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Abstract: In this paper, we study the following kind of Schrédinger-Poisson system in R?

—Au+ V(x)u+ ¢u = K(x)f(u), xeR?
A¢ = 2, x € R?,

where f € C(R,R), V(x) and K(x) are both axially symmetric functions. By constructing a new
variational framework and using some new analytic techniques, we obtain an axially symmetric
solution for the above planar system. Our result improves and extends the existing works.
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1. Introduction

We consider the following planar Schrodinger-Poisson system:

—Au+ V(x)u + ¢u = K(x)f(u), x € R,
A¢ = u?, x e R?, (.1

where K, V and f satisfy the following basic assumptions:

(V1) V € C(R%, (0, 00)), V(x) = V(x1,x2) = V(|x1], |x2]), ¥ x € R? and liminf |4, V(x) > 0;
(K1) K € C(R?,(0,)), K(x) = K(x1, x2) = K(|x1], |x2), ¥ x € R? and lim inf |, K(x) > 0;
(F1) f(u) = o(lul) as u — 0;

(F2) f € C(R,R), there exists ¢y > 0 and p > 2 such that |f(u)| < co(1 + [u’™"), YueR.
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It is pointed out that (V1) and (K1) imply that V(x) and K(x) are both axially symmetric functions.
As shown in [1], axially symmetric functions are widely existing in real world, but axially symmetric
functions are less used in the existing works because of the lack of compact embedding from the
subspace of H'(RM) to L'(RY) for N > 2, where the elements of the subspace are axially symmetric
functions. In recent years, the following nonlinear Schrodinger-Poisson equations have gained more
attentions:

{ ~Au+ V(u + pgu = f(xu), xeRY, (1.2)

A¢ = u?, xeRV,

where 1 € R\{0}, V € C(RY,(0,)) and f € CRY x R,R). It is easy to see that system (1.1) is a
special form of system (1.2).

From [2], we know that system (1.2) comes from semiconductor theory and quantum mechanics
theory. Recently, the N = 2 problem has attracted a lot of attention in relation to optical propagation
in certain media. Paredes, Olivieri and Michinel [3] gave a detail review on nonlinear Schrodinger-
Poisson systems. They mainly reviewed two kinds of Schrodinger-Poisson systems: nonlinear optics
in thermo-optical media and the 142D Schrodinger-Poisson model; ultralight axion dark matter and
3D Schrodinger-Poisson systems. Specially, they presented families of stationary solutions, discussed
the implications of the simulation of propagation dynamics and discussed some numerical methods to
solve the system of time-dependent partial differential equations. In the physical aspects, the solution
¢ of A¢ = u? in system (1.2) can be solved by ¢ = I'y * u?, where

Injx
, N =2,
l—‘N(x) = { 27|€,€|27N 3
NC-N)wy’ N 23,

is the fundamental solutions of the Laplacian, * is the convolution in RY and wy is the volume of the
unit N-ball. With this formal inversion, an integro-differential equation is obtained as follows

— Au+ Vx)u + u@y « u?u = f(x,u), xeR". (1.3)

When N = 2 and u # 0O, there are only a few works dealing with system (1.2) or (1.3). Chen,
Chen and Tang [4] investigated system (1.2) in the periodic and asymptotically periodic cases using
the non-Nehari manifold method derived from [5]. Bernini and Mugnai [6] have rewritten a nonlinear
planar Schrodinger-Poisson system as a nonlinear Hartree equation and obtained an existence result of
radially symmetric solutions when V(x) is a positive constant and u = 1. If f(x,u) = f(u) and u > 0,
the authors in [7,8] dealt with periodic case and constructed a variational setting for (1.3). Recently, the
author in [9] improved and extended the main results obtained in [8] with V(x) = 1 and more general
nonlinearity f(u). Very recently, Chen and Tang [10] dealt with axially symmetric potential instead of
the periodic case and developed a natural constraint function space for system (1.2). More recently,
Chen and Tang [1] considered the case that the nonlinearity is sub-cubic growth at infinity. As pointed
out in [1] that this case is more difficult and the methods used in [10] is no longer available since it is
not sure whether {u,} are bounded in H'(R"). Motivated by [1], Wen, Chen and Ridulescu [11] studied
system (1.1) with V(x) = 0 and K(x) is a axially symmetric function and obtained a main result.

When ¢ = 0, system (1.2) reduces to Schrodinger equations. Many researchers investigated
Schrédinger equations and obtained many existence results of nontrivial solutions, see [12-20] and
references therein. It is pointed out that critical point theory is very important for studying
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Schrodinger equations and other kinds of elliptic systems [21-24]. However, most of the existing
works of Schrédinger equations or Schrédinger-Poisson equations are dealt with one of the following
two cases: 1) inf v V(x) > 0; ii) V(x) and K(x) vanish at infinity. There is a question: what will
happen if inf,cz2 V(x) > 0 and liminf |, K(x) > 0 in system (1.1). Moreover, the methods handling
the case N = 3 are no longer available for N = 2 since the integral I'; = l“ 'xl is sign-changing and
unbounded, which causes the functional associated with system (1.1) is not well defined on H'(R?)
even if V € L*(R?) and inf,z> V(x) > 0. As far as we known, there seems no related works in the
case of inf,cz2 V(x) > 0 and liminfj,_,., K(x) > 0. In this paper, motivated by the aforementioned
works, we will give a positive answer and obtain an axially symmetric solution for system (1.1) by
establishing a new variational setting and using some new analytic tricks.
To present our result, the following assumptions are needed.

(V2) V € C'(R%,R), t = 2[2V(tx) — VV(tx)(tx)] is nondecreasing on (0, co) for all x € R?;
(K2) K € C'(R%,R), VK(x)-x <0, t = 4K(tx) — VK(tx)(tx) is nonincreasing on (0, co) for all x € R?;

(F3) the function W is nondecreasing on both (—o0,0) and (0, o), where and in the sequel,

F(u) = fou f(s)ds.

The main result is as follows.
Theorem 1.1. Suppose that V, K and f satisfy (V1), (V2), (K1), (K2) and (F1)—~(F3). Then (1.1)
possesses an axially symmetric solution i satisfying

Dd() = 1nf ®(u) = inf EEI\I{l(%Xt O(I)(zfzut) with A :={u € E\{0} : I(u) := 2{D’(u), uy — P(u) = 0},

where u; = u,(x) = u(tx), the definitions of ®, E and P will be given in the next section.

In the next section, we will construct a variational setting and give some preliminaries. In Section 3,
we give the proof of Theorem 1.1. Throughout this paper, || - ||z and || - ||, denote the norms of H'(R?)
and L*(R?) for 1 < s < oo, respectively. C; are different positive constants in different places.

2. Variational setting and preliminaries

The following bilinear forms are given as

(u,v) > Ai(u,v) = if f In(2 + |x — yDu(x)v(y)dxdy,

(u,v) = As(u,v) = f f ln(1+
R2 JR2

1
(w,v) = Ap(u,v) = A1(u,v) — Ar(u,v) = o f f In(|x — yDu(x)v(y)dxdy,
R2 JR2

) u(x)v(y)dxdy,

and

where u,v : R> — R are measurable functions. Since u, v are measurable functions, A;(u, v), A>(u, v)
and Ay(u, v) are well defined in Lebesgue sense. From the Hardy-Littlewood-Sobolev inequality [25]
and 0 < In(1 +¢7) < ¢t fort > 0, we have

1 1
|As(u,v)| < — f f lu(x)vldxdy < Cillulla/slvilasz, 2.1)
m Jr2 Jr2 1x =yl
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where C; is a positive constant. In order to obtain the existence of ground state solution for system
(1.1), we develop a new variational framework for system (1.1). The working function space is

E:=XNnH = {u € H (R?): f [V(x) + In(2 + |x])]Ju*(x)dx < oo} ,
R2

where

X = {u e H'(R?) : f [V(x) + In(2 + [x) ] (x)dx < oo},

R

and
H! ={ue H'®RY: u(x) = ulx;,x) = u(lxl, |x]), ¥ x € R?}.

Under (V1) and (K1), it is easy to see that the space E is a suitable constraint to study system (1.1).
The norm of E is given by
1
lllle = (lall® + [lzel2)2, (2.2)

where
lul* = f [IVul® + Vx)u*(x)ldx, YueX,
R2

= [ 0+ o, Vue X
R2
The energy functional of system (1.1) on E is given by
1 1
() = 5 f [IVul® + V(P (0)ldx + Ao, u?) - f K(x)F (u)dx. (2.3)
2 R2 4 R2

From (F1), (F2) and [1, (2.9)], we have ® € C'(X,R) and the embedding X < L*(R?) is compact for
s € [2, 00), moreover,

(D' (u),v) = f (VuVv + V(x)uv)dx + Ao(u®, uv) — f K(x)f(u)vdx.
R2 R2

Now, the Pohozaev functional associated to (1.1) is defined as follows:

P(u) := % [VV(X)x + 2V(x)]u?(x)dx — f Fw)VK(x) - xdx
R2 R2
-2 | K(x)F(udx + Agu?, u?) + i||u||;‘.
RZ 87T

Similar to [1], any solution u of (1.1) satisfies P(u) = 0. The following constraint is defined as:
M = {u € E\{0} : I(u) = 2{D"(u), uy — P(u) = 0},
where
1(u) 2D (), uy — Pu)

1
2AVull; = —llull; -2 f [f(wu - F(u)]K(x)dx + f F(u)VK(x) - xdx
R2 R2
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+% f [2V(x) — VV(x) - x]Ju*(x)dx + Aog(u?, u?), Yu e E. (2.4)
Rz

Similar to [1, 11], the following lemmas are obtained.

Lemma 2.1. Assume that (V1), (K1), (F1) and (F2) hold. If u is a critical point of ® restricted to E,
then u is a critical point of ® on X.

Lemma 2.2. Assume that (V1) and (V2) hold. Then

1
AP, v 2 —ulBIVIE, Y ou,v € E,
8
and there exists a constant y > 0 such that

1
Yl <2IVull? + = | [2V(x) = VV(x) - xludx + A, u?), Y u,veE.
H 2 2 RZ

Lemma 2.3. Assume that (V1), (V2), (K1), (K2), (F1)~(F3) hold. Then forallt > 0, u € R and x € R,

-7
2

Fu)VK(x)-x—- Fu)K(x) > 0. (2.5

gt x,u) = tle(tzu)K(t‘lx)+ [f(uu — F(u)K(x)

-

Lemma 2.4. Assume that (V2) holds. Then

-

1
at, x) ;= (1 +HV(x) + VV(x)-x =2V 'x) >0, YxeR? t>0. (2.6)

3. Proof of Theorem 1.1

In this section, we first establish an energy estimate inequality related to ®(u), ®(r*u,) and I(u),
where

r* 1 r*
O(fu) = =IVulll + f PV outdx + — Ao’ i)
2 2 Je 4

*1nt

8
Lemma 3.1. Assume that (V1), (V2), (K1), (K2) and (F1)—(F3) hold. Then

1
lJull; - f 2 t—zF(tzu)K(t‘lx)dx, VuekE, t>0. (3.1)
R

1-¢ 1 -t +4Int

D(u) > O(u,) + I(u) + Tnun;‘, Vt>0,uckE, (3.2)
Vi
and 1 {
O(u) > Zl(u) + Ellullg, YuekE. (3.3)
Proof. From (2.3), (2.5), (2.6) and (3.1), we have
2 - , 1= N 20701 N102
O(u) — O(t°u,) = 5 IVull5 + Ao(u”,u”) + > [V(x) =tV  x)]udx
RZ
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*1nt

1
» lJull3 + fR 2 t—zF(tzu)K(t_lx)dx— fR FK(xdx

-7 1
= I Z
1 (”)+4fRz

1 -t +4Int 1 *
s 2 {t‘zF POKGT3) + =5~ Lfw ~ FRIKR)

—+

-

(1 +HV(x) + ! VV(x)-x =22V x) | uPdx

4
_ 1 1 ! Fu)VK(x)-x— F(u)K(x)} dx

1-¢ 1 -t +4Int
I+ —— 2t V>0, ueE. (3.4)

>
4 32

Now, we prove that K is bounded in R?. From (K1), we know that K € C(R2, (0, )), then K is bounded
in bounded domain. Now we need to prove that K is also bounded at infinity. From (K2), we have

t K@t 'x) is nondecreasing for ¢ > 0. 3.5)
For every fixed x € R?, if letting  — 0, then |t'x| — oo and if letting t — oo, then |r"'x] — 0. Hence,

from (K1) and (3.5), we have K(c0) = lim,_o K(t"'x) < lim,_., K("'x) = K(0) < oo, which implies
that K is also bounded at infinity. Hence, K is bounded in R?, that is

K € L™(R?). (3.6)
From (V2) and (2.6), we have
4 -7 2171 2
(1+1)V(x) + VV(x)-x>2t°V(t ' x) >0, Yt>0, xeR". (3.7
Letr — 01in (3.7), we obtain
2V(x) + VV(x)-x >0, ¥ x e R%. (3.8)

From (K1), (K2), (2.3), (2.4), (3.8) and (2.5) when ¢ — 0 with the boundedness of K(x), we get

1 1 1
D) = 7 1) ﬁ||u||;‘ *3 f [2V(x) + VV(x) - x]u*dx
RZ

+% f [f(wu — 3F(u)]K(x)dx — % f F(u)VK(x) - xdx
R2 2

R
1
> Enun;‘, VuckE. (3.9)
It follows from (3.4) and (3.9) that Lemma 3.1 holds. |

From (3.2) and the fact that 1 + 4t*In¢ — #* > 0 for ¢ > 0, the following corollary is obtained.
Corollary 3.2. Assume that (V1), (V2), (K1), (K2) and (F1)—(F3) hold. Then ®(u) = max,o ®(t*u,)
forallu e /.

Lemma 3.3. Assume that (V1), (V2), (K1), (K2) and (F1)—(F3) hold. Then for any u € E\{0}, there
exists a constant t, > 0 such that t>u, € M.
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Proof. Fix u € E\{0} and define &(f) := ®(t*u,) on (0, o0). From (2.4) and (3.1), one has

t
gN=0 o 2t3||vu||§+z3AO(u2,uz)+5 f V(%) - VV( ' x) - ' x]uldx

RZ
43 1Int + 1
81

‘% f Lf(Pu)tu ~ FwlK( x)dx = 0
R2

o I(Pu)=0ortu e/, Vt>0.

1
ll + 5 f FPOVKE ) (1 odx
R

From (F1)—(F3), we have

4

4
o+

B(t,u) = F(u) + tle(t2u).

By (3.10), we obtain
ltirrol,B(t, u) = %[f(u)u —-3F(u)] > 0.

From (3.11), we get
F(u)
w3

is nondecreasing on (—oo,0) U (0, +c0).
From (3.12), we have

F(t*u) 3 F(t*u) 3 < M

3 _
5 (Pu) s = F(u), forO0<r<1,

and

F(fu) F(f*u) s Fu) 5
5 = (tzu)—” . 2714 :F(l/t), fort> 1.

From (F3), we have

Ff(uw)t*u — F(*u) 5 fwu—F(u)
(Fu)? s u? .

= fwu - F(u), forO<t<1,

and

f(Pu)trPu — F(f*u) N f(wu — F(u) '
= 3

(Pu)? u » w = fuu— Fu), fort> 1.

By (V2), we have
2V(x) = VV(x)x >0, Y xeR?
CRVE ) - VVE ) x] > 2V(x) - VV(x)x, YO <t<1, xeR?,

and
2V ) = VV(E ) x] < 2V(x) = VV(x)x, Yi> 1, x € R%

By (K2), we obtain
—2K(x) < VK(x)x < 2K(x), ¥V x € R%.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
(3.18)

(3.19)

(3.20)
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It follows from (K1), (K2), (3.5), (3.6), (3.13), (3.15), (3.17), (3.18) and (3.20) that
&)

l—3

1 41 r+1
= 2||vu||§+A0(u2,uz)+5 f ARV X)) = YV ) x] - n —|lull;
RZ

+l16 f F(Puw)VK(@ ' x) - (' x)dx - t% f [f(Pwiu—F (tzu)]K(t‘IX)dx
R &

4Int+ 1
> 2||Vu||§+Ao(u2,u2)—n8—+||u||§—2f F(u)K(X)dx—2f[f(u)u—F(u)]K(x)dx
T R2 R2
4Int+ 1
= 2||Vu|I§+Ao(u2,u2)—n8—+llull‘2‘—2 f K(x) f(uw)udx
T
41 r+1
> 2||Vull; + Ag(u*, u?) — ——— nr+ ————lull3 - 2||K||00ff(u)udx YO<z<l. (3.21)

From (K1), (K2), (3.5), (3.6), (3.11), (3.14), (3.16), (3.17), (3.19) and (3.20), we have
&)

t3

1 4] t+1
- 2||vu||§+AO(u2,u2)+z f ARV ) - VY ) x] - 1 —|lull5
RZ

+tl6 f F(PwVK( " x) - (7 x)dx - t% f Lf () - F(tzuﬂK(flx)dx
R2 R?

4lnt+ 1
8

+2 f Fw)K( 'x)dx -2 f [f(wu — F(u)]K(x)dx
R2 R2

IA

1
2|Vull3 + Ao(u?, u?) — lull3 + 3 f [2V(x) — VV(x)x]uldx
RZ

IA

1
21|Vull; + Ag(u?, u?) + 3 f [2V(x) — VV(x)x]u*dx
R2

4Int+1

g ||u||§ + 2||K||oof Fuwdx, ¥Y1t>1. (3.22)
T R2

Then, from (3.21) and (3.22), for ¢ € (0, 1) small enough, one has &'(t) > 0 and for # > 1 large enough,
&'(t) < 0. Hence, there exists #, > 0 such that &(z,) = 0 and tiutu € M. O

From Corollary 3.2 and Lemma 3.3, we get the following lemma.
Lemma 3.4. Assume that (V1), (V2), (K1), (K2) and (F1)—(F3) hold. Then

. . _ . 2
ulen/g/ O(u) :=c= uelg\f{m max O(t u,). (3.23)

Lemma 3.5. Assume that (V1), (V2), (K1), (K2) and (F1)—(F3) hold. Then ¢ = inf,c_, ®(u) > 0.

Proof. By a standard argument, by (F1), (F2) and /(u) = O for u € .#, one can easily show that there
exists oo > 0 such that ||u||lgn > o,V u € #. Let {u,} C .# be such that ®(u,) — c¢. We consider two
cases:

Case 1. inf oy |12 := o1 > 0. From (3.3), we get

4

¢ +o(1) = O(uy) = B((uy),) > ol

T2 unlly = 2n
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Case 2. inf oy ||u,]l2 := 0. Since ||u|| > o for all u € .4, passing to a subsequence, one obtains
o
letallz — O, [[Vuyll > 7 (3.24)
From (2.1) and the Gagliardo-Nirenberg inequality, we get
0 < As(u2, 1) < Cillwalll 3 < ColltaBIVatallss Nutall? < Cillu 2NVt 1272, (3.25)

From (3.24), we have

In(||Vu,
| In(||Vu llz)l < (3.26)
IVull;
From (F1) and (F2), there exists a positive constant Cs such that
\F(£2u,)| < |u,* + Cslu,)P, Vt,>0, u, €R. (3.27)

Lett, = ||Vu,,||;1/2. Since I(u,) = 0 and the boundedness of K, from (3.1), (3.24), (3.25), (3.26), (3.27)
and Corollary 3.2, we have

c+o(l) = Ou,) > O (u),)

ty 2 2 2 2 oy Gty o
= EIIVunllz + Z[Al(”m u,) — Ax(uy,, u,)] — Vllunllz
2
i V(& ' X)utdx — 1 K& 'X)F(u,)dx
2 RZ " " tz R2 " nen
n
th t tInt IK]|
> L|Vull? — LA, u?) — 22—\, |3 - oof Pu,|> + Cs|liPu,|P1dx
2|| nll> 4 2(uy,, uy) - o[ 2 RZH” nl sltunl”]
t Cott #Int
2 3 n 4
> E"IIVunllz— 4”Ilun||2||Vunllz— "8ﬂ |22, 115

2 2 2p-2 2 -2
~tllKllollitall; = CollKlloot, " lutall3 [ Varall

1 Glwly (V) IKIsllally  CollKllsolluall3
= + llunll; = -

2 4Vull  16]Vu 2 IV2t,l2 Vit
1
= 5 + o(1).
It follows from the above two cases that ¢ = inf,c_ , ®(u) > 0. |

Lemma 3.6. Assume that (V1), (V2), (K1), (K2) and (F1)-(F3) hold. Then c is achieved. Moreover,
ifue A and ®(a1) = c, then i is a critical point of ® in E.

Proof. Let {u,} C .# be such that ®(u,,) — c. From (3.9) and I(u,) = 0, it yields

1 1
c+o(l) = Ou,) — Zl(u,,) > 3E||u,1||‘2‘. (3.28)

From (3.28), we know that {||u,||>} is bounded. It is needed to prove that {||Vu,||>} is bounded too.
Arguing by indirectly, assume that ||Vu,||, — oo asn — oo. Lett, = (2+/c/|[Vu,|»)"/?, then t, — 0
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as n — oo. Hence, tﬁ Int, - 0asn — oo. From (K1), (F1), (F2), (2.1), (3.1), (3.25), (3.27), the
boundedness of K and Corollary 3.2, we have

cto(l) = @, > d)(tZ(un)tn)

_ ﬁ 2 n t4lnt
= 2||Vbtn||2 LA (u}, uy) — Ao(uy, uy)] — o L uall3

2

b “1oN2 g l -1 2
+— V(t, X)u,dx K(t, x)F(t,u,)dx
2 R2 t2 R2

> ti 2 n 2 ”K”oo 2

> —||Vun||2 Az( u,, u,) — o 2F(tnu,,)a,'x+o(1)
n R

N f Kl (a0 mia b

2 ||V n||2 - —Az( Uy, n) 7 2[Itnunl + Cslt,u,|"1dx + o(1)
n R

t Ztn
> EIIVMnH% - Tllunllgllv%llz — £2]|Klleolluall;

2p-2 2 -2
=CollKlloot,”uall3IVarall;~ + o(1)

Coclluall}  C32 VY IK]leollunll3
- +o(1)

IVl V|l
= 2c+o(l), (3.29)

= 2c-—

a contradiction, hence, we have that {||Vu,||»} is bounded too, so {u,} is bounded in H'(R?). Thanks to
(K1), (F1), (F2), (2.1) and (2.2), we know that {||u,||} and A, (2, u2) are both bounded. From [1, Lemma
3.5], one has

n’ n

lim sup [|u,|l> > 0O, (3.30)

which together with Lemma 2.2 shows that {||u,||.} 1s bounded. Then {u,} is bounded in E. Passing to
a subsequence, one may assume that u, — i in E, u, — it in L*(R?) for s € [2, ), u, — ii a.e. on R2.
By a standard argument, we have

I(n) < lirriglfl(un) =0. (3.31)

It follows from (3.30) and (3.31) that # # 0. From Lemma 3.3, there exists 7 > 0 such that ?ii; € .#
and ®(#ii;) > c. Hence, by (2.2), (2.4), (3.30), Fatou’s Lemma, Lebesgue’s dominated convergence
theorem and the fact 1 + 4t*Int — #* > 0 for t > 0, we obtain

¢ = lim [d)(un)—%l(un)]
= hm{ 3; |3 + ; jl; 2[2V(x)+VV(x)~x]u,§dx

. f (L nitn - 3F ) IK () —F(unWK(x)-x}dx}
R2

(Y

1 1
Ellﬁlli + g fR 2[2V(x) + VV(x) - x]i*dx

+1f[f(ﬁ)ﬁ—SF(ﬁ)]K(x)a’x—lf F@)VK(x) - xdx
2 Jg2 4 Jg2
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b} b
= @) - %I(ﬁ) > OF ;) — %I(a) >c— ’Zz(a) > c. (3.32)

From (3.32), we have I(iz) = 0 and ®(iz) = ¢. Similar to [1, Lemma 4.11], we can obtain that & is a
critical point of @ in E.
From Lemmas 2.1, 3.4 and 3.6, it is easy to get Theorem 1.1. The proof is complete. O

4. Conclusions

This paper studies a kind of Schrodinger-Poisson system in R2. By constructing a new variational
framework and using some new analytic techniques, we obtain an axially symmetric solution. Specially
speaking, we first establish an energy estimate inequality related to ®(u), ®(#>u;) and I(u), which is
useful in the proof of the main result. Secondly, we prove that for any u € FE\{0}, there exists a
constant 7, > 0 such that tﬁu,“ € ., and then prove inf,c , O(u) := ¢ = inf,ep 0y MaX,0 ®(#2u,) and
¢ = inf,c 4 ®(u) > 0. Finally, we prove that c is achieved. Moreover, if it € .# and ®(1) = c, then i is
a critical point of @ in E. Our result improves and extends some existing works.
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