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Abstract: A set PD C V(G) in a graph G is a paired dominating set if every vertex v ¢ PD is adjacent
to a vertex in PD and the subgraph induced by PD contains a perfect matching. A paired dominating
set PD of G is minimal if there is no proper subset PD’ C PD which is a paired dominating set of
G. A minimal paired dominating set of maximum cardinality is called an upper paired dominating
set, denoted by I',.(G)-set. Denote by Upper-PDS the problem of computing a I',.(G)-set for a
given graph G. Michael et al. showed the APX-completeness of U pper-PDS for bipartite graphs with
A =4 1[11]. In this paper, we show that U pper-PDS is APX-complete for bipartite graphs with A = 3.
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1. Introduction

Throughout this paper, all graphs considered are finite, undirected, loopless and without multiple
edges. We refer the reader to [3, 18] for terminology and notation in graph theory.

Let G = (V,E) be a graph of order n with vertex set V(G) and edge set E(G). The open
neighborhood of a vertex v in G is Ng(v) = N(v) = {u € V(G)|luv € E(G)}, and the closed
neighborhood of v is Ng[v] = N[v] = N(v) U {v}. The degree of a vertex v in the graph G is
dg(v) =d(v) = [N(v)|. Let 6(G) = & and A(G) = A denote the minimum and maximum degree of a
graph G, respectively. Denote by G[H| the induced subgraph of G induced by H with H C V(G). A
vertex v in G is a leaf if d(v) = 1. A vertex u is a support vertex if u has a leaf neighbor. Denote
L(u) ={vluv € E(G),d(v) = 1}.

A subset M C E(G) is called a matching in G if no two elements are adjacent in G. A vertex v is
said to be M-saturated if some edges of M are incident with v, otherwise, v is M-unsaturated. If every
vertex of G is M-saturated, the matching M is perfect. M is a maximum matching if G has no matching


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2022069

1186

M’ with [M'| > |M|. Let R be a subgraph of G, M be a matching of G, v € V(R), uv € M. We say the
vertex v is R (resp. R? ) if u € V(R) (resp. u ¢ V(R)).

A set VC of vertices in a graph G is a vertex cover of G if all the edges are touched by the vertices in
VC. A vertex cover VC of G is minimal if no proper subset of it is a vertex cover of G. A minimal vertex
cover of maximum cardinality is called a VC-set. In 2001, Mishra et al. [13] denote by MAX-MIN-VC
the problem of finding a VC-set of G. Bazgan et al. [2] showed that MAX-MIN-VC is APX-complete
for cubic graphs.

A set PD C V(G) in a graph G is a paired dominating set if every vertex v ¢ PD is adjacent to a
vertex in PD and the subgraph induced by PD contains a perfect matching. Paired domination was
proposed in 1996 [9] and was studied for example in [4-6, 12,16, 17]. A paired dominating set PD
of G is minimal if there is no proper subset PD’ C PD which is a paired dominating set of G. A
minimal paired dominating set with maximum cardinality is called a I",.(G)-set. The upper paired
domination number of G is the cardinality of a I',.(G)-set of G. Denote by U pper-PDS the problem
of finding a I',,(G)-set of G. Upper paired domination was introduced by Dorbec et al. in [7]. They
investigated the relationship between the upper total domination and upper paired domination numbers
of a graph. Later, they established bounds on upper paired domination number for connected claw-free
graphs [10]. Denote Pr(v) = {u|lu ¢ PD,N(u) "\ PD = {v},uv € E(G)}, where PD is a minimal paired
dominating set of G.

Recently, Michael et al. showed that U pper-PDS is NP-hard for split graphs and bipartite graphs,
and APX-completeness of U pper-PDS for bipartite graphs with A =4 in [11]. In order to improve the
results in [11], we show that U pper-PDS is APX-complete for bipartite graphs with A = 3.

2. APX-completeness

The class APX is the set of NP-optimization problems that allow polynomial-time approximation
algorithms with approximation ratio bounded by a constant.

First, we recall the notation of L-reduction [1, 15]. Given two NP-optimization problems H and
G and polynomial time transformation f from instances of H to instances of G, we say that f is an
L-reduction if there are positive constants o and 8 such that for every instance x of H:

(i) optg(f(x)) < ctoptu(x);
(ii) for every feasible solution y of f(x) with objective value mg(f(x),y) = a, we can find a solution y’
of x with mg (x,y") = b in polynomial time such that |opty (x) — b| < Bloptc(f(x)) —al.

To show that a problem P € APX is APX-complete, it’s enough to show that there is an L-reduction
from some APX-complete problems to P.

Denote by MAX-MIN-VC the problem of finding a maximum minimal vertex cover of G. Note
that, Minimum Domination problem is APX-complete even for bipartite graphs with maximum degree
3 [14], and Minimum Independent Domination problem [8] is the complement problem of MAX-MIN-
VC in a graph G. We can obtain an L-reduction from Minimum Domination problem to Minimum
Independent Domination problem by replacing every edge uv with a path P, = uabcv with @ =7,
B = 1. 1It’s clear that Minimum Independent Domination problem and MAX-MIN-VC are in APX.
Thus, Minimum Independent Domination problem is APX-complete even for bipartite graphs with
maximum degree 3, so is MAX-MIN-VC (by Theorem 7 in [2]).

In this section, we show U pper-PDS for bipartite graphs with maximum degree 3 is APX-complete
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by providing an L-reduction f from MAX-MIN-V C for bipartite graphs with maximum degree 3.
We formalize the optimization problems as follows.

MAX-MIN-VC

Instance: A graph G = (V, E) with maximum degree 3.
Solution: A maximum minimal vertex cover of G, VC.
Measure: Cardinality of VC.

\. .

Upper-PDS

Instance: A graph G = (V, E) with maximum degree 3.
Solution: A maximum minimal paired-dominating set PD.
Measure: Cardinality of PD.

r
\.

Lemma 1. [11] Upper-PDS can be approximated with a factor of 2A for graphs without isolated
vertices and with maximum degree A.

Therefore, U pper-PDS is in APX.

Figure 1. The graph H,,.

Let G = (V,E) be a bipartite graph with |E| = m, A(G) = 3.

For each edge xy € E(G), let Hy, be the graph which is shown in Figure 1. Let 7} = { a, ..., as,
Dy...,bs, 1., 6y S,y S6y Cyoes €3, U], V,V1 }y T = {py.s D6y Gy -1 q6, dy-oyd3,w, 2}, T3 = {h,..,hs},
Ty = {t,.tsh, V(Hyy) = V(T) UV (T2) UV (T5) UV(T) U fwr, 20,5, [V (Hy)| = 70.

Construct G’ by replacing each edge xy € E(G) with the graph H,,.

It’s clear, A(G') = 3 and G’ is a bipartite graph.

Let Sp = {p,pl,...,p6}, Sq = {q,ql,...,q6}, S, = {a,al,...,a5}, Sy = {b,bl,...,bS},
Sr = {r, r, ...,r6}, Ss = {S,Sl, ...,S6}, SC = {C,Cl,C2,63}, Sd = {d,dl,dz,d3}.

Letxy = e € E(G), H, = H,, = Hy, — {x,y}, [V(H,,)| = 68.
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Let PD be a paired dominating set of G', uv € E(G). We say H,, is [I,0] if uis H! and vis HO, or if
vis HL, and uis HO,. We say H, is [I,0] if uis H., and v ¢ PD, or if u ¢ PD and v is H.,. Analogously,
H], could be [0,0] ([1,1] or [0, 0] or [0,0]).

Note that
|Ty "PD| =|S,NPD|+|S,NPD|+ |S. N PD)|

2.1

+|S,NPD|+|SsNPD|+ [{u,u,v,vi} NPD|, @1

|T, "PD| = |S,NPD|+|S;NPD|+|S;NPD|+|{w,z} N PD|, (2.2)
|V(H,,) N\PD| =|Ty N\PD|+|Ta N PD|+|T3 N PD| +|T4 N PD| 23)

+ [{w1,z1} NPD].

Figure 2. (a) [T,NPD| =13, (b) [T;NPD|=22, (c) |T,NPD|=18.

The following lemma is immediate.

Lemma 2. Let PD be a minimal paired dominating set of G, M be a perfect matching of G|[PD). If v,u
are support vertices, uv € E(G), x € L(v), y € L(u), then |{x,y} NPD| < 1.

Lemma 3. Let PD be a minimal paired dominating set of G', M be a perfect matching of G'[PD]. For
each Hyy, we have
(a) |ScNPD| =4 if and only if r,s ¢ PD, Pr(c3) # @ or Pr(c) # 0.
(b) |SqNPD| =4 if and only if p,q ¢ PD, Pr(ds) # 0 or Pr(d) # 0.
(c) |Ts N PD| < 4 with equality if and only if (i) or (ii) holds,

(i) Pr(h1) # 0 if h & PD,

(ii) N(h) \PD = {h} or Pr(h) # 0 if h € PD.

And if his G[T3]°, |TsNPD| = 3.
(d) |TsNPD| < 4 with equality if and only if (i) or (ii) holds,

(i) Pr(t1) # 0 if t ¢ PD,

(i) N(t)\PD = {t|} or Pr(t) 0 if t € PD.

And ift is G[Ty)°, |TyNPD| = 3.
(e) |Sa N PD| < 4 with equality if and only if (i) or (ii) holds,

(i) Pr(ay) #0 ifa ¢ PD,

(ii) N(a) N\PD ={a,} or Pr(a) # 0 if a € PD.

And if ais G[S,)°, |S,NPD| = 3.
(f) |Sy N PD| < 4 with equality if and only if (i) or (ii) holds,

(i) Pr(b1) # 0 if b & PD,
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(ii) N(b) N\PD = {b1} or Pr(b) £ 0 if b € PD.
And if b is G[Sp)°, |S, NPD| = 3.
(g)3 <|S,NPD| <4. Andifr € PD and r is G[S,]|°, |S,NPD| = 3.

(h) 3 <|SyNPD| < 4. And if s € PD and s is G[S,]°, |[S;NPD| = 3.
(i)3<|S,NPD| < 4. And if p € PD and p is G[S,)°, |S, N PD| = 3.
(j) 3 < |S;NPD| < 4. And if g € PD and q is G[S,)°, |S,NPD| = 3.

(k) |T» N PD| < 13 with equality if and only if |{w,z} " PD| = 1.
(1) |Ty N PD| < 22 with equality if and only if {u,v} C PD.
(m) If {u,v}NPD =0, |TyNPD| < 18.

Proof. (a) W.Lo.g. we consider r € PD. If rc € M, |S. N PD| # 4. Otherwise, cic3,c3s € M and let
PD' = PD\{ci,c2}, M' =M\ {cic2}. Then, PD’ is a paired dominating set and PD is not a minimal
paired dominating set, a contradiction. If rc ¢ M, |S. N PD| # 4. Otherwise, cci,cyc3 € M and let
PD' = PD\ {c,c1}, M' = M\ {cc1}. Then, PD’ is a paired dominating set and PD is not a minimal
paired dominating set, a contradiction.

If Pr(c3) =0 and Pr(c) =0, let PD' = PD\ {c,c3} and M’ = M\ {ccy,crc3} U{cica}. Then, PD’
is a paired dominating set and PD is not a minimal paired dominating set, a contradiction.

(b) The proof is analogous to that of (a), and the proof is omitted.

(c) Clearly, |T3 ﬂPD| <4 If |T3 ﬁPD| =4, {hl,hz,h3,h4} C PD or {h,hl,hz,h3} CPD. If
{hl,hz,hg,/’m} C PD, Pr(hl) = 0. Otherwise, let PD' = PD \ {h4,h1},
M' = M\ {hshs,h1hy} U{hyh3}. Then, PD' is a paired dominating set and PD is not a minimal paired
dominating set, a contradiction. If {h,hy,hy,h3} C PD, N(h) \PD = {h;} or Pr(h) # 0. Otherwise,
let PD' = PD\ {h,h}, M’ = M\ {hh;}. Then, PD’ is a paired dominating set and PD is not a
minimal paired dominating set, a contradiction.

If his G[T3]9, and since | T3 \ {h} N PD| is even, we have |T3 N PD| = 3.

(d)—(f) We obtain the conclusions with a similar proof of (c).

(g) Clearly, 3 < |S,NPD| 6. If |S,NPD| =5, we obtain S, \PD = {r,r,ry,r3,r4} or S,NPD =
{r,ra,r3,r4,rs} by Lemma 2. Therefore, PD is not a minimal paired dominating set, a contradiction.
Thus, 3 < |S,NPD| < 4.

If r is G[S,]°, and since |S, \ {r} N PD| is even, we have |S, N PD| = 3.

(k) Since |S;NPD| <4, |T»NPD| < 14 by (i)—(j) and Eq (2.1).

If [{w,z} NPD| =0, |T,NPD| < 12.

If [{w,z} NPD| = 1, |l NPD| < 13.

Then we consider [{w,z} NPD| = 2. If wis G[T»)! or z is G[T>]!, we may assume w is G[T»]/. We
obtain wp € M, |S, "PD| = 3 by (i), |S¢ N PD| < 3 by (b). Therefore, |7> N PD| < 12 by Eq (2.1). If
w,z are G[T»]9, |S;NPD| < 3 by (b). Since |T NPD| is even, |T> N PD| < 12 by Eq (2.1).

Thus, |7> N PD| < 13 with equality if and only if |{w,z} N PD| = 1, see Figure 2 (a).

(h)—(j) Using similar arguments of (g), the conclusions follow.

(I)-(m) We discuss the following cases.

Case 1. |{u,v} NPD| = 2.

In this case, we have |{u,v;} NPD| > 1, |S,NPD| >3 and |S.NPD| > 3, otherwise,
by (e)-(h) and Eq (2.2).

W.l.o.g. we assume u; € PD.

TyNPD| <22
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First, we assume that |S, N PD| = 4. We obtain aa;,uu; € M, {r,c,r;} NPD = 0 by (e). Thus,
|Se N PD| < 3. Then, we consider |S. N PD| = 3, that is, ¢35 € M. By (h), we have |S;NPD| = 3.
Therefore, |7} N PD| < 22 by Eq (2.2).

Then, we consider |S, N PD| = 3. Therefore, vi € PD, otherwise, |T] N PD| < 22 by Eq (2.2).
We have |S, N PD| = 4, otherwise, |T; N PD| < 22 by Eq (2.2). By (f), {s,s1,c3} NPD = 0. Thus,
|Sc N PD| < 3. Therefore, |T} N PD| < 22 by Eq (2.2), see Figure 2 (b).

Case 2. [{u,v}NPD| = 1.

W.l.o.g. we assume u € PD.

We have |{uj,vi} "PD| > 1 and |S, N PD| > 3, otherwise, |T; N PD| < 21 by Eq (2.2).

Case 2.1 u; € PD.

If [S;NPD| =4, {r,ri,c} NPD =0 by (e). Then |[S.NPD| <3.1If |S.NPD| =3, we have ¢35 € M,
ISy PD| < 3 by (h). Therefore, [T} N PD| <21 by Eq (2.2). If |[S.NPD| =2, [Ty NPD| <21 by Eq
2.2).

Now we consider |S,NPD| = 3. If v; ¢ PD, |Ty N PD| < 21 by Eq (2.2). Thus, v; € PD, that is,
vib € M. Therefore, |S, N PD| =3 by (f), |T; N PD| < 21 by Eq (2.2).

Case 2.2 u; ¢ PD.

If vi € PD, vib € M. Therefore,
and |71 N PD| < 21 by Eq (2.2).

Case 3. |{u,v} NPD| = 0.

In this case, |71 N PD| is even.

Case 3.1 [{u;,v1}NPD| > 1.

W.lo.g. we assume u; € PD. Then uja € M, |S,NPD| =3 by (e). If vi ¢ PD, b € PD. By (a),
|Sc N PD| < 3. Therefore, |T; N PD| < 19 by Eq (2.2). If v € PD, we obtain vib € M, |S, NPD| =3
by (f). |S. N PD| < 3 by (a). Therefore, |7} N PD| < 19 by Eq (2.2).

Case 3.2 |{u;,v1}NPD| =0.

In this case, a,b € PD. By (a), |S. N PD| < 3. Therefore, |7y N PD| < 19 by Eq (2.2).

Note that |7} N PD| is even, so |71 N PD| < 18, see Figure 2 (c).

Thus, (1) and (m) hold. O

S, PD| =3 by (f), [Ty NPD| <21 by Eq (2.2). Thus, v ¢ PD,

Lemma 4. Let PD be a minimal paired dominating set of G'.

(a) |V(H)’(y) NPD| <43.

(b) If {xw1,yz1} C M, V(H;y) NPD| < 42.

(¢) If {xw1,yz1} "M = 0 and {w1,z1} C PD, |V(Hy,) N PD| < 42.
(d) If xwy ¢ M(G), wi € PD and y ¢ PD, then |V (Hy,) N PD| < 42.

Proof. (a) By Lemma 3 and Eq (2.3),

|V(Hy,) N PD|
=|Ty NPD|+ |T,NPD|+ |TsNPD|+ |T4N PD| + |{w1,z1 } N PD)|
<22+4+13+44+4+2=45.

We consider that {wy,z1} N\PD # 0, |T;NPD| > 3 and |T3NPD| > 3, otherwise, |V (Hy,) N\PD| < 43.
Then, w.l.o.g. we assume that w; € PD.
If ‘T4ﬁPD‘ =4, {ttl,t2t3} C M or {tltz,t3t4} CM.
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If {tr;,0t3} C M, Pr(t) # 0 or N(t)NPD = {t;}. If Pr(t) # 0, u € Pr(t). By Lemma 3 (m),
|V (Hy,) NPD| < 43. If N(t) N PD = {1}, we have u,wy ¢ PD, |T; N PD| < 21 by Lemma 3 (I). Then
we obtain z € PD, otherwise, |V (H,,) N PD| < 43 by Lemma 3 (k) and Eq (2.3). If [T3 N PD| = 4, we
have v ¢ PD, therefore, |V (Hy,) NPD| < 43 by Eq (2.3). If [T3NPD| = 3, |[V(Hy,) N PD| < 43 by Eq
2.3).

If {tity,t3t4} C M, {w,u} "PD =0. By Lemma 3 (1), [Ty N PD| <21, and v € PD. If z ¢ PD,
|V (Hy,) N PD| <43 by Lemma 3 (k) and Eq (2.3). If z € PD, |T3 N PD| < 3 by Lemma 3 (c). Therefore,
V(H.,) NPD| < 43 by Eq (2.3).

If |Tx N PD| = 3, we consider |T) N PD| =22, and {u,v,z;} € PD. We have |T3 N PD| # 4 by Lemma
3 (c). Therefore, |V (H,,) N PD| < 43 by Eq (2.3).

(b)—(d) Since |V (Hy,) N PD| <43, and, |V (Hy,) N PD| is even in those cases, so |V (Hy,) NPD| < 42.

m

Figure 3. (a) |V (H.,)NPD| =41, (b) |V(H.,)NPD| = 40.

Lemma 5. Ler PD be a minimal paired dominating set of G', M be a perfect matching of G'[PD).
(a) If {x,w1,,21} C PD, xw1 € M(G) and yz1 ¢ M, we have |V (H,,) N\PD| < 41.
(b) If {x,y} N PD =0, V(H)’Cy) NPD| < 40.

Proof. (a) In this case, we have z € PD and zz; € M.

Since |V (Hy,) N PD| is odd, it’s sufficient to show |V (H,,) N PD| < 42. We only consider {u,v} N
PD # (@ by Lemma 3 (m).

Case 1. [TyNPD| = 4.

In this case, we have {finh,r3ta} C M or {111,113} C M. If {titrr,3ta} C M (or {111,113} C M),
we obtain u,w ¢ PD, v € PD. Since z,v € PD, |T3NPD| < 3 by Lemma 3 (¢). If |T3NPD| =2,
|V (Hy,) NPD| <42 by Eq (2.3). If [T3NPD| = 3, hv € M. Thus, {q,q1,d3} N PD = 0, otherwise, let
PD' = PD\{z,z1}, M' = M\ {zz1}. Then, PD’ is a paired dominating set and PD is not a minimal
paired dominating set, a contradiction. Since zz; € M, we obtain that |7, N\ PD| is odd. So |T; N PD| <
12. Therefore, [V (Hy,) N PD| < 42 by Eq (2.3), see Figure 3 (a).

Case 2. |T; N PD| = 3.

If tw € M, u¢ PD or {p,p1,d} NPD = 0. Otherwise, let PD' = PD\ {t,w},M’ = M\ {trw}. Then,
PD’ is a paired dominating set and PD is not a minimal paired dominating set, a contradiction. If
{p,p1,d}NPD =0, |S;NPD| < 3. W have |S;NPD| = 3, d3q € M, otherwise, |V (H,,) N\PD| < 42 by
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Eq (2.3). Thus |S,NPD| < 3 by Lemma 3 (j) and Eq (2.3), and |V (H,,) "\PD| <42. Ifu ¢ PD, v € PD.
Thus, |73 N PD| < 3 by Lemma 3 (c) and Eq (2.3), and |V (Hy,) N PD| < 42.

If tu e M, |Ts NPD| < 3 by Lemma 3 (c). We have |T3NPD| = 3, hv € M, otherwise, |V(H;y) N
PD| < 42 by Eq (2.3). Let PD' = PD\ {t,h}, M' = M \ {tu,hv} U {uv}. Therefore, PD’ is a paired
dominating set and PD is not a minimal paired dominating set, a contradiction.

Case 3. [T, N PD| = 2.

Now we only consider |7} N PD| = 22, and {u,v} C PD. By Lemma 3 (c) and Eq (2.3), |V (Hy,) N
PD| < 42.

(b) Since |V (H,,) N PD| is even, it’s sufficient to show |V (Hy,) NPD| < 41.

Case 1. |{z;,w; } NPD| =0.

We obtain {z,w} C PD, |T,NPD| < 12 by Lemma 3 (k). If |T;NPD| < 3, |V (Hy,) NPD| < 41 by Eq
(2.3), see Figure 3 (b). If |TyNPD| =4, t € PD and Pr(t) # @ by Lemma 3(d). So, {u,v,u; } N PD = 0.
By Lemma 3 (m) and Eq (2.3), |V (Hy,) N PD| < 40.

Case 2. |{z;,w}NPD| = 1.

W.l.o.g. we assume wy € PD. Thus, wwy € M, z € PD, |, " PD| < 12 by Lemma 3 (k). If
|TaNPD| =2, |V(Hy,) N PD| < 41 by Eq (2.3). If |[TyN PD| = 4, we obtain Pr(t) = {u} for t € PD,
{u,u1,v} NPD = 0. By Lemma 3 (m) and Eq (2.3), |V (Hy,) "\PD| <40. If |[T,NPD| =3, tu € M. And
v € PD, otherwise [T} NPD| < 21 by Lemma 3 (1), |V (Hy,) N\ PD| < 41 by Eq (2.3). Thus, |[TyNPD| # 4
by Lemma 3 (d). Afterwards, |V (H,,) N PD| < 41 by Eq (2.3).

Case 3. |{z1,w1} NPD| =2.

Thus, ww; € M, zz1 € M, [T N PD| < 12 by Lemma 3 (k).

If [T;NPD|=4,t € PD and {u,u;,v} NPD = 0. By Lemma 3 (m) and Eq (2.3), we have |V (H,,) N
PD| < 40.

If TyNPD| =3, we have tu € M, and |T3 N PD| < 3 by Lemma 3 (c). If |T3NPD| =2,
V(HL) N PD| < 41 by Eq (2.3). If |I3NPD| =3, hv € M. Let PD = PD\ {1,h},
M' =M\ {tu,hv} U{uv}. Therefore, PD’ is a paired dominating set and PD is not a minimal paired
dominating set, a contradiction.

If |T4NPD| = 2, we only consider |7y N PD| = 22. Thus, u,v € PD. By Lemma 3 (c), |T3NPD| < 3.
Therefore, |V (Hy,) N PD| < 41 by Eq (2.3). O

Corollary 6. Let PD be a minimal paired dominating set of G'. If |V (H,,) N PD| = 43 if and only if
{u,v}NPD| =1, and, u orv is H.,

Figure 4. (a) |V(H.,)NPD| =43, (b) |V(H,,)NPD|=42.
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Lemma 7. If VC, is a minimal vertex cover of G, there exists a minimal paired dominating set PD1 of
G’ with |PDy| = 42m +2|VC|.

Proof. A minimal paired dominating set PD; can be constructed by the following manner:

For each vertex x € VC, we have [N(x) NVC}| < d(x) < 3. So there exists at least one edge xx|
with x; ¢ VCj in G, and maybe exist edges xx, or xx3.

Therefore, for the edge xxi, put i into PD' for i € {x,w1, p2, p3,p4,ps, d,d1,d>,d3, 42,93,94,95,
Z,21, h,hy,h3, v, b1,by,b3,byg, $2,53,54,85, C,C1,C2,C3, ¥2,¥3,¥4,F5,d,a1,d2,a3, 1 ,tz,t3,l‘4}. Put j into M
for j € {xw1, psp4, p3p2,ddy,dads, 4293,944s5, 221, hv, hahs, biby,b3by, 5253, 5455, cc1,¢2¢3, 1213, 74T,
aai,azas, lll‘z,l3l‘4}. See Figure 4 (a).

For edges xxy,xx3, put i into PD’ for i € {x, p2,p3,p4,Ps, d,d1,d>,d3, q2,93,94,45, 2,21, U,V,
hy,h3, by,by,b3,by, $7,83,84,85, C,C1,C2,C3, ¥2,13,¥4,¥5, d1,dp,d3,04, l‘1,l‘2,l‘3,l‘4}. Put j into M for
J € { pspa,p3p2,ddi,dods, q2q3,94qs5, 221, hahs, uv, biby,b3bs, $183,5485, CC1,C2C3, Far3,14ls,
aiap,asay, l‘l‘l,tztg}. See Figure 4 (b).

Let PD; = PD' UVC;. Since vertex x is M-saturated in PD;. Therefore, PD is a paired dominating
set of G'.

Since N(w) N PD; = {wy}, then PD; \ {w;} is not a dominating set of G’. So PD; is a minimal
paired dominating set of G’. And |PD| = |VCy|+ |VCi| x 43+ (m—|VCi|) x 42. Therefore, |PD;| =
2|VCy|+42m.

O

Let PD be a minimal paired dominating set of G’. Algorithm 1 is to obtain a minimal vertex cover
VC of G, and it terminates in polynomial time.

Algorithm 1 CONST-VC(G', PD)

Input: A graph G’ with a minimal paired dominating set PD
Output: A graph G with a minimal vertex cover VC
: VC=PD
: for every H,, C G’ do

Delete vertices in H,

Add an edge between x and y {obtained the graph G}

VC=VC\V(H,)
end for )
Ve =VvC
De =0 {Mo is the set of vertex which is removed from VC.}
In=0 {Inis the set of vertex which is added into VC.}
: Mo=0 {De is the set of vertex which is added into VC at first, then removed from VC.}
: while [Ny|NVC|=d(v)+1do
VC=VC\{v},Mo=MoU{v}
: end while
: while uv € E(G) and u,v ¢ VC do
VC=vCU{u},In=InU{u}
for w € N(u) do

if [IN[w|NVC| =d(w)+ 1 then

VC =VC\{w},De = DeU{w}

end if
end for
: end while
: return VC

PN E RN

DO DN DD == =t et et et e e e e e
I SN AR S S =l
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Lemma 8. If PD is a minimal paired dominating set of G' and VC is a minimal vertex cover of G
obtained by Algorithm 1, |VC| > |PD|—42m — |VC|.

Proof. Let M be the perfect matching of G[PD], m, = V(Hy,) N PD where e = xy € E(G), M, =
Ueek(c) e, Le = V(G) \ (MoUInU De).
In Algorithm 1, we have:

Claim 9. (a) If v is put into Mo by the while loop (lines 11 to 13) or De (line 18), v will not be put into
In later.

(b) For every vertex v € V(G), v will be put into Mo (or De or In) at most once.

(c) MoNDe =0, MoNIn=20.

(d) If v € De, there exists a vertex w € N(v) N In.

(e) If vertex v € DeNIn, we have v ¢ VC', that is, v is put into In at first and then into De.

(f) If u,v € De UMo, N(v) "N (u) "\MoNDe = 0.

(g) If v € De\ In, there exists a vertex u € N(v)N (In\ De), u ¢ VC'. And |[N(u) N\ De| < 2. What's
more, there exists a vertex w € N(u) \VC'. If w € In\ De, |(N(u) UN(w)) N (De\ In)| < 3.

Proof. (a) After v is put into De (or Mo), every w € N(v) has a neighbor v which does not belong to
VC, so w will not be put into De. Therefore, v will not be put into /n later.

(b)—(d) By (a), it is immediate.

(e) By (a) and (c), it is immediate.

(f) Suppose v is put into De UMo. By (a), w € N(v) will not be put into De UMo.

(g) For vertex v € De \ In, by (d) and (f), let u € N(v) N (In\ De), and u ¢ VC', IN(u) N De| < 2.
Since u € In\ De, there exists a vertex w € N(u) \VC'.
Since 1 < [N(u) N (De\ In)| <2, IN(w) N (De\ In)| < 2. If w € In\ De, we may assume u is put
into In at first. Then N(u) N (De\ In)| < 1, otherwise, w will not be put into In later. Therefore,
|[(N(u) UN(w)) N (De\ In)| < 3. i

Thus,
|VC| = |PD| — |M,| — |Mo| — |De| + |In]|. 2.4)

To show that |M, |+ |Mo|+ |De| — |In| < 42m+ |VC|, we use the following strategy.

Discharging procedure:
In the graph G’, we set the initial charge of every vertex v to be s(v) = 1 for v € Mo UM, U (De\ In),
s(v) = —1forv € In\ De, s(v) = 0 otherwise, s(H,,) = Lcyx )5(x), $(G') = Lyev(c)S(v)-

Obviously,

Y s(v) =|M.|+|Mo|+ |De| —|In|. (2.5)
veVv (@)

We use the discharging procedure, leading to a final charge s’, defined by applying the following rules:

Rule 1: For the vertex v € Mo, v is M-saturated. Therefore, v is H., for u. If uis H. , s(v) transmits
1 charge to s(u). If u is HC, s(v) transmits 1 charge to s(H!,) which is [I,0].

Rule 2: For each s(H),) = 43, by Corollary 6, s(H},,) transmits 1 charge tou € VC'.

Rule 3: For the vertex v € De \ In, by Claim 9 (g), there exists a vertex u € N(v) N (In\ De), and
a vertex w € N(u) \ VC’ and |[N(u) N De| < 2. If |[N(u) N De| = 2, s(v) transmits 1 charge to s(u) and
transmits 1 charge to s(H,,,) which is [0,0]. If |[N(u) N De| = 1, s(v) transmits 2 charge to s(u).

After discharging, we have:

AIMS Mathematics Volume 7, Issue 1, 1185-1197.
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Claim 10. (a) s'(v) <0 forv e MoU (De\ In) U (Le\VC)U (InN De).
(b) For each H,y, s'(Hy,) < 42.
(c)s'(v) <1 forve (In\De)U(LeNnVC).

Proof. (a) If v € Mo, by Claim 9 (f), v will not receive any charge by Rules 1 and 3. Since N[y|NVC' =
N[v]. By Lemmas 4 and 5, v will not receive any charge by Rule 2. Therefore, s'(v) = 0.

If ve De\ In,v € VC'. By Claim 9 (f), N(v) N\Mo = 0. Thus, v will not receive any charge by Rules
1 and 3. Since v is H!, for u. By Lemmas 4 and 5, if u € VC', v will not receive any charge by Rule 2.
If u ¢ VC', v will receive 1 charge at most by Rule 2. Afterwards, by Rule 3, v will transmit 2 charge
to others, so s'(v) < 0.

If v € Le \ VC, v will not receive any charge by Rules 1, 2 and 3.

If ve InNDe, v¢VC by Claim 9 (e). Thus, v will not receive any charge by Rules 1 and 2. By
Claim 9 (f), v € De, N(v) NDe = (. Thus, v will not receive any charge by Rule 3.

(b)IfH),, is [I,1] or [0,0] or [I,0] or [0,0], s(H],,) will not receive any charge by Rules 1, 2 and 3.
If H),, is [0,0], s(H},,) will not receive any charge by Rules 1 and 2.

If H),, is [0,0], by Claim 9 (g), |(N(u) UN(w)) N (De\ In)| < 3. Thus, s(H),,) will receive 2 charge
at most from s(x) where x € N(v) \ {w} by Rule 3.

Andif s(H. ) = 43, by Corollary 6, there exists a vertex u € VC' and u is H., . Therefore, s'(H!,,) =
42 by Rule 2.

Thus, by Lemmas 4 and 5, s'(H),,) < 42.

() If ve In\De, v ¢ VC', v will receive any charge by Rules 1 and 2. And there exists a vertex
weN()we¢VC and w ¢ De\ In. So v will receive 2 charge at most by Rule 3, s'(v) < —1+2 = 1.

If v e LeNVC, v will receive any charge by Rule 3. By Lemmas 4, 5 and Corollary 6, H, is [I,0] if
s(H],) = 43. Since v can be M-saturated once, v will receive 1 charge at most by Rules 1 and 2. Thus,
sS(v)<0+1=1. i

By Claim 10,

|M,| +|Mo| + |De| — |In|

= ¥ sH)+ Y s+ X os)— ¥ s

uveE(G) veMo veDe\In veln\De
= ), SH+ Y SO+ Y S+ Y SO
uveE(G) veMo veDe\In veln\De
+ )Y S+ )Y S )Y S
velnNDe veLe\VC veLeNVC
< 42m+ |In\De|+ |LeNVC|
< m+|va).
Thus, by Eq (2.4),
VC| = |PD|—|M.|—|Mo| —|De| +|In|

> |PD|—42m— |VC]|.
O
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Let PD* be a I'),,(G')-set of G’, and be the Input of Algorithm 1. Then we obtain the Output VC
by Algorithm 1.

Since mm
VC*| > — = —.
| |2 A 3
By Lemma 8,
VC| > |PD*|—42m—|VC|> |PD*|—42x3|VC|—|VC|
|VC| > |PD*|—127|VC|

Let VC* be a VC-set of G. Since |VC| < |[VC*|,
IPD*| < 128|VC| < 128|VC*| (2.6)
By Lemma 7, |PD*| > |PD;| = 42m+2|VC*|. By Lemma 8,
|PD| —|VC| < |[VC|+42m < |VC*|+42m < |PD*|— |V C*|.

Thus,
VC*| —|VC| < |PD*| - |PD| (2.7)

Therefore, by Eq (2.6) and Eq (2.7), f is an L-reduction with o = 128, f = 1.
3. Conclusions

U pper-PDS for bipartite graphs is proved to be APX-complete with maximum degree 4 and still
open with maximum degree 3. In this paper, we show that Upper-PDS for bipartite graphs with
maximum degree 3 is APX-complete by providing an L-reduction f from MAX-MIN-VC for bipartite
graphs to it.
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