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1. Introduction and preliminaries

The hypothesis of fractional calculus, which is primarily due to its proven developments in many
branches of science and engineering over the past three decades or so, has gained considerable
prominence and recognition in recent times. Most of the theory of fractional calculus is specifically
based upon the familiar Riemann-Liouville fractional derivative (or integral). The fractional
g-calculus is the extension of the ordinary fractional calculus in the g-theory. Recently, there was
notable increase of articles written in the area of the g-calculus due to significant applications of the
g-calculus in mathematics, statistics and physics. For more details, interested readers may refer to the
books of [1,2,4-6,8,9, 14] on the subject.
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Indeed the fourth author of this article with Raina in [11] have used the fractional g-calculus
operators in investigating certain classes of functions which are analytic in the open disk D. Recently,
many authors have introduced new classes of analytic functions using g-calculus operators. For some
recent investigations on the classes of analytic functions defined by using g-calculus operators and
related topics, we refer the reader to [12, 13,17, 18] and the references cited therein. In the present
paper, we aim at introducing a new class of Bazilevi¢ functions involving the fractional g-calculus
operators, which is analytic in the open unit disk. Certain interesting subordination results are also
derived for the functions belonging to this class.

We first give various definitions and notations in g-calculus which are useful to understand the
subject of this paper.

For any complex number a, the g-shifted factorials are defined as

n—1

(@;q)o =1, (@;q)n = H(l — aqb), neN, (1.1)

k=0
and in terms of the basic analogue of the gamma function

Ly(a+n)(1—gq)"

(q":q)n = . (n>0),
Iy(@)
where the g-gamma function is defined by
, 1 — 1—x

(4% @)

If |g| < 1, the definition (1.1) remains meaningful for n = oo as a convergent infinite product

e o]
n 1 —aq’).
j=0

In view of the relation

T URT IR
SR —gy =@

we observe that the g-shifted factorial (1.1) reduces to the familiar Pochhammer symbol («),, where
(@) =al@+ 1) (a+n—1).

Also, the g-derivative and g-integral of a function on a subset of C are, respectively, given by
(see [6] pp.19-22)

D,f(z) = i—z’ (z#0,q9 #0) (1.2)

and

fo F(0dyt = 21— ) S (e, (1.3)
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Therefore, the g-derivative of f(z) = 7", where n is a positive integer is given by

7" — (zq)" .
D7'"'=——=1|n Zn 5
q (1 _ Q)Z [ ]q
where 1 .
—q n—1
= = + PP + 1

and is called the g-analogue of n. As ¢ — 1, wehave [n], =¢" '+---+1—>1+---+1 =n.The
g-derivative of f(z) = Inz is given by

Ing!
(I-q)z

We now define the fractional g-calculus operators of a complex-valued function f(z), which were

D,Inz =

recently studied by Purohit and Raina [11].

Definition 1.1. (Fractional g-integral operator) The fractional g-integral operator Ig,z of a function
f(z) of order ¢ is defined by

JZ(Z —1q)s—1f (1) dyt, (6 > 0), (1.4)

0

1@ = Dy2f @) = 7

where f(z) is analytic in a simply connected region of the z-plane containing the origin and the g-
binomial function (z — tg)s_, is given by
(z—1q)sm1 =227 1 Qo[ =1 g, 14" /2]

The series 1 Do|d; —; g, z] is single valued when |arg(z)| < 7 and |z| < 1 (see for details [6], pp.104—
106), therefore, the function (z — fq)s_; in (1.4) is single valued when |arg(—1¢°/z)| < 7, |t¢°/z] < 1
and | arg(z)| < .

Definition 1.2. (Fractional g-derivative operator) The fractional g-derivative operator Dg,z of a
function f(z) of order 6 is defined by

1

Dg,zf(z) =D, I;,;éf(z) = m Dq,zfo (z—1tq) s f(1) dyt, O0<d<1), (1.5)

where f(z) is suitably constrained and the multiplicity of (z — 7q) s is removed as in Definition 1.1.

Definition 1.3. (Extended fractional g-derivative operator) Under the hypotheses of Definition 1.2,
the fractional g-derivative for a function f(z) of order 6 is defined by

Dy f(@) = Dy I f (), (1.6)
where m — 1 <6 < 1, me Ny = N U {0}, and N denotes the set of natural numbers.
Remark 1.1. It can be easily seen from Definition 1.2 that

Iy(n+1)

D6 no_
9% T T (n+1-0)

7% (620, andn > —1).
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2. The class 87", (4,6,7;¢)

Let H (a,n) denote the class of functions f(z) of the form
f@)=a+ad +a? +---, (zeD), 2.1)

which are analytic in the unit disk D = {z € € : |z] < 1}. In particular, let A be the subclass of
H (0, 1) containing functions of the form

Q) =z+ ) a.d" (2.2)

We denote by S, §*, C and K, the classes of all functions in A which are, respectively, univalent,
starlike, convex and close-to-convex in D. Let f(z) and g(z) be analytic in D. A function f is
subordinate to g in D, if there exists an analytic function w(z) in D with

w(0) =0, |w(@)| <1 (zeD),

such that
f(z) =gw(z)  (zeD).

We denote this subordination by f(z) < g(z). Further, if the function g(z) is univalent in D, then

f(z) <gz) (zeD) < f(0) = g(0) and f(D) < g(D).

Let k be a positive integer and let g, = exp(%) For f € A, let

1
-1 Z f(el2). (2.3)

The function f is said to be starlike with respect to k-symmetric points if it satisfies

%(ZJ{ I((ZZ))) >0, zeD. (2.4)
k

We denote by § §"> the subclass of (A consisting of all functions starlike with respect to k-symmetric
points in D. The class S §2> was introduced and studied by Sakaguchi [15]. We also note that different

subclasses of S §"> can be obtained by replacing condition (2.4) by
z2f'(z)

fi(2)

where h(z) is a given convex function, with #(0) = 1 and R{h(z)} > 0.
Using D we define a fractional g-differintegral operator Q‘;’Z : A —> A, as follows:

< h(z),

r2-o
L)

[y(n+1)
D5 = .2, 2.5
z Z+Z +1_5)az (2.5)

(6<2,nelN,O<q<1,ze]D),

Q,.f(z) =
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where DY _ f(z) in (2.5) represents, respectively, a fractional g-integral of f(z) of order 6 when —co <
6 < 0 and a fractional g-derivative of f(z) of order § when 0 < 6 < 2. Here we note that Q)_f(z) =

/@)

We now define a linear multiplier fractional g-differintegral operator .@i’f as follows:

20 (2) = £(2).
Do f(2) = (1= D f(2) + 4z (X f(z),  (A=0),
qu(z> Dy (Do f(2)),

Do f(2) = Dy (2o (), me N. 2.6)

If f(z) is given by (2.2), then by (2.6), we have
S [,(n+1) "
.0 f(2) z+Z< +1_6)[1—/1+n/l] a,7".

It can be seen that, by specializing the parameters the operator .@5’;” reduces to many known and

new integral and differential operators. In particular, when 6 = 0 the operator .@5:;” reduces to the
operator introduced by Al-Oboudi [3] and for 6 = 0, 4 = 1 it reduces to the operator introduced by
Sdldgean [16].

Throughout this paper, we assume that

fm(a,6,2) = Ze_].@‘s/lmfakz)) 24+, (feA). 2.7)

Clearly, for k = 1, we have
fh(4,6:2) = .@i"; f(2).
Let P denote the class of analytic functions %(z) with 2(0) = 1, which are convex and univalent in D

and for which R{a(z)} >0, (ze D).
In the present article, a new subclass Bka(/l, d,v; ¢) of analytic functions, using the linear multiplier

g-fractional differintegral operator .@;’3’ defined by (2.6) is introduced. It is interesting to note that the
class sz(/l, d,7;¢) is a generalization of the class of Bazilevi¢ functions.

Definition 2.1. A function f € A is said to be in the class B7,(4, 6, y; ¢) if and only if
m !
2(2,71(2)
[ (4,0:2) ] g (4,65 2) |

where y € [0, o0), ¢ € P, £, (1,6;2) and g7, (4, 6; z) # O for all z € D\{0} are defined as in (2.7).

< ¢(2), (geS", zeD),

It is easy to see to Verlfy the following relations: If ¢ — 17, then

L. 8),(4,6,0; %) = 8%
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k
2. B),(2,6,0; 1) = S;

3. 8%,(4,6,1; 1) = K;

2 2 lfz

4. Bg’ [(4,8,7; }—J_ri) = B(y), the class of Bazilevi¢ functions of type .

Now, we derive some sufficient conditions for functions belonging to the class B’q"k(/l, 8,v;¢). In
order to prove our results we need the following results.

Lemma 2.1. ( [10], see also [7]) Let h be convex in D, with h(0) = a,f # Oand R (B) = 0. If
g € H(a,n) and

< h(z),

then
8(z) < ¢(z) < h(z),
where

Z
¢(z) = P h(r) (/=1 gy,
nzﬁ/” 0

The function ¢ is convex and is the best (a, n)-dominant.

Lemma 2.2. ( [10], see also [19]) Let h be starlike in D, with h(0) = 0. If g € H(a, n) satisfies

78 (z) < h(z),

then

Z

gzx) <p(z)=a+n" f h(t) ' dt.

0
The function ¢ is convex and is the best (a, n)-dominant.

3. Subordination problems for the class B;’fk(/l, 5,v;9)

In this section, we establish some sufficient conditions of subordination for analytic functions
defined above involving the g-differential operator.

Theorem 3.1. Let f, g € Awith f(4,6;2) and g}, (1,6;2) # 0 for all z € D\{0} and let h be convex
in D, with h(0) = 1 and R{h(z)} > 0. Further suppose that g € S* and

(7271(2) . 2(706) 2 (f(4.8:2))
{ i T !

(1,621 e @) s o
2 (g0 (4,6:2)) .
—2 1. ] h(z).
’ ng(/l’ 8;2) <h()
Then 5 .
2 (2°7 f(z
(Zi12) < q(z) = 4/0(2), (3.2)

Lf(4:6: )] (85 (4, 6:2) ]
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where

06) = 7 | i, 63)
and the function q(z) is the best dominant.

2(2,71@)
- ( ?j m) - (ze D;z #0).
[ q.k (/1’ 0; Z)] y[gq’k(/la 05 Z)]y
Then p(z) # 0 in D. Further, p(z) € H(1, 1). Differentiating (3.3) we obtain

Proof. Let p(z) =

0(z) +z20Q'(z) = h(z) (3.4)
If we let o)
Z Z
pi(z) =1+ 00

then p; is analytic and p;(0) = 1. From (3.4) we obtain

Q' (2)[pi(z) + 1] = H(2)

and / .
h
() P@ )
pi(z) +1 ' (z)
Since & is convex, we have
zp) (2) )
R +—1>0
(pl (Z) pl(Z) +1

which implies R (p;(z)) > 0 ( [10], Theorem 3.2a) and therefore, Q(z) is convex and univalent. We
now set P(z) = p*(z). Then P(z) € H(1,1) with P(z) # 0 in D. By logarithmic differentiation we
have,

T Y - - Y pm -
(7772) TR s

2P'(2) 2(7731(2)" d(fn(1.6:2)" z(gm(1.6:2)
PO —%L&————— 1 }

Therefore, by (3.1) we have
P(z) + z P'(z) < h(z). (3.5)

Now, by Lemma 2.1 with 8 = 1, we deduce that
P(z) < O(z) < h(z),

and Q is the best dominant of (3.5). Since R{h(z)} > 0 and Q(z) < h(z) we also have R{Q(z)} > 0.
Hence, the univalence of Q implies the univalence of ¢(z) = 1/Q(z), and

P*(2) = P(2) < Q(z) = ¢*(2),

which implies that p(z) < ¢(z). Since Q is the best dominant of (3.5), we deduce that ¢(z) is the best
dominant of (3.2). This completes the proof. O

AIMS Mathematics Volume 6, Issue 8, 8642—-8653.
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Corollary 3.2. Let f, g € A with f,(A,6;z) and g, (1,6;z) # O for all z € D\{0}. If g € S* and
R(¥(z) >a (O<a<l), where

2 (2,30@) ’
CR e & e
22 (97’ (ms) ()
e @y T T m@e Y e |
2 (7,01@)
GO er e s o
where (@) = [2(1 — @)In2 + (2 — 1)] %, and this result is sharp.
14+ (2a—1)z

Proof. Let h(z) = o with 0 < @ < 1. Then from Theorem 3.1, it follows
Z

that Q(z) is convex and R{Q(z)} > 0. Also we have,

1

2
minR ¢(z) = minR 4/ 0(z) = 4/ 0 [ 1—aln2—|—(2a/—1)] .
|z|<1 lz]<1

This completes the proof the corollary. O
By setting m = 0 in Corollary 3.2, we have the following corollary.

Corollary 3.3. Let f, g € A with f'(z), fi(z) and gi(z) # 0 for all z € D\{0}. If g € S* and

z2f'(z) 2 @) ka'(Z)_ 28,(2) N
9%{<(fk<z>)“7(gk<z>)’) RS TSRS = e e 1

0<a<l),

% zf'(z) o),
{<fk<z>)”(gk<z>)7} e

1
where p(@) = [2(1 — @) In2 + (2 — 1)]?, and this result is sharp.

then

Also, taking ¥y = 0 in Corollary 3.3, we obtain
Corollary 3.4. Let f € A with f'(z) and fi(z) # 0 for all z € D\{0}. If

%{(M>2[3+2Zf”(z) —2Zf’é(z)]} Sa, (0<a<l),

fi(z) f'(2) fi(z)
then f’( )
Z Z
?‘{ e } > @)

where (@) = [2(1 —a) In2 + (2a — 1)] %, and this result is sharp.
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Further, setting y = 1 in Corollary 3.3, we obtain the following corollary.

Corollary 3.5. Let f, g € A with f'(z) and gi(z) # 0 for all z € D\{0}. If g € S* and

() [ sl oseen

then
*{) >

where p(@) = [2(1 —a)In2 + (2a — 1)] %, and this result is sharp.

Next, we prove the following result.
(4,652) and gy’ (A,8;2) # 0 for all z € D\{0}. Further suppose

m

Theorem 3.6. Let f, g € A with ok
that h is starlike with h(0) = 0, in the unit disk D, g € 8* and

2(fm82) 2 (8’;%(1"5;2)),] < h(z).

(-@5,’3" f(@) Y " (4,632) Y (150
(zeD;y = 0).
Then ( ),
(72,07 i -
o] ey o) =P (L Tdt),

where ¢ is convex and is the best dominant.
2(2071(2)
(2,31) (zeD;z #0).

Proof. Let p(z) = — pm
ST PR
Since p(z) € H(1,1) with p(z) # 0 in D, we can define the analytic function P(z) = In p(z). Clearly

P(z) € H(0,1). Now by logarithmic differentiation we have,

2 (f0.5:2)) Z(gZ’,kMad;Z))']

m "
2p'(z) [1+Z(@;’ﬂf(z)) 1y )
P) (220 1(2)) 7 (1,6:2) &7 (1,6:2)
Thus we have
tP'(z) <h(z)  (ze D)
Now by Lemma 2.2, we deduce that
*h(t
Inp(z) < f ﬁdt.
o 1
m]

This completes the proof of Theorem 3.6.

By putting m = 0 in Theorem 3.6, we arrive at the following corollary.
Volume 6, Issue 8, 8642—-8653.
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Corollary 3.7. Let f, g € A with f'(2), fi(z) and gi(z) # 0 for all z € D\{0}. Further suppose that h
is starlike with h(0) = 0, in the unit disk D, g € S8* and

z2f"(z) fi(z) zg(2) .
@ (1= filz) y gr(2) <h(z), (zeD;y=0).

Zf’(Z) Z h(t)
1—y y ¢ =eX —=dt ),
(@) " (8k(2)) <) P <L t >

where ¢ is convex and is the best dominant.

1+

Then

Also, specializing ¥ = 0 and y = 1 in Corollary 3.7, we obtain the following interesting two
corollaries as given below.

Corollary 3.8. Let f, g € A with f'(z) and fi(z) # 0 for all z € D\{0}. Further suppose that h is
starlike with h(0) = 0, in the unit disk D and

Q) A
@ /@

Z]{k,((zz)) < ¢(z) = exp (LZ &;)dt),

where ¢ is convex and is the best dominant.

1+

< h(z), (ze D).

Then

Corollary 3.9. Let f, g € A with f'(z) and g(z) # 0 for all z € D\{0}. Further suppose that h is
starlike with h(0) = 0, in the unit disk D, g € 8* and

) %)

"R T w

< h(z), (ze D).

Then
2f'(2)

T <o =ew ([ “Par).

where ¢ is convex and is the best dominant.

4. Conclusions

By suitably choosing the parameters, one can further easily obtain a number of inequalities from
the main results stated in Theorem 3.1 and Theorem 3.6. Moreover, the class B?k(/l, 8,v; ¢) defined
in this article can also be used in the investigation of various geometric properties like, the coefficient
estimates, distortion bounds, radii of starlikeness, convexity and close to convexity etc. in the unit disk.
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