𝜇1, 𝜇2, 𝜏)]

= (
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0)

𝜉−1

𝑟=0

− 𝑖 (
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2)𝜃(𝜇1, 𝜇2, 𝜏) + 𝜃(𝜇1, 𝜇2, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜏)|

2] 

⇒ 𝜃(𝜇1, 𝜇2, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0)

𝜉−1

𝑟=0

]

− 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2)𝜃(𝜇1, 𝜇2, 𝜏) + 𝜃(𝜇1, 𝜇2, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜏)|

2]] 

⇒ ∑ 𝜃𝑛

∞

𝑛=0

(𝜇1, 𝜇2, 𝜏)

= 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0)

𝜉−1

𝑟=0

]

− 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[(∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜏)

∞

𝑛=0

)

𝜇1𝜇1

+ (∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜏)

∞

𝑛=0

)

𝜇2𝜇2

]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2) ∑ 𝑢𝑛(𝜇1, 𝜇2, 𝜏)

∞

𝑛=0

+ ∑ 𝐴𝑛

∞

𝑛=0

]] 

𝑢0(𝜇1, 𝜇2, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 0)

𝜉−1

𝑟=0

], 
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𝑢𝑛+1(𝜇1, 𝜇2, 𝜏)

= −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[(𝜃𝑛)𝜇1𝜇1

(𝜇1, 𝜇2, 𝜏) + (𝜃𝑛)𝜇2𝜇2
(𝜇1, 𝜇2, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2)𝜃𝑛(𝜇1, 𝜇2, 𝜏) + 𝐴𝑛]] , 𝑛 = 0, 1, 2, 3, … 

Considered 𝜉 = 1: 

⇒ 𝜃0(𝜇1, 𝜇2, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

(
𝑠

𝜈
)
𝛼−1

𝜃(𝜇1, 𝜇2, 0)] 

⇒ 𝜃0(𝜇1, 𝜇2, 𝜏) = 𝜃(𝜇1, 𝜇2, 0), 

𝜃0(𝜇1, 𝜇2, 𝜏) = 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2. 

Considered 𝑛 = 0: 

𝑢1(𝜇1, 𝜇2, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[(𝜃0)𝜇1𝜇1

(𝜇1, 𝜇2, 𝜏) + (𝜃0)𝜇2𝜇2
(𝜇1, 𝜇2, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2)𝜃0(𝜇1, 𝜇2, 𝜏) + 𝐴0]]. 

Where 

(𝜃0)𝜇1𝜇1
(𝜇1, 𝜇2, 𝜏) = (𝜃0)𝜇2𝜇2

(𝜇1, 𝜇2, 𝜏) = −𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2, 

and 

𝐴0 = 𝜃0
2𝜃0
̅̅ ̅ = sin3 𝜇1 sin3 𝜇2 

⇒ 𝜃1(𝜇1, 𝜇2, 𝜏) 

= −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[−2𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛

2𝜇2)(𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2) + sin3 𝜇1 sin3 𝜇2]] 

⇒ 𝜃1(𝜇1, 𝜇2, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆[2𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2]] 

⇒ 𝜃1(𝜇1, 𝜇2, 𝜏) = −𝑖(2𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2)𝑆
−1 [(

𝜈

𝑠
)
𝛼

𝑆[1]] 

⇒ 𝜃1(𝜇1, 𝜇2, 𝜏) = −2𝑖𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑆
−1 [(

𝜈

𝑠
)
2𝛼

] 

⇒ 𝜃1(𝜇1, 𝜇2, 𝜏) = −2𝑖𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2

𝜏2𝛼−1

Γ(2𝛼)
. 

Considered 𝑛 = 1: 
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𝜃2(𝜇1, 𝜇2, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[(𝑢1)𝜇1𝜇1

(𝜇1, 𝜇2, 𝜏) + (𝑢1)𝜇2𝜇2
(𝜇1, 𝜇2, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2)𝑢1(𝜇1, 𝜇2, 𝜏) + 𝐴1]]. 

Where, 

(𝜃1)𝜇1𝜇1
= (𝜃1)𝜇2𝜇2

= 2𝑖𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2

𝜏2𝛼−1

Γ(2𝛼)
, 

(𝜃1)𝜇1𝜇1
+ (𝜃1)𝜇2𝜇2

= 4𝑖𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2

𝜏2𝛼−1

Γ(2𝛼)
, 

𝐴1 = 2𝜃0𝜃1𝜃0
̅̅ ̅ + 𝜃0

2𝜃1
̅̅̅ = −2𝑖 sin3 𝜇1 sin3 𝜇2

𝜏2𝛼−1

Γ(2𝛼)
 

⇒ 𝜃2(𝜇1, 𝜇2, 𝜏) 

= −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[4𝑖𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2

𝜏2𝛼−1

Γ(2𝛼)
] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛

2𝜇2) (−2𝑖𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2

𝜏2𝛼−1

Γ(2𝛼)
)

+ (−2𝑖 sin3 𝑥 sin3 𝑦
𝜏2𝛼−1

Γ(2𝛼)
)]] 

⇒ 𝜃2(𝜇1, 𝜇2, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 {−4𝑖𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2

𝜏2𝛼−1

Γ(2𝛼)
}] 

⇒ 𝜃2(𝜇1, 𝜇2, 𝜏) = 4𝑖2𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑆
−1 [(

𝜈

𝑠
)
3𝛼

] 

⇒ 𝜃2(𝜇1, 𝜇2, 𝜏) = 4𝑖2𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2

𝜏3𝛼−1

Γ(3𝛼)
 

⇒ 𝜃(𝜇1, 𝜇2, 𝜏) = 𝑢0(𝜇1, 𝜇2, 𝜏) + 𝑢1(𝜇1, 𝜇2, 𝜏) + 𝑢2(𝜇1, 𝜇2, 𝜏) + 𝑢3(𝜇1, 𝜇2, 𝜏) + ⋯ 

⇒ 𝜃(𝜇1, 𝜇2, 𝜏) = 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2 − 2𝑖𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2

𝜏2𝛼−1

Γ(2𝛼)
+ 4𝑖2𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2

𝜏3𝛼−1

Γ(3𝛼)
− ⋯ 

Considered 𝛼 = 1: 

⇒ 𝜃(𝜇1, 𝜇2, 𝜏) = 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2 [1 −
2𝑖𝜏

1!
+

(2𝑖𝜏)2

2!
− ⋯] 

⇒ 𝜃(𝜇1, 𝜇2, 𝜏) = 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2 exp(−2𝑖𝜏). 

Example 6: Considered 2𝐷 non-linear time-fractional Schr𝑜̈dinger equation as follows [34]: 
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𝑖𝐷𝜏
𝛼𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) = −

1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇3𝜇3

(𝜇1, 𝜇2, 𝜇3, 𝜏)] 

+(1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2𝑠𝑖𝑛

2𝜇3)𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|
2.  (27) 

Where 𝜇1, 𝜇2, 𝜇3 ∈ [0, 2𝜋] × [0, 2𝜋] × [0, 2𝜋]. 

I.C.: 𝜃(𝜇1, 𝜇2, 𝜇3, 0) = 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3 

Applying Shehu transform in Eq (27): 

𝑖𝑆[𝐷𝑡
𝛼𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)]

= 𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇3𝜇3

(𝜇1, 𝜇2, 𝜇3, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2 𝑠𝑖𝑛

2𝜇3)𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|
2] 

⇒ 𝑆[𝐷𝑡
𝛼𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)]

= −𝑖𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇3𝜇3

(𝜇1, 𝜇2, 𝜇3, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2 𝑠𝑖𝑛

2𝜇3)𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|
2] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)] − ∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝑢𝑟(𝑥, 𝑦, 𝑧, 0)

𝜉−1

𝑟=0

= −𝑖𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇3𝜇3

(𝜇1, 𝜇2, 𝜇3, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2 𝑠𝑖𝑛

2𝜇3)𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|
2] 

⇒ (
𝑠

𝜈
)
𝛼

𝑆[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)]

= ∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝑥, 𝑦, 𝑧, 0)

𝜉−1

𝑟=0

− 𝑖𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇3𝜇3

(𝜇1, 𝜇2, 𝜇3, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2𝑠𝑖𝑛

2𝜇3)𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|
2] 

⇒ 𝑆[𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)]

= (
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 𝜇3, 0)

𝜉−1

𝑟=0

− 𝑖 (
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇3𝜇3

(𝜇1, 𝜇2, 𝜇3, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2𝑠𝑖𝑛

2𝜇3)𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|
2] 
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⇒ 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)

= 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 𝜇3, 0)

𝜉−1

𝑟=0

]

− 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[𝜃𝜇1𝜇1

(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃𝜇3𝜇3

(𝜇1, 𝜇2, 𝜇3, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2𝑠𝑖𝑛

2𝜇3)𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏)|
2]] 

⇒ ∑ 𝜃𝑛

∞

𝑛=0

(𝜇1, 𝜇2, 𝜇3, 𝜏)

= 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑ (
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 𝜇3, 0)

𝜉−1

𝑟=0

]

− 𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[(∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜇3, 𝜏)

∞

𝑛=0

)

𝜇1𝜇1

+ (∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜇3, 𝜏)

∞

𝑛=0

)

𝜇2𝜇2

+ (∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜇3, 𝜏)

∞

𝑛=0

)

𝜇3𝜇3

] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2𝑠𝑖𝑛

2𝜇3) ∑ 𝜃𝑛(𝜇1, 𝜇2, 𝜇3, 𝜏)

∞

𝑛=0

+ ∑ 𝐴𝑛

∞

𝑛=0

]], 

𝜃0(𝜇1, 𝜇2, 𝜇3, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

∑(
𝑠

𝜈
)
𝛼−𝑟−1

𝜃𝑟(𝜇1, 𝜇2, 𝜇3, 0)

𝜉−1

𝑟=0

], 

𝜃𝑛+1(𝜇1, 𝜇2, 𝜇3, 𝜏)

= −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[(𝜃𝑛)𝜇1𝜇1

(𝜇1, 𝜇2, 𝜇3, 𝜏) + (𝜃𝑛)𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏) + (𝜃𝑛)𝜇3𝜇3

(𝜇1, 𝜇2, 𝜇3, 𝜏)]

+ (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛
2𝜇2𝑠𝑖𝑛

2𝜇3)𝜃𝑛(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝐴𝑛]] , 𝑛 = 0, 1, 2, 3, … 

Considered 𝜉 = 1: 

⇒ 𝜃0(𝜇1, 𝜇2, 𝜇3, 𝜏) = 𝑆−1 [(
𝜈

𝑠
)
𝛼

(
𝑠

𝜈
)
𝛼−1

𝜃(𝜇1, 𝜇2, 𝜇3, 0)] 

⇒ 𝜃0(𝜇1, 𝜇2, 𝜇3, 𝜏) = 𝜃(𝜇1, 𝜇2, 𝜇3, 0) 

⇒ 𝜃0(𝜇1, 𝜇2, 𝜇3, 𝜏) = 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3. 

Considered 𝑛 = 0: 

𝜃1(𝜇1, 𝜇2, 𝜇3, 𝜏)

= −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[(𝜃0)𝜇1𝜇1

(𝜇1, 𝜇2, 𝜇3, 𝜏) + (𝜃0)𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏)

+ (𝜃0)𝜇3𝜇3
(𝜇1, 𝜇2, 𝜇3, 𝜏)] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛

2𝜇2𝑠𝑖𝑛
2𝜇3)𝜃0(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝐴0]]. 
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Where 

(𝜃0)𝜇1𝜇1
(𝜇1, 𝜇2, 𝜇3, 𝜏) = (𝜃0)𝜇2𝜇2

(𝜇1, 𝜇2, 𝜇3, 𝜏) = (𝜃0)𝜇3𝜇3
(𝜇1, 𝜇2, 𝜇3, 𝜏)

= −𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3(𝜃0)𝜇1𝜇1
(𝜇1, 𝜇2, 𝜇3, 𝜏)

+ (𝜃0)𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏)+(𝜃0)𝜇3𝜇3

(𝜇1, 𝜇2, 𝜇3, 𝜏) = −3𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3, 

and 

𝐴0 = 𝜃0
2𝜃0
̅̅ ̅ = sin3 𝜇1 sin3 𝜇2 sin3𝜇3 

⇒ 𝜃1(𝜇1, 𝜇2, 𝜇3, 𝜏) 

= −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[−3𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛

2𝜇2𝑠𝑖𝑛
2𝜇3)(𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3)

+ sin3 𝜇1 sin3 𝜇2 sin3 𝜇3]] 

⇒ 𝜃1(𝜇1, 𝜇2, 𝜇3, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [
5

2
𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3]] 

⇒ 𝜃1(𝜇1, 𝜇2, 𝜇3, 𝜏) = −
5𝑖

2
𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3𝑆

−1 [(
𝜈

𝑠
)
𝛼

𝑆[1]] 

⇒ 𝜃1(𝜇1, 𝜇2, 𝜇3, 𝜏) = −
5𝑖

2
𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3𝑆

−1 [(
𝜈

𝑠
)
2𝛼

] 

⇒ 𝜃1(𝜇1, 𝜇2, 𝜇3, 𝜏) = −
5𝑖

2
𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3

𝜏2𝛼−1

Γ(2𝛼)
. 

Considered 𝑛 = 1: 

𝜃2(𝜇1, 𝜇2, 𝜇3, 𝜏)

= −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 [−
1

2
[(𝜃1)𝜇1𝜇1

(𝜇1, 𝜇2, 𝜇3, 𝜏) + (𝜃1)𝜇2𝜇2
(𝜇1, 𝜇2, 𝜇3, 𝜏)

+ (𝜃1)𝜇3𝜇3
(𝜇1, 𝜇2, 𝜇3, 𝜏)] + (1 − 𝑠𝑖𝑛2𝜇1𝑠𝑖𝑛

2𝜇2𝑠𝑖𝑛
2𝜇3)𝜃1(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝐴1]]. 

Where, 

(𝜃1)𝜇1𝜇1
(𝜇1, 𝜇2, 𝜇3, 𝜏) = (𝜃1)𝜇2𝜇2

(𝜇1, 𝜇2, 𝜇3, 𝜏) = (𝜃1)𝜇3𝜇3
(𝜇1, 𝜇2, 𝜇3, 𝜏) 

= (
5𝑖

2
) 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3

𝜏2𝛼−1

Γ(2𝛼)
. 
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𝐴1 = 2𝜃0𝜃1𝜃0
̅̅ ̅ + 𝜃0

2𝜃1
̅̅̅ = −

5𝑖

2
𝜇1 sin3 𝜇2 sin3 𝜇3

𝜏2𝛼−1

Γ(2𝛼)
 

⇒ 𝜃2(𝜇1, 𝜇2, 𝜇3, 𝜏) = −𝑖𝑆−1 [(
𝜈

𝑠
)
𝛼

𝑆 {−
25𝑖

4
𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3

𝜏2𝛼−1

Γ(2𝛼)
}] 

⇒ 𝜃2(𝜇1, 𝜇2, 𝜇3, 𝜏) =
25𝑖2

4
𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3𝑆

−1 [(
𝜈

𝑠
)
3𝛼

] 

⇒ 𝜃2(𝜇1, 𝜇2, 𝜇3, 𝜏) =
25𝑖2

4
𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3

𝜏3𝛼−1

Γ(3𝛼)
 

⇒ 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) = 𝜃0(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃1(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃2(𝜇1, 𝜇2, 𝜇3, 𝜏) + 𝜃3(𝜇1, 𝜇2, 𝜇3, 𝜏) + ⋯ 

⇒ 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) = 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3 −
5𝑖

2
𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3

𝜏2𝛼−1

Γ(2𝛼)
+

25𝑖2

4
𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3

𝜏3𝛼−1

Γ(3𝛼)
− ⋯ 

Considered 𝛼 = 1: 

⇒ 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) = 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3 [1 −
(
5𝑖𝜏
2

)

1!
+

(
5𝑖𝜏
2

)
2

2!
− ⋯] 

⇒ 𝜃(𝜇1, 𝜇2, 𝜇3, 𝜏) = 𝑠𝑖𝑛𝜇1𝑠𝑖𝑛𝜇2𝑠𝑖𝑛𝜇3 exp (−
5𝑖𝜏

2
). 

5. Graphical and tabular discussion 

In the present section, the validity of the proposed regime is affirmed vias graphical and tabular 

analysis of the results. In Figure 1, approx. and exact profiles are matched at 𝜏=1, 2, 3, 4, and 5 for 

Example 1. In Figure 2, matching of approx. and exact profiles are provided at 𝜏=6, 7, 8, 9, and 10 for 

Example 1. A wide range of time levels is checked for compatibility. In Figure 3, a match of approx. 

and exact profiles is provided at 𝜏=1.0, 1.5, 2.0, 2.5 and 3.0 for Example 2. Figure 4 is related to the 

approx. and exact profile compatibility at 𝜏=1, 2,3, 4, and 5 for Example 3. In Figure 5, compatibility 

of approx. and exact profiles are matched at 𝜏 = 1, 2, 3, 4, and 5 for Example 4. In Figure 6, approx.-

exact compatibility is mentioned at 𝜏=6, 7, 8, 9, and 10 for Example 4. Figures 7 and 8 are related to 

the mesh-contour and surface-contour presentations at 𝜏 =1 and 𝜏 =2 respectively for Example 5. 

Figures 9 and 10 are related to the mesh-contour and surface-contour presentations at 𝜏=1 and 𝜏=2, 

respectively for Example 6. 

Via Tables 3–8, it can be affirmed that the approx. and exact profiles are matched for a wide range 

of time levels regarding the proposed scheme. Error analysis and convergence property are done by 

means of Tables 3–8. In Tables 3–8, 𝐿∞ errors are provided at various grid points and time levels. Via 

Tables 3–8, it is reported that on increasing the number of grid points at different time levels, 𝐿∞ error 

got reduced, and in most of the cases, convergence is affirmed up to higher order. 



19588 

AIMS Mathematics  Volume 7, Issue 10, 19562–19596. 

 

Figure 1. Approx. and exact profiles at 𝑡=1, 2, 3, 4 and 5 regarding Example 1. 

 

Figure 2. Approx. and exact profiles at 𝑡=6, 7, 8, 9, and 10 where 𝑁=101 regarding Example 1. 
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Figure 3. Approx. and exact profiles at 𝑡 =1.0, 1.5, 2.0, 2.5, and 3.0 where 𝑁 =101 

regarding Example 2. 

 

Figure 4. Approx. and exact profiles at 𝑡=1, 2, 3, 4, and 5 where 𝑁=101 regarding Example 3. 
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Figure 5. Approx. and exact profiles at 𝑡=1, 2, 3, 4, and 5 where 𝑁=101 regarding Example 4. 

 

Figure 6. Approx. and exact profiles at 𝑡=6, 7, 8, 9, and 10 where 𝑁=101 regarding Example 4. 
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Figure 7. Approx. and exact profiles at 𝑡=1 where 𝑁=51 regarding Example 5. 

 

 

Figure 8. Approx. and exact profiles at 𝑡=2 where 𝑁=51 regarding Example 5. 
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Figure 9. Approx. and exact profiles at 𝑡=1, where 𝑁=101, 𝑧=0.1 regarding Example 6. 

 

Figure 10. Approx. and exact profiles at 𝑡=2 where 𝑁=101, 𝑧=0.1 regarding Example 6. 

6. Conclusions 

In the present study, the motive is to deal with 1𝐷, 2𝐷, and 3𝐷 time-fractional Schr𝑜̈dinger 

equations regarding the approx.-analytical outcome. Shehu transform ADM is incorporated for this 

purpose. The prime key of a developed regime is it's easy-to-implement approach and accurate results. 

Furthermore, with the aid of the six mentioned examples, it is ensured that the retrieved approximated 
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profiles are compatible with exact profiles. The graphical matching aspect between the approximated 

and exact results is also notified, which ensures that the developed technique is a good alternative to 

solve complex natured time-fractional PDEs. 𝐿∞  error is mentioned inTables 3–8. Via mentioned 

tables, it is ensured that the proposed methodology is convergent, as on increasing the number of grid 

points, 𝐿∞  error got reduced. With the aid of the developed regime, various complex natured 

fractional PDEs can be easily solved. 
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