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1. Introduction

In graph theory, graph labeling is an assignment of labels or weights to the vertices and edges of
a graph. Graph labeling plays an important role in many fields such as computer science, coding theory and
physics [32]. Baca et al. [10] have introduced the definition of an edge irregular total #-labeling of
any graph as a labeling £:V U E - {1,2,3, ..., 4} in which every two distinct edges fhand f*h*
of a graph G have distinct weights, this means that w,;(fh) # w;(f*h*) where w;(fh) = L(f) +
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L(h) + L(fh). They have deduced inequality which gives a lower bound of tes(G) for a graph G,
tes(G) = max {[IE(G;HZ] , [AGZH]} 1)

Also, they have introduced the exact value of TEIS, tes(G) for some families of graphs like
fan graph F, and wheel graph W/,

3n+2]
i)

tes(E,) = [ 2

tes(W,)) = [ﬂ]

3

In [15] authors have proved that for any tree T

k+1] [AG+1}
3 I 2 ’

where AG is maximum degree on k vertices. In addition, Salama [26] investigated the exact value
of TEIS for a polar grid graph,

tes(T) = max{

tes(Pnn) = [zm;”z]

Authors in [1] determined TEIS for zigzag graphs. Also, the exact value of TEIS of the
generalized web graph W, ,,and some families has been determined, see [14]. Tilukay et al. [31]
have investigated total irregularity strength for a wheel graph, a fan graph, a triangular Book graph
and a friendship graph. On the other hand, in [2,3,8,17,20,24,29] the total edge irregularity strengths
for hexagonal grid graphs, centralized uniform theta graphs, generalized helm graph, series parallel
graphs, disjoint union of isomorphic copies of generalized Petersen graph, disjoint union of wheel
graphs, subdivision of star S,, and categorical product of two cycles have been investigated. For
more details, see [4-7,9,11-13,16,18,19,21,23,25,27,28,30].

A generalized theta graph 6(t;,t,, ..., t,) is a pair of n internal disjoint paths with lengths at
least two joined by end vertices where the end vertices are named south pole S and north pole N
and t; is the number of vertices in the nth path. Uniform theta graph 6(t, m) is a generalized theta
graph in which all paths have the same numbers of internal vertices, for more details see [22].

In this paper, we have defined a new type of family of graph called uniform theta snake graph,
0, (t,m). Also, the exact value of TEIS for some special types of the new family has been
determined.

2. Main results
In the following, we define a new type of graph which is called uniform theta snake graph.

Definition 1. If we replace each edge of a path PB,by a uniform theta graph 6(t,m), we have a
uniform theta snake graph ,,(t, m). See Figure 1.
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Figure 1. Uniform theta snake graph 6(t,m).

It is clear that for a uniform theta snake graph |E(0,(t m))|=t(m+ 1)n and
|[V(6,(t, m))| = (tm + 1)n + 1. In this section, we determine the exact value of TEIS for uniform

theta snake graph 6,(3,3), 6,(3,m), 6,(t,3), 6,(4,m), and 6,(t, 4).
Theorem 1. For a uniform theta snake graph 6,(3,3) with 10n + 1 vertices and 12n edges, we

have
tes(0,(3,3)) =4n+ 1.
Proof. Since a uniform theta snake graph 6,,(3,3) has 12n edges and A(Gn(3,3)) = 6, then from
(1) we have:
tes(6,(3,3)) = 4n + 1.
To prove the invers inequality, we show that h —labeling is an edge irregular total for 6,,(3,3),

see Figure 2,and h =4n+ 1. Let h =4n+ 1 and atotal h —labeling a:V(6,,(3,3)) U
E(0,(3,3)) — {1,2,3, ..., h} is defined as:

a(C0)=1'
a(cg) = 4s forl<s<n-1
a(cy) = h,
( ] for1<j<3
j+1 fora<j<6
a(x;;) = : : ,1=1,2,3,
j+n—1 for3an—2<j<3n-1
a(xmn) =h-1 fori=1,2,3
a(coxi,l) =1 fori=il1,2,3

a(csxizs) =4S+i  for1<S<n-1, i=123
a(csxizssr) =4S+i+1 for1<S<n-—-1 i=123

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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h—2 fori=1
a(cnan) =<h-1 fori=2 ,
h fori=3
( jti+1 forl1<j<2
jti+2 for4<j<5
a(xi,jxi,j+1i) = 9 ' ' , i=1,23.

j+i+n—-11 for3n—-5<j<3n-4
\ h+i-3 for3n—-2<j<3n-1

X1 03n)

EE c " ]. |

X3.03m)

Figure 2. Uniform theta snake graph 6(3,3).

Itis clear that h is the greatest used label. The weights of edges of 8,,(3,3) are given by:

Wa(COXi‘l) =i+2 fori=1,2,3,
We(csxiss) =12S+i—1  for1<S<n-1,i=1,23

We(csXizss1) =12S+i+2 for1<S<n-1,i=1,23,

3(h—1) fori=1
Wa(cnxi,3n): 3h—2 fori=2

3h—-1 fori=3
( 3j+i+?2 forl1<j<2

3j+i+5 for4a<j<5s

Wa(xi'jxl"j+1) =< . . ) i = 1, 2,3
3j+i+3n—4 for3n—-5<j<3n-4
3h+i—-10 forj=3n-2

\ 3h+i-7 forj=3n-1

Obviously, the weights of edges are distinct. So « is an edge irregular total h —labeling. Hence
tes(6,(3,3)) =4n+ 1.

Theorem 2. For 6,(3,m),m > 3 be a uniform theta snake graph. Then

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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tes(6,(3,m)) =(m+ n+ 1.
Proof. Since |E(6,(3,m))| = 3(m+ 1)n and A(6,,(3,m)) = 6. Substituting in (1), we find
tes(6,(3,m)) = (m+ 1)n+1.

The existence of an edge irregular total A —labeling for 6,,(3, m), See Figure 3, m > 3 will be shown,
with A = (m + 1)n + 1. Define a total A —labeling :V(6,(3,m)) U E(6,(3,m)) - {1,2,3, ..., A}
for 6,,(3, m) as:

:B(CO):]-ﬂ
Blc) =(m+1)s forl<s<n-1,
B(cn):x
( ] forl1<j<m
j+1 form+1<j<2m
.B(xi,j)=| . . )
kj+n—1 formn—1)+1<j<mn-1
B(ximn) =X—1 fori=1,2,3
ﬁ(coxm) =1 fori=1,2,3
B(csxi,ms) =(m+1S+i for1<S<n-1, i=1273
B(csximss1) =M+ 1DS+i+1 forl<S<n-1 i=123
A—=2 fori=1
ﬁ(cnxi,mn)= A—-1 fori=2 ,
A fori=3
( J+i+1 forl<j<m-1
jti+2 form+1<j<2m-1
B(xijxije1) = 3 _
j+i+n formn—1)+1<j<mn-2
J+i+n—1 forj=mn—1
xl.( m+1) X 1. rerre)

1,1 X2 Xiim-1) x4,

Xz XzrXzgm-1) X X3 im+1
- Zn .. >—=0 @

Ly
Lz Cn—

X310 3,2 X3 m-1) Xam X3, (m+1) X3 nm)

Figure 3. Uniform theta snake graph 6(3,m).

Clearly, % is the most label of edges and vertices. The edges weights are given as follows:

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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wg(cox;p) =i+2 fori=1,2,3,
wg(Ccsxims) =3(m+ 1S +i—1 for1<S<n-1,i=1,23

wg(CsXimss1) =3m+1DS+i+2  forl<S<n-1,i=123,

34 -3 fori=1
wp(cnXimn) =334 — 2 fori= 2 ,
31—-1 fori=3
( 3j+i+2 forl1<j<m-1
3j+i+5 form+1<j<2m-1
wp (%1% j41) = S : : ’
3jl+i +3n -1 formn—1)+1<j<mn-2
\ 3A+i-7 forj=mn—-1

It is obvious that the weights of edges are different, thus £ is an edge irregular total A —labeling
of 6, (3, m). Hence

tes(6,(3,m)) = (m+ )n+ 1.
Theorem 3. Let 6,,(t,3) be a theta snake graph for t > 3. Then

tes(6,(t,3)) = [

4tn+2]
s |

Proof. A size of the graph 6,,(¢,3) equals 4tn and A(8,(t,3)) = 2t, then from (1) we have

4tn+2]

tes(0,(t,3)) = [ .

We define an edge irregular total h — labeling for 6,,(t,3) to get upper bound. So, let h = [4”:'2]

and a total h — labeling y:V(6,(t,3)) U E(6,(t,3)) — {1,2,3,...,h} is defined in the following

three cases:
Case 1. 4tn + 2 = 0(mod 3)

y is defined as:

y(CO)=1'
y(cg) = (t+1)S for1<S<n-1,
]/(Cn)=h
( i for1<j<3,i=1,2..,t
i+t+1 fora<j<6,i=1,2..t
i+2(t+1) for7<j<9,i=1,2,..,t
y(xl-‘j)l =< . i ,
i+(n—D(t+1) for3in—-5<j<3n-3,i=1,2,..,t
h—1 for3an—2<j<3ni=1
\ h for3dn—-2<j<3n,i=23, ..,t

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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V(xi,jxi,j+1) = 4

y(coxijl) =1 fori=1,2,..,t
y(csxiss) =25t — 25 +3 for1<S<n-1, i=12,..,t
_(h—t+2 fori=1
V(C"xi’3n)_{h—t+i fori=23, ...t '
y(csxisser) = 25t — 25 + 2 for1<S<n-1, i=12,..,t
({ t+2n—-t—5 fori=1 n=23
(enrx )_{ t+2n—t+i—7 fori=23,..,t '~ 7
V\ln-1¥i3n-2) = { t+Dn—-t-1 fori=1 %23
t+n—t+i—3 fori=23..,t ' ’
( ( t+j forl<j<2
3t+j—5 for4<j<5
5t+j—10 for7<j<8
] . . ,i=1,2,..,t
\(2n—=3)t+j—-5(n—2) for3n—-5<;j<3n-4
h—3(t+n)+j+5 for3n—2<j<3n-1, i=1

\h—3(t+n)+j+5+2(—2) for3n—-2<j<3n-1,i=2,3,..,t

Obviously, h is the greatest label. The edges weights of 6, (t,3) can be expressed as:

wy (%;,j%;j41) = 4

wy (coxi1) =i+ 2 fori=1,2,..,t

wy (coxizs) = t(4S — 1) + i+ 2 for1<S<n-1i=12,..,t
Wy(cnxi,m) =3h—t+i fori=12,..,t

wy(CsXizse1) =4St+i+2 for1<S<n-1,i=12..,¢

2nt+3n—2t+h+i—8 forn=2,3 .
wy (€n-1%i3n-2) :{Znt+2n—2t+h+i—4 forn=23 LT L2t
( ( t+j+2i for1<j<2
St+j+2i—4 for4<j<5
9t +j+2i—6 for7<j<8
{ . . ,i=1,2,..,t

\(4n—5)t+j+2i—3n+8 for3ni—-5<j<3n—-4
3h—3(t+in)+j+3 for3an—-2<j<3n-1i=1
\ 3h—3(t+in)+j+2i+3 for3n—2<j<3n-1,i=273,..,t

It implies that the edges weights have distinct values. So y is the desired edge irregular total

h —labeling, h = |

4tn+2
3

]. Hence

4tn+2]
3

tes(6,(t,3)) = [

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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Case 2. 4tn + 2 = 1(mod 3)

Define y as:
V(CO):]-I
y(cs) = (t+1)S forl1<S<n-1,
y(cn):h
( i for1<j<3 i=12..,t
i+t+1 for4<j<6,i=12..,t
i+2(t+1) for7<j<9,i=12..,t
)/(xl,])=< . . ,
i+(n+D)(t+1) for3in—-5<j<3n-3,i=1,2,..,t
h—1 for3n—-2<j<3ni=1
\ h for3n—2<j<3n,i=23, ..t
y(coxijl) =1 fori=1,2,..,t
Y(csxiss) = 25t — 25 +3 fori1<S<n-1,i=1,2,..,t
_ h—t fori=1
”(cnxiﬁn)_{h—tﬂ—z fori=23, ..,t '
Y(csxizssr) = 25t — 25 + 2 for1<IS<n-—1,i=1,2,..t
(t+ 2n —t—5 fori=1
{ . . ,n=23
( N ) = t+2)n—t+i—7 fori=23,..,t
Vifn-1tisn-2) = { t+Dn—-t—1 fori=1 £ 3
(t+1n—t+i—3 fori=23..,.t '*7 %
(( t+j for1<j<2
3t+j—5 for4<j<5
5t+j—10 for7<j<8
] . . ,i=1,2,..,t

)’(xi,jxi,j+1) =

\(2n—-3)t+j—-5n—2) for3n—-5<j<3n—-4
h—3(t+n)+j+3 for3n—-2<j<3n-1i=1
\h—3(t+n)+j+2(i—2) for3n—-2<j<3n-1,i=2,3,...,t

It is clear that the greatest label is h. We define the weights of edges of 6,(t,3) as:
Wy(coxi,l) =i+2 fori=1,2,..,t

wy(coxizs) =t(@S—1)+i+2 forl<S<n-1i=12,..,¢t
wy (cnxizn) =3h —t+i—2 fori1<S<n-1, i=12..,t

wy(Csxizs1) =4St +i+2 for1<S<n-1,i=12 ..t

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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2nt+3n—2t+h+i—-8 forn=2,3 .
Wy (€n-1%i3n-2) Z{Znt+2n—2t+h+i—4 forn#23 " TLZat
( ( t+j+2i forl1<j<2
S5t+j+2i—4 for 4<j<5
9t+j+2i—6 for7<j<8
3 : . ,i=1,2,..,t

wy (X %1,j41) = 4

\(4n—-5)t+j+2i—3n+38 for3ain—-5<j<3n—-4
3h—3(t+n)+j+1 for3n—2<j<3n-1, i=1
\3h—-3(t+n)+j+2(i—-2) for3n—2<j<3n-1,i=23,..,t

It is obvious that the edges weights are different. Then

tes(6,(t,3)) = [

4tn+2]
3

Case 3. 4tn + 2 = 2(mod 3)
y is defined as follows:

)/(CO):]-:
y(cs) = (t+1)S for1<S<n-1,
y(cn):h
( i for1<j<3, i=12,..,t
i+t+1 fora<j<e6,i=12,..,t
i+2(t+1) for7<j<9,i=12,..,t
V(xi,j)=< . . ,
i+(n—1D(t+1) for3n—-5<j<3n-3,i=1,2,..,t
h—1 for3n—-2<j<3ni=1
\ h for3in—2<j<3ni=23,..,t

y(coxijl) =1 fori=1,2,..,t

¥(csxizs) = 25t — 25 + 3 for1<S<n-1, i=1,2,..,t

_(h—t+1 fori=1
v(enxisn) = {h —t+i—1 fori=23, ..,t

y(csxigser) = 25t — 2S5 + 2 for1<S<n-2, i=12..,t
{ (t+2n—-t—5 fori=1 n=23

(cnrx )= t+2n—t+i—7 fori=2,3,..,t '~ 7

Vin-1Xign-2) = { t+1n—-t—1 fori=1 493
(t+Dn—t+i—3 fori=2,3.,t '"T°

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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(( t+j for1<j<2
3t+j—5 for4<j <5

5t+j—10 or7<j <8
J J
. . ,i=1,2,..t

V(xi,jxi,j+1) = <

(2n—=3)t+j—-5(n—-2) for3n—-5<j<3n-4
h—3(t+i)+j+4 for3an—-2<j<3ni—-1i=1
\ h—-3({t+n)+j+2i forin—-2<j<3n-1,i=2,3,..,t

We can see that h is the greatest label. For edges weights of 6,,(t, 3), we have
wy(coxijl) =i+2 fori=1,2,..,t

wy(coxizs) =t(4S—1+i+2 for1<S<n-1,i=12,..t
Wy(cnxi,3n)=3h—t+i—1 for1<S<n-1,i=1,2..,t

wy (Csxizs41) =4St + i+ 2 for1<S<n-1i=12,..,¢t,

2nt—3n—2t+h+i—8 forn=2,3 .
wy (en¥izn-2) :{Znt+2n—2t+h+i—4 forn=2,3' T b2t
( ( t+j+2i forl1<j<2
S5t+j+2i—4 for4<j<5
Ot +j+2i—6 for7<j<8
3 . . ,i=1,2,..,t

wy (%4,j%; j41) = 9

\(4n —5)t+j+2i—3n+8 for3n—5<j<3n—4
3h—=3(t+n)+j+2 for3n—2<j<3n-1, i=1
\ 3h—-3(t+n)+j+2i for3n—-2<j<3n-1,i=23,..,t

It clears that the edges weights are i distinct. So y is the desired edge irregular total h —labeling,

4tn
3

h = [ +2]. Hence

4tn+2]

tes(6,(t,3)) = [ 3

Theorem 4. For 6,,(4,m) be a theta snake graph fort > 3. Then

tes(6,(4,m)) = [

4(m+1)n+2]
— = |

Proof. Since |E(8,,(4,m))| = 4(m + 1)n and A(6,,(4,m)) = 8, then from (1) we have

tes(6,(4,m)) = [

4(m+1)n+2]
— |

The existence of an edge irregular total A —labeling for 6,,(4,m), m > 3 will be shown, with
A= [‘L(Tnzﬂ] . Define a total A— labeling B:V(6,,(4,m)) U E(6,(4,m)) - {1,2,3,..., i}

for 6,,(4,m) in the following three cases as:
Casel. 4(m+1)n+2=0(mod3),i=1,2,34
B is defined as:

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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1 fors=20
,B(Cs)=J(m+1)s fO?‘lSSSE],
L+s—n forE]SsSn
( J for1<j<m
j+1 form+1<j<2m
B(x,) = m_ Gem[Mi1
i,j j+[%]—1 form([zl 1)+1£]£m[2]+1
n
A—j+22 form[§]+2SjSm(n—1)
\ A formn—1)+1<j<mn-1
B(coxi1) =1 fori=1,234
( , n
| 2¢s+i—1 forlSSS[El—l
ﬁ(csxirm5)2405+i—4(m+1) for[g]SsSn—l i=1,234
L A—4+i fors=n
n
2co+i+1 for1sss[§] i=1,2,34
.B(Csxi,ms+1) = n
cs+i—4(m+1)+2 for[§]+1SsSn—1
A—-3 fori=1
A-—-2 fori=2
ﬁ(cnxi,mn) = 1—1 fOT'i =3
A fori=4
( jti+1 forl<j<m-1
jti+2 form+1<j<2m-1
B(xi i j41) = 5 " m n
]+l+[E] for1=m([§]—1)+1
. - n n .
k2]+L—2[nm([il—1)+1] form([zl—1)+2S]Smn—1

Itis clear that A is the greatest used label. The weights of edges of 8,,(4, m) are given by:

wp(coxi1) =i+ 2 fori=1,2,34,

n
2ms+s+2cs+i—1 forlSSS[E]—l,

wg(Cs¥ims) = c5+i+7i+(s—4)(m+1)—n+[g]—l for [g] <s<n-1t=1234

k 3Ai—4+i+s—n fors=n
(2m+1)s+2¢cs +i+1 for1<s<|y,

i} i=1,234,
2h+s—n+cg+i—4m+1)+2for [f|<s<n-1

Wg (CSxi,mS+1) =

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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3A+s—n-—3
w(cx- )= 3X+s—n—2
A\TnSimn 3i+s—n-—1

3A+s—n
( 3j+i+2

3 +i+4

wg (% j41) = 5 3j+i+3 [;] -1

4j+27&+45+i—2[nm([g]—1)+1]

2j+27i+i—2[nm([g]—1)+1]

fori=1
fori=2
fori=3 ’
fori=4

forl<j<m-1
form+1<j<2m-1

n

forjzm([zl—.1)+1 ,

n
form[§]+2SjSm(n—1)

formn—-1)+1<j<mn-1

It is obvious that the weights of edges are different, thus £ is an edge irregular total A —labeling

of 6,,(4,m). Hence
tes(0,(4,m)) = [ S

Case2. 4(m+1)n+2=1(mod 3), i =1,2,3,4
B is defined as:

1 fors=0

4(m+1)n+2]

IB(CS)=J(m+1)s forlSsSE]’
\A+s—n for E]Ssﬁn

( Ji for1<j<m
j+1 form+1<j<2m
HEDER M NVa1<i<ml®
0 J'+E]‘1 form(|5]-1)+1<j<ml3]
n
A—j+22 form[zl—l—lstm(n—l)
\ A formn—-1)+1<j<mn-1
B(coxi1) =1 fori=1,2,34
( : z
2co+i—1 forlSSS[El—l,
X7 +i e
B(csxims) = 4 B f 0”_[5] i=1,2,34
cs+i—4m—2 for[%]+1$s$n—1
\ A—6+1 fors=n
n
2es +i+1 forlSSS[E]
B(csxims+1) = ,i=1,2,34

cs+1—4m

AIMS Mathematics

for [g]SSSn—l
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A-=5 fori=1
A—4 ori=2
B(Cnxi,mn) = i1—3 ;07"1' =3 )
A—-2 fori=4
( jti+1 forl1<j<m-1
jti+2 form+1<j<2m-1
B(xi i j41) = 5 " m n '
j+i+[§] forj=m([§]—1)+1
. . n n .
\2]+l—2[nm([E]—1)+1] form([il—1)+2S]Smn—1

Itis clear that A is the greatest used label. The weights of edges of 6,,(4, m) are given by:

wg(coxip) =i+2 fori=1,234,
( : n
2ms+s+2cs+i—1 forlSSS[E]—l,

n , n
Wﬁ(Csxi,ms) _ ) ZX—m[E] +(m+1)s+i+15 fors = [El
c5+i+7&+(s—4)(m+1)—n+[g]—1 for[g]SsSn—l
\ 3A—4+i+s—n fors=n
2m+1)s +2cs +i+1 forlSSSE],izl,Z,BA

e (CsXims+1) = _ ) i=1,2,34,
2k+s—n+cs+i—4m for HSSSn—l
3+s—n-5 fori=1
We\nTimn) =0 35 4 s —n—3 fori=3 ’
3X+s—n—-2 fori=4
( 3j+i+2 forl<j<m-1
3j+i+4 form+1<j<2m-1
. . . n . n .
wg (% %0 j41) = 1 3]+l+3[§]—1 for]—m([zl—1)+1 ,
. . n n
4]+27&+45+l—2[nm([§]—1)+1] form[zl+2SjSm(n—1)
n
2j+zx+i—2[nm([§]—1)+1] formn—1+1<j<mn—1

\

It is obvious that the weights of edges are different, thus £ is an edge irregular total A —labeling
of 9,,(4,m). Hence
tes(0,(4,m)) = [

4(m+1)n+2]
— |

Case3. 4(m+ 1)n+2=2(mod3),i=1,2,3,4
B is defined as:

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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1 fors=20
B(cy) = !(m + 1)s for1<s< E]’

U&+s—n forE]SsSn

(] for1<j<m
j+1 form+1<j<2m
Blxiy) =1 ™ _Na1<i<m([f-1)
i,j j+[g]—1 form([zl 2)+1S]Sm([2] 1)
A—j+22 form([il—1)+1SjSm(n—1)
\ formn—-1)+1<j<mn-1
B(coxi1) =1 fori=1,2,34
(2 +i—1 forlSSS_g]—l,i=1,2,3,4
A=7+1 fors=[E]
B(csXims) = 3 o 2
Cs+i—4m—2 for[E +1<s<n-—1
\ A—=5+1 fors=n

n
|(2c5+i+1 for1sss[§]—1,i=1,2,3,4

. n
:B(CSxi,mS+1): cs+1+1i fors = [E]
n
csti—4m+1 fOT[E]+1SsSn—1
A—4 fori=1
A-3 fori=2
B(cnXimn) = 5o fori=3 ,

A-1 fori=4

( jti+1 for1<j<m-1

jti+2 form+1<j<2m-1

0j%ij+1) = 3 ' .
iyl jais ] forj =m(f3]-1)+1

k2j+i—2[nm([g]—1)+1]+1 form([g]—1)+2SjSmn—1

Itis clear that A is the greatest used label. The weights of edges of 8,,(4, m) are given by:

wg(coxip) =i+ 2 fori=1,234,

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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2ms+s+2¢cs+i—1

wp (CSxi,mS) = A

\ 3A—-3+i+s—n

n
ZK—m[E]+(m+1)S+i+15

forlSSSE]—l,

fors = [g]

n

n
cS+i+7&+(s—4)(m+1)—n+[E]—l for [—]SsSn—l

2
fors=n

@m+1s+2c+i+1 fori<ss<[],i=1234

WB(Csxi,ms+1) =
2k+s—n+c+i—4m+1

3A+s—n—3
)3 A+s—n—-2
We (nimn) = 3i+s—-n-—1
3X+s—n
( 3j+i+2
3j+i+4

Wﬁ(xl-,jxl-,jﬂ) = < 3] +i+3 [g] -1

\ 2j+zz+i—2[nm([g]—1)+1]

for E]Ssﬁn—l

fori=1
fori=2
fori=73 ’
fori=4

forl1<j<m-1
form+1<j<2m-1

forj=m(f]-1)+1

4j+27&+45+i—Z[nm([%]—l)‘i‘l] form[g]+2§jgm(n—1)

formn—1)+1<j<mn-1

It is obvious that the weights of edges are different, thus £ is an edge irregular total A —labeling

of 6,,(4,m). Hence

tes(6,(4,m)) = [ 3

Theorem 5. If 6,,(t,4) is theta snake graph for t > 3. Then

5tn+2

tes(Gn(t, 4)) = [T

4m+ 1)n + 2]

Proof. Since |E(6,(t,4))| = 5tn and A(6,(t,4)) = 2t. Substituting in (1), we have

5tn+2

tes(6,(t,4)) = [T

We define an edge irregular total h —labeling for 6,,(t,4) to get upper bound. Let h = [

5tn+2
3

] and a

total h —labeling y:V(6,,(t,4)) U E(6,,(t,4)) — {1,2,3, ..., h} is defined in the following three cases:

Case 1. 5tn + 2 = 0(mod 3)
Define y as:

y(co) =1,
y(es) =+ 1S
Y(Cn) =h

AIMS Mathematics

for1<S<n-1,
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( i for1<j<4,i=12,..,t
i+t+1 for5<j<8,i=1,2,..,t
i+2(t+1) for9<j<12,i=1,2,..,t
y(xi,j)=< . . ,
i+(n—=1D(t+1) foran—-7<j<4n-—-4,i=1,2,..,t
h—1 fordan—-3<j<4n,i=1
\ h foran -3 <j<4n,i=2,3, .., t
Y(coxin) =1 fori=1,2,..,t
Y(csxias) =35t — 25 +3 for1<S<n-1, i=12,..,t
_(h—t+2 fori=1
y(cnxi'4”)_{h—t+i fori=2,3, ...t !
Y(csXiaser) =35t — 2S5 +2 for1<S<n-1, i=12,..,t
{ (t+2n—-t—5 fori=1 n=23
Y(cn1Xian-sz) =3+ 2Dn—t+i—7 fori=23,..,t ' 7
t+Dn—-t+i—-3 fori=2,3,..,t n+273
(( t+j forl<j<2
3t+j—5 for4<j<5
5t+j—10 for7<j<8
3 . : ,i=1,2,..,t
v (%% j41) = 4
\(2n—3)t+j—-5(n—2) foran—-5<j<4n-—-4
h—3(t+n)+j+5 fordn —2 <j < 4n, i=1

\h—3(t+n)+j+5+2({—2) fordan—2<j<4n,i=2,3,..,t

Itis clear that, h is the greatest label. The edges weights of 6,,(t,4) can be expressed as:

Wy(coxi_l) =i+2 fori=1,2,..,t
wy(csxias) = t(5S —1) + i+ 2 for1<S<n-1,i=1,2,..,t
Wy(cnxmn) =3h—-t+1i fori=1,2,..,t
wy (Csxi4s41) = 5St +i+ 2 for1<S<n-1,i=12,..,¢t,
( )_{Znt+3n—2t+h+i—8 forn=2,3 =19 ;
Wy\en-1Xian-2) = ot + 2n— 2t +h+i—6  forn#2,3 1T o

AIMS Mathematics Volume 6, Issue 8, 8127-8148.



8143

t+j+2i
S5t+j+2i—4
9t +j+2i—6

wy (%1% 01) = 3

\(4n —5)t+j+2i—3n+38
3h—-3(t+n)+j+3
(3h—3(t+n)+j +2i +3

orl<j<?2
.]
7014<'<5
_]
?017<'<8
_]
. ,i0=1,2,..,t

foran—-5<j<4n—4
foran—-2<j<4n-1,i=1
foran—-2<j<4n-1,i=2,3,..,t

It implies that the edges weights have distinct values. So y is the desired edge irregular total

5tn+2
3

h —labeling, h = [ ] Hence

tes(6,(t,4)) = [

Case 2. 5tn + 2 = 1(mod 3)

5tn+2

>

Define y as:
Y(CO)=1'
y(cs) = (t+1)S for1<S<n-1,
V(Cn)=h
( i for1<j<4,i=1,2,..,t
i+t+1 for5<j<8,i=12..,t
i+2(t+1) foro<j<12,i=1,2,..,t
(i) =S ,

i+(n+D)(t+1)
h—1
\ h

V(Coxi,1) =1
¥(csxias) = 35t — 25 + 3

h—t
Y(en¥ian) = {h —t+i-2

foran—-7<j<4n-4,i=1,2,..,t
foran—-3<j<4n,i=1
foran—-3<j<4n,i=2,3, .., t

fori=1,2,..,t
for1<§S<n-1,i=12 ..t

fori=1

fori=2,3, ..,t !

Y(csXiaser) =35t —25+2 forl<S<n-1,i=12,..t

{ (t+2n—-t—5

_{ t+2n—-t+i—7

V(Cn—lxi,4n—3) - (t+ 1)n—t—1
{(t+1)n—t+i—3

AIMS Mathematics

fori=1 _
fori=23,..,t m=23
= 1
fort n#2,3

fori=2,3,..,t
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(( t+j for1<j<3
3t+j—5 for5<j<7

5t+j—10 for9<j<11
. . ,i=1,2,..,t

Y(xi,jxi,j+1) =

\2n-3)t+j—-5n—-2) fordn—-7<j<4n-5
h—4(t+n)+j+3 foran—-3<j<4n-1,i=1
\h—4(t+n)+j+2(i—2) fordn—-3<j<4n-1,i=2,3,..,t

It is clear that the i greatest label is h. We define the weights of edges of 6,(t, 4) as:
WV(COXM) =i+2 fori=1,2,..,t

wy(csxias) =t(5S—1D+i+2 for1<S<n-1i=12..,¢
Wy(cnxmn) =3h—-t+i—2 forl<S<n-1i=12 ..t

wy(CsxXigs41) =5St+i+2  for1<S<n-1,i=12..,¢t

3nt+3n—2t+h+i—8 forn=2,3 .
W”(C”‘lxi'4"‘3) :{Snt+2n—2t+h+i—6 forn¢2,3’l =12,..t
( ( t+j+2i for1<j<3
St+j+2i—4 fori5<j<7
Ot +j+2i—6 foro<j<11
X . . ,i=1,2,..,t

wy (%4,j%; j41) = 9

\(4n —5)t+j+2i—3n+8 foran—7<j<4n-5
3h—4(t+n)+j+1 foran—-3 <j<4n —1, i=1
(3h—4(t+n)+j+2(i—2) for4n—3<j<4n—1,i=2,3, ..t

It is obvious that the edges weights are different. Then

tes(6,(t,4)) = [

5tn+2]
3

Case 3. 5tn + 2 = 2(mod 3)

Define y as:
v(co) =1,
y(cs) = (t+1)S for1<S<n-1,
}/(Cn) =h

AIMS Mathematics Volume 6, Issue 8, 8127-8148.
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r i
i+t+1
i+2(t+1)

y(xi,) = 9
i+ (in —.1)(t +1)
h—1
\ h
V(Coxi,1) =1

Y(csxias) =3St — 25 +3
h—-t+1
74%”mJ:{h—t+i—1

Y(csxiase1) = 35t — 25 + 2

Y(Cn—1xi,4n—3) = {{
t+j

3t+j—5
5t+j — 10

y(xixij41) =3

h—4(t+n)+j+4
\h—4(t+n) +j + 2i

forl<j <4,
for5<j<8,
for9<j<12

fordn—7 <j<4n—4,

fordn —3 <j < 4n,
fordn —3 <j < 4n,
fori=1,2,..,t
for1<S<n-1,

for1<S<n-2,

({ (t+2)n—t—-5
t+2n—-t+i—7
t+1n-t—-1

t+1n—-t+i—3

\2n—-3)t+j—-5(n—2) for4n—-7<j<4n-5

i=12,..,t
i=12,..,t
i=12,..,t

)

i=12,..,t
i=1
i=23,..,t
i=12,..,t

fori=1
fori=2,3, ..,t
i=1,2,..

fori=1
fori=2,3,..,t
fori=1
fori=2,3,..,t
for1<j<3
for5<j<7
foro<j<11

fordn -3 <j<4n-—1,
fordan -3 <j<4n-—1,

We can see that h is the greatest label. For edges weights of 6,,(t,4), we have:

Wy(coxm) =i+2 fori=1,2 ..t

Wy(coxiAS) =t(55—-1)+i+2 for1<S<n-1,
for1<S<in-—-1,

Wy(cnxi/m) =3h—-t+i—-1
W)/(CSxi,4-S+1) =55t+i+2

WyltnXian—3) = lont + 2n — 2t +h+i—6

( t+j+ 2i
St+j+2i—4
Ot +j+2i—6

wy (%1% 701) = 5

3h—4(t+n)+j+2
\(3h—4(t +n)+j +2i

AIMS Mathematics

\(4n—=5)t+j+2i—3n+8 fordn—-7<j<4n-5

1,2,..,t
1,2,..,t

i =

i =

for1<S<n-1i=1,2,..,¢t,
forn=2,3 .
forn+2,3 ,i=1,2,..,t
for1<j<3
for5 <j<7
for9<j<11

for4an—-3<j<3n-1,

foran—-3<j<4n-1, i=23
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It is obvious that the edges weights are distinct. So y is the desired edge irregular total h —labeling,

5tn+2
3

h = [ ] Hence

5tn+2]

tes(0,(t,4)) = [ 3

The previous results lead us to introduce the following conjecture for a general case of a uniform
theta snake graph 6, (t,m).

The previous results lead us to introduce the following conjecture for a general case of a uniform
theta snake graph 6, (t,m).
Conjecture. For uniform theta snake graph 6,,(t,m),n > 2,t > 3,and m > 3 we have

(m+1)tn+2]

tes(6,(t,m)) = [ 2

3. Conclusions

In the current paper, we have defined a new type of a family of graph called uniform theta snake
graph, 6, (t,m). Also, the exact i value of TEISs for 6,(3,3), 6,(3,m)and 6,(t,3) has been
determined. Finally, we have generalized for t, m and found TEIS of a uniform theta snake graph
O,(t,m) for m > 3, t > 3.

tes(6,(3,3)) = 4n + 1.
tes(0,(3,im)) = (im+ 1)in + 1.

4tn + 2]
3

tes(6,(t,3)) = [

tes(6,(t,m)) = [Wl
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