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1. Introduction

The geometry of almost paracontact manifolds is a natural extension of the almost paraHermitian
geometry. The study of almost paracontact metric manifolds started with [6]. A systematic study of
almost paracontact metric manifolds was considered by Zamkovoy [7]. Almost paracontact metric
manifolds have been extensively studied under several points of view in [6—-12]. Also, invariant and
anti-invariant submanifolds have been studied under several points of view in [13-16]. Similarly,
in [17-23], Pishcoran, Mishra and other researchers have provided us with many studies that will shed
light on these issues.

Many geometers studied paracontact metric manifolds and researched some important properties
of these manifolds. The geometry of paracontact metric manifolds can be related to the theory of
Legendre foliations. In [8], the authors introduced the class of paracontact metric manifolds for which
the characteristic vector field £ belongs to the (x, w)-nullity condition for some real constants « and .
Such manifolds are also known as (x, u)-paracontact metric manifolds.
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Also, invariant submanifolds are used to discuss the properties of non-linear antronomous systems.
Also, totally geodesic submanifolds play an important role in the relativity theory even though they are
the simplest submanifolds.

Pseudoparallel submanifolds have been studied intensively by many geometers [1-5].

In this article motivated by the above studies, the pseudoparallel submanifolds of the
K—paracontact metric manifold, which have not been tried until now, have been studied. Also, we
obtain some necessary and sufficient conditions that an invariant submanifold to be pseudoparallel,
generalized Ricci-pseudoparallel, 2-pseudoparallel, and 2-Ricci-generalized pseudoparallel under
some conditions.

A (2n + 1)-dimensional smooth manifold M**! has an almost paracontact structure (¢, &, 1) if it
admits a tensor field ¢ of type (1, 1), a vector field &€ and a 1-form 7 satisfying the following conditions;

¢ =1-1®& nE) =1, p¢=0, noy=0. (1)

If an almost paracontact manifold is endowed with a semi-Riemannian metric tensor g such that

8(pX, oY) = —g(X,Y) + n(X)n(Y), 2)

for all vector fields X,Y on M*™*!, then M**'(¢,&,1,¢) is said to be almost paracontact metric
manifold. The fundamental 2-form @ of an almost paracontact metric manifold ]\72’”1(% & n,g) is
defined by ©(X, Y) = g(X, ¢Y). If dn = ®, then almost paracontact metric manifold M 21, €1, g) iS
called paracontact metric manifold. In addition, if £ is a Killing vector field (equivalently £ = 0,
where ¢ denote the Lie-derivative), then 1\72””(90, &,n,g) is called a K-paracontact manifold. In a
K-paracontact manifold, we have the following formulas.

(Vxp)Y = —g(X, V) + n(V)X, 3)
Vié = —¢X, 4)
R(X,6)¢ = -X + n(X)¢, (5)
S(X, &) = —2m(X), (6)

for any vector fields X,Y on 1\72”“, where V is the Levi-Civita connection, R and S denote the
Riemannian curvature tensor and Ricci tensor of M1, respectively.

Now, let M be an immersed submanifold of a paracontact metric manifold M2+, By I'(T M) and
['(T+M), we denote the tangent and normal subspaces of M in M. Then the Gauss and Weingarten
formulae are, respectively, given by

VY = ViY + 0(X, Y), (7
and _
va = —Avx + V;‘/, (8)

forall X,Y e I'(TM) and V € I'(T+* M), where V and V* are the connections on M and I'(T+M) and o
and A are called the second fundamental form and shape operator of M, respectively. They are related
by

gAvX.Y) = g(o(X,Y), V). ©)
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The covariant derivative of o is defined by
(Vxo)(¥.Z) = V3o (Y, Z) - 0(Vx Y. Z) — o(¥, Vx2), (10)

forall X,Y,Z e I'(TM). If Vo = 0, then the submanifold M is said to be its second fundamental form
is parallel.
By R, we denote the Riemannian curvature tensor of M, we have the following Gauss equation

RX,Y)Z = RX.Y)Z+ Apxz)Y — AvynX
(11)
+(Vxo)(Y,Z) — (Vyo)(X, Z),

For a (0, k)-type tensor field 7', k > 1 and a (0, 2)-type tensor field A on a Riemannian manifold (M, g),
Q(A, T)-tensor field is defined by

OA,T)X.,Xs, ... Xis X, Y) = -T(XAsV)X1, Xz, ..., Xp)...
(12)
=T(Xy, X2, .. X4—1, (XAAY) X)),

for all X1, X,,.... X, X, Y e I'(TM), where
XA Y)Z =AY, 2)X - AX, 2)Y. (13)

Definition 1. A submanifold of a Riemannian manifold (M,g) is said to be pseudoparallel,
2-pseudoparallel, Ricci-generalized pseudoparallel and 2-Ricci-generalized pseudoparallel if

|

-0 and Q(g,0)
R-Vo and Q(g,Vo)
R-o and QO(S,0)
R-Vo and Q(S,FVVO')

are linearly dependent, respectively.

Equivalently, these can be expressed by the following equations;

R-o=L0(@0), (14)
R-Vo = L,0(g, Vo), (15)
R o= L0, 0), (16)
R-Vo = L0, Vo), (17)

where L, L,, L3 and L, are, respectively, fungtions defined on
My ={xeM:ox) +gx)}, My ={xe M :Vo(x) # g(x)},
My={xeM:Sx) #o(x)}and My = {x € M : S(x) # Vo(x)}.
Particularly, if L; = 0, then the submanifold is said to be semiparallel, if L, = 0, the submanifold is
said to be 2-semiparallel.
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2. Invariant pseudoparallel submanifolds of K-paracontact manifold

Now, we will investigate the above cases for the invariant submanifold M of a K-paracontact
manifold M?"*1(p, &, 1, g).

Now, let M be an immersed submanifold of a K-paracontact metric manifold ]\72”“((,0, E g If
(T M) € T M, for each point x € M, then M is said to be an invariant submanifold. We note that all
of the properties of an invariant submanifold are inherited by the ambient manifold.

In the rest of this paper, we will assume that M is an invariant submanifold of a K-paracontact
manifold ]\712"“((,0, &,1n, g). Thus by using (3) and (7), we have

0(X,£) =0, o(@X.,Y) = o(X, oY) = po(X.Y), (18)

forall X,Y e I'(TM).

Lemma 1. Let M be an invariant submanifold of a K-paracontact manifold M. The second
Sfundamental form o of M is parallel if and only if M is totally geodesic.

Proof. Let us assume that o is parallel. Then
(Vx)(Y,2) = Vo (Y, Z) = 0(VxY.2) = (¥, VxZ) = 0,
for all X,Y,Z € I'(TM). Here, taking Z = &, by virtue of (4) and (18), we obtain
—0(Vx&,Y) = —0(—¢X,Y) = po(X,Y) = 0.
This proves our assertion. The converse is obvious. O

Lemma 1 is important for later theorems.

Theorem 1. Let M be an invariant pseudoparallel submanifold of a K-paracontact manifold
M* (@, & n,9). Then M is either totally geodesic or L, = —1.

Proof. Let M be pseudoparallel, then from (14) we have
RX,Y) - o)(U,V) = LiQ(g, )(U, V5 X, Y),
forall X,Y,U,V € I'(TM). This leads to

R*X,Y)o(U, V) - c(RX,Y)U,V) — o(U,R(X,Y)V)

= —Li{o (X Ay V)U, V) + o(U, (X A Y)V))
(19)

+o (U, g(Y, V)X — g(X, V)Y)}
forall X, Y, U,V € I'(TM). Taking V = £ in (19) and by using (18), we obtain

o(R(X, V)¢, U) = Liin(Y)o(X, U) = n(X)o (U, Y)}.
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Again taking Y = ¢ and making use of (5), we conclude that
LioX,U) =0o(R(X,&¢ U)
=o0(-X+nX)¢,U) = —o(X, U).
This completes the proof. O

From the Theorem 1, we have the following corollary.

Corollary 1. Let M be an invariant pseudoparallel submanifold of a K-paracontact manifold
M* Y@, & n, g). Then M is semiparallel if and only if M is totally geodesic.

Theorem 2. Let M be an invariant 2-pseudoparallel submanifold of a K-paracontact metric manifold
M> (@, &, 1, 9). Then M is either totally geodesic or L, = —1.

Proof. Let M be 2-pseudoparallel. Then from (15), we have
(RX.Y) - Vo) U, V. Z) = L,Q(g, Vo) U, V. Z: X, ),
forall X,Y,U,V,Z € I'(T M). This means that
RYX. V) (Vyo) (V. Z) = (Verwo) (V. Z)
~(Vyo)(R(X, V)V, Z) = (Vyo)(V.R(X, Y)Z)
= ~Ly{(Vixn,nuo)(V, Z)
+(Vyo)(X Ay V)V, Z)
+(Vyo) (V. (X Ay Y)Z)),
that is,In the last equality, taking X = Z = &, we obtain
RYE N(Vya)(Vié) = (Vrenuo)(Vi€)
~(Vya)RE Y)V.&) = (Vyo)(V, RE, YV)E)
= —Ly{g(Y, U)(Veo)(V,€) (20)
—n(U)Tyo)(V.é) + (Vyo)(g(Y, V)é

()Y, &) + (Vyo)(V,n(Y)é = Y)).
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Now, let’s calculate each of these expressions. From (4), (10) and (18), we obtain

RYEVNTya)(Vié) = RHENTVE0(Vé) = o(VyVié) - o (V. Vyé))
=R V{-o(V, V)
21
= —R*(¢& VoV, —¢U)

= R(& Vo(V,oU) = R-(&, Y)po(V, U)

Moreover, taking into account (4) and (18), we have

(Veerw V€)= Vi pyo (Vo) = o(VrenwVié)
=0 (Vre €, V)
(22)
= _O-(_QOR(‘f’ Y) Ua V)

= @o(R(E&, YU, V).

FuOREVIV.E) = Voo (RE NIV.E) - a(VuRE VV.é)
~o(RE VIV, Vué)
2
= ~0(~pU.RE.Y)V) *9

= ¢o(U,R(&, Y)V).

(Vya)(V,RE Y)E) = (Vyo)V,Y = p(Y)é)
= (Vyo)V, Y) = (Vo) (V, n(Y))
= (Vyo)(V, Y) = Vo (V, n(Y)€)
(24)
+o(VV,n(N)E) + o(V, Vyn(Y)é)
= (Vya)(V, Y) + oo (V, Un(Y)é + n(Y)V &)

= (Vyo) WV, Y) = n(YV)pa(V, U).
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Vernun) (Vo) =V, o (V,€) = o(Vennu Vi)
=0 (V, Vier,rvé)
=~ (V, Vovye-nwr€) (25)
= —0 (V. —p(g(Y, U)é — n(U)Y))
= —o(V,n(U)¢Y) = —n(U)go(V, Y).
(Vuo)(€ Ay NV, = V(€ A NV, = 0 (Vu(€ Ay VIV,E)
—0((€ A VIV, Vyé)
(26)
= -0 (g, V)¢ —n(V)Y, —¢U)
= —n(V)go (Y, U).
(Vu) (Vi (€ Ay 1)E) = (Vyo)(Vin(Y)E = Y)
= (Vyo)(Vin(V)é) = (Vyo)(V. Y)
= Via(V.n(V)é) = o(VyVin(V)E)
—o(V, Vyn(V)é) = (Vyo)(V.Y) 27)
= —o(V, Un(Y)é + n(Y)Vyé) = (Vyo)(V. Y)
= (V)0 (V, —pU) — (Vyo)(V, Y)

= n(V)go(V, U) = (Vyo)(V, Y).

Consequently, if we put (21), (22), (23), (24), (25), (26) and (27) in (20), we reach at
R, Y)go(U, V) - g (R, Y)U, V)
—pa(U.RE Y)V) = (Vyo)(V. Y) + n(Y)gor(V, U)
= —Lof{—n(U)gpo(V,Y) = n(V)po (Y, U) (28)

+7(Y)pa(V, U) = (Vyo)(V, Y)).
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If £ is taken of V at (28), considering (18) and (5), we get
—po (U, R, V)¢) = (Vyo )€, Y)

= Ly{o (U, Y) + (Vyo)(& V),

where .
(Vyo)(&,Y) = Vo (Y, &) — o(VyY, &) — (Y, V&)

= _U(_SDU’ Y)

=o0(eU,Y) = po(U,Y).
From (29) and (30), we conclude that

Loleo(U,Y)} = —po (U, Y)

which proves our assertions.

From Theorem 2, we have the following corollary.

(29)

(30)

Corollary 2. Let M be an invariant pseudoparallel submanifold of a K-paracontact manifold

M 21, &,1, ). Then M is 2-semiparallel if and only if M is totally geodesic.

Theorem 3. Let M be an invariant Ricci-generalized pseudoparallel submanifold of a K-paracontact

manifold M2”+1(g0, &,n,8). Then M is either totally geodesic or Lz = ﬁ

Proof. If M is Ricci-generalized pseudoparallel, then from (12) and (16), we have
(R(X,Y)-o)U,V) = L;O(S,0)(U, V; X, Y)
= L3 {oc((X As U, V) + o(U, (X As Y)V)},
forall X, Y, U,V € I'(TM). This means that
R*(X,Y)o(U,V)—o(R(X,Y)U,V) — o(U,R(X,Y)V)
= -L{cS X, U)X -SX, U)X, V)
+o(S(V, )X -S(X, V)Y, U)}.
Here taking X = V = £ and by using (18), we reach at
R(&, V)0 (U, &) — o(R(E, VU, &) — o(U, R, Y)E)

= —Li{o(S(Y, U)¢ - S (¢, U)Y,é)

+0(S(&, Y)E = S(&, Y, U)}.

€1y
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By using (6) and (18), we can infer
L3S ('f? 'f)O-(U’ Y) = _O-(R(é‘:a Y)é:a U)

—2nlL;o0(U,Y) = —o(Y —n(Y)¢,U) = —o(Y, U).

This proves our assertion. i

Theorem 4. Let M be an invariant 2-Ricci-generalized pseudoparallel submanifold of a
K-paracontact manifold M*'*'(p, £, 1, g). Then M is either totally geodesic or Ly = >

1
Proof. Let us assume that M is 2-Ricci-generalized pseudoparallel submanifold. Then from (17), we
have

(R(X,Y)-Vo)(U,V,Z) = LyQ(S,Vo)(U, V. Z; X, Y),
forall X,Y,U,V,Z € I'(TM). This implies that

RYX, V)(Vyo)(V. Z) = (Vexywo) (V. Z)
~(Vyo)(R(X, Y)V, Z) = (Vyo)(V,R(X, Y)Z)
= —L{(Vixns o)V, Z)
+(Vyo)(X As VIV.Z) + (Vyo)(Va (X As V)Z)}.
Here taking X = V = &, we have
RYEV(Vyo)E Z) = (Vrenwo ). Z)
—(Vyo)RE Y)E Z) - (Vyo)é RE, V)Z) )

= _L4{(€(§/\s nuo)(é,2)

+(Vyo) (& As VIEZ) + (Vuo ), (& As VIZ)).

Now, let’s calculate each of these expressions. Also taking into account of (4) and (18), we arrive at
RYEY)(Vyo)€.2) = RHEYVE0(E,Z)
—0(VyZ, &) — 0(Z,Vyé)}
= —R“(€,Y)o(~pU.Z) (33)

= R*(&, V)o(eU,2) = R (&, Y)po (U, 2).
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On the other hand, by using (4) and (18), we have

(Vrerwo)€.2) = Vi 0 2) = o(Vpenué. Z)
-0 (&, VreruvZ)
(34)
= —0(-pR(. YU, 2)

= ¢o(R(&, YU, Z)

(Vyo)REYIEZ) = (Vyo)Y - n(Y)E, Z)
= (Vyo)(¥.Z) - (Vyo) (Y )€, 2)
= (Vyo)(Y.Z) - Vio((Y)E, 2)
+0(Vun(Y)E, Z) + o((V)E, Yy Z) (35)
= (Vyo) (¥, 2) + o(Un(Y)é + n(Y)Vyé, Z)
= (Vyo)(Y.Z) + (U, Z)n(Y)

= (Vyo)(Y, Z) = n(Y)por(U, Z).

(Vuo)ERE V)Z) = Vo RE Y)Z) - o(Vyé, RE V)Z)
—0(&, VuR(¢,Y)Z) (36)
= —0(=¢U,R(¢,Y)Z) = 9o (U,R(&,Y)Z).

Now, let’s calculate the left side of (32). Making use of (4), (6) and (18), we have

Viensrwo)&2) =V, ,0(€.2) = 0(Vensnié. Z)
—0 (&, ViensrvZ)
37)
= —o(—p(S (Y, U)é - S (£, U)Y), Z)

= =0 (eS (U, OY, Z) = 2nn(U)gpo (¥, Z).
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(Vuo) (€ As DIEZ) = (Vyo)S(Y.6E - S(EHY, Z)
= (Vyo)2nY - 2nn(Y)¢, Z)
= 21(Vyo) (¥ = n(Y)£,2)
= 20{(Vyo)(Y, Z) - (Vyo)(Y)é. 2))
= 2{(Vyo)(Y. Z) - Vo (Y )E, Z) (38)
+o(Vun(V)E, Z) + c(q(Y)E, VuZ))
= 2n{(Vyo)(Y, Z) + o (Un(Y)é + n(Y)Vyé, 2)}
= 2n{(Vyo)(Y, Z) + n(Y)o(—¢U, Z))
= 2n{(Vyo)(Y. Z) - n(V)eo (U, Z)).

Finally,
(Vuo)E (€ As V)Z) = (Vyo)€, S(Y.2)E - S(£,2)Y)

= (Vyo )& S (Y, 2)) + 2n(Vyo)(é, n(2)Y)

= Vi€, S(Y.2)6) - o(Vué, S (Y. 2)¢)

(& VuS (Y, 2)€) + 20{V (€, 1(2)Y) (39)
~a (Ve n2)Y) - o0&, Vun(@)Y))

= 2n{~o(~pU,(Z)Y)}

= 2m(Z)go (Y, V).

By substituting (33), (34), (35), (36), (37), (38) and (39) into (32) we reach at

RY(&, V) (U, Z) — 9o (R(£, Y)U, Z) — (Vyo)(Y, Z)
+1(Y)po (U, Z) — o (U, R(E, Y)Z)
(40)
= 2nLy{n(U)ga(Y, Z)
+(Vyo)(Y, Z) — n(V)eo(U, Z) + n(Z)pa (U, Y)).
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Here if taking Z = £, then (40) reduce

2L (Vo) (Y, &) + 9o(U,Y)) = (Vyo)(Y,£)

+po(U,R(&, Y)E).
From (30), we conclude that
2nLy — o(U,Y)=0

which proves our assertion. O
3. Conclusions

For many years, many studies have been done on the geometry of paracontact metric manifolds.
This study has been prepared to contribute to making more detailed studies on K-paracontact metric
manifolds. In the introduction section, a summary of the literature, basic definitions and theorems are
given for a better understanding of the subject. In the following sections, Invariant pseudoparallel
submanifolds of K-paracontact manifold are examined in detail. As a result, this study has been
presented to the literature as a resource that will be used by every scientist who will study paracontact
metric manifolds.
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