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1. Introduction

LetD = {z € C: |z] < 1} be the open unit disk in the complex plane C, H(D) denote the class of all
analytic functions in D. Let ¢ be a complex-valued function in the plane C. The superposition operator
S 4 defined as follow (see [2]):

Definition 1. Let X and Y be two metric spaces of H(D) and ¢ denote a complex-valued function in
the plane C such that ¢ o f € Y whenever | € X, we say that ¢ acts by superposition from X into Y and
the superposition operator S , on X is defined by

Se(f)=¢of, fex (1.1)

Observe that if, X contains the linear functions and Sy maps X into Y, then S, must be an entire
function.

The problem of boundedness and compactness of S, has been studied in many Banach spaces
of analytic functions and the study of such operators has recently attracted the most attention (see
[1,6-8,15,16] and others).
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Now, we will introduce a class of nonlinear operators as follows:

Definition 2. Let n be a nonnegative integer, u € H(D) and ¢ is a non constant analytic self-map of D.
The weighted differentiation superposition operators (DS ,f)(2) defined as

(DLSsN@) = u@p" (f(), ze€D, feHMD). (1.2)

The Bloch type space defined as follows (see [13, 16]).

Definition 3. An analytic function fis said to belong to the Bloch space B if

sup(1 = |z1*)|f'(2)| < oo, (1.3)

zeD
while the little Bloch spaces By C B consisting of all functions analytic in D for which
Izlli_{rll_(l —P)If' @) = 0.
Now we present the needed spaces and some facts. The Hardly space can be defined as follows
(see [17)).

Definition 4. The space H* denotes the space of all bounded analytic functions f on the unit disk D
such that

I flle = sup|f(2)] < oo.

zeD

Definition 5. Let Z denote the space of all f € H(D) N C(D) such that

i0+h i0-h _ i0
s = sup L+ L@ =20

2
z€D h

where the supremum is taken over all ¢ € 6D which denote the boundary of D and h > 0. By the
Zygmund theorem and the closed-graph theorem (see [5], Theorem 5.3), we see that f € Z if and only

if

sup(1 — [zP)|f"(2)] < oo.

zeD

Moreover, the following asymptotic relation holds:

Ifllz = sup(1 = Z*)|f" (2] < o, (1.4)

zeD

Therefore, Z is called the Zygmund class. Since the quantities in (1.4) are semi norms, it is natural
to add them the quantity [f(0)| + [f”(0)| to obtain two equivalent norms on the Zygmund class.The
Zygmund class with such defined norm will be called the Zygmund space. Some information on
Zygmund type spaces on the unit disk and some operators on them can be found in ( see [3, 10-12]).
This norm will be again denoted by || . ||z. The little Zygmund space Z, was introduced by Li and
Stevi¢ (see [9]) in the following natural way:
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f€Zy e lim|(1-1PIf" @] =0.

It is easy to see that 7 is a closed subspace of Z and the set of all polynomials is dense in Z.

Now, we will introduce the definition of boundedness and compactness of the operator D;S, :
H* - Z.

Definition 6. The operators DS, : H* — Z is said to be bounded, if there is a positive constant C
such that ||D.S 4 fllz < Cllflle for all f € H®.

Definition 7. The operators DS s : H* — Z is said to be compact, if it maps any function in unit disk
in H* onto a pre-compact set in Z.

The notation a < b means that there is a positive constant C such that a < Cb. Also, the notation a
=< b means that a < b and b < a hold.

In this paper, we study a concerned class of weighted differentiation superposition operators D/S ,.
Furthermore, It has made the discussions on the boundedness and compactness property of the new
class of operators from H* to Zygmund spaces. Finally, it has also provided the conditions which
grant the product operators D/S , be bounded and compact.

2. The Boundedness of DS, : H® — Z

Now we characterize the boundedness of the operators DS, : H* — Z.
First we enumerate several useful lemmas. The first one below is well-known.

Lemma 1. (see( [13])) Assume that f € H*®. Then for each n € N, there is a positive constant C
independent of f such that

sup (1= 1z )" | f@ 1 <l f llw -

z€D

The following lemma is introduced in (see [18]).
Lemma 2. Assume that f € B. Then for each n € N.
n—1
I £ lls= 3" 1F2O)] +sup (1= [ 2 Y| £ @) |
=0 zeD

Theorem 1. Suppose ¢ be an entire function and u € H(D). Then DS, : H® — Z bounded if and
only if the following conditions are satisfied,

(A-1zP)u' @ |
sup S——— < 00,
e (I=1z ")

2.1)

(1= 121 1 2nz2" " (2) + n(n = DZ"*u(z) |
sup < o0

; 2.2
z€D (I-1z |2n)n+1 22)
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and

(1-1z ) | n?2*"?u(z) |
<

z€D (1-1z |2n)n+2

(2.3)

Proof. First direction, we assume that conditions (2.1) — (2.3) hold. So, for every z € D and f € H*,
by using Lemma 1, we have

sup| (1= | 2z (DS 4f) (@) |

zeD

= sup(1- |z ) | @™ (f(2)))" |

zeD
+ u@f @™ () + u@)(f ()" |
< sup(I=1zP) 1u' @ 16" (@) + A= 1z | 2u Qf (2)

zeD
+ u@f @™ V@) + U=z D) | u@)(f @) | 6" (f(2))
4" (2) | | 26 Q) f @) + u@)f" @) |
C(l-|z
< sup ('“ﬁa—wwvw+ (=1 /@ Py
| u(2)(f (2))* |

co- 2.4
n @ﬁﬂ@mmhwn (2.4)

Since, if we take f(z) = 7", we have

WNG—Hﬁwwﬁﬂ@ucaquﬂ|”@ﬂ

2€D (1-1z |2n)n
| 202" (2) + n(n = D" 2u(z) | | 0’2" u(z) |
(1_ | z |2n)n+l (1_ | z |2n)n+2

[ ..

On the other hand, we obtain

DI, O | = | w(O)DS(fO)) |
| u(O) |
C— (ool )
= S el

and

| 4 (0)™ (F(0)) + u(0)f (0)" V(£(0)) |
| 4 (0) | | u(0)f(0) |

C oo -
((1— [FO Py " (=1 /0 |2)"“) 11

From the fact | f(0) |< 1 and by applying the conditions (2.1) — (2.3), it follows that the operators
DS, : H® or 8 — Z is bounded.
Now, we will prove the second direction, assume that DS, : H* — Z is bounded, this means that
there exists a constant C such that

| (DS 4f) (0) |

I DWSsfllz <CIflle -
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For all f € H*. From the above inequality and by taking the function ¢(z) = 7" we have

sup(1- |z Pl u'(x) | < C. (2.5)

zeD

By taking the function ¢(z) = z"*'. From the fact that || ¢ ||.< 1 and using (2.5), it follows that

IA

IA

IA

sup(1- |z ) | 2u' @) f (2) + u@@)f () |

zeD

sup(1—= | zP) |4’ @f(@) | +sup(1- |z ) | 24 D) f (2) + u@)f () |

z€D zeD

C+Csup(1-1zP) |24 @Qf @)+ u@f )|

zeD

C. (2.6)

Similarly, by taking the function ¢(z) = z"*2. From the fact that || ¢ ||,< 1 and by using (2.5) , (2.6), it

follows that

IA

IA

IA

sup (1= | z ) | u(2)(f (2))* |

zeD

sup(1-= |z ) |4’ @f@) | +sup (1= |z ) | 24 @) f (@) + u@)f ) |

z€D zeD

sup (1- | z ) | u(z)(f (2))* |

z€D

C+sup(1-|z ) | u@)(f (2))* |

zeD

C. 2.7)

For a fixed w € D, we consider the following test functions

(n+2)n+3)A= 1 fW) ) 2m+3)(A=] fW) )

Prn(@ = — —
o 1 - F(w)z (1= Fw)z)?
27\3
(1 - fw)z)?

By the triangle inequality, we can see that

AIMS Mathematics

(n+2)(n +3)A=| fw) ) L 2+ 3= | fw) *)?

@l < = 1fond] (I = Ifoma)?
N 2(1- | f(w) P
(1 = 1fw)z])?
. 2+ 3)A- ] f) ) L 2431 fw) )?
- I —|fw)l (1 =1fw))?
N 2(1- | f(w) P
1 =1fw))?

(2n* + 18n + 52).

IA
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Hence

SUp || @, llo< (2n° + 180 + 52).
zeD

(n+2)(n + 3)n!(1= | fFw) HYFW))"

i@ = —
fw) < (1 —f(W)Z)"+1 -
20+ 3)(n+ DIA= ] fwW) BAF )"
(1 - WZ)i
+<m4ﬂkggﬁﬂmmﬁ 2.9)
(1= f(w)zy+3
(it (n+3)!1(1=| fFw) P)(Fw))™!
¢ () = EAuE
fw) Z ¢! —f(W)Z)"+2 -
C2n+ 3= ) PR
(1= fomay=
L A=) PG
(1 = fwyzyr+4 ’
fww@::m+mm+$m—ummmﬂﬁwz
T (1= foney=
20+ 3)(n+ 3= | fw) PP
(1= fowyay+
L DA f) B
(1 = fw)z)ms ’
and we have
2 F(w)
B0 = TR g 00 = 0,607 () =0,
(2.10)

Which follows that

(2n* + 18n + 52)|| DS 4 ||

%

1 DS g b I,

=1 w Py [ g (Fw))

(26 @1 O + w0 sV o)
uW)(f W)Y ¢ (f(w))

\%

+

+
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20" (W) Fw).
= (I-|wP| =220 2.11
( |W|)|(1—|f(w)|2)"| (2.11)

If we take f(w) = w", we get

2l (W)W
2 + 180+ 52)| DiSy || 2 U—“”%'f?%@%%l|'
— | wn n

For a fixed ¢ € (0, 1) and by using (2.1), (2.5), we obtain
2n)(1— | w P’ (w)

web | (1= wm Py
. 2n1(1= | w Py’ (w) 2n1(1= | w Py’ (w)
T owepel (= wr Py wica |l (1= wn [2)
1 2n1(1= | w Py’ (w)(w")' 2n! o
< — sup(1=[w ) [u (W) |
sl (= W Py (1= &) s
< C (2.12)

It follows that the condition(2.1) holds as desired.
Next, we prove the condition (2.3). To see this, for a fixed w € D, put

- _ @42+ DA- WP 2+ 2)(1- | fw) )
¢f(w)(Z) = — - —
1= fw)z (1= fw)z)?

L 20=1fw) )

— , (2.13)
(1= flw))?
It is easy to prove that
sup [| ¢, lle< (2n° + 14n + 36). (2.14)
zeD ’
i (n+ 211 | fw) P
Sron @ = e
" (L= fway+t
_ 20+ D= | f) PPEW)"
(1= fomaye
. D=1 PG 2.15)
(1= flw)y3
¢;$n@)::(n+Dm+2NU—IﬂWH5@@®“I

(I=foweys2
201+ 2)(n + VA= | fO0) PP )™
(I = fowyey
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7756

L @)A1 fw) | )S(f(W))"+1
(1 = flw)zyr+

42) (n+ D@ +2)(n +2)I(1- | fw) PYFw))™?
Pron @ —
(1= fowpys
2(n +2)(n + (1= | fw) PYP(F(w))?
(1= fomay
L A1 o) B
(1 = flw)zys ’

and we have

20+
61100 = R 60 ) = 0,655 = 0

Which follows that
@n* + 140 +36)| DSy | 2 11 DS iy,
A=1w P | u" W)l (F(w))
(26001 00) + w1 o057 ()
uwW)(f W)Y ¢ (f(w) |

2(n + 2)lu(w)(f (w))ZW””‘
(= | f(w) P2 '

Vv

v

+

+

(1= w ) (2.16)

If we take f(w) = w", we get

(2n* + 14n + 36)|| DS 4 ||

212(n + 2)!u(w)w2"—zm"+2'

(1_ | wih |2)n+2 (217)

> (I-|wP)

For a fixed ¢ € (0, 1) and by using (2.7) , (2.17), we obtain

(1= | w 92021 + 2)lu(w)w*2
(1-|wn |2)n+2

weD
< (1- | w )2n%(n + 2)\u(w)w?*2
T s (1= | wn [2)n+2
N (1- | w )2n%(n + 2)\u(w)w?*2
whl<s (1= wn [P)r2
| 202(n + ) lu(w)w 2w
- 6"+2 Wwil>6 (1_ | wh |2)n+2 |
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2n%(n + 2)!Iw*2
(1 _ 62)n+2
< C,

sup (1= | w ) | u(w) |
w|<6

It follows that the condition (2.3) holds as desired.
Now, we will prove the condition (2.2), for a fixed w € D, put

(n+ D@ +3)A=1fW) ) Cn+5(A=] fW) )

i@ = — — 1/
/o 1 - fw)z (1 = Fw)z)?
L, 20=1f) Py
(1 - Ffw)2)*

It is easy to see that

sup || ¢7ny llo< (2n° + 160 + 42).
zeD

oy, (@D + DIA-| L) PFW))"
¢f(w) (Z) = p—
(1 = f(w)zy+! -
Q2n+5)n + DI(1=| f(w) PY(Fw))"
(1- ]Tw)z)i
L D=1 W) PP
(1 - Fw)z)m3 ’

ey, (A D@+ 30+ DIA= | fw) PIF )y
¢f(w) (Z) = p—
(1= fowpy
_@n 5+ 20| fw) DA
(1= fowyay+
L DA fO) PP
(1 — fwyzyr+ ’
gy - Dot D= | fw) PYFw))+?
fw) -

(1- mz)nu

_ @uaS)m+ 3| fw) PP
a- mz)n+4

, (-] fo) |2>3<W>"+2’

(1 = fw)z)m+s

(2.18)

(2.19)

(2.20)

(2.21)
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and we have

~ T e
(1-| f(w )|2)n+1 ¢f(W)

By (fW)) = (Fw) = 0,872 (f(w)) = 0.

Which follows that

(21" + 16n + 42)|| DS g ||

I DS e ¢’?{;’L) I,

(A=1w Pyl (w >¢;‘g;§”)(f(w>>
(26001 60) + w050
+ uwW(f Yo (fw) |

\%

\%

+

™ 21700 (20 0 f O + u(w)f"(w))‘ .
(1= fw) P! ' '
If we take f(w) = w", we get
(2n* + 16n + 42)|| DS 4 ||
(n+ 2)!(w_")n+l(2nw”_lu/ W) + n(n — l)w"‘zu(w))
> (1-|wP) AT P : (2.23)
from (2.6) and (2.23) simliar to (2.12) we obtain (2.2), finishing the proof of the theorem. O

3. The compactness of DS, : H* —

Now we characterize the compactness of the operators D),S 4 : H* — Z. The next Lemma is often
used in dealing the compactness of operators on analytic function spaces. Since the proof standard (see
Proposition 3.11 in [4]).

Lemma 3. Suppose ¢ be an entire function and u € H(D). Then DS, : H* — Z is compact if and
only if D},S , : H® — Z is bounded and for any bounded sequence { f;} in H* which converges to zero
uniformly on compact subsets of D as k — oo, we have || D},S 41, llz— 0 as n — oo.

The second following lemma was introduced and proved in [9] which is similar to the corresponding
lemma in [14].

Lemma 4. A closed set Kin Z is compact if and only if K is bounded and satisfies

hm sup(1- [z )| f @) 1=0

ld—=1 reg

Now, we begin with the sufficient and necessary condition for the compactness of D},S , : H® — Z

AIMS Mathematics Volume 6, Issue 7, 7749-7765.
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Theorem 2. Suppose that ¢ be an entire function and u € H(D). Thus D},S s : H® — Z is compact if
and only if DS 4 : H* — Z is bounded and the following conditions are satisfied,

A-1zP) @] _

0, 31
a T as [y G-

. (= 1z 12n2" " (2) + n(n — D" %u(z) |
lim =

0, (3.2)

and

Nk ) | n°2?" 2u(z) |
1 (1—| z Pry+2 -

0. (3.3)

Proof. Suppose that D)S, : H* — Z is bounded and that conditions (3.1) — (3.3) hold. For any
bounded sequence {f;} in H* with f; — 0 uniformly on compact subsets of D. To establish the
assertion, it suffices, in view of Lemma 3, to show that

ID;Ssllz =0 as k— co.

We assume that ||f;|lo < 1. From (3.1) — (3.3), we have given € > 0, there exists a 6 € (0, 1), when
6 < |f(z2)] < 1, we have

'@ 12027 @ +nn— D" 2u@) | | 02" 2u() | -
(1_ | z |2n)n (1_ |Z |2n)n+1 (1_ |Z |2n)n+2 .

From the boundedness of DS, : H*® — Z by Theorem 1 we see that (2.5) — (2.7) hold. Since
fi = 0 uniformly on compact subsets of D, Cauchy’s estimate gives that f;, f, and f, converges to 0
uniformly on compact subsets of D. Hence, there exists a Ky € N such that for for k > K.

(1-1zP

(3.4)

()" (fi(O))] + |1 (0)" (fi(O))] + [u(0) £, (0" (f(O))]
+ sup(l = |zP)lu’ ()" (fu(2)

lz]l<é
+ ?T”Z(l — Iz*) [Zu’ @ (2) + u@(f, @) """ (fu(2) + u@ f (@™ (fi(2))

< Ce. (3.5

From (3.4) and (3.5), we have

sup |DS 4 f(0)] + [(D2S 4 £i) ()] + sup(1 — [z)(D"S 4 £) ()

2€D zeD

Sup (0)¢" (fi O] + lu' (0)¢™ (£ O))] + 1u(0) £ ()" (fi(0))]

+ sup (1 =z’ @)™ (ful2))]
f@)l<o

+ |fs<‘§|pa(l — 122)|u @) f,(2) + u@)f, @)™ (fi(2))

I DLS ofi Il

IA

AIMS Mathematics Volume 6, Issue 7, 7749-7765.
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+ u@) @™ (fi(2)
+  sup (1 =lzPlu’ @™ (fiul)

o<|f(@)I<1

+  sup (1—|zP)|Qu @) f (@) + u@f, )" (fi(2)

o<|f()I<1

" u(z)f,?<z)¢<"”)<fk<z>>‘

| u’(2) |
< Ce+C -z )| ———
= CexC s (-l Ty
| 2n72" ' (2) + n(n — 1)z" 2u(z) | . | 122" 2u(z) |
(1= fi(z) Prym+! (1= | fiz) Pry=+2 1

If we take f(z) = 7", we get

| U’ (2) |
| DISyfill, < Ce+C sup (I-|z)|——"—
oJicllz ,oup -z Py
| 2n2" '/ (2) + n(n — DZ"2u(z) | | 0?2 2u(z) |
(1_ | Zn |2n)n+1 (1_ |Zn |2n)n+2
< 2Ce,

when k > Kj. It follows that the operators DS, : H* — Z is compact.

Conversely, suppos that DS, : H* — Z is compact. Therefore it is clear that D}S, : H* — Zis
bounded. Let {z;} be a sequence in D such that | f(z;)] = 1 as k — oo. If such a sequence does not exist,
thus (3.1) — (3.3) are automatically holding. Now, we consider the test functions

(n+2)(n+3)(A= | filz) P 2 +3)(A~ | filzo) 1)

1 — fulz)z (1 = filz)zi)?
21— | filze) 1)
(I - fk(Zk)Zk)3

¢Z(Z)(Zk) =

(3.6)

From (2.9) and (2.10), we have

sup || ¢ ., llo< (2n° + 181 + 52).
keN

And

PpenU20)) = (1= fillz) Py

6Vl = 0,6 (filz) = 0.

AIMS Mathematics Volume 6, Issue 7, 7749-7765.
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For |zl = r < 1, we get

2m+2)n+3)+8n+3)+ 16
1-r

D@ < (I =1(fe@)) = 0 as (k — o),

that is, ¢;§’(’Z)k) converges to 0 uniformly on compact subsets of D, using (2.11) and the compactness of

DS, H> — Z we get

20\ () filze)

1_ 2
=l Ol v py

(A=1z Py [ GogL (o)l

+ (A=lzP)

IERTAEN
+uf, @) (@)

+ Wz (@ ¢ fizx)
Il DS o fi ||Z —0as k — oo.

IA

If we take fi(zx) = z;, we get

2nlu” (Zk)(Z_Z)n

(1= 1 @) D>

From this, and |z}| — 1, it follows that

(I=1zP) | DySgfilly = 0ask— co.

. A=lz®lu'@)|
m 2n\n -
koo (1= zx )

0. (3.7

We get (3.1).
In order to prove (3.2), consider
(n+2)(n+ D= | filz) ) 2 +2)(1- | fiz) )
1 - fulz)z (1 - filzz)?
2(1- | filz) IP)?
(1 - fi@z)?®

It follows from (2.14) and (2.16) that

¢j‘:(z) (z) =

sup || 7. (@0) llo< (207 + 14n + 36),
keN

and

2+ )
(=1 filz) P2’
¢ (filz)) = 0,

¢y (i) = 0.

7P (filz)) =

AIMS Mathematics Volume 6, Issue 7, 7749-7765.
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That is, ¢;’((;k)) converges to 0 uniformly on compact subsets of D, using (2.11) and the compactness of

DS, : H® — Z tends to
Lim IDS g Nz = 0.
From (2.16), we obtain

), @V o)
(= | fizo) Pr?2

If we take fi(zx) = z; we have

(=12 P)

‘ < CIIDZS@ZWIIZ — 0ask — oo, (3.8)

—n+2
nzzi"_zu(zk)zz

1- |z < ClID;S g:llz = 0 as k — oo.
(=1 P)| o | < CIPLS o5lz
Thus,
—n+2
(=1 z PIn*z" 2u(z)zy |
lim
k— 00 (1_ | %k |2n)n+2

Eq (3.3) satisfied. Next, consider

(n+ D +3)A- | fiz) P @n+35)A-| filz) )

1 = filz)zx (1 = filzi)ze)?
2(1- | fizo) IP)?

(- flza?®
From (2.20) and (2.22), we get

D (@) =

sup || 72 llo< (20° + 160 + 42).
keN

and

~(n+ )z
(=1 fizo) Py
¢V (filz)) =0,
7P (filz)) =0,

and ¢}j(*z k)( fi(zx)) converges to 0 uniformly on compact subsets of D, the compactness of DS 4 : H* —

Z implies that

¢ D (filzw) =

lim [IDS gy: Nz = 0.
From this and (2.23), we obtain (3.2), the proof of the theorem is complete. O

Theorem 3. Suppose that ¢ be an entire function and u € H(D). Thus, D},S s : H® — Z, is compact
if and only if the following conditions are holding.

A-1zP) @] _

1m )
-1t (1= z )"

0, (3.9)
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(=12 122" ' @) + nn — D" u(z) |
lim =
lZ—=1- (1_ | z |2n)n+l

0, (3.10)

and

(I=1zP) 72" 2u() |
1m =
lZ—=1- (l_ | z |2n)n+2

0. (3.11)

Proof. Suppose that conditions (3.9)—(3.11) are satisfied. Consider the supremum in inequality (2.4)
over all f € H* such that ||f]|l., < 1 and letting |z] — 1 yield

lim sup (1- |z | (DIS4/) (2) |= 0.

=17 o<t

Therfore , by Lemma 3, we see that the operators DS, : H* — Zjis compact. Now suppose that
DS, : H® — Zyis compact. Then DS, : H® — Z, is bounded, and by considering the function
#(z) = 7" we have

lim (1= 1z P’ [ =0. (3.12)
By considering the function ¢(z) = z"*'. We have
lim (1= 12P) [ @f @ + 24 @f @) +u@f @) = 0. (3.13)

From (3.12), (3.13) and the fact that || f||. < 1, we get

lim (=127 1 26 @f @ + u@f (@) 1= 0. (3.14)

By taking the function ¢(z) = z"*2. From (3.12), (3.14) and the fact that ||f||. < 1, we get

|21|LH11 (1= 1z P) | u@)(f (2))* |= 0. (3.15)
By (2.12), (2.18), (2.23), and observing that D’'S ¢*¢;‘L(W), DS ¢**¢j}€w) and D’,S ¢***¢;ij) we know that
- (1=1zP)u' ()|
=0, 3.16
L T P 510
(=12 )| 2n2" " (2) + n(n = D" ?u(z) |
1 = 1
|Z|1_r,r11_ (1-|z |2n)n+l 0, (.17)
and
1= 1 2 P) | p2s2n2
(1-1z9) | nz u(Z)IZO_ (3.18)

lz—=1- (1_ | z |2n)n+2
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We prove that (3.12) and(3.16) imply (3.9). The proof of (3.10) and (3.11) by the same way. Then,
it will be held.
From (3.16), it follows that for every € > 0, there exists ¢ € (0, 1) such that

(I-1zP)u"(2) |
<e€, (3.19)
(1= [z )
when ¢ < |z|] < 1. Using (3.12), we see that there exists 7 € (0, 1) such that
(-1zP)lu' @@ | < el =&Y, (3.20)
when 7 <| z|< 1.
Thus, when 7 <| z|< 1 and 6 < |z] < 1, by (3.19) we have
(I-1zP)u' ()|
<e€ (3.21)
(1=1]z [P
On the other hand, when 7 <| z |[< 1 and |z| < 6, by (3.20) we obtain
(I-1zP '@ _ (-1zP)|u" @)
< <€ 3.22
-1y (1 -o7y (322
From (3.21) and (3.22), we obtain (3.9) as desired. This is the end of the proof. O

4. Conclusions

The present study dealt with a radical study of a concerned class of weighted differentiation
superposition operators DS ,. Furthermore, It has made the discussions on the boundedness and
compactness property of the new class of operators from H* to Zygmund spaces. Finally, it has also
provided the conditions which grant the product operators DS , be bounded and compact.
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