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1. Introduction and preliminaries

The hypothesis of fractional calculus, which is primarily due to its proven developments in many
branches of science and engineering over the past three decades or so, has gained considerable
prominence and recognition in recent times. Most of the theory of fractional calculus is specifically
based upon the familiar Riemann-Liouville fractional derivative (or integral). The fractional
q-calculus is the extension of the ordinary fractional calculus in the q-theory. Recently, there was
notable increase of articles written in the area of the q-calculus due to significant applications of the
q-calculus in mathematics, statistics and physics. For more details, interested readers may refer to the
books of [1, 2, 4–6, 8, 9, 14] on the subject.
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Indeed the fourth author of this article with Raina in [11] have used the fractional q-calculus
operators in investigating certain classes of functions which are analytic in the open diskD. Recently,
many authors have introduced new classes of analytic functions using q-calculus operators. For some
recent investigations on the classes of analytic functions defined by using q-calculus operators and
related topics, we refer the reader to [12, 13, 17, 18] and the references cited therein. In the present
paper, we aim at introducing a new class of Bazilevič functions involving the fractional q-calculus
operators, which is analytic in the open unit disk. Certain interesting subordination results are also
derived for the functions belonging to this class.

We first give various definitions and notations in q-calculus which are useful to understand the
subject of this paper.

For any complex number α, the q-shifted factorials are defined as

pα; qq0 � 1, pα; qqn �
n�1¹
k�0

p1� αqkq, n P N, (1.1)

and in terms of the basic analogue of the gamma function

pqα; qqn �
Γqpα� nqp1� qqn

Γqpαq
, pn ¡ 0q,

where the q-gamma function is defined by

Γqpxq �
pq, qq8p1� qq1�x

pqx; qq8
, p0   q   1q.

If |q|   1, the definition (1.1) remains meaningful for n � 8 as a convergent infinite product

pα; qq8 �
8¹

j�0

p1� αq jq.

In view of the relation

lim
qÑ1�

pqα; qqn

p1� qqn
� pαqn,

we observe that the q-shifted factorial (1.1) reduces to the familiar Pochhammer symbol pαqn, where
pαqn � αpα� 1q � � � pα� n� 1q.

Also, the q-derivative and q-integral of a function on a subset of C are, respectively, given by
(see [6] pp.19–22)

Dq f pzq �
f pzq � f pzqq
p1� qqz

, pz � 0, q � 0q (1.2)

and » z

0
f ptqdqt � zp1� qq

8̧

k�0

qk f pzqkq. (1.3)
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Therefore, the q-derivative of f pzq � zn, where n is a positive integer is given by

Dqzn �
zn � pzqqn

p1� qqz
� rnsq zn�1,

where
rnsq �

1� qn

1� q
� qn�1 � � � � � 1

and is called the q-analogue of n. As q Ñ 1, we have rnsq � qn�1 � � � � � 1 Ñ 1 � � � � � 1 � n. The
q-derivative of f pzq � ln z is given by

Dq ln z �
ln q�1

p1� qqz
.

We now define the fractional q-calculus operators of a complex-valued function f pzq, which were

recently studied by Purohit and Raina [11].

Definition 1.1. (Fractional q-integral operator) The fractional q-integral operator Iδq,z of a function
f pzq of order δ is defined by

Iδq,z f pzq � D�δ
q,z f pzq �

1
Γqpδq

» z

0
pz� tqqδ�1 f ptq dqt, pδ ¡ 0q, (1.4)

where f pzq is analytic in a simply connected region of the z-plane containing the origin and the q-
binomial function pz� tqqδ�1 is given by

pz� tqqδ�1 � zδ�1
1Φ0rq�δ�1;�; q, tqδ{zs.

The series 1Φ0rδ;�; q, zs is single valued when | argpzq|   π and |z|   1 (see for details [6], pp.104–
106), therefore, the function pz � tqqδ�1 in (1.4) is single valued when | argp�tqδ{zq|   π, |tqδ{z|   1
and | argpzq|   π.

Definition 1.2. (Fractional q-derivative operator) The fractional q-derivative operator Dδ
q,z of a

function f pzq of order δ is defined by

Dδ
q,z f pzq � Dq,z I1�δ

q,z f pzq �
1

Γqp1� δq
Dq,z

» z

0
pz� tqq�δ f ptq dqt, p0 ¤ δ   1q, (1.5)

where f pzq is suitably constrained and the multiplicity of pz� tqq�δ is removed as in Definition 1.1.

Definition 1.3. (Extended fractional q-derivative operator) Under the hypotheses of Definition 1.2,
the fractional q-derivative for a function f pzq of order δ is defined by

Dδ
q,z f pzq � Dm

q,z Im�δ
q,z f pzq, (1.6)

where m� 1 ¤ δ   1, m P N0 � NY t0u, and N denotes the set of natural numbers.

Remark 1.1. It can be easily seen from Definition 1.2 that

Dδ
q,z zn �

Γqpn� 1q
Γqpn� 1� δq

zn�δ pδ ¥ 0, and n ¡ �1q.
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2. The class Bm
q,kpλ, δ, γ; φq

LetHpa, nq denote the class of functions f pzq of the form

f pzq � a� anzn � an�1zn�1 � � � � , pz P Dq, (2.1)

which are analytic in the unit disk D � tz P C : |z|   1u. In particular, let A be the subclass of
Hp0, 1q containing functions of the form

f pzq � z�
8̧

n�2

anzn. (2.2)

We denote by S, S�, C and K , the classes of all functions in A which are, respectively, univalent,
starlike, convex and close-to-convex in D. Let f pzq and gpzq be analytic in D. A function f is
subordinate to g inD, if there exists an analytic function wpzq inD with

wp0q � 0, |wpzq|   1 pz P Dq,

such that
f pzq � gpwpzqq pz P Dq.

We denote this subordination by f pzq   gpzq. Further, if the function gpzq is univalent in D, then
f pzq   gpzq pz P Dq ðñ f p0q � gp0q and f pDq � gpDq.
Let k be a positive integer and let εk � expp2πi

k q. For f P A, let

fkpzq �
1
k

k�1̧

j�0

ε
� j
k f pε j

kzq. (2.3)

The function f is said to be starlike with respect to k-symmetric points if it satisfies

<

�
z f 1pzq
fkpzq



¡ 0, z P D. (2.4)

We denote by S pkq
s the subclass of A consisting of all functions starlike with respect to k-symmetric

points in D. The class S p2q
s was introduced and studied by Sakaguchi [15]. We also note that different

subclasses of S pkq
s can be obtained by replacing condition (2.4) by

z f 1pzq
fkpzq

  hpzq,

where hpzq is a given convex function, with hp0q � 1 and<thpzqu ¡ 0.
Using Dδ

q,z, we define a fractional q-differintegral operator Ωδ
q,z : A ÝÑ A, as follows:

Ωδ
q,z f pzq �

Γqp2� δq

Γqp2q
zδ Dδ

q,z f pzq � z�
8̧

n�2

Γqp2� δqΓqpn� 1q
Γqp2qΓqpn� 1� δq

anzn, (2.5)

pδ   2; n P N; 0   q   1; z P Dq,
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where Dδ
q,z f pzq in (2.5) represents, respectively, a fractional q-integral of f pzq of order δ when �8  

δ   0 and a fractional q-derivative of f pzq of order δ when 0 ¤ δ   2. Here we note that Ω0
q,z f pzq �

f pzq.
We now define a linear multiplier fractional q-differintegral operator D δ,m

q,λ as follows:

D δ,0
q,λ f pzq � f pzq,

D δ,1
q,λ f pzq � p1� λqΩδ

q,z f pzq � λ z pΩδ
q,z f pzqq1, pλ ¥ 0q,

D δ,2
q,λ f pzq � D δ,1

q,λpD
δ,1
q,λ f pzqq,

...

D δ,m
q,λ f pzq � D δ,1

q,λpD
δ,m�1
q,λ f pzqq, m P N. (2.6)

If f pzq is given by (2.2), then by (2.6), we have

D δ,m
q,λ f pzq � z�

8̧

n�2

�
Γqp2� δqΓqpn� 1q
Γqp2qΓqpn� 1� δq

�
1� λ� nλ

�
m

anzn.

It can be seen that, by specializing the parameters the operator D δ,m
q,λ reduces to many known and

new integral and differential operators. In particular, when δ � 0 the operator D δ,m
q,λ reduces to the

operator introduced by Al-Oboudi [3] and for δ � 0, λ � 1 it reduces to the operator introduced by
Sălăgean [16].

Throughout this paper, we assume that

f m
q,kpλ, δ; zq �

1
k

k�1̧

j�0

ε
� j
k pD δ,m

q,λ f pε j
kzqq � z� � � � , p f P Aq. (2.7)

Clearly, for k � 1, we have
f m
q,1pλ, δ; zq � D δ,m

q,λ f pzq.

Let P denote the class of analytic functions hpzq with hp0q � 1, which are convex and univalent in D
and for which<thpzqu ¡ 0, pz P Dq.

In the present article, a new subclass Bm
q,kpλ, δ, γ; φq of analytic functions, using the linear multiplier

q-fractional differintegral operator D δ,m
q,λ defined by (2.6) is introduced. It is interesting to note that the

class Bm
q,kpλ, δ, γ; φq is a generalization of the class of Bazilevič functions.

Definition 2.1. A function f P A is said to be in the class Bm
q,kpλ, δ, γ; φq if and only if

z
�
D δ,m

q,λ f pzq
�1

r f m
q,kpλ, δ; zqs1�γrgm

q,kpλ, δ; zqsγ
  φpzq, pg P S�, z P Dq,

where γ P r0, 8q, φ P P, f m
q,kpλ, δ; zq and gm

q,kpλ, δ; zq � 0 for all z P Dzt0u are defined as in (2.7).

It is easy to see to verify the following relations: If q Ñ 1�, then

1. B0
q,1pλ, δ, 0; 1�z

1�zq � S
�;
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2. B0
q,kpλ, δ, 0; 1�z

1�zq � S
pkq
s ;

3. B0
q,1pλ, δ, 1; 1�z

1�zq � K ;

4. B0
q,1pλ, δ, γ; 1�z

1�zq � Bpγq, the class of Bazilevič functions of type γ.

Now, we derive some sufficient conditions for functions belonging to the class Bm
q,kpλ, δ, γ; φq. In

order to prove our results we need the following results.

Lemma 2.1. p [10], see also [7]q Let h be convex in D, with hp0q � a, β � 0 and < pβq ¥ 0. If
g P Hpa, nq and

gpzq �
zg1pzq
β

  hpzq,

then
gpzq   φpzq   hpzq,

where

φpzq �
β

n zβ{n

» z

0
hptq tpβ{nq�1 dt.

The function φ is convex and is the best (a, n)-dominant.

Lemma 2.2. p [10], see also [19]q Let h be starlike inD, with hp0q � 0. If g P Hpa, nq satisfies

zg1pzq   hpzq,

then

gpzq   φpzq � a� n�1
» z

0
hptq t�1 dt.

The function φ is convex and is the best (a, n)-dominant.

3. Subordination problems for the class Bm
q,kpλ, δ, γ; φq

In this section, we establish some sufficient conditions of subordination for analytic functions
defined above involving the q-differential operator.

Theorem 3.1. Let f , g P A with f m
q,kpλ, δ; zq and gm

q,kpλ, δ; zq � 0 for all z P Dzt0u and let h be convex
inD, with hp0q � 1 and <thpzqu ¡ 0. Further suppose that g P S� and

" z
�
D δ,m

q,λ f pzq
�1

r f m
q,kpλ, δ; zqs1�γrgm

q,kpλ, δ; zqsγ

*2�
3�

2z
�
D δ,m

q,λ f pzq
�2

�
D δ,m

q,λ f pzq
�1 � 2p1� γq

z
�

f m
q,kpλ, δ; zq

�1
f m
q,kpλ, δ; zq

� 2γ
z
�
gm

q,kpλ, δ; zq
�1

gm
q,kpλ, δ; zq

�
  hpzq.

(3.1)

Then
z
�
D δ,m

q,λ f pzq
�1

r f m
q,kpλ, δ; zqs1�γrgm

q,kpλ, δ; zqsγ
  qpzq �

b
Qpzq, (3.2)
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where

Qpzq �
1
z

» z

0
hptqdt, (3.3)

and the function qpzq is the best dominant.

Proof. Let ppzq �
z
�
D δ,m

q,λ f pzq
�1

r f m
q,kpλ, δ; zqs1�γrgm

q,kpλ, δ; zqsγ
pz P D; z � 0q.

Then ppzq � 0 inD. Further, ppzq P Hp1, 1q. Differentiating (3.3) we obtain

Qpzq � z Q1pzq � hpzq (3.4)

If we let

p1pzq � 1�
z Q2pzq
Q1pzq

,

then p1 is analytic and p1p0q � 1. From (3.4) we obtain

Q1pzq
�
p1pzq � 1

�
� h1pzq

and

p1pzq �
z p1

1pzq
p1pzq � 1

� 1�
z h2pzq
h1pzq

.

Since h is convex, we have

<

�
p1pzq �

z p
1

1pzq
p1pzq � 1



¡ 0

which implies <pp1pzqq ¡ 0 ( [10], Theorem 3.2a) and therefore, Qpzq is convex and univalent. We
now set Ppzq � p2pzq. Then Ppzq P Hp1, 1q with Ppzq � 0 in D. By logarithmic differentiation we
have,

z P1pzq
Ppzq

� 2
�

1�
z
�
D δ,m

q,λ f pzq
�2

�
D δ,m

q,λ f pzq
�1 � p1� γq

z
�

f m
q,kpλ, δ; zq

�1
f m
q,kpλ, δ; zq

� γ
z
�
gm

q,kpλ, δ; zq
�1

gm
q,kpλ, δ; zq

�
.

Therefore, by (3.1) we have
Ppzq � z P1pzq   hpzq. (3.5)

Now, by Lemma 2.1 with β � 1, we deduce that

Ppzq   Qpzq   hpzq,

and Q is the best dominant of (3.5). Since<thpzqu ¡ 0 and Qpzq   hpzq we also have<tQpzqu ¡ 0.
Hence, the univalence of Q implies the univalence of qpzq �

a
Qpzq, and

p2pzq � Ppzq   Qpzq � q2pzq,

which implies that ppzq   qpzq. Since Q is the best dominant of (3.5), we deduce that qpzq is the best
dominant of (3.2). This completes the proof. �
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Corollary 3.2. Let f , g P A with f m
q,kpλ, δ; zq and gm

q,kpλ, δ; zq � 0 for all z P Dzt0u. If g P S� and
<
�
Ψpzq

�
¡ α, p0 ¤ α   1q, where

Ψpzq �
" z

�
D δ,m

q,λ f pzq
�1

r f m
q,kpλ, δ; zqs1�γrgm

q,kpλ, δ; zqsγ

*2

�

�
3�

2z
�
D δ,m

q,λ f pzq
�2

�
D δ,m

q,λ f pzq
�1 � 2p1� γq

z
�

f m
q,kpλ, δ; zq

�1
f m
q,kpλ, δ; zq

� 2γ
z
�
gm

q,kpλ, δ; zq
�1

gm
q,kpλ, δ; zq

�
,

then <

" z
�
D δ,m

q,λ f pzq
�1

r f m
q,kpλ, δ; zqs1�γrgm

q,kpλ, δ; zqsγ

*
¡ µpαq,

where µpαq �
�
2p1� αqln 2� p2α� 1q

� 1
2 , and this result is sharp.

Proof. Let hpzq �
1� p2α� 1qz

1� z
with 0 ¤ α   1. Then from Theorem 3.1, it follows

that Qpzq is convex and<tQpzqu ¡ 0. Also we have,

min
|z|¤1
< qpzq � min

|z|¤1
<

b
Qpzq �

b
Qp1q �

�
2p1� αqln 2� p2α� 1q

� 1
2

.

This completes the proof the corollary. �

By setting m � 0 in Corollary 3.2, we have the following corollary.

Corollary 3.3. Let f , g P A with f 1pzq, fkpzq and gkpzq � 0 for all z P Dzt0u. If g P S� and

<

"�
z f 1pzq�

fkpzq
�1�γ�

gkpzq
�γ

2�

3�2
z f 2pzq
f 1pzq

� 2p1� γq
z f 1kpzq
fkpzq

� 2γ
zg1kpzq
gkpzq

�*
¡ α,

p0 ¤ α   1q,

then

<

"
z f 1pzq�

fkpzq
�1�γ�

gkpzq
�γ
*
¡ µpαq,

where µpαq �
�
2p1� αq ln 2� p2α� 1q

� 1
2 , and this result is sharp.

Also, taking γ � 0 in Corollary 3.3, we obtain

Corollary 3.4. Let f P A with f 1pzq and fkpzq � 0 for all z P Dzt0u. If

<

"�
z f 1pzq
fkpzq


2�
3� 2

z f 2pzq
f 1pzq

� 2
z f 1kpzq
fkpzq

�*
¡ α, p0 ¤ α   1q,

then

<

"
z f 1pzq
fkpzq

*
¡ µpαq,

where µpαq �
�
2p1� αq ln 2� p2α� 1q

� 1
2 , and this result is sharp.
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Further, setting γ � 1 in Corollary 3.3, we obtain the following corollary.

Corollary 3.5. Let f , g P A with f 1pzq and gkpzq � 0 for all z P Dzt0u. If g P S� and

<

"�
z f 1pzq
gkpzq


2�
3� 2

z f 2pzq
f 1pzq

� 2
zg1kpzq
gkpzq

�*
¡ α, p0 ¤ α   1q,

then

<

"
z f 1pzq
gkpzq

*
¡ µpαq,

where µpαq �
�
2p1� αq ln 2� p2α� 1q

� 1
2 , and this result is sharp.

Next, we prove the following result.

Theorem 3.6. Let f , g P A with f m
q,kpλ, δ; zq and gm

q,kpλ, δ; zq � 0 for all z P Dzt0u. Further suppose
that h is starlike with hp0q � 0, in the unit diskD, g P S� and

�
1�

z
�
D δ,m

q,λ f pzq
�2

�
D δ,m

q,λ f pzq
�1 � p1� γq

z
�

f m
q,kpλ, δ; zq

�1
f m
q,kpλ, δ; zq

� γ
z
�
gm

q,kpλ, δ; zq
�1

gm
q,kpλ, δ; zq

�
  hpzq,

pz P D; γ ¥ 0q.

Then
z
�
D δ,m

q,λ f pzq
�1

r f m
k pλ, δ; zqs1�γrgm

k pλ, δ; zqsγ
  φpzq � exp

�» z

0

hptq
t

dt


,

where φ is convex and is the best dominant.

Proof. Let ppzq �
z
�
D δ,m

q,λ f pzq
�1

r f m
q,kpλ, δ; zqs1�γrgm

q,kpλ, δ; zqsγ
pz P D; z � 0q.

Since ppzq P Hp1, 1q with ppzq � 0 in D, we can define the analytic function Ppzq � ln ppzq. Clearly
Ppzq P Hp0, 1q. Now by logarithmic differentiation we have,

z p1pzq
ppzq

�

�
1�

z
�
D δ,m

q,λ f pzq
�2

�
D δ,m

q,λ f pzq
�1 � p1� γq

z
�

f m
q,kpλ, δ; zq

�1
f m
q,kpλ, δ; zq

� γ
z
�
gm

q,kpλ, δ; zq
�1

gm
q,kpλ, δ; zq

�
.

Thus we have
z P1pzq   hpzq pz P Dq.

Now by Lemma 2.2, we deduce that

ln ppzq  
» z

0

hptq
t

dt.

This completes the proof of Theorem 3.6. �

By putting m � 0 in Theorem 3.6, we arrive at the following corollary.
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Corollary 3.7. Let f , g P A with f 1pzq, fkpzq and gkpzq � 0 for all z P Dzt0u. Further suppose that h
is starlike with hp0q � 0, in the unit diskD, g P S� and

1�
z f 2pzq
f 1pzq

� p1� γq
z f 1kpzq
fkpzq

� γ
zg1kpzq
gkpzq

  hpzq, pz P D; γ ¥ 0q.

Then
z f 1pzq�

fkpzq
�1�γ�

gkpzq
�γ   φpzq � exp

�» z

0

hptq
t

dt


,

where φ is convex and is the best dominant.

Also, specializing γ � 0 and γ � 1 in Corollary 3.7, we obtain the following interesting two
corollaries as given below.

Corollary 3.8. Let f , g P A with f 1pzq and fkpzq � 0 for all z P Dzt0u. Further suppose that h is
starlike with hp0q � 0, in the unit diskD and

1�
z f 2pzq
f 1pzq

�
z f 1kpzq
fkpzq

  hpzq, pz P Dq.

Then
z f 1pzq
fkpzq

  φpzq � exp
�» z

0

hptq
t

dt


,

where φ is convex and is the best dominant.

Corollary 3.9. Let f , g P A with f 1pzq and gkpzq � 0 for all z P Dzt0u. Further suppose that h is
starlike with hp0q � 0, in the unit diskD, g P S� and

1�
z f 2pzq
f 1pzq

�
zg1kpzq
gkpzq

  hpzq, pz P Dq.

Then
z f 1pzq
gkpzq

  φpzq � exp
�» z

0

hptq
t

dt


,

where φ is convex and is the best dominant.

4. Conclusions

By suitably choosing the parameters, one can further easily obtain a number of inequalities from
the main results stated in Theorem 3.1 and Theorem 3.6. Moreover, the class Bm

q,kpλ, δ, γ; φq defined
in this article can also be used in the investigation of various geometric properties like, the coefficient
estimates, distortion bounds, radii of starlikeness, convexity and close to convexity etc. in the unit disk.
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