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Abstract: In mathematics and computer sciences, the partitioning of a set into two or more disjoint
subsets of equal sums is a well-known NP-complete problem, also referred to as partition problem.
There are various approaches to overcome this problem for some particular choice of integers. Here,
we use quadratic residue graph to determine the possible partitions of positive integers m = 28, ¢, 2Pq,
24%, qp, where p, g are odd primes and £ is any positive integer. The quadratic residue graph is defined
on the set Z,, = {6, 1,-- ,ﬁ}, where Z,, is the ring of residue classes of m, i.e., there is an edge
between X, y € Z,, if and only if X = }2 (mod m). We characterize these graphs in terms of complete
graph for some particular classes of m.
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1. Introduction

Graph plays a dynamic role in various sciences such as physics, biology, chemistry, and computer
science [2-5, 8]. It is used in various frameworks related to social and information systems [4] and
also solves many issues related to everyday life. In physics, there are various circuits constructed by
considering different graphs [5]. The atomic number of many molecules is evaluated by using group
symmetry graphs that are still unknown a few years ago [3]. In computer science, many problems
have been discussed using graphs that were not easy to visualize earlier. For discrete mathematics and
combinatorics, the applications of number theory and graph theory are of crucial importance. In this
work, we employ number theory to investigate the special classes of graphs.
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Rogers [18] discussed the action of a quadratic map on multiplicative groups under modulo a
prime p by using the associated directed graph for which there is an edge from each element to its
image. He established a formula to decompose a graph into cyclic components with their attached
trees. The necessary and sufficient conditions for the existence of isolated fixed points have also been
established. Somer and Krizek [19] studied the structures of graphs of quadratic congruences for
composite modulus. Mahmood and Ahmad [10, 11] proposed many new results of graphs over
residues modulo prime powers. Haris and Khalid [12-15] investigated the structure of power digraphs
associated with the congruence x" = y (mod m). Meemark and Wiroonsri [9] discussed the structure
of G(R, k) using a quadratic map, where R is the quotient ring of polynomials over finite fields and k is
the modulus. Wei and Tang [20] introduced the concept of square mapping graphs of the Gaussian
ring Z,[i]. Ali et al. [21,22] introduced new labeling algorithm on various classes of graphs with
applications. Some basic and useful result discussed in [1,6,7,16,23,24] as well.

Let p be a prime and a an integer coprime to p. Then a is called a quadratic residue (mod p)
if and only if the congruence x> = a (mod p) has a solution. Otherwise, a is called quadratic non-
residue (mod p). Two non-zero integers x and y are called zero divisors in the ring Z,, if and only if

—
xy = 0 (mod m) [17]. Recall that a graph G (2, m), whose vertices are elements of ring Z,, and there

will be an edge between x and y (x # ) if X = yz (mod m) then, ?(2, m) is termed as a quadratic
graph. For m = 30 vertex set is

Z,=1{0,1,2,3,4,5,6,7,8,9,10,11, 12,13, 14,15, 16, 17, 18, 19,20, 21,22, 23,24, 25,26, 27,
28,29},
by solving the congruences X* = ¥~ (mod 30) for each X, y € Z, then, there are 2, 4, 6 copies of K, K,
and K, respectively as shown in Figure 1. We note that each copy of K, and K, has equal sum 30 and
60, respectively. Here K, is a complete graph obtained if each node connected with every other node

except itself [4].
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Figure 1. G (2,30) = 2K, @ 6K, P 4K,

Theorem 1.1. [17] Let p be an odd prime, k be a positive integer, and a an integer such that (a, p) = 1.
Then

1. The congruence x> = a (mod p*) has either no solution or exactly two incongruent solutions
modulo p*.
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2. The congruence x a (mod p*) has no solution if a is quadratic non-residue of p and exactly

two incongruent solutions modulo p if a is quadratic residue of p.
Theorem 1.2. [17] Let a be an odd number. Then we have the following:

1. The congruence equation x* = a (mod 2) has the unique solution if and only if x = 1 (mod 2).

2. The congruence equation x* = a (mod 4) either has no solution if a = 3 (mod 4) or has two
solutions x = 1,3 (mod 4) if a = 1 (mod 4).

3. When k > 3, the equation x* = a (mod 2%) either has no solution if a 1 (mod 8); or has four
solutions x1, —xy, x; + 251, =(x; + 25V ifa = 1 (mod 8).

2. Quadratic residues graphs over Zy and Z

In this section, we characterize quadratic residue graphs for some well-known classes of integers 2°
and ¢?, for each positive integer 8 and odd prime g.

Theorem 2.1. Let m = 2° be an integer. Then

2K, ifp=1.2,
2K, P K., if g =3,
4K, ifg=4,
6K4 @ Kg, lfIB = 5,
4K8 @ 8K4, lfﬁ = 6,
6K8 @ K]6 @ 16K4, lfﬁ = 7,
8Ky P 4K 6 P 32K, if =28,

—
G (2,2°)={ &1
@ 2ﬁ_5_2(i_1)K23+(i—1)

i=1
P 6Kys-12 P Kysene P 263K, if $>9, and
B =1 (mod?2),

B—6

2

223K @ 22K D 283K, if B> 10, and
B =0 (mod 2),

i=1

Proof. We discuss two cases to prove this theorem, the zero-divisors and unit elements of the ring
Z,. Firstly, we discuss zero-divisors, let S = {2mlm = 0,1,2,--- ,2671 — 1} be the set of all zero-
divisors of Zy with including zero for each positive integer 5. To find the number of solutions of
17> = 82 (mod 2°), we start from 77> = 52 (mod 2), in this case just S = {0}. Therefore, 7> = 0 (mod 2)
has only one solution which is zero, but by the definition of quadratic zero-divisors graph there will be
ano loop, so ?(2, 2) = K. For 8 = 2, 7* = 0 = 22 (mod 2?) has two solution namely n = 0, 2, then

—
G (2,2%) = K,. If B = 3, then there are two congruences
7* =0 (mod 2*), and 7 = 4 (mod 2%).

The roots of these congruences are n = 0,4, and 17 = 2, 6, respectively. Thus, there exist two copies of
K. For B = 4, we have
772 = 0 (mod 2%), and 772 = 4 (mod 2%).
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The corresponding roots of congruence are {0,4,8,12} and {2, 6, 10, 14}, respectively. Therefore,

—
G (2,2%) = 2K,. There are three congruences for 8 = 5
172 = 0 (mod 2°), 172 =4 (mod 2°), and 772 = 16 (mod 2°).

The solution sets of these congruences are {0, 8, 16,24}, {2, 6, 10, 14, 18, 22, 26, 30}, and {4, 12, 20, 28},
respectively. Therefore, there are two copies of K4 and one copy of Ks. For f = 6, we have

7” = 0 (mod 2°%), n* =4 (mod 2°%), 7> = 16 (mod 2°%), and 7* = 36 (mod 2°).

The zeros of these congruences are {0,8,16,24,32,40,48,54}, {2,18,34,50}J{62,46,30, 14},
{4,12,20,28,36,44,52,60}, and {6,22, 38, 54} ({58, 42,26, 10}, respectively. For g = 7, there are 7
different congruences. We have

e (21)* (mod 2"), t=0,1,3,4,5,7, 2.1)
n 16 (mod 27). (2.2)

Roots of these congruences are

2t+16mm=0,1,2---23 -1}, {2t+32mm =0,1,2---22 -1} J{2" - 32m - 2tjm = 0,1,2--- 2> — 1},
t=1,3,4,57,{4 +8m|m = 0,1,2---2* — 1}. Hence, there are six copies of K3 and one copy of Kjs.
For g = 8, there are 12 congruences. We have

e (2 +41)* (mod2®), t=0,1,---,2° -1, (2.3)
7 = (4> (mod2%), r=0,1,---,2> - 1. (2.4)

Zeroes of these congruences are

{2+4t+64mm =0,1,2---22 - 1}UR¥ -64m -4t - 2m = 0,1,2---22 - 1}, t = 0,1,--- , 23 — 1,

{4t+32mm =0,1,2---2* =1}, (4t +32mm = 0,1,2--- 2 - 1} J{28 - 32m - 4tjm = 0,1,2--- 23 — 1},
—

t =1,---,2> = 1. Thus, we have G (2,2%) = 8K, P 4Ks. For g = 9, there are 23 different

congruences. We have

7 = (2+41)°(@mod?2’%), r=0,1,---,2* -1, (2.5)
n* = (4)* (mod?2%), t=0,1,3,4,5,7, (2.6)
7”7 = 64 (mod?2°). 2.7)

Solutions of congruences (2.5)—(2.7) are {2 + 4t + 128m|m = 0,1,2--- 22 — 1} | {2° — 128m — 4t - 2Im
=0,1,2---22-1},t=0,1,--- ,2° =1, {4t + 32mm = 0,1,2 - - - 2* — 1}, {4t + 64m|m = 0,1,2 - -- 23 —
1YUR2? —64m — 4tm = 0,1,2---2° =1}, t = 1,3,4,5,7, {8 + 16m|m = 0,1,2---2°> — 1}. That is,

—_— X
G (2,2°) = 16K3 P 6K 15 P K3,. For B = 10, there are 44 different congruences. We have

7 = 2+41)*(mod2'), +=0,1,---,2° -1, (2.8)
7 = (4+8)*(mod2'), +=0,1,---,2° -1, (2.9)
7 = (8)*(mod2'%), r=0,1,---,2°-1, (2.10)

Sequences of roots of congruences (2.8)—(2.10) are {2+4¢+256m|m = 0,1,2---22 -1} | J{2!°-256m —
A —2m=0,1,2---22 =1} r=0,1,---,25— 1, {4+ 8t + 128mm = 0,1,2---23 — 1} J{2'° - 128n —
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8t —4m =0,1,2---23 -1}, t = 0,1,---,2° = 1, {8t + 64m|m = 0,1,2---25 — 1}, {8 + 64m|m =

=
0,1,2---2* = 1}U2"° - 64m - 8tfjm = 0,1,2---2* =1}, ¢t = 1,--- ,22 — 1. Thatis, G (2,2'%) =
32K8 @ 8K16 @4[(32. FOI'ﬁ = 11,

7 = 2+41)*(@mod2'), r=0,1,---,2°-1, (2.11)
7 = (4+8)*(mod2'), +=0,1,---,2* -1, (2.12)
7 = (8)*(mod2'), r=0,1,3,4,5,7, (2.13)
7° = 256 (mod2'™). (2.14)

Zeroes of congruences (2.11)—(2.14) are {2 +4t+512mjm = 0,1,2--- 22 -1} 2" = 512m—4t-2|m =
0,1,2--22 = 1},£=0,1,--- 25— 1, {4+ 8¢ + 256mlm = 0,1,2--- 23 — 1} U{2" = 256m — 81 — 4m =
0,1,2--25 =1}, 1= 0,1,--- , 24— 1, {8 + 64mlm = 0,1,2---25 — 1}, (8¢ + 128mlm = 0,1,2---2* —
1y —128m - 84m=0,1,2---2* -1}, t=1,3,4,5,7, {16 + 32m|m = 0, 1,2---2°—1}.
—
Therefore, we have G (2,2'") = 64Kz P 16K s P 6Kz, P Kes. For g = 12, there are 172
congruences. We have

7 = 2+41)*(mod2?), r=0,1,---,2" -1, (2.15)
7 = (4+8)*(mod2?), r=0,1,---,2° -1, (2.16)
7 = 8+161)? (mod2'?), r=0,1,---,2° -1, (2.17)
7 = (161)* (mod 2'%), r=0,1,---,2> - 1. (2.18)

Sets of roots of congruences (2.15)—(2.18) are {2+4t+1024m|m = 0,1,2 - - - 2°—1} {2~ 1024m—4¢—

2m=0,1,2---22=1},t=0,1,--- ,2"=1, {4+8t+512mm = 0,1,2 - -- 22— 1} U{2"*=512m—8t—4|m =

0,1,2---25-1},1 =0, 1,--- ,25—1, {864256mlm = 0,1,2 - -- 241} {212=256m—8tlm = 0,1,2 - - - 24—

1,t=0,1,---,23-1,{16t+128m|m = 0,1,2--- 26—1}, {16¢+128m|m = 0,1,2 - - - 251} | J{2">~128m~—
L

8ffm=0,1,2---25 =1}, =1,--- 22— 1. Thatis,” G (2,2"%) = 128Ks @ 32K s P 8Kz, P 4K

24P T-1)+21

The generalize sequence for 8 > 9, where 8 is an odd number, there are 3 number of
congruences. we have

7 = 2'+2"')? (mod 2%), r=0,1,---, 26723 1, (2.19)

. B-1

= 172’35"' s T A~ o

: 2

7 o= 270 mod2%), 1=0,1,3,4,5,7, (2.20)
= 27 (mod 2°). (2.21)

Sequences of roots of congruences (2.19)—(2.21) are {2/ + 2+t + 26" \mm = 0, 1,2 --- 2171 — 1} J{2F

~2P 2 Dl = 0,1,2 - 2% 1), 1 = 0,1, , 2621, = 1,2,3,--- B (27 142" T mim =
g1 B=5 B3 = £+3 = =3

0,1,2,--- 2% =1}, 27 t+2Fmm = 0,1,2,--- 27 1) Y2F -2 m-2"klm = 0, 1,2,--- 27 =1}, 1 =

B=1
_ _ n —_— 2 ,

1,3,4,5,7, 27 +2% mm = 0,1,2---2"7 —1}. Thatis,” G (2,2°) = @ 252Dk 1ty P 6K
i=1

@Kz(ﬁﬂ)/z.

25(2P8_1)+36

For second case when (8 is an even number and 8 > 10, we have 3

congruences as follows

AIMS Mathematics Volume 6, Issue 9, 9998-10024.
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7 = ' +2"')? (mod 2%), r=0,1,---, 26723 1, (2.22)
. B—6
:17273’."7—’
: 2

7 o= 270 mod2%), 1=0,1,---,2° 1. (2.23)

Sequences of zeroes of congruences (2.22)—(2.23) are {2/ + 21 t+ 28" \mjm = 0, 1 2 2“rl 1} U{Zﬁ—
2Bl 2 Dl =0,1,2---2%1-1},¢=0,1,--- , 2623 1,i=1,2,3,---, {2 l‘+2 ; mlm—
0,1,2---,25 =1}, 27Tt +2Fmm = 0,1,2--- .2 - BU(2F - 2Fm - 27 t|m =0,1,2% - 1},

t=1,---,22-1.

—
Thus, G (2,2%) = EBZﬁ 23 Ko D 22 Ko
Now, we discuss the umt elements of Z,,. For m = 2,4, the result is straightforward. For g > 3, the

—
graph G (2,m) contains ¢(2°) = 25~! number of vertices. We calculate the least positive residues
of the square of the integers, which are smaller than and relatively prime with m. Hence, there are
¢(2P) = 2°7! obtained. By Theorem 1.2, the congruence x> = a (mod 2) has either no solution or

-1 .
exactly four incongruent solutions. This 1mphes that, there are always =; o W ) = 93 quadratic

residues among all the vertices. Thus G (2,m) = 2°73K,. By combining both cases, we get the
desired result. |

The quadratic residues graph for n = 128 is shown in Figure 2.

3 107 85
el i o i o B o
LX< > | X
= 5. = @ 5 @ 53 ® 3 21

87 89,
105 4.‘ .QS 39 .L()] L{.

e | 2l N

e e < S

&41 23‘ ‘/3/9 o 25‘ ‘%/7 T 27‘ *735 29‘ ‘33 31
—

Figure 2. G (2,27) = 6Ky P K16 P 16K,.
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—
Theorem 2.2. Let g be an odd prime. Then G (2,4°)

K1 P L ko, ifg=1,

K, P L2k, if g =2,
(2)KZPEBKEDCIW 2K, if g =3,
(5 )ako D K T4 Uk, if g =4,

‘h
N
il S

- (q8—2t _pil ) v D Ko B w&, ifg>5,
and B8 = 1 (mod 2),

(e, B DK sz
and B8 = 0 (mod 2).

W
[ —

'@\

Il
—_

Proof. To prove this theorem first we assume zero-divisors of the ring Z,,. Let g is an odd prime and
S = {t¢®lt = 0,1,2,--- ,¢°' — 1} be zero-divisors including zero of ¢# for each positive integer 3.
To solve congruence n° = 2 (mod ¢®) for each B > 1, we start with 7> = 8% (mod ¢). In this case,
0 is only root of this congruence, but there is no edge between two vertices when they are same, so

— . .
G (2,9) = K,. For B = 2, there is only one congruence namely 7> = 0 (mod g?), roots of this

congruence are 7 = 0, ¢, 2q, -+ ,(g — 1)q. There are g solutions and will be complete graph of order g.
. We have
7° = 0(mod ¢’), (2.24)
-1
7= (@ (modg)), 1=1.2,-, I—. (225)
Zeros of these congruences are {n = ¢*(m — Dlm = 1,2,--- ,q}, and {n = ¢*(m — 1) + qt| t =

L2, 5 m=12,¢gUn=¢-¢m-D-qlt =12--,5, m=12--,g,

2 2 2
respectively. For 8 = 4, the number of distinct congruences is (¢*> — ¢ + 1)/2. These are
e 0 (mod ¢%), (2.26)
7 -1
2 2

1
but 7 # ¢, 1:1,2,---,617.

n’ (g (mod ¢*), t=1,2,--,

(2.27)

Sequences of roots of these congruences are { = ¢°(m — 1)|m = 1,2,--- ,¢*}, and {n = ¢*(m — 1) +
271 1 3 —
gtlt = 1,2,--- =, butt # ql, | =1,2,---, %, m=12,---,¢¢Uln = ¢* —¢(-1) - ptl 1 =

R
1,2,--- ’1%, butt# pl, [=1,2,--- ,Tl, =1,2,--,q}, respectlvely.
For 8 =5, we have

7 0 (mod ¢°), (2.28)

(@) (mod @), t=1,2,-++ , — (2.29)

=
1l

AIMS Mathematics Volume 6, Issue 9, 9998-10024.
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3
-1
7= (g (mod ), =12, T, (2.30)
2
-1
but ¢t # pl, l=1,2,"',q2
Zeroes of these congruences are {n = ¢°(m — Dlm = 1,2,---,¢%*, n = ¢dm—-1)+g*t =
1,2,-, 51, mzl,z,---,qz}um C-@dm-)-gt=12-,2 m=12,--,¢%, and
3_1 21
m=qm-1)+gqgtt =1,2,- ,T,buttiql [ =1,2,- T’ m=1,2,---,qtU{p =
@ —-qg'm-1)—qgt|t=1,2,---, Tl butt#gqgl, 1=1,2, ,Tl, m=1,2,---,q}, respectively.
If B = 6, then we have
77 = 0 (mod ¢, (2.31)
2
-1
7= (@0 (modg’), 1=1.2,- T, (2.32)
-1
but 7 # ¢, 1:1,2,---,‘]T
q' -1
Nt = (g0 (modg’), 1=1,2,, To—, (2.33)
3
-1
but ¢ # gl, l=1,2,"',q2
Sequences of roots of congruences (2.31)—(2.33) are {n = ¢*(m — Dim = 1,2,--- , ¢},
n=qm-D+qdt=12,- ,qz‘l, butt # gl, [ =12,- ,71, m=12,--,¢1Uln =
2_1 1
@ -gdm-1D ¢t =12---, q2 , butt #qgl, 1 =1,2,---, %, m=1,2---,¢*, and

n=q¢m-D+gqtt =12, [=1,2,2 m=12-,¢Uln =
qﬁ—qs(m—l)—qt|t:1,2,---, buttiql l—12 , %2_], =1,2,---,q}, respectively.
Now we are going to derive generahze sequence for both odd and even distinct congruences for

B >5and B =1 (mod 2). These are

. qﬁ—Zz’_l
" = (¢’ (modg’), t=1,2,--, 5 (2.34)
qﬂ—Zi—l_l ' B-1
but t#aql, 1=1,2,--- 10— i=1,72,..., 20—,
u *q > [ 5
7° = 0 (mod ). (2.35)

Sequences of roots are { n=q¢" (m-)+qg't|t=1,2,--- ,qﬁ‘;"—l, butl#ql, [=1,2,3, - ’qB—Ziz—l_]’

=1
=1,2,- qﬂ =1 gilt=1,2,- T butr#gl, [=1,2,-- L= m=
B-1

1,2,~- ,qi}}, and { =q 5 (m - Dm = 1,2,---,q 7 }, respectively. Therefore, for every positive
ﬁ
— i —2i—
integer 8 > Swithf=1(mod2), G (2,¢) = @ ("ﬁ i ) 2 D Kye-vr2. In second case, when
i=1

_ . S
B >6and B =1 (mod 2), the number of distinct congruences is > +1) 2. We have

AIMS Mathematics Volume 6, Issue 9, 9998-10024.
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. F2 -1
7= (g0t mod ), 1=1,2,, T——, (2.36)
qﬂ—Zi—l -1 ﬁ_z
=12.... X - i=12.... 2=
but t#ql, 1=1,2,---, 2 o 1= L2 o
7° = 0 (mod ). (2.37)

A2 .
Zeroes of congruences (2.36) and (2.37) are LZJ {{n =g m-1)+4qgtt=12--, @, butt #
i=1

gl, 1=1,2,3,-, 2 m=1,2,-,@\Uln=¢ =" m-1)—gtl1= 1,2, , 2= butr #
ql, 1=1,2,--- ,&, m=1,2,--- ,qi}}, and {n = qg(m— Dim=1,2,--- ,qg}, respectively. Thus,
ﬁ2

forp=6withf=0(mod2), G (2,¢°) = @(qﬂ 2 gf 2 ) 2g B K.

i=1

Now, we assume the set of unit elements of Z,,. The graph ?(2, m) contains ¢(¢°) = ¢ (g - 1),
vertices, where 8 > 1. We determine the least positive residue of the square of the integers which
are less than and relatively prime with m. Because, there are ¢(¢°) = ¢°~'(g — 1) squares to be found.
By Theorem 1.1, the congruence x> = a (mod ¢°) has either no solution or exactly two incongruent

4 _ @)

solutlons This implies, there are always quadratic residues among all the vertices.

Thus, G 2,¢°) = @ (q_mK By combmmg both cases, we get the desired result. O

Quadratic graph for m = 162 is shown in Figure 3.

o o6—0 o6—0 o6—90

Figure 3. G (2, 243) = 9K6 @ Kg @ K18 @ 81K2
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3. Quadratic residues graphs over Zy,, Z,, and Z,

In this section, we characterize quadratic residues graphs for n = 28q,24°, qp.

—
Theorem 3.1. Let g be an odd prime. Then G (2,2°q)

2K, P(g - DK, ifg=1,
2K, P(g - 1)Ky, if B =2,
2K, D qKs D 5K, if g =3,
4K, P 2(q — DK, if B = 4,
6Ks P (3q - 2)Ks D %Km, if g =35,
8Ks P 4qKs P 2(q — DK, if g =6,
16K P 2(4g - DKs P3q - K16 P S Ka, ifg=1,
32K, P 8(2q — DKs P 49K16 P 2(qg — K, if =38,
| 64K, D 16(2q — 1)Ky (P (8q — 2)K16 P (3g — 2)K3 D Koy, ifB=9,
- "
2 7
P 252 1Ky D (2ﬁ-4-2"q - 2ﬂ-5-2f)1<23+,- -
i=1 i=1
B-1(,— .
44K o D 2(q - DK o2 D K, if 8 > 10,
and 8 = 0 (mod 2),
B9
2 =
@ zﬁ_Zi_leiH @ (2’6_4_2iq - zﬁ_S_Zi)K23+i @
i=1 i=1
-1 26-1(g-1 .
8g =K o1 PGBq~ DK o0 D 5K 52 D Tk, ifg>11,
and 8 = 1 (mod 2).

Proof. Let n = 2Pq be an integer, where g is an odd prime. Forg =1,5 = 2m/m = 0,1,2,---q —
1} U{q} is set of zero-divisors of Z,, including 0. There are % distinct congruences. We have

-1
772 = 0 (mod 2¢), 772 = g (mod 2g), and 7;2 = (21)* (mod 2q9), t=1,2,---, qT’
v=0,y=¢qg,andy =2¢t, 2q-2¢t, t =1,2,3,---, ‘12;1 zeroes of congruences, respectively. When
B = 2, there exit following congruences given as
-1
7* = 0 (mod 2°q), n* = ¢ (mod 2%¢), and * = (21)* (mod 2°¢q), t=1,2,---, "T.

Sets of roots of these congruence are {0,2q}, {g,3q}, {2t,2q — 2t} | J{2%q — 21,2°q — 2q + 21}, t
—1 . —

1,2,---, %=, respectively. There are ¢ + 2 congruences for 8 = 3. They are * = 0 (mod 2°g), n*

(29)? (mod 2°q), 1> = ¢*> (mod 2°q), and 1* = (2¢)*> (mod 2%g), t=1,2,---,g—1. The zeroes of these

congruences are {0, 2°q}, {2¢,2°q—2q}, {q, 3¢, 5q, 7q} and {2t,2%q -2t} | U{23q—2t,23q—-2%q+2t}, t=

1,2,---,q— 1, respectively. For 8 = 4, there are ¢ + 3 congruences. We have

n* = 0 (mod 2*q), 7 = ¢* (mod 2*¢), n* = (2¢)* (mod 2*q), 1 = (3g)* (mod 2*¢),

and n25(2t)2(m0d24q), t=1,2,---,q-1,
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zeroes are {0,2%q,23q,2%q + 23q}, {q,7p,9p, 15q}, {2q, 64, 10q, 144}, {3q,5q,11¢,13q} and {2t,2°q —
21,22 + 21,2%q - 2t} U{2%q — 21,2%q — 2°q + 2t,2%q — 2>q - 21,2*q - 2’q + 2t}, t=1,2,---,q—1,
respectively.

For g = 5, there are (3¢ + 11)/2 congruences

7° = 0 (mod2°g), (3.1)
7 = (qt)* (mod 2°¢),t=1,3,5,7, (3.2)
77 = (4¢)* (mod 2°g), (3.3)
7 = (2¢9)° (mod 2°g), (3.4)
7 = (2t (mod2°¢), t=2i,i=1,23,--,qg-1, (3.5)
-1
7 = (20)*(mod2q), t=2i-1,i=1,2,3,---, qT. (3.6)
Zeroes of congruences (3.1)—(3.6) are {0, 23¢, 2*g, 23q+2q}, {1L3Js 7}{qt, 24q+qt} \U(25g—qt,2°g—2%q—
tefl,3,3,
qt}, {4q,12q,20q,28q}, {2q, 69, 10q, 14q, 18q,22q, 264q,30q}, | =2, {{23qj+2t, j=0,1,2,---, 22—
1<i<g-1

S

C

BU{2°g-2%qj-21, j=0,1,2,--- . 22— 1}}, U {(2%qi+41-2, i=0,1,2,-- 23— 1}U{2q-2%gi-

~
I

4l+2, i=0,1,2,---,23 - 1}}.
For 8 = 6, we have

7 = (g (mod2%q), t=2i—-1,i=1,23,---,2%, (3.7)
7 = (21 (mod2%), t=gqi, i=0,1,2,3, (3.9)
~1

7 = (0 (mod2%q), t=4l, 1:1,2--.%, (3.9)
P o= @ (mod2), 1=3q-4i—qj =123 15

— 4

j20.1.2,. 2924, (3.10)
q

Solution sets of congruences (3.7)—(3.10) are

23

U {qt,2°q + qt} U{26q —qt,2°q - 2°q — qt},

t=2i—1,i=1
{0,2%,2%,2°q, 2°q + 2%q,2°q + 2°¢, 2%q + 2°q, 2°q + 2°q + 2°¢},

3
| (21,2 = 20,2%t + 2,2% - 20} J{2%q - 21,2 - 2*
1=qi,i=1

+ 21,2%q 2% —21,2%¢ - 2°t + 21},
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(23gj+2t, j=0,1,2,-- ,23—1}U{26q—23qj—2t, ji=0,1,

,22 -1}
22 1),
(3.11)
(3.12)

(3.13)
(3.14)

(3.15)

(3.16)

2"“ 523_ 1}7
E=g
U {2%l+6p-8i—-2qj, 1=0,1,---,22 =1} J{2%¢ - 2*ql —6g + 8i +2gj, [ =0,1,---
1<i<| 3 ],j=0
U2*ql+2*+6q-8i—2qj, 1 =0,1,--- , 22 -1} | J{2°%¢ - 2%ql - 2* - 69 +8i+2gj, [ =0,1,---
For g = 7, we obtain
7 = (gf)) (mod?2'q), t=2i-1,i=1,2,3,---,2%
7 = 20> (mod2'q), t=gqi,i=0,1,3,4,5,7,
7 = (21 (mod 2'g), t=2gq,
7 = (26> (mod?2'q), t=41, 1=1,2,---,q—1,
7
7= (@) (mod2'g). 1=Tq-8i-2qj =123 1<),
7q — 8i
j=0,1,2, L2,
2q
~-1
7 = (26> (mod?2q), t=41-2, I= 1,2---‘17.
Zeroes of congruences (3.11)—(3.16) are
24
U {qt, 26q + gt} U{27q —qt, 27q - 26q - qt},
t=2i—-1,i=1
{0,2¢,2°q,2°q,2'q + 2°q,2'q + 2°¢,2°q + 2°¢, 2% q + 2°q + 2°q},
U {{2:, 25t 26,27t +21,2% =2ty U {27q = 21,27q — 22t + 21,27q — 2°t
ie{]t;,({li,,SJ}
—21,27qg - 2% + 2t}}, (2qj+2t,t=2q, j=0,1,2,---,2* -1},
{2qj+2t, j=0,1,2,-- .2 = 1)U 2g-2%j-2t, j=0,1.2,
t=4l,
I<l<g-1
28—,
AIMS Mathematics
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7q-8i
=]

U {{25q1+ l4g—16i —4qj, 1=0,1,2,---,2> =1} U {27g - 2°gl -

1<i<| %], j=0
14 + 16i +4qj,1 = 0,1,2,--- ,22—1}U{25ql+23q+22q+ 144
—16i —4qj, 1=0,1,2,---,22 =1} U{27g—2°ql - 2°q — 2°q -
14 +16i + 4qj, 1=0,1,2,---,22 = 1}},

{{23qi+81—4, i=0,1,2,---,2 =1} U {2'g - 2%gi — 81 + 4,

i:0,1,2,---,24—1}}.

For g = 8, the following congruence equations turning out to be

7 = (qgt)’ (mod28g), t=2i—-1,i=1,2,3,---,2°, (3.17)
7 = (20> (mod2%q), t=pl, 1=2i-1i=1,2,3,---,23, (3.18)
7 = (20% (mod 2%¢), t=2qi, i=0,1,2,,---,2* -1, (3.19)
15
P o= 0% (mod2%q), 1=15¢—16i-2qj, i=1,2,3, - ,L1—6qJ,
15¢ - 16i
j=0,1,2, |22, (3.20)
2q
-1
P = (20 (mod 2%q), t =8, 1:1,2---‘17, (3.21)
6
7 = (2)* (mod 28¢), t=6g—8i—2qj, i=1,2,3,--- ,quj,
6q — 8i
j=0,1,2, |2 (3.22)
2q
Zeroes of congruences (3.17)—(3.22) are
25
U {qt, 27q + gt} U{qu —qt, 28q - 27q - qt},
t=2i—-1,i=1
23
| (2°qj+2t, j=0,1,2,---,22 = 1}|_J2'g-2°qj -2t j=0,
t=q(2i-1),i=1
1,2,---,22 =1},
3
) @qj+2 j=0,1,2--- .2 -1} J2*g-2%j-21,j =0,
k=2qi, i=1

1727“' ,23_1},{24QJ, j:071925". 924_1}7
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10011

L(15g-16i)/24]
{(2°q1 +30g - 32i = 4gj, 1=0,1,--- 22 - 1} U {28 - 2°qI
1<i<|15¢/16], j=0

~30q +32i+4qj,1 = 0,1,--- , 22 = 1} _J{2°qI +2%q + 22q +
30g - 32i = 4qj, 1=0,1,---,2 = 1}|_Ji2%q - 2%q1 - 2°q -
2%q—30g +32i+4qj, [=0,1,--- 2 = 1},

L(15g—161)/24]
{{26ql+30q—32i—4qj, [=0,1,---,22 =1} U {28 — 25¢I -
1<i<|15¢/16], j=0
30q +32i +4qj,1=0,1,--- ,2% - 1}U{26ql+23q+22q+30q
—32i—4qj, 1=0,1,---,22 =1} U {28g — 2%l — 2°q — 2%¢ -
30q +32i +4qj, [=0,1,---,2° — 1}},

(g-1/2
U {24q]+2t’ ]:O’ 1,2"" ,24_ 1} U{ZSC[—24QJ—21‘,]=0, 1,

=81, I=1
27“' ,24_ 1}7

L(6g-8i)/2q]
{{24q1+ 129 —16i —4qj,1=0,1,2,--- ,2* = 1} U {28¢ — 2%l -
1<i<|64/8), j=0

129 + 16i +4qj.1 = 0,1,2,--- ,2* — 1}}.
For g =9, we have

(qt)* (mod 2%g), t=2i-1,i=1,2,3,---,25,
(20 (mod 2%¢), t=¢ql, 1=2i—-1i=1,2,3,---,2°%
(20)* (mod 2°¢), t=2gi, i=0,1,3,4,5,7,

31p

772
772
772

2
d 32

(2t)* (mod 2°q), t=31q—32i-2qj, i=1,2,3,---,|

31g — 32i
j=0,1,3,-- | 7L,
2q

1,

m (21)* (mod 2°g), t = 4q,
e (20)* (mod 2%¢), t=8I, 1=1,2,---,q—1,

(3.23)
(3.24)
(3.25)

(3.26)

(3.27)
(3.28)
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14
7 = (21 (mod2°g), t=14g—16i—4qj, i=1,2,3, - ,|_1—6qj,
14q — 16i
j=0,1,3, -, 22 (3.29)
4q
-1
7 = (202 (mod2%), t=8-4, [=1,2- qT. (3.30)
Sets of solution of congruences (3.23)—(3.30) are
26
U {qt, 28q + gt} U{qu — gt, 29q - 28(] —qt},
t=2i—1,i=1
24
J @gira j=012. 2 -1y Ji2g-2gj -2t =0,
t=q(2i-1), i=1
1529"' ,22_ 1}9
L) eqi+2n j=0,1,2,--,2° - 1){ 2% 2% -2, =0,
ie{i,zsz,ZgJ}
1,2,---,2 = 1},{2%j, j=0,1,2,---,2* =1},
L(31g-32i)/24]
{(27ql+ 629 - 64i —4qj, 1=0,1,2,--- 22— 1} U {2’ - (3.31)

1<i<|31p/32], j=0
27gl — 62g + 64i +4qj,1=0,1,2,--- ,2> - 1} U{27ql +2%+ (332
Vg +2°g+62g—64i—4qj, 1=0,1,2,---,2> -1} U {2 - (3.33)
27ql - 2% - 2°q - 22q - 62q + 64i + 4qj, 1=0,1,2,--- 22 - 1},(3.34)

U [ @aj+2 j=012 2" - U g -2gj-2 =0, (3.35)

1=8l,
I<i<g-1

12,2 - 2%+ 26t =4q, j=0,1,2,---,2° - 1), (3.36)

L(14g-16i)/44]
{(2°q1 +28g - 32i = 8gj, 1=0,1,2,-- .2 = 1} U {2%g - 2°]
1<i<|14¢/16], j=0

—28q +32i+8¢j,1=0,1,2,---,2° — 1}U{26qz+24q+23q+
28¢—32i—8qj, 1=0,1,2,---,2° =1} U {2%°g — 2¢ql - 2*¢ —
2%g—-28q+32i+8¢qj,1=0,1,2,---,2% - 1}},
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(g-1)/2
{{24qi+ 161-8, i=0,1,2,---,2° =1} U {2%g —2%i - 16] +
=1

8,i:0,1,2,---,25—1}}.

For g = 10, we get

7 = (gf)’ (mod2%), r=2i-1,i=1,2,3,---,2,
77 = 20)*(mod2%), t=¢ql, 1=2i-1i=1,2,3,---,2°,
7 = (20 (mod2), t=2qi,i=2j-1, j=1,3,---,2,
63
7° = (21)* (mod 2'%), t=63g—64i —2qj, i:1,2,3,~--,L6—4qJ,
63q — 64i
j:0,1,3,-~-,L¥J,
2q
7 = (20 (mod2'%), t=4qi, i=0,1,2,,---,2* -1,
30
7 = (21)* (mod 2'%), t=30g —32i-4qj, i:1,2,3,~--,L3—2qJ,
30q — 32i
j:()’],3’...,|_#J,
4q
-1
7* = (2t)* (mod 2'%), t=16l, 1:1,2---‘17,
2~ (o) 0, 4= 120 — 16 — dgi i = 12
7 = (20 (mod 2'%), t=12g—16i—4qj, i=1,2,3, ’|'16 1,
12g — 16i
j;QL&...i#J'
4q
Zeroes of congruences (3.37)—(3.44) are
27
U (g1,2” + gt |_J2"°g - qt,2"°g =2 - qn),
t=2i—1, i=1
25
U (2%qj + 21, j=0,1,2,~--,22—1}U{21°q—28qj—2t,j:0,1,2,
t=q(2i-1),i=1
tee 722 - 1}’
23
(2gj+2t, j=0,1,2,---,2° - }|_J2"%g-27gj-2,j=0,1,2,
t=2¢(2i—1),i=1

.”’23_1},

(3.37)
(3.38)
(3.39)

(3.40)
(3.41)

(3.42)

(3.43)

(3.44)
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3
U {2°qj+2t, j=0,1,2,---,2 - 1}U{210q—26qj—2t,j:0,

t=4qi, i=1

172"“ ’24_1}5{25qj, j:()’l’z"” 725_1}7

[(30g-32i)/44]
{(27gt +60g - 64i —8gj, 1=0,1,2,---,2° =1} U (2% -
1<i<|30g/32], j=0
27gl — 60g + 64i +8¢j,1=0,1,2,---,2% - 1}U{27ql+24q+
2% +60g—64i—8qj, 1=0,1,2,---,2° =1} U209 - 27¢gl -
2'q—2°q - 60g + 64i + 8qj,1=0,1,2,--- ,2° — 1}},

(g-1)/2

(2°gj+2t, j=0,1,2,---,2° = }|_J2"%-2°qj-21,j =0,
t=16l1=1

1,2,---,2° =1},

L(12g-16i)/44]
{{25q1+ 24g —32i—8qj,1=0,1,2,---,2° =1} U {2!% - 25gI
1<i<|12¢/16], j=0

—24q +32i+8qj,1=0,1,2,--- ,2° - }}.

For 8 = 11, we obtain

7 = (gf) (mod2''), t=2i-1,i=1,23,---,28, (3.45)
7 = 0% mod2'q), r=ql, 1=2i-1i=1,2,3,---,2°, (3.46)
7 = 0)* (mod2'q), t=2qi,i=2j-1, j=1,3,---,2% (3.47)
127
7 = (217 (mod 2'g), 1= 127g — 128i — 24, i:1,2,3,---,L78qJ,
127¢ — 128i
j=0,1,3, | —L =) (3.48)
2q
7 = (21 (mod2'), t=4qi, i=0,1,3,4,5,7, (3.49)
62
77 = (2% (mod2'q), t=62q - 64i—4qj, i:1,2,3,---,L6—4qJ,
62q — 64i
j=0,1,3, L2 (3.50)
4q
= (20)* (mod2'g), t=8q, (3.51)
77 = 0)?(mod2'q), r=16I, [=1,2,---,q-1, (3.52)
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28
7 = (20 (mod?2'g), t:28q—32i—8qj,i:1’2,3’...’|_3_2qj’
28q — 32i
j:(),l’:;’...’l_#J,
8q
qg-1

7= 07 (mod2'g), 1=16/-8, [=12: —.

Sets of solution of congruences (3.45)—(3.54) are

24
(28qj+2t, j=0,1,
1=2¢(2i-1),i=1

2,2 -1} J2"g-2%j-21,j=0,1,2,--- 20 - 1,

[(127g—-128i)/2q]
{(2°gt +254q - 256i - 4qj, t=0,1,--- .22 = 1}U(2"g -
1<i<[127¢/128], j=0
2°ql - 254 + 256i + 4qj,1 = 0, 1,--- .22 = 1} _]12%ql+2'q
+20g + 23q + 2%q + 254 — 256i — 4qj, 1=0,1,---,2> -1}
U{2!q —2%ql — 27q — 25 — 23q — 2% — 2544 + 256i + 44},
[=0,1,---,22 - )},

| (2gj+2t, j=0,1,2,-,2' -} J2"q-2gj-21,j=

t=2qi,
i€{1,3,4,5,7}

0’1727”' ’24_1}’{26QJ, j:()’l’z"” ’25_1}7

[(629—64i)/44]
{{28ql+ 124g — 128i — 8¢j, 1=0,1,2,---,2° =1} u 2y
1<i<|62¢/64], j=0
—28g1 — 124q + 128i + 8¢j,1 = 0,1,2,--- ,2° — 1} U{28ql +
g +2%q+2°q+ 1249 - 128i - 8¢j, 1=0,1,2,---,2° = 1}
u2Mg —28q1 - 27qg — 2% - 2°q — 124 + 128i + 8¢j, 1 =0,
12,2 = 1},

U {{26qj+2z, j=0,1,2,---,22 = 1yu{2llg - 2°¢j—2t,j =

=16,
1<l<g-1

0.1,2,---,2° - 1)}, {2%qj + 21,1 = 8¢, j=0,1,2,--- ,2°~ 1},

(3.53)

(3.54)
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L(14¢—16i)/8q]
{{27ql +56g — 64i — 16gj, 1 =0,1,2,--- ,2* =1} U {2'lg - 27ql
1<i<(28¢/32], j=0

~56q + 64i + 16¢j,1=0,1,2,--- ,24—1}U{27q1+25q+24q+
56g — 64i — 16gj, 1=0,1,2,--- ,2* = 1yu{2'g - 27gl - 2°¢ -
2'q—56q +64i+16¢j,1=0,1,2,--- ,2* — 1}},

(g-1/2
{{25qi+32l— 16, i=0,1,2,---,2° = 1yu{2!g — 2%qi — 321 +
=1

16,i=0,1,2,---,26 - 1}}.

For 8 > 10 with 8 = 0 (mod 2), there are 2675 + %—fﬁﬁ_s@q — 1) + 6 — 2 congruences. We have

e (pt)* (mod 2%q), t=2i—1,i=1,2,3,---,257,

7 = 20*mod2Pq), t=ql, 1=2i-1i=1,2,3,---,2°7.
Forv=1,2,3,--- ,'6%8,
7 = (20 (mod2%q), t=2qi,i=2j-1, j=1,3,---,2°7,
7= (207 (mod 2%q), 1= (2" -2 )g - (2P - 2y
' 2ﬁ—5+v _ 2v—lq
i=1,2,--- ,LwJ,
) (2,B—S+v _ 2v—1) _ (2,8—5+V)l'
]:0,1’...,|_ zvq _I,
q

7 Q£ (mod 28¢), t=27qi, i=0,1,2,,---,22 1,
7 o= (207 (mod %), 1= (2% -2 )g 2% -2 g,
(2 -2%)q

i=1,23,---,]

25 ’
B B-8 B
. (22 —272)g —2>i
j=0,1,2,---,| =y 1,
. -1
7 = (20% (mod 2%q), t=271 1=1,2-- qT,
7 o= (2 (mod ), 1= 27 -27)g-27i-2%g),
B2 B-6
27 -27
=123, 22224,
273
B2 B=6 B
Q7 =27 )g-27i
J:O’1’2a' 5|_ Zlggﬁq J
q
Zeroes of congruences (3.55)—(3.62) are
283
@2 g an| Jfa- g2 g -2 g - qn,

t=2i—-1, i=1

(3.5%)
(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)
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28-5
| (2 2qj+21, j=0,1,2,---,22 = 1}| J12fq-2gj-21,j=0,
=q(2i—1),i=1
1929“' 922 - 1}’

Forv=1,2,3,--- ,[%,

v (B-8)/2
L) @i+ =012, 2 - | Ji2fg -2
1=27¢Qi-1),i=1  v=1
22,7 =0,1,2,---,23 1),
LB] B-8)/2

{{2ﬁ—‘-vql +2t, 1=0,1,---,22 = 1} U {2Pqg -2l

1<i<|A], j=0 v=1
2t,1=0,1,---,2%° - 1} U{zﬁ-‘-vqk +27'C+21,1=0,
1,22 = 1u{2fg-2F1gl-27'C-21,1=0,1,---,
22 - 1},
where A = L%J, B = L(zﬂiﬁw_zv;y:q_(zﬂisw)iJ, C=2g+25g+2%q+2*qand t = (25*5” - 2V*1)q -
(2P=5)i — 2Vqj.

3
| % gj+2 j=012.2% -1| J2fg-2%gj-2)=
t:2‘¥qt i=1
B2 B, . B
07 1’2"'. ’2 2 = 1},{2ZQJ, J 20’1727'.' a22 - 1}7
] B4 B4 ¥ii B4
U {{22ql+2t, 1=0,1,2,---,27 —1JU{2Pg-27ql-2t, | =
1<i<| D], j=0
0,1,2,---,27 —1}| |25 ql+26192F 421, 1=0,1,2,---
b 9 b b q b 9 9 b 9
2T — U g - —2OPF —211=0,1,2,-,27 1)},
h _(2/73_2@)51 _(zg_zﬁ;)q_zgi A4 3 Y B8 8. A6 .,
where D = N ,E = N ,F=2"g+2°gqand =22 -27)g—-22i-27qj.
2q
(g-1)/2
{(2°2qj+21, j=0,1,2,--- ,2°% - 1}U{2ﬁq—2ﬁ/2qj—2r,j =
1=206-212] =1
0,1’2"”’213/2_1}’
LH]
U {{2ﬂ/2q1+2t, 1=0,1,2,--- 282 1y U {2Pg—2Pgl - 21, | =
1<i<|G], j=0

0,1,2,---,272 - 1},
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zﬁfz_zl% (2/%2_21%6 _2/3%2' B2 p=6 =2 B=6
where G = * i 4 H = zﬁ%ﬁ)q fandr= (27 -27)g-27i-27qj.
q
For 8> 11 with 8 = 1 (mod 2), there are 26755 + %—1§H(2q -+ @ congruences. We have
7 = (g (mod 2Pg), t=2i-1,i=1,2,3,---,2°73, (3.63)
7 = 20> (mod2Pq), t=ql, 1=2i-1i=1,2,3,---,2°7. (3.64)
Forv=1,2,3,.-. ,[%,
= 0% (mod 2°q), 1=2"qi,i=2j-1, j=1,3,--- 27, (3.65)
772 = (zt)Z (mod Zﬂq), t = (2,3—5+V _ 21/—1)(] _ (2,B—S+V)l- _ ZVQJ,
. 2B—S+v _ 2v—1q
1= 1’2a”' ’LWJ’
2ﬁ—5+v _ 2v—1 _ 2ﬁ—5+v H
j= 01,1 2)q @ (3.66)
’q
7 = (262 (mod 28g), t=27gi, i=0,1,3,4,5,7, (3.67)
2 _ 2 8 A 59 gl BT
7 = 0% (mod2Pq), t=27 -27)g-27i-27gqj,
p+1 B-9
27T 27
i=1,2,3,--- ’LZTIQ)CI ,
2
B+l B-9 B+l
_ 27 =27 )g-27i
j=0,1,3,,1 2,3_7q I} (3.68)
Tq
7 = Q02 (mod 2%q), t=27¢, (3.69)
7 o= Q2 mod2Pq), t=271 1=1,2,-,q-1, (3.70)
7= @) med ), 1= (5 —27)g-27i-2%yj,
B-1 B-1
277 — 27
i=1,2,3,--- ,L(ﬁ—_])q ,
2
B-1 B-1 B-1
, Q7T =27 )g-27i
j=0,1,3,-- X I, (3.71)
27 ¢q
_ s -1
7 E(%f@mﬂ2%%t=2%%—2%}l:12~-15< 3.72)

Zeroes of congruences (3.63)—(3.72) are

263
(g1, 2 g + | J12°q - q1,2'q -2 - qu),
1=2i—-1, i=1
265
22qj+2, j=0,1,2,---,22 - 1} U{zﬁq By
t=q(2i-1),i=1

—21,j=0,1,2,---,2> - 1},
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Forv=1,2,3,-- 22,

N

B-9/2
L) @i+ j=012,.2 -y Ji2%g-

=27¢(2i-1),i=1 v=1

B3

-

P2vgj—2t,j=0,1,2,---,2° =1},

LBl (B-9)/2
U U {easa =00 2o

1<i<|A], j=0 v=1
21var -2t 1=0,1,--,2% - 1) U{zﬁ-‘-vqr +
27lC+2t,1=0,1,---,22 =1} U (2Pq - 25" 1gl
—27'C-21,1=0,1,---,22 - 1}},

where A = | Z52—4), B = L(2ﬁ_5+v_zv_ly)qq_(2ﬁ_5+v)iJ, C=2"g+25g+2%g+2%gand 1 = (2ﬁ‘5+v - 2V_1)61 -
(25-37)j — 27qj.
U {2(ﬁ+3)/2qj +2t, j=0,1,2,---, 2312 _ 1} U{zﬁq _ 2(ﬁ+3)/2qj

=26 D12,
i€{1,3,4,5,7}

=2t,j=0,1,2,--- , 2692 1), 25 D2 j=0,1,2,--

2B-D/2 _ 1},
[M]
U {8921+ 21, 1=0,1,2,++ 2992 — 1yu(2Pg - 2092
1<i<[L], j=0
~2t, 1=0,1,2,--- 2692 _ 1) U{2<ﬂ+5>/2qz + 260N 4 21
=0,1,2,---, 2692 _ 1}y (2Pg — 26+I2g] — 2B 1D2N _ 01 | =
09 la 27 R 2('3_5)/2 - 1}}5
o _2’%) (2%1_2/%) L Bl B9 B+l 87
where L = o 1M = 2%7: ,N=2"g+2%q+2%gandt=Q27 -27)g-27i-27qj.
U {2 2gj+21, j=0,1,--- ,20D2 — 1y U (2q - 2D
1=26-912],
1<i<g-1
=21,j =0, 1,--- 2002 - )} 2¥ Vg1 211 = (8- 5)/2q, ]
= 0’ 15 27 Tt 2(B+1)/2 - 1}7
[R]
{(209Pgl+ 21, 1=0,1,2,--- 20792 — 1} u (2q - 207921
1<i<|Q], j=0

-2t,1=0,1,2,--- ,267972 _ 1} U{zﬁ‘f”)/qu + 2671029 4 0r
=0,1,2,---, 26972 _ 1}y (2Pg — 26+I2g1 — 26-1DI2g _2¢ ]
=0,1,2,--- 2097 - 1)),
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2/%1 2/%7 2/:1 21%7 21%. B-1 B-7 p-1 B=5
where Q=32 224 RG22 0221 ¢ _25;4 2% andt =27 —27)g-27i-27qj.
27 27 g
(g-1)/2

{{Q(B—l)/qu- 2002 262 i=0,1,2,-- 2802 _ 1y U {2

=22 2BV 4 IR = 0,1,2, -0 202 1)

Now, we consider the set of unit elements of Z,. The x> = a (mod 2) has one solution and

x*> = a (mod 2°) has two solution. By Theorem 1.2, if 8 > 3, the congruence x*> = a (mod 2°) has
either no solution or exactly 4 incongruent solutions. Furthermore, again by Theorem 1.1, for an odd
prime the congruence x> = a (mod ¢) has either no solution or exactly 2 incongruent solutions. By
using Chinese remainder theorem, if 8 = 0 or 1 then, x> = a (mod 2°) has either no solution or exactly
2 incongruent solutions. If 8 = 2 then, x*> = a (mod 2#) has either no solution or exactly 4 incongruent
solutions. Lastly, if 8 > 3, then x> = a (mod 2P) has either no solution or exactly 8 incongruent

. — 8 o) . . ..
solutions. Hence, G (2,2°q) = =~ Kjg,8 > 3. We achieve the desired outcome by combining both
cases. O

—
Proposition 3.2. If g and p are odd primes, then” G (2,qp) = K, @ L22K, @) 2Dk,

Proof. To prove this first we discuss the zero-divisors elements of ring Z,. Let
{0,nq,ypln =1,2,3,--- ,p—1,y=1,2,3,--- ,q — 1} be a set of zero-divisors of Z,, with zero. There
are ‘”Tp distinct congruences. We have

n- = 0(mod gp), (3.73)
-1

772 = (qt)z (mOd qp)7 t= 1’ 2’ 39 Y pT’ (374)
-1

n* = (pt)* (mod gp), t=1,2,3,- ,qT. (3.75)

Zeroes of these congruences are n = 0,7 = gt,qgp —qt, t=1,2,3,--- ,pT_l, andnp = pt,gp — pt, t=

-1 — +p=2 . .
1,2,3,--- , 5. Thus, G (2,9p) = K, $H £L=K,. Now we discuss the unit elements of Z,. By
Theorem 1.1, for distinct odd primes ¢ and p, the congruence x> = a (mod g) has either no solution
or exactly 2 incongruent solutions. Similarly, the congruence x> = a (mod p) has either no solution
or exactly 2 incongruent solutions. By using Chines remainder theorem we have, x> = a (mod ¢°)

i i - _ ¢4p) _ ¢@=D(p-1)
has either no solution or exactly 4 solutions. Thus, G (2,gp) = ==K4 = 1 K,. We get the
desired outcome by combining both cases. m|
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—
Theorem 3.3. Let g be an odd prime. Then, G (2,24")

2K1 @(q - 1)K2, lfﬁ = 1,
q(q - DK> P 2K, if g =2,
(g - Dg*K> P 2K, P(g — 1)K, if =3,
=2
2
I RCE ¢ P &g - DKy P 2K g2, if >4, and
= i=1
B =0 (mod 2),
B-1
2
(g - l)qﬂ_le @ qﬁ_l_Zi(q - 1)K2qi @ ZKq(ﬁ—l)/2, if > 5 and
i=1
B =1 (mod 2).
Proof. The proof is on similar lines as illustrated in the proof of Theorem 3.1. O

Figures 4 and 5 reflect Theorems 3.1 and 3.3, respectively.

AIMS Mathematics

75 69 84 60, 72 48
T\ /7 .‘\ //, .‘\ // |
| AN | NS N

/ \ 2N / \
L \‘ L \‘ |/ \‘
.7277 21 ®; ®,

Figure 4. G(2,96) = 6K, P 7Kz P K.
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328 158 371 115
24 78 Bl_g 57
8 6 169 367 119
Kv7) 164 365 121
41234 16, 61 125
186 240 16 170 359 127
462 408 399 P 3 355 131
‘® 32 75 @ 17§ o> 16
4 0 3 49310 176 353 13
a3z 13 94 % 8 178 349 137
15 304 182 347 139
l6s 411 237 302 184 343 143
g V12 8 .‘g‘;—%“ 3 188 341 145
366 5 @=——=e 6 190 337 149
42 478 8 =2
200 S5, 62 194 335
300 19§ 331 155
.%.i: 86 209 329 157
44 204 471 177 PS Py 84 2 §25 16}
480 168 466 20 %80 206 323 163
38 39 21 % °®
48 60 66 N .::3 .;ﬁ 278 208 319 167
R o ) 274 212 317 169
458 28 972 214 313 17
®45a 5 @ ® e ¢
183 268 2 11 175
438 210 42 222 420 228 465 452 ®34 266 2 g—‘im” )
33 39 69 51 43 @35 262 2 05 181
®446 ®40 3 °
12 123 9 55 73 o o 290 226 301 183
291 285 442 44256 230 299 18]
440 46 ]
= 20:30 = 2 422 64 ‘55: ;; ;29935 g
o 436 504 o434 52 56 408 58 24 62
418 68 416 70 412 74 Y410 s 2406 ®30 ®304 ®32 %4 23 'egg 195
®00 §°6 398 g8 394 92 392 s *388 ®93 386 o0 & 1 242 287 199
382 ]04 380 106 376 1.10 374 2 ®370 1I16 ®368 ]:18 485 83 2
364 122 362 124 358 128 356 130 352 134 350 136 481 81 2
®3%6 o ®34a 1 3% 6 ®338 14g "33 5 332 54 479 277 209
475 11 473 469 467 19 463 3 461 25 457 29 275 21;
®555 ®31 %551 g5 449 s % %3 3 439 47 ‘_‘437 190 271 215
433 53 431 5 427 9 425 61 421 ¢ 419 67 415 269 217
3 ®73%09 407 %o ®303 ‘;Eg. 401 s 397 89 395 L %6 21
391 95 389 7 385 191 383 103 379 107 377 109 373 113 263 23
259 227 257 7 599 253 233 251 235 247 9 245 241
o\—O o\—O .4 O

Figure 5. G(2,486) = 2K 5 P 2K, @ 18K, P 162K,

4. Conclusions

In this article, we investigated the mapping x* = y*, (mod m) for @ = 2 over the ring of integers.
A problem of partitions of a given set into the form of subsets with equal sums is NP problem. A
paradigmatic approach was introduced to find equal sum partitions of quadratic maps via complete
graphs. Moreover, we characterized quadratic graphs associated with the mapping x* = y*, (mod m),
a = 2 for well-known classes m = 2F, ¢%,2Pq, 24P, qp, in terms of complete graphs, where g, p is an
odd prime. Later on, we intend to extend our research to higher values of @ over various rings. We
hope that this work will open new inquiry opportunities in various fields for other researchers and

knowledge seekers.
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