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1. Introduction

In 2014, Ma et al [18] introduced the concept of C*-algebra-valued metric spaces by replacing the
range of R with an unital C*-algebra. Later in 2015, Ma et al [19] introduced the nation of C*-algebra-
valued metric spaces as a generalization of C*-algebra-valued metric space. They proved some Banach
fixed point theorems. Several research are obtained some results in Banach and common fixed point
theorems in C*-algebra-valued metric spaces (see [2,3,7,10,13,14,25,26,31,34]. The notion of C*-
algebra-valued partial metric space and C*-algebra-valued partial b-metric spaces are introduced in
[8,22] and proved fixed point results as analogous of Banach contraction principle.

In [27] introduced the study of fixed point for the a-admissibility of mappings and generalized
several known results of metric spaces see also [28]. Later on, many authors proved a-admissible
mappings theorems with various contraction condition see [1,5,9,12,17,20,21,30,32,33,35,36]. The
aim of this paper is generalizing some results of metric spaces and C*-algebra b-valued metric spaces.

We start with some definition and results about C*-algebra b-valued metric spaces. Suppose that A
is a unital C*-algebra with a unit /. Set A, = {x € A : x = x*}. An element x € A is a positive element,
if x = x* and o(x) C R* is the spectrum of x. We define a partial ordering <on A, as x <yif 04 < y—x,
where 04 means the zero element in A and we let A* denote the {x € A : x > 04} and |x| = (x*x)%.


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2021590

10193

On the other hand, [27] introduced the study of fixed point for the @-admissibility of mappings and
generalized several know results of metric spaces.

Throughout this paper, we use the concept of @-admissibility of mappings defined on C*-algebra
b-valued metric spaces and we defined the generalized Lipschitz contractions on such spaces. The aim
of this paper is generalizing some results of metric space and C*-algebra b-valued metric spaces.

Lemma 1.1. Suppose that A is a unital C*-algebra with unit 1. The following are holds.

(1) Ifa € A, with ||la]| < %, then 1 — a is invertible and ||la(1 — a)™'|| < 1.

(2) For any x € A and a,b € A*, such that a < b, we have x*ax and x*bx are positive element and
x*ax < x*bx.

(3)If 04 < a < b then ||a|| < ||b||.

(4) If a,b € A" and ab = ba, then a.b > 0,.

(5) Let A’ denote the set{a € A : ab =ba Y b e A}andleta € A’, if b,c € Awithb > c > 04 and
1 —a € (A")" is an invertible element, then (I, —a)™'b < (I, — a)”'c.

We refer [24] for more C*algebra details.

Definition 1.2. Let X be a non-empty set and b > 15, b € A’,suppose the mapping

dy: XXX — A, satisfies:

(1)da(x,y) = 04 forall x,y € X and ds(x,y) =04 © x = y.

(2) da(x,y) = das(y, x) for all x,y € X.

(3) da(x,2) < blda(x,y) + da(y,2)] for all x,y,z € X, where 04 is zero-element in A and 14 is the unit
element in A. Then d, is called a C*-algebra valued b-metric on X and (X, A, d,) is called C*-algebra-
valued b-metric space.

Example 1.3. Let X be a Banach space, dy : XXX — A given by d(x,y) = ||lx—=y||”-a, forall x,y € X,
acAt,a>0andp > 1.

Its easy to variety that (X, A, dy) is a C*-algebra -valued b-metric space.

Using the inequality (a + b)? < 2P(a” + b?) for all a,b > 0, p > 1, we have

llx = zll” < 27(lx = ylI” + [ly — zlI”)
for x,y,z € X, which implies that
da(x,2) 2 2°(da(x,y) + da(y,2))

In the next we give a counter example , show that in general, a C*-algebra valued b-metric space in
not necessary a C*-algebra valued metric space.

Example 1.4. Let X = R and A = M(R). Define

lx = yI? 0
dA(X,)’) = ( Oy klx _ y|2

x,y € R, k > 0, it is clear that (X,A,d,) is a C*-algebra valued b-metric space by using the same
argument in example 1.3 when p = 2
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1 0 1 0 4 0
Now, dA(0,1)=(O kl)’ dA(1,2)=(0 kl)’ dA(0,2)=(0 k4)’

Its obvious that d4(0,2) = d,(0, 1) + du(1,2).
So (X, A, dy) is not a C*-algebra valued metric space

Definition 1.5. Let (X, A, dy) be a C*-algebra- valued b-metric space, x € X, and {x,};. | be a sequence
in X, then
(i) {x,},", convergent to x whenever, for every ¢ € A with ¢ > Oy, there is a natural number N € N such
that

da(x,,x) <c,

forall n > N. We denote this by lim x,, = x or x, — x as n — +oo.

n—oo

(ii) {x,},>, is said to be a Cauchy sequence whenever, for every ¢ € A with ¢ > 0y, there is a natural
number N € N such that

dA(xnaxm) <c,
foralln,m > N.

Lemma 1.6. (i) {x,} ", is a convergence in X. If for any element € > O there is N € N such that for all
n> N, |ld(x,, x)|| < €.
(ii) {x,},", is a Cauchy sequence in X, for any € > 0 there N € N such that

llda(xu, X )Il < €, for all n,m > N. We say that (X, A, dy) is a complete C*-algebra- valued b-metric
space if every Cauchy sequence is convergent with respect to A.

Example 1.7. Let X = R and A = M, (R) the set of all n X n-matrices with entries in R. Define

/l”aii_biiw e 0
da(a,b) = - :
O T /lnlaml_bnnv)

where a = (a,-j)zjz1 , b= (b,-j);szl are two n X n-matrices , a;j,b;j € R foralli,j=1,...,n, 4; >0 for
i = 1,...,n are positive real numbers.
One can define a partial ordering on ( Zp,w®)) on M,(R) as following a <uy,w) b if and only if a;; <
bj¥i,j = 1,..,n. And an element a >y, 0 is positive in M,(R) if and only if a;; > 0 for all
i,j=1,...,n (X, M,(R),dy,w)) is C*-algebra- valued b-metric space.
One can prove that

da(a,c) 2p,w) 2"(dala, b) + da(b, c)),

foralla,b,c € M,(R).
We need only to use the following inequality in R

v =2 < 2P(lx = yI” + |y = 2I”,
where b = 21y, w) > Iy,w) Yp > 1, where 1y, w)is the unit element in M, (R).

Remark 1.8. In the above example the inequality |x—z|P < |x—y|P +|y—z| it is impossible for x >y > z.
Then the (X, A, d) is not a C*-algebra valued metric space.
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It is useful to discuss the relation between C*-algebra valued metric spaces and lattices-valued
metric spaces. To classify C*-algebra-valued-metric spaces and its relation with lattices, we have to
discuss the concept of quantale which introduced by Mulvey [23]. A quantale Q is a complete lattice
together with an associative multiplication ® : Q X Q — Q such that a ® (V;b;) = V(a ® b;), and
Vi(a)®b = Vi(a; ® b) for all a;,b;,a,b € Q,i € I, I is an index set the quantale is said to be unit, if it
has a unital "e’ satisfy a®e = e®a for all a € Q. And Q is called an involuative quantale with relation
%1 Q — Qsatisfy (a")" =a,(@®b) =b*®a" and (V,a;)" = V,a; for all a;, b;,a € Q.

The top element of Q is denoted by 1 and the bottom element denoted by 0. A typical example of
quantale is given by End(S), the set of all sublattices of Endomorphisms of the complete lattices S is a
unital quantale with join calculated by point wise (V;f;)(x) = V; f;(x) and multiplication as composition
(f @ 8)(x) = (f o »)(x).

And it is unit identity is Ids. An element a € Q is said to be right-sided ifa® 1 < a, forall a € Q,
denote by R(Q) the set of all right-sided elements. Similarly, an element a € Q is said to be left- side if
l®a < aforall a € Q, L(Q) denote the set of left-sided elements.if a € Q is right-sided elements and
left-sided elements it is said to be 2-sided elements and the set of 2-sided-elements denoted by 1(Q).
Any two sided-elements a is distributive in the sense that a A V;b; = V(a A b;).

A quantale is commutative if it is commutative under the multiplication. If the quntale is

commutative then Q = I(Q). If A is a C*-algebra and R(A) is the lattice of all closed right ideals of A,
then R(A) is a quantale and the multiplication of closed right ideals obtained by taking the topological
closure of the usual product of ideals, simply, I ® J = IJ for any two ideals I, J € R(A).
By Gelfand duality theorem [11]. Any commutative C*-algebra is isomorphic to the set of all
continuous functions of the compact Hausdorf topological space. So, in this case R(A) is isomorphic
to the lattice O(A) of all open sublattices of A, where A is the topological space determined by A, the
spectrum of A. Therefore, commutative C*-algebra classify by commutative quantales as given in [6].
A is a commutative C*-algebra if and only if R(A) is commutative quantale.

On the other hand ‘Sherman [29] show that if Ay, is the space of self-.adjoint elements of a C*-
algebra A with the canonical order < given by a < b if and only if b — a > 0 is positive. Then A,
is a lattice ordered if and only if A is commutative. Therefore, the C*-algebra valued metric space in
commutative case coinside with the commutative quantale -valued-metric space, with a suitable metric
For a non-commutative C*-algebra A with unit, by MaxA is meant. The set of all subspace of A together
with the multiplication defined by M @ N = MN to be the closure of product liner subspace, for each
M,N € MaxA, and the join “V” defined by V;M; = >, M;, and the involution M* = {a* : a € M}

and the unit of MaxA is given by the identity. So, Male is defined A unital involutive quantale. In
the case the non-commutative C*-algebra is classify by MaxA, following [15,16]. If A and B are two
unital C*-algebras. Then A and B are isomorphic if and only if MaxA and MaxB are isomorphic as
a unital involutive quantale . So, C*-algebra valued metric spaces are classify by the unital involutive
quantale-valued metric space.

2. Main results

In 2012 Samet et al [27], introduced the concept of @-admissible mapping as follows.

Definition 2.1. Let T : X — X be self map and a : X X X — [0, +00). Then T is called a-admissible if
forall x,y € X with a(x,y) > 1 implies a(Tx,Ty) > 1.
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Next, we introduced an analogue definition of a-admissible for a unital C*-algebra.

Definition 2.2. Ler X be a non-empty set and as : X X X — (A’)* be a function, we say that the self
map T is a, - admissible if (x,y) € X X X, as(x,y) = Iy = as(Tx,Ty) > I, where I, the unity of A.

Definition 2.3. Let (X, A, d) be a complete C*-algebra- valued b-metric space, the mapping T : X — X
is said to be generalised Lipschitz condition if there exist a € A such that ||a|| < 1 and

dA(T-xa TY) ﬁ a*dA(X, )’)a, (21)
Sforall x,y € X with as(x,y) > I,.

Example 2.4. Let X = R and A = M,(R) as given in example (1.7), defineT : X — X, by Tx = g, and

A p,R) XXX —> Mn(R)+, given by CXMn(R)(X, y) = IM,,(R) and a'Mn(R)(Tx, Ty) = (YM"(R)(%’ %) = IM,;(R) thus

T is ay,w)—admissible, where M, (R)* is the set of all positive elements
/1”% RS 0

@p, ) (X% V)Am, @) (T X, TY) S, w) In,®)- : .. : <M,(®)
0 e Ay g

Ty, ®)

2y

'dMn(R) (x’ y)’

Iy, ®) g = Iy, ®)
(V2r (V2

Theorem 2.5. Let (X,A,dy) be a complete C*-algebra- valued b-metric space, with b > I, b €
A’ Ibllllal® < 1 suppose that T : X — X, be a generalised Lipschitz contraction satisfies the following
conditions:

(i) T is as-admissible.

(ii) There exists xy € X such that as(xy, T xg) > 1.

(iii) T is continuous.

Then T has a fixed point.

and a =

, so T satisfy the generalised Lipschitz condition.

Proof: let xy € X such that a,(xp, Txo) > 14 and define a sequence {x,} ., € X such that x,, = Tx,_;
for all n € N. If x,, = x,,; for some n € N, then x = x, is a fixed point for 7.
Assume that x,, # x,, for all n € N, since T is a4-admissible, we have

as(xo, x1) = aa(xo, Txp) =1y =
aa(Txo, T*x0) = alx1, x2) = I4.
By induction we get
a’A(xn’ xn+l) = IA- (22)

Since T is generalised Lipschitz condition , then

dA(xn’ xn+1) dA(Txn—l’ Txn) =< a*dA(xn—l’ xn)a

= (a*)sz(xn—Za -xn—l)a2

A
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10197

IA

(a@")'da(x,, x1)a"

(a*)'dya".

IA

Denote that dy := da(xp, x1) in A, notice that in C*-algebra, if a,b € A* and 04 < a < b, then for any
x € A both x*ax and x*bx are positive elements and

04 < x"ax < x"bx.

Now, form > 1, p > 1 it following that

dA(xma xm+p) = b[dA(xma -xm+1)+dA(xm+l, xm+p)]

< bdA(xm, xm+1) + bsz(-me’ -xm+2) + ..
+ bpildA(xmﬂo—Z’ xm+p—1) + bpildA(xm+p—1’ -xm+p)
< b((a)"doa™) + bB*((a@* )" doa™ ") + ...
+ bp—l((a*)m+p—2d0am+p—2)+bp—1((a*)m+p—ldoam+p—l)

p—1
— Zbk((a*)m+k—l dO am+k—1)+bp—l(a*)m+p—ld0 am+p—1

k=1

p-l 11
— bk((a*)m+k—l dgdg am+k—l)+bp—l(a>k)m+p—ld0 am+p—l

k=1

p—1

sm+k—1 7.% % % £ mtk-1 el m+p—1 % % Lo m+p—1

= (@)™ B2 bE a™ Y+ (b7 (@Y d2b'T (a)

k=1

ST k=lye, g3 1.k k=1 305! 1Nty 3 . 250 1
= Y (dg bPa"Y(dg bt @) + (@b a YAl b'T @

k=1

p—l 1 k 1 —1
— |d§ bzam+k—l|2 + |dgpram+p—]|2

k=1

ST k=112 34 0250 12
< ldZ b2a™ P Ly + 1d2b ™ a™ PP Iy

k=1

1 p-l 1
< IIdSIIZZ Il alP" 1Bl 2y + g IPIBIP" Nlal PP~ 1
k=1
: m, 1= (Ibllllall?)?~! - e
= lldoll LlIBllllal*™( )1 L + ldollIbIP~ Jlal PP~ 1,
1 —{|Bllllal|
(Il P~ =1 - mip

= lldollLliEllllallP" ¢ bllalE =1 )Ly + lidolllIBIP~" Nlal PP~ — 04,

with the condition ||b||||la]|*> < 1 and at m — +co.
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(o)

It implies that {x,}>

X, = xasn — +oo,
Since T is continuous and the lim is unique it follows x,,; = Tx, — Tx as n — +oo such that
x = lim x,,; = lim Tx,, = Tx, so, Tx = x is a fixed point for T.

n—-oo

n—oo

Now, we replace the assumption of continuoity of 7 in the above theorem by another condition.

is a Cauchy sequence. By completeness of X that exists x € X such that

Theorem 2.6. Let (X, A, dy) be a complete C*-algebra- valued b-metric space, with b > I,4.

Let T : X — X be generalized Lipschitz condition as in (2.5) and the following conditions are satisfies:
(i) T'is as-admissible.

(ii) There exists xy € X such that as(xg, T xg) > 1,4.

(iii) If {x,};, is a sequence in X such that a(x,, X,+1 = I4 for alln € N and x, —» x € X, as n — +oo,
then as(x,,x) > I, foralln € N. Then T has a fixed point in X.

o0

Proof: From theorem 2.5, we Know that {x,} > ,

x € X such that x, —» xasn — +oo.
On the other hand from equation( 3.1) and by hypothesis (iii) , we have da(x,, x) > I, forall n € N,
since T is generalized Lipschitz Contraction using 2.2 we get

is a Couchy sequence in (X, A, d,), then there exists

da(x,Tx) = blda(x, xp41) + da(Xps1, Tx)
= blds(x, xp41) + ds(T x,, Tx)
< blda(x, xp41) + a’(d(x,, x)al
— 04 as n > +oo.
da(x, Tx) =04 > Tx = x.

To prove the uniqueness of the fixed point of generalized Lipschitz mapping we have to consider
the following property.
(H): For all x,y € X, there exists z € X such that d4(x,z) > I, and ds(y,2) > I4.

Theorem 2.7. Adding condition (H) to the hypothesis of theorem (2.5) we obtain the uniqueness of the
fixed point of T.

Proof: Suppose that x and y are two fixed points of T from (H), there exists z € X such that
ap(x,2) = Iy and ax(y,z) = I,. 2.3)
Since T is a4-admissible, from (2.2) we have
an(x,T"2)) = Iy and a,(y,T"z)) > I,. 2.4)
Since T is generalized Lipschitz contraction, so by using (2.4), we have

dy(x, T"2) dy(Tx, T(T" 7))

< a'da(x,T" '2)a

AIMS Mathematics Volume 6, Issue 9, 10192—-10206.
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< (a@)'dy(x,z)a for all ne N
daCe, T"DI < Nall*llda(x, 2)II.

Since ||b|llall> < 1, |lal| < 1, we have ||la|[”" — 04 as n — 400 and d4(x, T"z) — 0,4,
T'z=xasn — +oo.

Similarly we get 7"z = y as n — +oo, there for by uniqueness of the limit, we obtain x = y. This
complete the proof.

3. Common fixed point theorems

Now, we give a common fixed point theorems for two mappings satisfy a common a4-admissible.

Definition 3.1. let (T,S) : X — X be a continuous self mappings on X. @y : X X X — A*. (T, S) are
said to be common a,-admissible if for any x, € X,

aa(x0,y) = Iy = aa(Tx0,Sy) = Iy = aa(T*x0,S7y) = I4.

Theorem 3.2. Let (X, A, dy) be complete C*-algebra- valued b-metric space and
T,S : X — X, such that

as(x,y)ds(Tx,Sy) < a*dy(x,y)a, (3.1

and ||lal| < 1, ||bll.llall* < 1 and the following conditions are satisfies:
(i) (T, S) are common a,-admissible.
(ii) The exists xy € X such that

an(x0,y) = Iy = as(Txp,Sy) = I,.

(iii) T and S are continuous and have a common fixed point in X.

Proof: Let x;, € X and construct a sequence {x,} € X such that Tx,, = x,41 »
S Xop+1 = Xonyp form (3.1), we get

aq(xo, x1) = aa(Txp,Sx1) =1
= CL’A(TZXO,Sle) > Iy

= aalx, x3) = Iy,
by induction, we have @ (x2,, X2,+1) = I4, for all n € N.

da(Xons1, Xone2) = da(T x2p, S Xops1)
aa(X2n, X2p41)da(T X2, S X2p41)

a*dA (-x2n > X2n+1 )a9

IA

IA

by induction, we obtain

20+l 2n+l
da(Xone1s Xone2) = (@) da(x0, x1)a™™" .

AIMS Mathematics Volume 6, Issue 9, 10192—-10206.
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Similarly,
da(X2n, Xons1) = (@) da(x0, X1)a™".

Now, we can obtain for any n € N
da(Xn, Xn41) < (@)"da(x0, x1)d".

Then for p e N, p > 1, m > 1, and applying the triangle inequality,
we have

IA

dA(xm, xm+p) b[dA(-xm’ xm+1) + bsz(anl, xm+2) +

+ bp‘sz(xm+p—2, -xm+p—l) + bp—ldA(Xm+p_1 . xm+p)

p-1

Z BE((a Y™ doad™ Yy + b (@Y dpd P
k=1

IA

by similar calculation as theorem (2.5), we get

1 = (lblllalPy>!

T iV * 1ol al 1, = 0y,

da(Xms Xmep) = ol TBIl>"(

as n — +oo, where I4 is the unitary in A, dy := ds(x9, x1), b € (A*).
So, {x,} is a Cauchy sequence in X.
The completion of (X, A, d4) implies that there exists x € X such that lim x, = x

n—oo

Now, we using triangle inequality and (3.1), we set

da(x,Sx) = Dlda(x, x2n11) + da(xX241, S X)]
< blda(x, Xan41) + da(T x2, S X)]
and  ap(xy,, x) = Iy, we get
da(x,Sx) = blda(x, xp411) + @ da(x2,, X)a]
ldaCe, SOl < 1IblllldaCx, X2l + l1Bllllal P llda (20, )]
IdaCe, SOl < lldaCx, x2)IBI + [1BIHllal®).

Since ||a|| < 1, we have a contradiction = d4(x,Sx) = 04 = Sx = x, similarly, we get Tx = x, so, S
and T have a common fixed point .

In the following, we will show that the uniquely of common fixed point in X, for that assume that is
another fixed pointy € X such that Ty =y = y.
Since x satisfy property H, and (7, §) are a4 -admissible, we have

da(x,5"2) da(Tx,§"z)

a*dy(Tx,S" ' 2)a

IA

A

< (@)'dy(x,2)a"

AIMS Mathematics Volume 6, Issue 9, 10192—-10206.
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ldax, S"2)Il < llallPlda(x, 2|l = 0 as n — +oo.

So, ds(x,5"z) = 04 this implies that S"z = x.
Similarly, we get §"z = y Thus x is a unique common fixed point.

Theorem 3.3. Let (X,A,dy) be a complete C*-algebra- valued b-metric space, suppose that two
mappings T,S : X — X, satisfy

a(x,y)da(Tx, Ty) < a*ds(Sx,Sy)a for any x,y € X, (3.2)

where a € A, with ||b||llall* < 1 and ||a]| < 1.

IfR(T) C R(S) and R(S) is complete in X, T and S are weakly compatible, such that the following holds
(i) (T, S) are common a,-admissible.

(ii) There is xo € X such that as(xo,y) = Ix = aa(Txy,Sy) > I,.

(iii) T and S are continuous.

(iv) X has a property (H), they T and S have a unique common fixed point in X.

Proof: Let xo € X, choose x; € X, such that S x; = S xo, which can be done since R(T) C R(S). Let
Xo € X such that S x, = Tx;.
Repeating the process, we have a sequence {S x,}” | in X satisfying S x,, = T'x,_;.
Then, since (7, ) are a4-admissible, we get

aa(Sx1,8x) = aa(Txp,Tx;) > 1y
= CL’A(TZ.X(), szl) > IA

= as(Sx2,Sx3) =1y

= @a(S x4, S Xu11) = La.
Now,

dA(S Xns an+1) = dA(Txn—la Txn)
a’*da(S x,-1,S xp)a

IA

IA

(@*)'da(S xo, S x1)a".

Form>1,p>1.

dA(Sxm» S-xm+p) =< bdA(S Xms Sxm+1) + bsz(S Xm+1s Sxm+2) +...+

+ bp_ldA(S Xm+p-25 Sxm+p+l) + bp_ldA(S Xm+p-1» S-xm+p)
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-1
< bk(a*)m+k—ld0(a)m+k—l + .+ bp—l(a*)m+p—ld0(a)m+p—l.
1

<

>~
Il

Using similar calculation as in theorem 2.5 , we get

Liblillal P iblllal®y~" = 1]
1Bllllall> — 1
+ lidollB"~ " NlalP™*7* VI — 04 as m — +oo.

dA(S Xm» Sxm+p) =< ”d()”

Iy

Where d() = dA(S X0, S)Cl).
So, {S x,}., 1s a Cauchy sequence in R(S ) and is complete in X, there exists x € X such that lim Sx, =

n—+co
S x.

Also,

da(S x4, Tx)

dA(T-xn—l P TX)

a*da(S x,, x)a — 04, as n — +oo.

IA

So,Sx, » Txasn — +oo. Hens Sx, = Tx = S x, so x is coincidence common fixed point in X.
Morovere of y is another common fixed point such that Ty = Sy =y, so

da(Sx,Sy) = ds(Tx,Ty) 2 a*da(Sx,Sy)a

lda(S x, S| < llalPllda(S x, S Y.

Since |la]| < 1, so we yet da(Sx,Sy) =04 = Sx = Sy.
So § , T have coincidence fixed point is unique Sx = Tx = x.
Since {S x,}, is a sequence in X, convergent to S x and Sy respectively,

Sx = lim Sx, = Tkx, since the lim is unique, so 7x = Sx = x, so S and 7 have a common fixed point
n—+oo

in X.
Since X has a property (H) and (S, T') are @4-admissible, we get

da(x, T"x) = dy(Tx),T"z) = dy(Tx,T" '2)
a*da(S x,S(T"'z,))a

IA

IA

(a@*)'da(S x,S2)a"
ldaCx, T"2)Il < llal™llda(Sx, Sl = 0 as n — +co.
dA(X, TnZ) =04 = T'z = x.

U

Similarly 7"z = y, so x = y and this complete the proof.
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4. Application

We introduce a non-trivial example satisfy the theorem 2.5.

Example 4.1. Let X = [0,1], A = ML,(R), p > 1 and k > 0 is a constant, we define dy = X X X — A

P
as ds(x,y) = (Ix O)’| Klx — ylp)for all x,y € X. Then (X, A, d,) is C*-algebra valued b-metric space.
DefineT : X - XasTx = X2, then
(=R 0 (1l =yl + yl? 0
sty = ( 0 K-y T\ 0 Kx-lxeap
lx = yI? 0
< p
Ry
x 0 fx=y=1
Define, ay : X X X — A, by aa(x,y) =4 \0 y Y=
0 otherwise,
- I fx=y,
it is clear that as(x,y) = { 0 otherwise,
x> 0\ .
ax(Tx,Ty) = (0 w) Pr=r=l
0 otherwise,

@a(%,¥) = Dyy = @a(Tx, TY) = Iy
So, ax(x, Y)da(Tx, Ty) < (V2)")da(x, y)(V2)P. So, it is satisfy the conditions of theorem 2.5, and then
T has a fixed point 0 € X.

As an application, we use the C*-algebra-valued b-metric space to study the existence and
uniqueness of the system of matrix equations in [4] by using theorem 2.5.

Example 4.2. Application: Suppose that M,(C) the set of all m X n matrices with complex entries.
M, (C) is a C*-algebra with the operator norm. Let By, B,,...,B, € M,(C) are diagonal matrices which

satisfy Y |Bi* < 1.
k=1

Let A = (a;j)i<i,j<n € M,(C) and C = (¢ij)i<ij<n € My(C)*, where M,(C)" denote the set of all
positive definite matrices “hermitian and the eigenvalues are non-negative”. Then the matrix equations

A=) BiAB.=C, (4.1)
k=1

has a unique solution.
n

Proof: Set a = Y. |Bil%, clear if @ = 0, then the equations has a unique solution in M,(C). Without

loss of generaliry,_suppose thata > 0. For A,D € M, (C)and p > 1,
define dy, ) : M,(C) x M,,(C) - M,(C)" as
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dm,c)(A, D) = diag(ilan — dits .., Alann — duil”) , A15.s 4y > 0, then (M,(C), dy, ) is a C*-
algebra valued b-metric space and is complete since the set M, (C) is complete (the proof is given in
the example 1.7). Consider the map T = (T;) : M,(C) — M, (C) defined by

Tii(aijh<ij<n = 2. Bi(ai)) By + cii. Define ay,c) : M,(C) X M,(C) - M,(C)",
=1

ap,c) (A, B) = 1;4,1(@), clear that T is ay,c) admissible. Then

dyg,c/(TA, TD)

diag(ﬂll(z Byan By + ciy) — (Z Byd By + c11), ... /LJ(Z B, By
k=1 k=1 k=1
+ Cnn) - (Z Bzdnan + Cnn)lp)
k=1

= diag(l() | Bian = di)Bills . 4l(Y | By — du) Byl”)

k=1 k=1
= diag(Li () 1BV lan = dnls ., (Y 1B I = donl”)

k=1 k=1

= dlag(z |Bk|2)p(/ll|all - dlllpa ceey ﬂnlann - dnnlp) = aden(C)(A9 D)
k=1

Therefore, T satisfy the condition of theorem 2.5 and has a fixed point. So the matrix equations (4.1)
has a solution on M,,(C). Moreover ay, ) is satisfy the condition (H), so the system of matrix equations
have a unique hermitian matrix solution A.

5. Conclusions

In this paper, we define a new version of @4-admissible in the case of self map 7 : A — A and a,-
admissible in two self mappings (7, S). We prove the principal Banach fixed point theorem and two
common fixed point theorems in the C*-algebra- valued b-metric space, which generalized the given
results in [18,19,26,27]. Moreover, we introduced an application to show that the useful of C*-algebra-
valued b-metric space to study the existence and unique of system matrix equations.
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