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1. Introduction

In control systems, neural networks, missile systems and many fields, finite-time stability is a more
practical method which is much valuable to analyze the transient behavior of nature of a system
within a finite interval of time [1–4]. We know that the traditional stability, asymptotical stability and
exponential stability in the sense of Lyapunov, which the stable property of a system is considered in
an infinite-time interval. Finite time stability just focuses on the behavior of a given system in a fixed
time interval [5].

With the development of science and applied mathematics, people have found that some physical
phenomenon systems are actually described by fractional differential equations, in which such systems
cannot be effectively modeled by using the classical integer order differential equations. In recent
decades, researchers have become more and more interested in the study of the stability of the solution
for fractional-order system, see [6,7]. The finite-time stability analysis of fractional differential systems
has received considerable attention, for instance [8–11] and the references therein. As we all known,
either in nature or in artificial systems, noise or stochastic discomfort cannot be prohibited. Thus,
stochastic differential equations have sparked interest as a result of their wide application in physical,
pharmaceutical domains, scientific and engineering, one can check [12–15]. Considering fractional
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order and randomness, Mchin et al. in [16] investigated the finite-time stability of the solution for
linear stochastic fractional-order time delay system as follows:

CDα
0,ty(t) = Ay(t) + By(t − τ) + Cy(t − ν)

dW(t)
dt

, (1.1)

where the initial condition is {y(t),−ν ≤ t ≤ 0} = φ(t) ∈ Rn, CDα
0,t denotes the operator of the Caputo

fractional derivative of order α ∈ ( 1
2 , 1), A, B,C ∈ Rn×n, and W(t) is a 1-dimensional Brownian motion

defined on the probability space.
In the literature, there exist several definitions of fractional integrals and derivatives, in which the

most popular are Riemann-Liouville and Caputo-type fractional derivatives. A generalization of both
Riemann-Liouville and Caputo derivatives was given by Hilfer [17], which was known as the Hilfer
fractional derivative. Theoretical simulations of thermoelastic in crystal compounds, engineering,
rheological constitutive modelling, chemical processing and other domains have uncovered the
usefulness and applicability of the Hilfer fractional derivative. Recently, Vanterler and Capelas de
Oliveira [18] presented a fractional differential operator of a function with respect to another function,
the so-called ψ-Hilfer fractional derivative. Obviously, the class of fractional derivatives derived from
the ψ-Hilfer operator is making the fractional operator a generalization of the fractional operators.
Some properties of this operator could be found in [18]. There are some authors who have worked on
the existence, stability of solutions of ψ-Hilfer fractional-order differential equations as in [19–22].

From the above statement, it makes sense that Caputo fractional derivative of (1.1) is generalized to
the ψ-Hilfer fractional derivative type. Moreover, (1.1) is a linear stochastic fractional-order time delay
system, which is lack of nonlinear term. It is noted that the nonlinear term in system is more important
and more general.

Motivated by the above works, we are concerned with the following nonlinear stochastic ψ-Hilfer
fractional systems with time delay of the form

HDα,β,ψ
0+ x(t) = Ax(t) + Bx(t − τ) + f (t, x(t), x(t − τ))

+(Cx(t) + Dx(t − τ))dW(t)
dt , t ∈ [0,T ],

x(t) = φ(t), t ∈ [−τ, 0],
(1.2)

where HDα,β,ψ
0+ is the ψ-Hilfer fractional derivative of order 1

2 < α ≤ 1, with respect to function ψ

and 0 ≤ β ≤ 1; A, B,C,D ∈ Rn×n are matrices; f : J × X × X → X (X = C([−τ,T ],Rn)) is a function
satisfying some specific assumptions given in (H1) and (H2). W(t) is a 1-dimensional Brownian motion
defined on the probability space.

The main contributions and advantages of this paper are as follows:
(1) For the first time in literature, the finite time stability for nonlinear stochastic ψ-Hilfer fractional-

order time-delay systems is investigated.
(2) New set of sufficient conditions are established for the finite time stability for nonlinear

stochastic ψ-Hilfer fractional-order time-delay systems (1.2). This work generalizes the main results
of [16].

(3) Our main technique relies on generalized Gronwall’s inequality for ψ-Hilfer derivative and
stochastic analysis techniques is effectively used to establish the new results.

(4) A numerical example is presented to show the proposed theoretical results.
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This paper will be organized as follows. In Section 2, we will briefly recall some notations,
definitions and preliminaries. Section 3 is devoted to proving the finite-time stability for system (1.2).
In Section 4, an example is given to illustrate our theoretical result. Finally, the paper is concluded in
Section 5.

2. Preliminaries

In this section, we recall some basic definitions and lemmas which are used in the sequel.
Let {X,F , (Ft)t≥0,P} be a complete probability space with a filtration fulfilling the usual conditions.

W(t) is a 1-dimensional Brownian motion defined on the probability space.
Let C([−τ, 0],Rn) be the space of the continuous functions φ : [−τ, 0] → Rn with the norm ‖φ‖ =

sup−τ≤s≤0 ‖φ(s)‖, and C([−τ,T ],Rn) be the space of the continuous functions x : [−τ,T ]→ Rn with the
norm ‖x‖ = sup−τ≤s≤T ‖x(s)‖.
Definition 2.1. [23] System (1.2) is finite-time stochastically stable (FTSS) w.r.t. {δ, ε,T }, δ < ε, if

E‖φ‖2 < δ

implying
E‖x(t)‖2 < ε, ∀t ∈ [0,T ].

Now we present some definitions and properties of fractional calculus which will be used throughout
this paper.
Definition 2.2. [18] Let α > 0, f be an integrable function defined on [a, b] and ψ ∈ C1([a, b]) be an
increasing function with ψ′(t) , 0 for all t ∈ [a, b]. The left ψ-Riemann-Liouville fractional integral
operator of order α of a function f is defined by

Iα,ψa+ f (t) =
1

Γ(α)

∫ t

a
ψ′(s)(ψ(t) − ψ(s))α−1 f (s)ds. (2.1)

Definition 2.3. [18] Let n− 1 < α < n, f ∈ Cn([a, b]) and ψ ∈ Cn([a, b]) be an increasing function with
ψ′(t) , 0 for all t ∈ [a, b]. The left ψ-Riemann-Liouville fractional derivative of order α of a function
f is defined by

Dα,ψ
a+ f (t) =

(
1

ψ′(t)
d
dt

)
In−α,ψ
a+ f (t) =

1
Γ(n − α)

(
1

ψ′(t)
d
dt

)n ∫ t

a
(ψ(t) − ψ(s))n−α−1 f (s)ψ′(s)ds. (2.2)

Definition 2.4. [18] Let n− 1 < α < n, f ∈ Cn([a, b]) and ψ ∈ Cn([a, b]) be an increasing function with
ψ′(t) , 0 for all t ∈ [a, b]. The left ψ-Caputo fractional derivative of order α of a function f is defined
by

CDα,ψ
a+ f (t) = (In−α,ψ

a+ f [n])(t) =
1

Γ(n − α)

∫ t

a
(ψ(t) − ψ(s))n−α−1 f [n](s)ψ′(s)ds, (2.3)

where n = [α] + 1 and f [n](t) :=
(

1
ψ′(t)

d
dt

)n
f (t) on [a, b].
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Definition 2.5. [18] Let n − 1 < α < n with n ∈ N, f , ψ ∈ Cn([a, b],R) two functions such that ψ
is increasing and ψ′(x) , 0, for all x ∈ [a, b]. The left-sided ψ-Hilfer fractional derivative HDα,β;ψ

a+ of
function of order α and type 0 ≤ β ≤ 1, are defined by

HDα,β;ψ
a+ f (x) = Iβ(n−α);ψ

a+

(
1

ψ′(x)
d
dx

)n

I(1−β)(n−α);ψ
a+ f (x). (2.4)

In the following, we will give some properties of the combinations of the fractional integral and the
fractional derivatives of a function with respect to another function.
Lemma 2.1. [14] Let f ∈ Cn([a, b]), n − 1 < α < n and 0 ≤ β ≤ 1. Then we have

Iα;ψ
a+

HDα,β;ψ
a+ f (x) = f (x) −

n∑
k=1

(ψ(x) − ψ(a))γ−k

Γ(γ − k + 1)
f [n−k]
ψ I(1−β)(n−α);ψ

a+ f (a), (2.5)

where γ = α + β(n − α).
Lemma 2.2. [14] Let f ∈ C1([a, b]), α > 0 and 0 ≤ β ≤ 1. Then we have

HDα,β;ψ
a+ Iα;ψ

a+ f (x) = f (x). (2.6)

Lemma 2.3. [24] Suppose that α > 0 and f ∈ C[0, b] is nonnegative and nondecreasing. Then
F(t) =

∫ t

0
(t−s)α−1

Γ(α) f (s)ds is nondecreasing on [0, b].
From Lemma 2.3, we can give and prove the following lemma.

Lemma 2.4. Assume that α > 0, ψ ∈ C1[0, b] and ψ′ ∈ C[0, b] with ψ′(t) > 0 on [0, b] a.e. If
f ∈ C[0, b] is nonnegative and nondecreasing, then F(t) = 1

Γ(α)

∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s) f (s)ds is

nondecreasing on [0, b].
Proof. We first suppose that f ∈ C1[0, b] is nonnegative and nondecreasing. Setting w = ψ(t) − ψ(s),
we get

F(t) =
1

Γ(α)

∫ ψ(t)−ψ(0)

0
wα f (ψ−1(ψ(t) − w))dw.

Thus, we have

F′(t) =
1

Γ(α)
(ψ(t) − ψ(0))α f (ψ−1(ψ(0)))

+
1

Γ(α)

∫ ψ(t)−ψ(0)

0
wα f ′(ψ−1(ψ(t) − w))

1
ψ′(s)

ψ′(t)dw

=
1

Γ(α)
(ψ(t) − ψ(0))α f (0) +

1
Γ(α)

∫ t

0
(ψ(t) − ψ(s))αψ′(t) f ′(s)ds ≥ 0,

for all t ∈ [0, b] which implies that F is nondecreasing on [0, b].
For the general case that f ∈ C[0, b], we choose a sequence of nonnegative and nondecreasing

functions { fn} ∈ C1[0, b] such that fn → f ∈ C[0, b]. Since each
Fn(t) = 1

Γ(α)

∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s) fn(s)ds is nondecreasing, we obtain that the limit F = limn Fn is

therefore nondecreasing.
The Gronwall inequality plays an important role in the study of qualitative and qualitative properties

of solution of fractional differential and integral equations [25–27]. In order to work with continuous
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dependence of differential equations via ψ-Hilfer fractional derivative, the authors in [28] gave the
generalized Gronwall inequality by means of the fractional integral with respect to another function ψ
as follows :
Theorem 2.1. [28] Let u, v be two integrable functions and g be continuous defined on domain [a, b].
Let ψ ∈ C1[a, b] be an increasing function such that ψ′(t) , 0, ∀t ∈ [a, b]. Assume that

(1) u and v are nonnegative;
(2) g is nonnegative and nondecreasing.

If

u(t) ≤ v(t) + g(t)
∫ t

a
ψ′(τ)(ψ(t) − ψ(τ))α−1u(τ)dτ,

then

u(t) ≤ v(t) +

∫ t

a

∞∑
k=1

[g(t)Γ(α)]k

Γ(αk)
ψ′(τ)(ψ(t) − ψ(τ))α−1v(τ)dτ, ∀t ∈ [a, b].

Corollary 2.1. [28] Under the hypothesis of Theorem 2.1, let v be a nondecreasing function on [a, b].
Then

u(t) ≤ v(t)Eα(g(t)Γ(α)(ψ(t) − ψ(a))α), ∀t ∈ [a, b],

where Eα is the Mittag-Leffler function given by the series

Eα(z) =

∞∑
k=0

zk

Γ(αk + 1)
.

In [29], Lin provided several generalizations of the Gronwall inequality for fractional derivative.
Seemab et al. in [30] generalized Gronwalls inequality for ψ-fractional derivative as follows:
Theorem 2.2. [30] Let u, v be two integrable functions, with domain [a, b]. Let ψ ∈ C1[a, b] an
increasing function such that ψ′(t) , 0. ∀t ∈ [a, b]. Assume that

(i) u and v are nonnegative;
(ii) The function (gi)i=1,...,n are the bounded and monotonic functions on [a, b];
(iii) The constants ρi > 0 (i = 1, 2, ..., n). If

u(t) ≤ v(t) +

n∑
i=1

gi(t)
∫ t

a
ψ′(τ)(ψ(t) − ψ(τ))ρi−1u(τ)dτ,

then

u(t) ≤ v(t) +

∞∑
k=1


∑

1′,2′,...,k′=1

k∏
i=1

(gi′(t)Γ(ρi′))

Γ(
∑k

i=1 ρi′)

∫ t

a
[ψ′(τ)(ψ(t) − ψ(τ))

∑k
i=1 ρi′−1]v(τ)dτ

 .
For n = 2 in Theorem 2.2, let v(t) be a nondecreasing function on a ≤ t < b. Then we have

Corollary 2.2. Let u, v be two nonnegative integrable functions defined on domain [a, b]. And let v(t)
be a nondecreasing function. Assume that ψ ∈ C1[a, b] is an increasing function such that ψ′(t) , 0.
∀t ∈ [a, b]. If

u(t) ≤ v(t) +

2∑
i=1

gi(t)
∫ t

a
ψ′(τ)(ψ(t) − ψ(τ))ρi−1u(τ)dτ,
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where functions g1 and g2 are the bounded and monotonic functions on [a, b], and constants ρi > 0
(i = 1, 2). Then we have

u(t) ≤ v(t)[Eρ1(g1(t)Γ(ρ1)(ψ(t) − ψ(a))ρ1) + Eρ2(g2(t)Γ(ρ2)(ψ(t) − ψ(a))ρ2) − 1].

Proof. Since v is nondecreasing, we have v(τ) ≤ v(t) for any τ ∈ [a, t]. Thus, by Theorem 2.2, we
obtain

u(t) ≤ v(t) +

∫ t

a

∞∑
k=1

[g1(t)Γ(ρ1)]k

Γ(ρ1k)
ψ′(τ)[ψ(t) − ψ(τ)]ρ1k−1v(τ)dτ

+

∫ t

a

∞∑
k=1

[g2(t)Γ(ρ2)]k

Γ(ρ2k)
ψ′(τ)[ψ(t) − ψ(τ)]ρ2k−1v(τ)dτ

≤ v(t)

1 +

∫ t

a

∞∑
k=1

[g1(t)Γ(ρ1)]k

Γ(ρ1k)
ψ′(τ)[ψ(t) − ψ(τ)]ρ1k−1dτ

+

∫ t

a

∞∑
k=1

[g2(t)Γ(ρ2)]k

Γ(ρ2k)
ψ′(τ)[ψ(t) − ψ(τ)]ρ2k−1dτ


= v(t)

1 +

∞∑
k=1

[g1(t)Γ(ρ1)]k

Γ(ρ1k)
[ψ(t) − ψ(a)]ρ1k

ρ1k
+

∞∑
k=1

[g2(t)Γ(ρ2)]k

Γ(ρ2k)
[ψ(t) − ψ(a)]ρ2k

ρ2k


= v(t)

1 +

∞∑
k=1

[g1(t)Γ(ρ1)(ψ(t) − ψ(a))ρ1]k

Γ(ρ1k + 1)
+

∞∑
k=1

[g2(t)Γ(ρ2)(ψ(t) − ψ(a))ρ2]k

Γ(ρ2k + 1)


= v(t)[Eρ1(g1(t)Γ(ρ1)(ψ(t) − ψ(a))ρ1) + Eρ2(g2(t)Γ(ρ2)(ψ(t) − ψ(a))ρ2) − 1].

3. Main results

This section is devoted to the finite-time stability problem for system (1.2).
Lemma 3.1. If x is a solution of system (1.2), then it is a solution of stochastic Volterra integral
system

x(t) =



φ(0)
Γ(γ)Γ(2 − γ)

+
1

Γ(α)

∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Ax(s)ds

+
1

Γ(α)

∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Bx(s − τ)ds

+
1

Γ(α)

∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s) f (s, x(s), x(s − τ))ds

+
1

Γ(α)

∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Cx(s)dW(s)

+
1

Γ(α)

∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Dx(s − τ)dW(s), t ∈ [0,T ],

φ(t), t ∈ [−τ, 0],

(3.1)

where γ = α + β(1 − α).
Proof. If x ∈ X satisfies the problem (1.2), then by applying the operator Iα,ψ0+ to both sides of the first
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equation of (1.2), one has

Iα,ψ0+
HDα,β,ψ

0+ x(t) = Iα,ψ0+ Ax(t) + Iα,ψ0+ Bx(t − τ)

+Iα,ψ0+ f (t, x(t), x(t − τ)) + Iα,ψ0+ (Cx(t) + Dx(t − τ))
dW(t)

dt
.

(3.2)

By properties of ψ-Hilfer fractional derivative and using Lemma 2.1, we obtain the left hand side
of (3.2) as

Iα,ψ0+
HDα,β,ψ

0+ x(t) = x(t) −
(ψ(t) − ψ(0))γ−1

Γ(γ)
I(1−β)(1−α),ψ
0+ x(0)

= x(t) −
(ψ(t) − ψ(0))γ−1

Γ(γ)
1

Γ(1 − γ)

∫ t

0
(ψ(t) − ψ(s))−γψ′(s)x(0)ds

= x(t) −
φ(0)

Γ(γ)Γ(2 − γ)
.

(3.3)

Combining (3.2) and (3.3), we get that x is a solution of the stochastic Volterra integral system (3.1).
To study the finite-time stability of system (1.2), we need the following assumptions.
(H1) For f : C([0,T ] × Rn × Rn → Rn, there exist two positive constants L1 and L2 such that

‖ f (t, x(t), x(t − τ)) − f (t, y(t), y(t − τ))‖ ≤ L1‖x(t) − y(t)‖ + L2‖x(t − τ) − y(t − τ)‖,

for any t ∈ [0,T ], x, y ∈ Rn.
(H2) f (t, 0, 0) = [0, 0, · · · , 0]︸        ︷︷        ︸

n

.

Let T > τ and m ∈ N such that (m + 1)τ < T ≤ (m + 2)τ.
Theorem 3.1. Assume that (H1) and (H2) hold. System (1.2) is FTSS with respect to (δ, ε,T ), if the
following condition is satisfied:

lT (τ) ≤
ε

δ
, (3.4)

where
lT (τ) =

(
M1 +

M3

α
lm+1(τ)(ψ(T ) − ψ(0))2α +

µT M5

2α − 1
lm+1(τ)(ψ(T ) − ψ(0))2α−1

)
·
[
Eα(M2Γ(α)(ψ(T ) − ψ(0))2α)

+E2α−1(M4µT Γ(2α − 1)(ψ(T ) − ψ(0))2α−1) − 1
]
E‖φ‖2,

lk+1(τ) =

(
M1 +

M3

α
lk(τ)(ψ((k + 1)τ) − ψ(0))2α +

µ(k+1)τM5

2α − 1
lk(τ)(ψ((k + 1)τ) − ψ(0))2α−1

)
·
[
Eα(M2Γ(α)(ψ((k + 1)τ) − ψ(0))2α)

+E2α−1(M4µ(k+1)τΓ(2α − 1)(ψ((k + 1)τ) − ψ(0))2α−1) − 1
]
E‖φ‖2,

and µT = supt∈[0,T ] ψ
′(t), µ(k+1)τ = supt∈[0,(k+1)τ] ψ

′(t), k ∈ [0,m], l0(τ) = 1,

M1 =
6

Γ2(γ)Γ2(2 − γ)
, M2 =

6(‖A‖2 + 2L2
1)

Γ(α)Γ(α + 1)
,

M3 =
6(‖B‖2 + 2L2

2)
Γ(α)Γ(α + 1)

, M4 =
6‖C‖2

Γ2(α)
, M5 =

6‖D‖2

Γ2(α)
.

(3.5)
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Proof. According to Lemma 3.1, we know that the solution of the system (1.2) satisfies stochastic
Volterra integral system (3.1). By using the Cauchy-Schwartz inequality, (H1) and (H2), we obtain

‖x(t)‖2 ≤
6‖φ‖2

Γ2(γ)Γ2(2 − γ)

+
6

Γ2(α)

(∫ t

0
(ψ(t) − ψ(s))α−1‖A‖‖x(s)‖ψ′(s)ds

)2

+
6

Γ2(α)

(∫ t

0
(ψ(t) − ψ(s))α−1‖B‖‖x(s − τ)‖ψ′(s)ds

)2

+
6

Γ2(α)

(∫ t

0
(ψ(t) − ψ(s))α−1‖ f (s, x(s), x(s − τ))‖ψ′(s)ds

)2

+
6

Γ2(α)

∥∥∥∥∥∥
∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Cx(s)dW(s)

∥∥∥∥∥∥2

+
6

Γ2(α)

∥∥∥∥∥∥
∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Dx(s − τ)dW(s)

∥∥∥∥∥∥2

≤
6‖φ‖2

Γ2(γ)Γ2(2 − γ)

+
6

Γ2(α)

(∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)ds

) (∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)‖A‖2‖x(s)‖2ds

)
+

6
Γ2(α)

(∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)ds

) (∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)‖B‖2‖x(s − τ)‖2ds

)
+

6
Γ2(α)

(∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)ds

)
×

(∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)(L1‖x(s)‖ + L2‖x(s − τ)‖)2ds

)
+

6
Γ2(α)

∥∥∥∥∥∥
∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Cx(s)dW(s)

∥∥∥∥∥∥2

+
6

Γ2(α)

∥∥∥∥∥∥
∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Dx(s − τ)dW(s)

∥∥∥∥∥∥2

≤
6‖φ‖2

Γ2(γ)Γ2(2 − γ)

+
6‖A‖2

Γ(α)Γ(α + 1)
(ψ(t) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1‖x(s)‖2ψ′(s)ds

+
6‖B‖2

Γ(α)Γ(α + 1)
(ψ(t) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1‖x(s − τ)‖2ψ′(s)ds

+
12L2

1

Γ(α)Γ(α + 1)
(ψ(t) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1‖x(s)‖2ψ′(s)ds

+
12L2

2

Γ(α)Γ(α + 1)
(ψ(t) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1‖x(s − τ)‖2ψ′(s)ds

+
6

Γ2(α)

∥∥∥∥∥∥
∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Cx(s)dW(s)

∥∥∥∥∥∥2
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+
6

Γ2(α)

∥∥∥∥∥∥
∫ t

0
(ψ(t) − ψ(s))α−1ψ′(s)Dx(s − τ)dW(s)

∥∥∥∥∥∥2

. (3.6)

Taking the expectation on the two sides of (3.6), we have

E‖x(t)‖2 ≤
6

Γ2(γ)Γ2(2 − γ)
E‖φ‖2

+
6‖A‖2

Γ(α)Γ(α + 1)
(ψ(t) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s)‖2ψ′(s)ds

+
6‖B‖2

Γ(α)Γ(α + 1)
(ψ(t) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s − τ)‖2ψ′(s)ds

+
12L2

1

Γ(α)Γ(α + 1)
(ψ(t) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s)‖2ψ′(s)ds

+
12L2

2

Γ(α)Γ(α + 1)
(ψ(t) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s − τ)‖2ψ′(s)ds

+
6

Γ2(α)

∫ t

0
(ψ(t) − ψ(s))2α−2(ψ′(s))2‖C‖2E‖x(s)‖2ds

+
6

Γ2(α)

∫ t

0
(ψ(t) − ψ(s))2α−2(ψ′(s))2‖D‖2E‖x(s − τ)‖2ds

≤
6

Γ2(γ)Γ2(2 − γ)
E‖φ‖2

+
6(‖A‖2 + 2L2

1)
Γ(α)Γ(α + 1)

(ψ(t) − ψ(0))α
(∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s)‖2ψ′(s)ds

)
+

6(‖B‖2 + 2L2
2)

Γ(α)Γ(α + 1)
(ψ(t) − ψ(0))α

(∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s − τ)‖2ψ′(s)ds

)
+

6‖C‖2

Γ2(α)

∫ t

0
(ψ(t) − ψ(s))2α−2(ψ′(s))2E‖x(s)‖2ds

+
6‖D‖2

Γ2(α)

∫ t

0
(ψ(t) − ψ(s))2α−2(ψ′(s))2E‖x(s − τ)‖2ds

= M1E‖φ‖
2 + M2(ψ(t) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s)‖2ψ′(s)ds

+M3(ψ(t) − ψ(0))α
∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s − τ)‖2ψ′(s)ds

+M4

∫ t

0
(ψ(t) − ψ(s))2α−2(ψ′(s))2E‖x(s)‖2ds

+M5

∫ t

0
(ψ(t) − ψ(s))2α−2(ψ′(s))2E‖x(s − τ)‖2ds, (3.7)

where M1,M2,M3 and M4 are as in (3.5).
For t ∈ [0, τ], by (3.7), we get

E‖x(t)‖2 ≤ M1E‖φ‖
2 + M2(ψ(τ) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s)‖2ψ′(s)ds

+M3(ψ(τ) − ψ(0))α
∫ t

0
(ψ(t) − ψ(s))α−1E‖φ‖2ψ′(s)ds

+M4µτ

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)E‖x(s)‖2ds
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+M5µτ

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)E‖φ‖2ds

≤

(
M1 +

M3

α
(ψ(τ) − ψ(0))2α +

µτM5

2α − 1
(ψ(τ) − ψ(0))2α−1

)
E‖φ‖2

+M2(ψ(τ) − ψ(0))α
∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s)‖2ψ′(s)ds

+M4µτ

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)E‖x(s)‖2ds,

where µτ = supt∈[0,τ] ψ
′(t). By Corollary 2.2, one has

E‖x(t)‖2 ≤
(
M1 +

M3

α
(ψ(τ) − ψ(0))2α +

µτM5

2α − 1
(ψ(τ) − ψ(0))2α−1

)
·
[
Eα(M2Γ(α)(ψ(τ) − ψ(0))2α)

+E2α−1(M4µτΓ(2α − 1)(ψ(τ) − ψ(0))2α−1) − 1
]
E‖φ‖2

= l1(τ)E‖φ‖2, ∀t ∈ [0, τ],
where

l1(τ) =

(
M1 +

M3

α
(ψ(τ) − ψ(0))2α +

µτM5

2α − 1
(ψ(τ) − ψ(0))2α−1

)
·
[
Eα(M2Γ(α)(ψ(τ) − ψ(0))2α)

+E2α−1(M4µτΓ(2α − 1)(ψ(τ) − ψ(0))2α−1) − 1
]
.

For t ∈ [τ, 2τ], from (3.7), we have

E‖x(t)‖2 ≤ M1E‖φ‖
2 + M2(ψ(2τ) − ψ(0))α

∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s)‖2ψ′(s)ds

+M3(ψ(2τ) − ψ(0))α
∫ t

0
(ψ(t) − ψ(s))α−1l1(τ)E‖φ‖2ψ′(s)ds

+M4µ2τ

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)E‖x(s)‖2ds

+M5µ2τ

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)l1(τ)E‖φ‖2ds

≤

(
M1 +

M3

α
l1(τ)(ψ(2τ) − ψ(0))2α +

µ2τM5

2α − 1
l1(τ)(ψ(2τ) − ψ(0))2α−1

)
E‖φ‖2

+M2(ψ(2τ) − ψ(0))α
∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s)‖2ψ′(s)ds

+M4µ2τ

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)E‖x(s)‖2ds,

where µ2τ = supt∈[0,2τ] ψ
′(t). By using Corollary 2.2, we obtain

E‖x(t)‖2 ≤ l2(τ)E‖φ‖2, ∀t ∈ [0, 2τ],

where
l2(τ) =

(
M1 +

M3

α
l1(τ)(ψ(2τ) − ψ(0))2α +

µ2τM5

2α − 1
l1(τ)(ψ(2τ) − ψ(0))2α−1

)
·
[
Eα(M2Γ(α)(ψ(2τ) − ψ(0))2α)

+E2α−1(M4µ2τΓ(2α − 1)(ψ(2τ) − ψ(0))2α−1) − 1
]
.

For t ∈ [kτ, (k + 1)τ], we get by (3.6) that

E‖x(t)‖2 ≤
(
M1 +

M3

α
lk(τ)(ψ((k + 1)τ) − ψ(0))2α
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+
µ(k+1)τM5

2α − 1
lk(τ)(ψ((k + 1)τ) − ψ(0))2α−1

)
E‖φ‖2

+M2(ψ((k + 1)τ) − ψ(0))α
∫ t

0
(ψ(t) − ψ(s))α−1E‖x(s)‖2ψ′(s)ds

+M4µ(k+1)τ

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)E‖x(s)‖2ds,

where µ(k+1)τ = supt∈[0,(k+1)τ] ψ
′(t). By using Corollary 2.2 again, we get

E‖x(t)‖2 ≤ lk+1(τ)E‖φ‖2, ∀t ∈ [0, (k + 1)τ],

where
lk+1(τ) =

(
M1 +

M3

α
lk(τ)(ψ((k + 1)τ) − ψ(0))2α

+
µ(k+1)τM5

2α − 1
lk(τ)(ψ((k + 1)τ) − ψ(0))2α−1

)
·
[
Eα(M2Γ(α)(ψ((k + 1)τ) − ψ(0))2α)

+E2α−1(M4µ(k+1)τΓ(2α − 1)(ψ((k + 1)τ) − ψ(0))2α−1) − 1
]
.

Finally, since (m + 1)τ < T ≤ (m + 2)τ, for all t ∈ [0,T ], we can obtain

E‖x(t)‖2 ≤
(
M1 +

M3

α
lm+1(τ)(ψ(T ) − ψ(0))2α +

µM5

2α − 1
lm+1(τ)(ψ(T ) − ψ(0))2α−1

)
·
[
Eα(M2Γ(α)(ψ(T ) − ψ(0))2α)

+E2α−1(M4µT Γ(2α − 1)(ψ(T ) − ψ(0))2α−1) − 1
]
E‖φ‖2,

where µT = supt∈[0,T ] ψ
′(t), which completes the proof.

Theorem 3.2. Assume that (H1) and (H2) hold. System (1.2) is FTSS with respect to (δ, ε,T ),
provided the following condition holds :

M1

[
Eα(M2 + M3)Γ(α)(ψ(T ) − ψ(0))α)

+E2α−1(M4 + M5)Γ(2α − 1)(ψ(T ) − ψ(0))2α−1) − 1
]
<
ε

δ
, (3.8)

where
M1 = M1, M2 = M2(ψ(T ) − ψ(0))α, M3 = M3(ψ(T ) − ψ(0))α,M4 = M4µT , M5 = M5µT .

(3.9)
Here Mi (i = 1, ..., 5) are as in (3.5).
Proof. For convenience, denote h(t) = E‖x(t)‖2. Then by inequality (3.7) and (3.9), one has

h(t) ≤ M1E‖φ‖
2 + M2

∫ t

0
(ψ(t) − ψ(s))α−1h(s)ψ′(s)ds

+M3

∫ t

0
(ψ(t) − ψ(s))α−1h(s − τ)ψ′(s)ds

+M4

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)h(s)ds

+M5

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)h(s − τ)ds, t ∈ [0,T ].

Let g(t) = supθ∈[−τ,t] h(θ), for all t ∈ [0,T ]. Obviously, h(s) ≤ g(s) and h(s − τ) ≤ g(s), ∀s ∈ [0,T ]. For
t ∈ [0,T ], we get

h(t) ≤ M1E‖φ‖
2 + M2

∫ t

0
(ψ(t) − ψ(s))α−1g(s)ψ′(s)ds
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+M3

∫ t

0
(ψ(t) − ψ(s))α−1g(s)ψ′(s)ds

+M4

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)g(s)ds

+M5

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)g(s)ds.

Since g is nondecreasing, for ∀θ ∈ [0, t], we have by Lemma 2.4 that

h(θ) ≤ M1E‖φ‖
2 + M2

∫ θ

0
(ψ(θ) − ψ(s))α−1g(s)ψ′(s)ds

+M3

∫ θ

0
(ψ(θ) − ψ(s))α−1g(s)ψ′(s)ds

+M4

∫ θ

0
(ψ(θ) − ψ(s))2α−2ψ′(s)g(s)ds

+M5

∫ θ

0
(ψ(θ) − ψ(s))2α−2ψ′(s)g(s)ds

≤ M1E‖φ‖
2 + M2

∫ t

0
(ψ(t) − ψ(s))α−1g(s)ψ′(s)ds

+M3

∫ t

0
(ψ(t) − ψ(s))α−1g(s)ψ′(s)ds

+M4

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)g(s)ds

+M5

∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)g(s)ds.

Hence, for each t ∈ [0,T ], we obtain

g(t) = max
{

sup
θ∈[−τ,0]

h(θ), sup
θ∈[0,t]

h(θ)
}

≤ M1E‖φ‖
2 + (M2 + M3)

∫ t

0
(ψ(t) − ψ(s))α−1g(s)ψ′(s)ds

+(M4 + M5)
∫ t

0
(ψ(t) − ψ(s))2α−2ψ′(s)g(s)ds.

Using the generalized Gronwall inequality (Corollary 2.2), for t ∈ [0,T ], we have
g(t) ≤ M1E‖φ‖

2
[
Eα((M2 + M3)Γ(α)(ψ(t) − ψ(0))α)

+E2α−1((M4 + M5)Γ(2α − 1)(ψ(t) − ψ(0))2α−1) − 1
]
. (3.10)

Thus, for all t ∈ [0,T ], we get
E‖x(t)‖2 = h(t) ≤ g(t)

≤ M1

[
Eα((M2 + M3)Γ(α)(ψ(T ) − ψ(0))α)

+E2α−1((M4 + M5)Γ(2α − 1)(ψ(T ) − ψ(0))2α−1) − 1
]
E‖φ‖2. (3.11)

Thus, if E‖φ‖2 < δ and condition (3.8) holds, we have E‖x(t)‖2 < ε, ∀t ∈ [0,T ]. The proof is completed.
Remark 3.1. If ψ(t) = t, β = 1, f ≡ 0 and C = 0, then system (1.2) reduces to system (1.1). Thus,
Theorems 3.1 and 3.2 generalize the corresponding main results of [16].

4. Example

In this section, we give an example to show the usefulness of the main results.
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Example 4.1. Consider the following nonlinear stochastic ψ-Hilfer fractional-order time-delay systems
HD

4
5 ,

9
10 ,e

t
3

0+ x(t) =

(
0.6 0
0 0.5

)
x(t) +

(
0.3 0
0 0.4

)
x(t − τ) + f (t, x(t), x(t − τ))

+

[(
0.7 0
0 0.6

)
x(t) +

(
0.8 0
0 0.9

)
x(t − τ)

]
dW(t)

dt
, t ∈ [0,T ],

(4.1)
where the initial condition is

x(t) = φ(t), t ∈ [−τ, 0].

Here

x(t) =

(
x1(t)
x2(t)

)
, x(t − τ) =

(
x1(t − τ)
x2(t − τ)

)
, φ(t) =

(
φ1(t)
φ2(t)

)
,

α = 4
5 , β = 9

10 , ψ(t) = e
t
3 , τ = 0.2, and

f (t, x(t), x(t − τ)) =
1
4

(
sin x1(t)
sin x2(t)

)
+

1
3

(
arctan x1(t − τ)
arctan x2(t − τ)

)
.

Obviously, γ = α + β(1 − α) = 49
50 , f satisfies the conditions (H1) and (H2) with L1 = 1

4 and L2 = 1
3 ,

‖A‖ = 0.6, ‖B‖ = 0.4, ‖C‖ = 0.7 and ‖D‖ = 0.9.
Since ψ′(t) = 1

3e
t
3 , we have µτ = 0.3563, µ2τ = 0.3809, µ3τ = 0.4071, µ4τ = 0.4352.

Let δ = 0.1 and ε = 10. It is easy to verify that
M1 = 5.9921, M2 = 2.6836, M3 = 2.1149, M4 = 2.1691, and M5 = 3.5856.

By Theorem 3.1, we can calculate that

l1(τ) = 8.8049, l2(τ) = 23.4064, l3(τ) = 80.9970 < 100 =
ε

δ
.

The computed estimated time T in the system (4.1) is equal to 0.6. However, if T = 0.7, we can easily
verify that

M1 = 5.9921, M2 = 0.9213, M3 = 0.7261, M4 = 0.9130, M5 = 1.5093,

and
M1

[
Eα(M2 + M3)Γ(α)(ψ(T ) − ψ(0))α)

+E2α−1((M4 + M5)Γ(2α − 1)(ψ(T ) − ψ(0))2α−1) − 1
]

= 5.9921 · [E0.8(0.6585) + E0.6(1.6179) − 1] = 98.4220 < 100 =
ε

δ
.

By using Theorem 3.2, the calculated estimated time T of the system (4.1) is equal to 0.7. Thus, we
conclude that System (4.1) is Finite time stochastic stable with respect to (δ, ε,T ).

5. Conclusions

Based on the generalized Gronwall’s inequality for ψ-fractional derivative and stochastic calculus
techniques, the finite-time stability of nonlinear stochastic ψ-Hilfer fractional systems with time delay
has been investigated in this paper. The novelty of this study is ψ-Hilfer fractional stochastic systems
has been considered. Moreover, an illustrative example is provided to demonstrate the effectiveness of
the theoretical results. Our results obtained are new and extend the existing literature on this topic. In
the future, this result could be extended to investigate the finite-time stability for a class of ψ-Hilfer
fractional stochastic semi-Markov jump systems.
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