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1. Introduction

The g-calculus is one type of quantum calculus that was proposed by Jackson [1,2] in 1910. This
calculus has been employed in several fields of many fields such as engineering, electrical networks,
dynamical system, control theory, physical problems, economics, applied sciences and so on [3—14].

Later, the development of quantum calculus based on two parameters p and g was proposed by
Chakrabarti and Jagannathan [15]. This calculus is called (p, g)-calculus or post quantum calculus.
The extension of studies of (p, g)-calculus including with its applications can be found in [16-29]. For
instance, the fundamental theorems of (p, g)- calculus and some (p, g)-Taylor formulas were studied
in [18]. In [25], the (p, g)-Melin transform and its applications were studied. The Picard and Gauss-
Weierstrass singular integral in (p, g)-calculus were studied in [26]. For the boundary value problems
for (p, g)-difference equations were introduced in [27-29].
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For fractional quantum calculus, Agarwal [30] and Al-Salam [31] proposed fractional g-calculus,
and Diaz and Osler [32] proposed fractional difference calculus. In 2017, Brikshavana and
Sitthiwirattham [33] introduced fractional Hahn difference calculus. In 2019, Patanarapeelert and
Sitthiwirattham [34] studied fractional symmetric Hahn difference calculus. For the basic theory and
applications of fractional calculus, as well as for some recent developments in the field, we refer
to [35-41] and the references cited therein.

Recently, Soontharanon and Sitthiwirattham [42] introduced the operators of fractional (p, q)-
calculus and its properties. However, there are a few literature on the study of the boundary
value problems for fractional (p, g)-difference equation since fractional (p, g)-operators have been
defined lately. Now, this calculus was used in the inequalities [43, 44] and the boundary value
problems [45-47]. In 2020, the existence results of a fractional (p, g)-integrodifference equation
with Robin boundary condition were first introduced [45]. The existence results of solution and
positive solution for the boundary value problem of a class of fractional (p, g)-difference equations
involving the Riemann—Liouville fractional derivative [46] were studied in 2021. In the same year, the
authors investigated the boundary value problem of a class of fractional (p, g)-difference Schrodinger
equations [47].

Motivated by the above papers, to enrich the work in this new research area, in this paper, we study
the boundary value problem for fractional (p, g)-difference of Caputo type involving function F* which
depends on fractional (p, g)-integral and fractional (p, g)-difference of Riemann-Liouville type, and the
boundary condition is nonlocal. Our problem is a sequential fractional Caputo (p, g)-integrodifference
equation with three-point fractional Riemann-Liouville (p, g)-difference boundary conditions of the
form

Dy, D5, (L + p )| u®) = F |t,u), (¥ ) @), (T, 1) 0], te1},,
u(0) = ¢(u),

T T
u (;) =D g(pu(m), nel), - {0, ;} (1.1)

where a,8,v,v,0 € (0,1]; p,g € C (IT R*) and F € C (I;q x R3, R) are given functions; ¢ is given

D9’

functional; and for ¢, ¢ € C(I; 4 X I; o 10, 00)), we define operators
(¥, 0 = (Do) =—5— [ t(r—qsf‘lso(t i) u(i) dpqs (1.2)
rel e PO, () Jo P\ prt) S\t '
1 ! el s s
T u)(@t):=(D) Yu (t):v—f(t—qs), g[/(t, __)u( __)d,s. (1.3)
( pq ) ( Pq ) p(z)l—*p’q(_v) 0 pq p v—1 p v—1 P4

We emphasize that our problem contains fractional (p, g)-difference operators of Riemann-Liouville
and Caputo types, which is the new idea and different from the previous works. We aim to show the
existence and uniqueness of a solution to the problem (1.1) by using the Banach fixed point theorem.
The existence of at least one solution by using the Schauder’s fixed point theorem. An example will be
provide to illustrate our results.
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2. Preliminaries

In this section, we recall some basic definitions, notations and lemmas as follows. For0 < g < p <1

1-— k
q’ keN
kK], = {1l-¢q
1, k =0,
Kk
K,y = pp—g =Pkl kel
Pq -
1, k=0,
Sr-q
kl, k=11, --[1],, = | [ =—2L, keN
[k]p,q! = P4 P P l;l P—q
1, k = 0.

The (p, g)-forward jump and the (p, g)-backward jump operators are defined as
k k
O';q(l‘) = (%) t and pf)’q(t) = (5) t, for k € N, respectively.
The g-analogue of the power function (a — b)g where n € N := {0, 1,2, ...} is given by

n—1
(a-byg:=1, (@-by:=]|@-bg), abeR
i=0

The (p, g)-analogue of the power function (a — b)%,q where n € Nj is given by

n—1

(@=bpyi=1,  (@=bj,:=| |’ -bd), abeR

Generally, for @ € R,

N CYoo 1_(2_7 qi
(a—b)g:a gw,a;&O
a 3 a o771 l_g(%i
(a= by =pDa—-b); = a ]_O[p— e La#0,

and af = a, aj, = (%) and () = (0)f, = 0 fora > 0.
The (p, g)-gamma and (p, g)-beta functions are defined by
(p—q)ﬁ 3 (1—%)ﬁ
e L ik
[x— 11,4, x €N,

1
-1
f (1 - qt)i?dp,qt = p%(y
0

xeR\{0,-1,-2,...}

~1)(2x+y-2) Ly g(OTyp, q(y)
I, (x+y)

B, ,(x,y)

respectively.
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We next provide the definitions of the (p, ¢)-difference and (p, ¢)-integral as follows.

Definition 2.1. For O <g<p <land f:[0,T] — R, the (p,q)-difference of f is defined as

f(pt) — f(qt)

- S 0
D, f(t) = (p— () for t2

£(0), for t=0

provided that f is differentiable at 0 and f is called (p, q)-differentiable on I;q if D, ,f(t) exists for all
tell, .
pa

Definition 2.2. Let I be any closed interval of R containing a,b and 0. Assuming that f : I - Risa
given function, (p, q)-integral of f from a to b is defined by

b b a
f FOdy gt = fo FOd gt - fo FOd, o,

X 0 k k
Ty f(x) = fo F@Odpgt = (p=q)x Y. p‘iﬂ f(p‘,f+1 x), xel,

k=0

where

provided that the series converges at x = a and x = b, and f is called (p, q)-integrable on |a, b] if it is
(p, q)-integrable on [a, b] for all a,b € I.

Next, operator 7, N , Where N € N is defined as

I, fx) = f(x) and I5 f(x)=T,,05 " f(x),N €N.

The relations between (p, g)-difference and (p, g)-integral are given by

DpyLyqf(x) = f(x) and 1,,D,,f(x) = f(x) = f(0).

The fractioanal (p, g)-integral, fractional (p, g)-difference of Riemann-Liouville type and Caputo
type are defined as follows.

Definition 2.3. Fora > 0, 0 < g < p < 1 and f defined on I’ , the fractional (p, q)-integral is

Pq’
defined by
L, J@® = )I‘ qa/)f(t qs)pq ( 1)a,'pqs
a—1
P-9t < ¢ ( (q)k” ) (q" )
g + r=1- ! f +at ?
p<z>rp,q<a>kzz;‘z”” pl )y \P

and (10, )(0) = f(0).
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Definition 2.4. For a > 0, 0 < g < p < 1 and f defined on I[{’q, the fractional (p, q)-difference
operator of Riemann-Liouville type of order « is defined by

DS f(ty = Dy IN f()

P9~ P94

1 ft —a—1 S
= - (t - qs) 5 f( ) d B S’
p( K )rp’q(_a/) 0 P4 p_a_l Pq

0 _
and D, (1) = f(1), where N—1<a <N, N €N,

Definition 2.5. For @ > 0, 0 < g < p < 1 and f defined on I;’q, the fractional (p, q)-difference
operator of Caputo type of order « is defined by

C na . N—a n\N
Dp,qf(t) T ]p,q Dp,qf(t)
N—a-1

1 f’ N s
= — (t—qs),. D f(—)d S
p(N2 )rp,q(N —a) Jo P9 pq praffl q

cno _
and D, f(®) = f(), where N—1<a <N, NeN.

Next, we introduce lemmas that are used in the main results.
Lemma 2.1. [42]Let a € (N-1,N), NeN,O<g<p<land f: I;,q — R. Then,
0 D8 f( = fO)+Ci" '+ GtV + L+ Cy,

for some C;eR,i=1,2,...,N.

Lemma 2.2. [42]LetO<g<p<landf: IpTﬂ — R be continuous at 0. Then,

f f f(T) dp,qT dp,qs = f f f(T) dp,qs dl’aqT'
0 Jo 0 pqr

Lemma 2.3. [42] Let a,8>0, 0 < g < p < 1. Then,

!
(a) I) (t— qs)%sﬁ dyys = 1"*B, B+ 1,),

! X
a— B-1 B,,B+1,a) ,
(b) f f (t— qx)ﬁ(x— q8)pg dpgsdygx = Zpa T B
0 0 [,B]p,q
Lemma 2.4. [45] Let a,8>0,0<qg<p <1andn € Z. Then,

! o o pg(@)
(a) f(t— s)fld, s = p) 27 g
0 q P9 P4 p rp’q((l'i' 1)

! —3-1 —-B-1 X a-l @\, (B I , (a) o
®) f fp (t = gx)pq (P—ﬁ'—l B qs) dpgSdpex = P(2)+(2)—M ",
0 0

b T, (a+1)

' Nl o — (D Ipqla—n+ DI (=) a—p-n
(c) f(;(t qs)pg (p‘ﬂ“) dy,s = p T@—f—n+1) t .
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We employ above lemmas to get the new results as follows.

Lemma 2.5. Let a,5,0 >0and0 < g < p < 1. Then,

oy x 5 .
fot ﬁ)p_e_l ﬁ)lﬁil (t—qy )1_7(;_ ( T T gX = i 5)71 dpgsdpgx dpgy
P P! P

_ (2)+(ﬁ)+( 9) Fpg(@Tp g (B pq(=0) ta+ﬂ E)
=D T, (a+p—6+1)

Proof. Using Lemma 2.3(a) and definition of the (p, g)-beta function, we obtain

! p’% ﬁ _o-1 y —B-1 X a=1
fo fo fo (=g |55 = ax] |~ 48] dngsdpgx dpgy

Pq

= -1 Y L x o=t

= f f (r— qy)m(m - fo pﬁ A dpgS| dpgX dpgy
Pa P

., r (a,) _0_ -1 X %

= p) 2 f f - — | d .xd
pq(a’ + 1) qy)pq 0= g pﬁ_l paral
_ (“)+(ﬂ)+( ) Pq(a)rpq(ﬁ)rpq( 0) Pl
Ia+p-0+1)
The proof is complete. O

The following lemma is a solution of the linear variant of problem (1.1), plays an important role in
the upcoming analysis.

Lemma2.6. Let B#0,0<qg<p<1, a,p,0€ (0,1, he C(I}
functions, ¢ : C(IT

R) and p,g € C(IX,,R*) be given

pa’
R) — R be given functional. Then the problem

pq’°

P.q’
Dy |05, (1 + pe)|ut) = h(o), tel}, (2.1)
u(0) = ¢(u) (2.2)
o) = Dhsaman. weif,-fo7 ] 23)
p P9 ’ pq ? p

has the unique solution:

u(t) =¢(u)

1+p(O)H1_ AP

[Qn[h] - ©T[h]] 7
+

1+ p(t) BT, B+1) L+p() |BL,,B+1)
1
+
(1 + p(0) pO*OT, (@), ,(B)
¢ ﬁ 5 a—1
x fo fo (i — qx)i,ql(p% - qs)p,q h (1%) dyysdy o, (2.4)

where the functionals O,[h] and Or[h] are defined by

1
PO O CIT, (@)L, 4 (BT 4(-6)

O,[h] :=
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. y p-1
N (R ot (Im - qx)p’q X a-1
X U )\ T
0o Jo 0 l1+p (—p_(;_1 ) P

" (p-);—1 )h (1%) Aras dpatdpa 25)
1
(1 +p (%)) p(g)+(§)rp,q(a)rp,q(ﬁ)

AT =t
X f f (— - qx) (L_1 - s) h(%) dpqSdygx, (2.6)
0o Jo P g \ PP g \DP”

respectively, and the constants A, B are defined by

@T[h] =

8(7)

Am b ! fn(n—qs)_g_l— s 2.7)
@) e b T )
V¥
. (7) o .
(1+p(5)Tpg@B+1)  pOIT, (=0T, 0B+ 1)
" o &l o
oo 2

respectively.

Proof. Take fractional (p, g)-integral of order « for (2.1). Then, we have

€08, (1 + p(0)| u(t) = Cy + I3 h(o)

1 ! a—1 S
=C + n—f(t—qs),h(—) d,s. (2.9)
1 p(z)l—‘pg(a) 0 )2 pa_l P9

Taking fractional (p, g)-integral of order 8 for (2.9), we obtain

(1 +p@)u(t) =Co+ C1 1% (1) + I T4 _h(0), (2.10)
Therefore,
Co C, f ! B-1
u(t) = + (t—qs),zdy,s
L+p(0) (1 +p(t)) pOT, (B) Jo e
1
+ o B
(1+p(0) pO*OT, (@), 4(B)
LT B-1 ( X )0_1 s
X t—gx)oa | —= —¢s hl|—1d, sd, x. (2.11)
‘L f(; )20 pﬁ_1 iy pa_l pPq 120
Substituting the condition (2.2) to (2.11), we obtain
Co = (1 +p(0)) ¢(u). (2.12)
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Taking fractional Riemann-Liouville (p, g)-difference of order 6 for (2.11), we get

C() ! —6—1 1
D () = ————— f (t=q8)g ———F— S
P pCIT, ,(-6) Jo 1+p ()
s VW
C ’ o
+ — 1 f (t— qs)pr1 —(p - 1) dpyys
POIT, (=0T, (B + 1) Jo 1+p ()
1

+ =
PO+ CIT, (@), (BT, (—6)

Nl N e
SN A AN oo () (pﬂ-l‘qs),,,q

xh(p 1) dpgsdy xd,,y. (2.13)

From the condition (2.3) and by (2.12), we obtain
Oylh] = Or[h] — ¢(u) (1 + p(0)) A

C, = B . (2.14)
After substituting Cy,C; into (2.11), we obtain (2.4). The converse can be proved by direct
computation. Our proof is complete. O

3. Existence and uniqueness result

In this section, we aim to prove the existence and uniqueness result for problem (1.1) by using the
Banach fixed point theorem. Let C = C (1 ( R) be a Banach space of all function u. The norm defined

pq’
by
_ v
llulle = D’ .
where ||u|| = max{|u(r)|} and |D”._ul| = max{ D’ u(?) }
c 1{4 pq tellf,q Pq |

By Lemma 2.6, replacing h(t) by F [t, u(1), (‘I’Z,qu) (), (T;’qu) (t)], we define an operator ¥ : C — C
is defined by

(Fu)(®) := p(u)

Oy [F, u] — O[F, u] i
1+ p() BI',,(B+1)

1+ p(0) - A N
1+ p(t) BI',,(B+1)

i 1 ftf,ﬁi](f—qx{}_l(i—qs)wl
(1 + p(2)) pO*OT, (@), ,(B) Jo Jo P\ g

XF[p“ l’u(p“ 1)’(?y )(p“ 1)’(TV )(1%)] Apasdng® G-

where the functionals @;[F, u] and O%[F,u] are defined by

1
PO O DL, (@), (B)To(~0)

OX[F,u] = (3-2)
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, . (4 _ x)"’;1 el
XInfp_MfW(n—qy)_H_l B ‘”’q( - —qS)g(—x )
o Jo 0 e 1+p<#) P! pa AP
S

x F [F, u (1%) , (‘I‘Z’qu) (1%) , (T;’qu) (l%)] dpgsd, xd,,y
— !
T )0, o) =

LGl o]
- —4qx 7 —4S
0 Jo P pg P! P.g

X F [L u (1%) , (‘I’Iy,qu) (%) , (‘I’;,qu) (%)] dyqsd, x

paf—l ’

and A and B are defined by (2.7) and (2.8), respectively.
Since the problem (1.1) has solution if and only if the operator ¥ has fixed point, we next prove
that ¥ has fixed point as shawn in the following theorem.

T 3 T ; ST T
Theorem 3.1. Assume that F : 1, , XR> > Randp,g : 1,, — R* are continuous, ¢,y : I, , X I, , —

[0, 00) are continuous with ¢, = max {(,D(t, s) @ (t,5) € IT, % I;q} and Y, = max {l//(t, s) 1 (t,s) €
1, x ng}. Suppose that the following conditions hold:

(H,) There exist positive constants L; such that for each t € 11{, q and u;,v; R, i=1,2,3
‘F (2, ur, uz, uz] — F [t,v1,v2, 3] ‘ < L1|M1 - V1| + L2|M2 - V2| + L3|M3 - V3|-
(H,) There exists a positive constant w such that for each u,v € C

lp(u) — ¢(V)| < wllu = Vllc.

(H3) Foreach tel}, 0<p<p(t)<P.
(Hy) For each t € I[Zq, O<g<gl<d.

O R i WY AT A [ ot D
(Hs) X :=[wP + LQ] tr,,0m | T &\ TyemD T Tyepain | <

where
T\ T\
®ol- ®ol\=
L =L +L, (P) + 1L, (p) , (3.4)
1—‘p,q(’y + 1) rp,q(l - 7)
\8
p.- [P, max W1 () 3.5)
o 1+p min|B|T, 8+ D |’ ‘

(1 +p)min|B|T, 8+ 1)
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713

T a+f
Gn+P? N (7)
(1+p)F Ja+p-0+1) (A+pX,(a+B+1)]|

(3.6)

Then, problem (1.1) has a unique solution in I;ﬂ.

Proof. For each t € Ilf’q and u,v € C, we have

S N
- g2 (oo b))

< — 0 Nu-v fp(——qs) dy,,s
p@)rp,q(y)” 1y B9,

dpqs

o (%)7 ” _y
I,,(y+1) ’
vol7)
and '( )(t) (I)‘ < m”u - V”

Denote that
Hlu = vI(1) 1= |F[1,u00, (¥},) 0, (7)) @] = F 6,00, (¥,0) 0, (15,7 0] |

Then, we have

OL[F.ul ~ O F. V]
1
PO G, ()T, 4 (BT, 4(~6)

IA

v SRYE] 1
% fn fp‘”*] fpﬁ |(77 qy)_g 1(T - qx)p,q ( X _ qs)w_g( X )
0o Jo 0 e 1+p(#) P! g P!

><7-{|u—v|( )d,,qsdpqxdpqy

G[L1|M—V| + L, R 24
(1 + p)pO*O+GIT, (@)T, (BT, (—6)

T (41 - Cbc)ﬁ;1 a=
—6-1 pza T —6-1 ) X —

xf fp f = qY)pg 5 = (pﬁ“ —f]s) dygsd, xdy,,y
0 Jo 0 1+p(p—) P

—6-1

R\ 24 v 0
qU ‘I’p,qv'+L3'Tp7qu TMVH

IA

Y -V
Gy wi) ,, w()
< Li+ Ly + Ly———|llu =l
T+l pa+B-60+1) [+ [, (1=v)
Gna+ﬁ—9£

T U+pTa+f—0+ 1)“” = Vle:
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Similary,
O} [F, ul - O3 [F, v]|
1
- (1 +p (Z)) PO, (@)T,,(B)
B-1 a-1
P X — S
— —qgx qs Wlu—vl(—)d,sd,x
o A i R e o
[L1|u - v| + Lz“szqu - ‘I’Z,,qv‘ + L3‘T;’qu - T’V”‘IVH
) (1+p)pB* O, (@) (B)
p-1 a—1
e X -
— —qgx qs dygsdy x
S L7 G, (G s
()"«
< llue — vllc-
(I+pX,(a+p+1)
Consider

|(Fu)e) - (Fv)(@)
max |A] ( )ﬂ
min [B|T,,(8 + 1)

1+ p(0)
1+p

|p(u) = p(V)|

(&)

" . [
(1+p)min|B|T,,(B+1)

O;[F,u) - O;[F,v]| +

OL[F, ul - OL[F, v]H

ool ) vo(7)”
Ll + L2 T, (+1) + L3 T,,(1-v) ||Ll - V”C

+

(1 +p)pO*Or, (@), ,(B)

N
Xf f (——qx) ( qs) dpgsd,gx
0 0 p P PB P

1
T ﬂ
14+P max |A| (L)
T+p||' " minBIT, 5+ 1| M e
B a+f
(7) Gyt (7)
+ _ +
(I+p)minB|T,, B+ 1) |(1+p)X,(a+p-0+1) A+pI,(a+B+1)
a+f -v
T [ wE e
A+l (a+B+1) I,,(y+1) I,,(1-v) ¢
(Z)a+ﬁ
_ P _
= Pu+L|Q+ T+ P, @t f+ 1) lu = Vlc. (3.7)
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Next, we provide (D}, Fu) as

(D), Fu)®) (3.8)
S\
_ (1+p(0) () f( I B A(3=) L
0T, (<) T, (=v) - p(pjyfl) B[, B3+1)|
S
O:[F,u] — O [F,ul f __1)
+ (t=q)pg dygs
BFM(IB"'DP( )qu( V) P‘I (p-i—l) "
+ a B
pGs )+ )qu(a/)rp JBT (=)
y p-1
[ LT L oo o,
Pq 1+p(#) pﬁ_l q b
X F F,M(pa 1),(‘{’7 )(p(f 1),(TV )(%)} dp’qsdp’qxdp,qy,
and
(3.9)

(D), Fu)@®) — (D), F)©)
max |A] (%)ﬁ
min [B[T, (8 + 1)

1 +p(0)
1+p

lp(u) — p(v)| f,f (T )—v—l
<— — —qs dyyS
PG, (—v) » » P4
|O;[F, u]l = O;[F,v]| + |O;[F, u] — O} [F, v]| f ( )vl
+ — —qgs dpys
mlnlBlp( )qu(,B + DI (=) (1 +,0) P

¢o(3) vo(%)”
Li+ Ly g + L, o5

+ =
(1 + p) pO*O*CIT, (@), (BT g (V)

(T (FT(T =1 y
X A -v—1
0o Jo 0 p ng \P

() O - 1)” e = vl

ro2) . /lo
{w T, » L L,y(l—v)  (L+p)lyg@tp—v

B-1 X a=1
) (pﬁ - qs) dyq.sd, xd,y
P

pq

From (3.7) and (3.9), we get
I(Fu) (@) — (Fv)Dlle

< [wP + LQI|1 +

() }+ 1:[ R A ]

T,,(1-v) T, a+B+1) T, a+B-v+1)

=Xlu—Vle.
AIMS Mathematics Volume 7, Issue 1, 704-722.
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Thus, from (Hs), ¥ is a contraction. Therefore, by using Banach fixed point theorem, # has a fixed
point which is a unique solution of problem (1.1) on IPT’ v O

4. Existence of at least one solution

In this section, we first introduce Schauder’s fixed point theorem that is used to study a solution
of (1.1).

Lemma 4.1. [48] (Arzeld-Ascoli theorem) A collection of functions in C|a, b] with the sup norm, is
relatively compact if and only if it is uniformly bounded and equicontinuous on |a, b].

Lemma 4.2. [48] If a set is closed and relatively compact then it is compact.

Lemma 4.3. [49] (Schauder’s fixed point theorem) Let (D, d) be a complete metric space, U be a
closed convex subset of D, and T : D — D be the map such that the set Tu : u € U is relatively
compact in D. Then the operator T has at least one fixed point u* € U: Tu* = u*.

Next, we prove that (1.1) has at least one solution by using above lemmas as follows.
Theorem 4.1. Suppose that (H,) and (H;) — (Hs) hold. Then problem (1.1) has at least one solution
onl!,.
Proof. The proof is organized as follows.

Step I. Verify ¥ maps bounded sets into bounded sets in By = {u € C : |ullc < R}. Let
max |F(t,0,0,0)| = F, sup |¢p(u)| = ¢. We choose a constant
tell,

ueC

[¢P+F](1 ) )+F( () + () )
Iy (1-v) [pq(@+p+1) [pg(@+B-v+1)
(T)fv (%)ﬂ/‘f’/j (l)aﬂifv *
1-L [Q(l + Tpe(1-v) + rp,qéa+/3+1) + rp,q([;+ﬁ—v+1)

Denote that |77(t, u,0)| = 'F[t, u(t), (¥, qu) (0), (13 1) (0] = F1, 0.0, 0]' +|Flz,0,0,0]|. Foreacht € I7,

and u € By, we have

R >

4.1)

O![F, u]' 4.2)

ke et A MCETEER Rt R
- p(§)+(§)+(_ze)(1+p) 0o Jo 0 P\ po-t P!

P4
‘7’( — O)V GSdyexd,yy

G (%)y (Z)_V n*r
< U+p) LZQDO—Tp,q(y D 3lﬁ0—pq(1 =) llullc + F T @+B-0+1)
and
A u]| 4.3)
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I (3) (7)° (£
< T+ [[Ll + Lz‘Po—rp,q(l; D 3'»”o—q(1 =) llullc + F —Fp,q(oj+,3+ D

From (4.2) and (4.3), we find that

s

1+ p(0) max |A| (%)
|(Fu)®)| < ¢[ﬁ] I, B+ D
s
()

min [BI T, (8 + 1)

1 A Ly ot
(1+p)p<2>+<z>rpq<a)rpq<ﬁ)f f ("qx) (F‘q“)

‘7’( uO)‘dpqsdpqx

O} F, u] + O} [F, u]
+[ l+p ]

()" ]

< ¢P + [Lullc + F] Q+(1+p)r G B D (4.4)
P4
Similarly as above, we have
(D}, 7))
< ¢Pi + [Lllullc + F1|Q (%)ﬁ + (%)Mﬁﬂ/ 4.5)
ST, (1-v) ¢ T,,(1-v) (I+pla+B-v+1)| '
Using (4.4) and (4.5), we get
RN IG RO
P 14 P
7 ull < Ll {Q{l (- v)] ’ [rp,q(a P+ D) T latB-v+D)
T -V T a+f T a+p-v
+[¢P + F1|1 + (‘D) +F (”) + (”)
T,,(1-v) T, a+B+1) T, a+B-v+]1)
<R (4.6)

We find that || u|| < R. Thus, ¥ is uniformly bounded.
Step II. Since F is continuous, the operator ¥ is continuous on Bg.
Step III. We examine that 7 is equicontinuous on Bg. For any ¢, 1, € I; g With 71 < 1, we find that

Al -]
BIT,,(6+1)
e

(L+p)BI L0+ 1)

1+P
(Fu)e) - (Fuye)| < ¢(1+ ) 1+
+p

|0} 1F. u] + OF[F, ul
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ta+ﬁ _ la+,B
WE| 12 ! 4.7)
(+ ) Tplat B+ 1)’ |
and
1+P MG |-
D, - (D, <
|( 7 JF (1) — ( ,,,q?u)(ll)| —¢( 1 +p) B|IT,,3+1)|T,,(1-v)
) u 2 u
(1+p) B Tpy(B+ DTpg(1—v) L " '
atf-v _ a+f-v

w5 (4.8)

l+p T (@a+B+-v+1)

When |t, —t;| — 0, the right-hand side of (4.7) and (4.8) tends to be zero. Thus, ¥ is relatively compact
on Bg.

Then, ¥ (Bg) is an equicontinuous set. From Steps I to III together with the Arzeld-Ascoli theorem,
F : C — C is completely continuous. Therefore, by Schauder fixed point theorem, we can conclude
that problem (1.1) has at least one solution. O

5. An example

In this section, we provide an example to show our results. We let a =

2 1

, B =
%’ Y = %’ v = 41_1’ 0 = %’ p = 3 49 = 3 T = 10, n = o 1(10) = %’

2

g(t) = (107 +cost)’, p(t) = e, ¢(u) = ¥, Cu(t)) and F|t,u(t), (¥pqu) 0. (1 ,u) @) =
cos? 2zt Ps 1 1

(100+efi”2"’;(]+|u(t)|) [e_(KHZ) (”2 + 2|M|) + 7102 (\Pg,;”) €3] (T‘%";u) ()

with the conditions of the problem (1.1). Therefore the problem (1.1) is represented by

Wi &~
AW

e—(27r+cos 7t)

] which are satisfied

cos? 2mt

(1 + ecosZm)] u(t) — (100 " esilzm) (1 " |u(t)|) [e—(ﬂ+[2) (u2 + 2|Lt|)
e e

1 k
where t € I = {10(2) ke No} U {0}, with three-point fractional (p,g)-difference boundary

3 1
Cni [Cp2
D21[ Dzl

32 3°2

+e—(10t+§) + e—(27r+cosm)

(o

2

21 (%)kﬂ
condition
o Cilu(t)| ~
0) = T te o (10),
“(0) Z‘ T+ ey €341
2 1215\\* (1215
u(ls5) = D;% (1()7r+c0s( 756 )) u( 256)

e*|f*5| e*erfs\

. .. . 1 ) 1
where C; are given positive constants with ; < 3.7, C; < =, @(t,5) = SO and y(t,s) = TR
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To investigate the values of L, Ly, L3, L, w, g, G, p, P, X, P and Q, we employ the assumptions (H;)—
(Hs) to get the results as follows. Forall t € I;°, and u,v € R, we find that
302

y v - Y v
‘F [;, u, V7 u, Tp,qu] F [l‘, ¥ v, Tp’qv]'

4

1
Y L, Py |
oM ‘I’p’qv + v

< - + ; |\P - @
~ (100 + Dyer! (100 + Dyez=t 17 (100 + 1)e>r2

Thus, (H;) holds with L; = 0.00117, L, = 0.00563 and L; = 0.000137. So £ = 0.001185.
For all u,v € C,

| — V]

4
u ‘Y'p,qv .

o0 [ee] [ee] 1
6160 = a0 = | Y Cut) = Y Covia| < Y, Cllu=lic < —llu = vile.
i=1 i=1 i=1

Thus, (H5) holds with w = KLS = 0.00674 .
For all ¢ € I'°,,, (H3) and (H,) hold with 925.129 = ¢ < g(t) < G
37

p(t) < P=e.
We calculate and find that

|A| < 138.177, |B| > 243.229, ¢, =0.001 and ¢, = 0.0025.

1050.792 and i =p<

Next, we get
P =9.02715 and Q = 0.84825.

Therefore (Hs) holds with
X =0.35757 < 1.

Hence, by Theorem 3.1, this problem has a unique solution. In addition, by Theorem 4.1 it has at
least one solution.

6. Conclusions

A sequential fractional Caputo (p,q)-integrodifference equation with three-point fractional
Riemann-Liouville (p, g)-difference boundary condition (1.1) is studied. Our problem contains
two fractional Caputo (p, g)-difference operators, two fractional Riemann-Liouville (p, g)-difference
operators, and one fractional (p, g)-integral operator. ~ After proving an auxiliary result concerning
a linear variant of the considered problem, the problem at hand is transformed into a fixed point
problem related to (1.1). We establish the conditions for the existence and uniqueness of solution
for problem (1.1) by using the Banach fixed point theorem, and the conditions of at least one solution
by using the Schauder’s fixed point theorem. Some properties of fractional (p, g)-integral needed in
our study are also discussed. The results of the paper are new and enrich the subject of boundary value
problems for fractional (p, g)- integrodifference equations. In the future work, we may extend this
work by considering new boundary value problems.
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