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Abstract: Consider two digital spaces (Xi, ki), i ∈ {1, 2}, (in the sense of Rosenfeld model) satisfying
the almost fixed point property(AFPP for brevity). Then, the problem of whether the AFPP for the
digital spaces is, or is not necessarily invariant under Cartesian products plays an important role in
digital topology, which remains open. Given a Cartesian product (X1×X2, k) with a certain k-adjacency,
after proving that the AFPP for digital spaces is not necessarily invariant under Cartesian products, the
present paper proposes a certain condition of which the AFPP for digital spaces holds under Cartesian
products. Indeed, we find that the product property of the AFPP is strongly related to both the sets Xi

and the ki-adjacency, i ∈ {1, 2}. Eventually, assume two ki-connected digital spaces (Xi, ki), i ∈ {1, 2},
and a digital product X1 × X2 with a normal k-adjacency such that N?

k (p, 1) = Nk(p, 1) for each point
p ∈ X1 × X2 (see Remark 4.2(1)). Then we obtain that each of (Xi, ki), i ∈ {1, 2}, has the AFPP if and
only if (X1 × X2, k) has the AFPP.
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1. Introduction

Motivated by the Kuratowski’s question [3, 23] on the product property of the fixed point property
(FPP for short) on a peano continuum (or a compact, connected, and locally connected metric space),
the paper [3] studied the FPP for product spaces of which each of the given factor spaces has the
FPP. Owing to Borsuk’s or Brouwer’s fixed point theorem [25], it is well known that a compact
Euclidean nD cube X ⊂ Rn has the FPP. Similarly, motivated by the almost fixed point property(AFPP)
in the papers [4, 18, 21, 26] and its product property (see Brown’s work in [3]), the present paper
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studies the product property of the AFPP for digital spaces. Comparing the FPP and the AFPP in
the literature [4, 12, 14, 15, 18, 21, 26], we observe that their digital versions have own features. To
examine the product property of the AFPP for digital spaces, we need to recall basic notions from
digital topology and fixed point theory. Let N, Zn, and Rn represent the set of natural numbers, points
in the Euclidean nD space with integer coordinates, and nD real numbers, respectively. In this paper
we shall use the symbol “ :=” to introduce new notions without proving the fact.

Unlike the FPP of a compact Euclidean n-dimensional cube, it is clear that any digital space (X, k)
on Zn does not have the FPP for (digitally) k-continuous maps [28] (for more details, see [14, 15]).
Thus, according to literature, we have followed two approaches. The first one is as follows: After
adding certain conditions to k-continuous maps, i.e., using more restricted k-continuous maps, we
study the FPP of a digital space (X, k). For instance, using many types of digital versions of the
typical Banach contraction principle and a Cauchy sequence for complete metric spaces, we have also
studied this issue which includes the papers [5–7, 10, 11, 17–21, 24]. The second one is that we can
alternatively study the AFPP because it is the most alternative or closest notion to the FPP from the
viewpoint of digital topology. Indeed, the AFPP is broader than the FPP and further, it can strongly
contribute to digital topology because a digital space is considered to be a lattice space of Zn. Hence
the study of the AFPP for digital spaces (X, k) on Zn plays an important role in digital topology taking
a graph-theoretical approach. Indeed, this approach invokes a certain open problem mentioned in the
previous part. That is why in this paper we give particular attention to the AFPP for digital spaces and
its product property. Hence the present paper may pose the following questions related to the product
property of the AFPP for digital spaces:
• Is the AFPP for digital spaces, or is it not necessarily invariant under Cartesian products ?
• For two digital spaces (Xi, ki), i ∈ {1, 2}, satisfying the AFPP, under what condition do we have the
AFPP for the digital product (X1 × X2, k)?

To address these issues, first of all we will use a normal k-adjacency for a digital product in [8] (see
Definition 4.1 in the present paper). Besides, for digital spaces (Xi, ki), i ∈ {1, 2}, let (X1 × X2, k) be a
digital product with a normal k-adjacency with a certain condition. Then we use some properties of a
k-continuous self-map of (X1 × X2, k).

This paper is organized as follows. Section 2 provides some basic notions from digital topology.
Section 3 investigates the AFPP for a digital nD cube with (3n − 1)-adjacency. Section 4 studies
various properties of almost fixed points of k-continuous self-maps of a digital product with a normal
k-adjacency . Furthermore, we prove that for two digital spaces (Xi, ki), i ∈ {1, 2}, satisfying the AFPP,
a digital (X1 × X2) with a normal k-adjacency such that N?

k (p, 1) = Nk(p, 1) for each point p ∈ X1 × X2

has the AFPP. Besides, the converse is also proved affirmatively. Section 5 concludes the paper with
some remarks and a further work.

In this paper we assume that each digital space (X, k) is k-connected and the cardinality of X, denoted
by | X |, is greater than or equal to 2.

2. Preliminaries

This section recalls basic notions of the graph-theoretical approach of digital topology, i.e.,
Rosenfeld model [27, 28]. In relation to the study of digital spaces in Zn, in the case we follow the
Rosenfeld model, a digital picture is usually represented as a quadruple (Zn, k, k̄, X), where n ∈ N, a
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black points set X ⊂ Zn is the set of points we regard as belonging to the image depicted, k represents
as an adjacency relation for X and k̄ represents an adjacency relation for white points set Zn \ X. We
say that the pair (X, k) is a digital image in a quadruple (Zn, k, k̄, X). Thus, motivated by the 4- and
8-adjacencies of 2D digital images and, 6-, 18-, and 26-adjacencies of 3D digital images [22, 27], the
k-adjacency relations of Zn were established to study a high-dimensional digital image. Indeed, these
are induced by the following operator [8]: For a natural number m with 1 ≤ m ≤ n, the distinct points

p = (p1, p2, · · · , pn) and q = (q1, q2, · · · , qn) ∈ Zn,

are k(m, n)-adjacent if at most m of their coordinates differ by ±1 and the others coincide. According
to this statement, the k(m, n)-adjacency relations of Zn, n ∈ N, were formulated [8, 13]), as follows:

k := k(m, n) =

m∑
i=1

2iCn
i ,where Cn

i =
n!

(n − i)! i!
. (2.1)

For instance, (m, n, k) ∈ {(1, 4, 8), (2, 4, 32), (3, 4, 64), (4, 4, 80); (1, 5, 10), (2, 5, 50), (3, 5, 130),
(4, 5, 210), (5, 5, 242)} [8].

Owing to the digital k-connectivity paradox of a digital space (X, k) [22], we remind the reader that
k , k̄ except the case (Z, 2, 2, X). For {a, b} ⊂ Z with a � b, [a, b]Z = {m ∈ Z | a ≤ m ≤ b} is considered
in (Z, 2, 2, [a, b]Z). However, the present paper is not concerned with the k̄-adjacency of Zn \ X.

At this moment we need to further recall the notion of a digital space defined by Herman [16], as
follows:

Definition 2.1. [16] A digital space is a pair (X, π) where X is a nonempty set and π is a binary
symmetric relation on X such that X is π-connected.

In Definition 2,1, we say that X is π-connected if for any two elements x and y of X there is a finite
sequence (xi)i∈[0,l]Z of elements in X such that x = x0, y = xl and (x j, x j+1) ∈ π for j ∈ [0, l − 1]Z. In
Definition 2.1 we can consider the relation π according to the situation such as the digital k-adjacency
relation of (2.1), which is a symmetric relation because the k-adjacency relation of the digital space
(X, k) guarantees (X, k) to be a digital space.

We say that a digital space (X, k) is k-connected if it is not a union of two disjoint non-empty sets that
are not k-adjacent to each other [22]. We say that two subsets (A, k) and (B, k) of (X, k) are k-adjacent
to each other if A∩ B = ∅ and there are points a ∈ A and b ∈ B such that a and b are k-adjacent to each
other [22]. For a digital space (X, k) and a point x ∈ X, we say that the maximal k-connected subset of
(X, k) containing the point x ∈ X is the k-(connected) component of a point x ∈ X [22]. Thus a singleton
set with k-adjacency is k-connected. For a digital space (X, k), two points x, y ∈ X are k-connected if
there is a k-path from x to y in X ⊂ Zn. Given a k-adjacency relation of (2.1), a simple k-path from x
to y in Zn is assumed to be the sequence (xi)i∈[0,l]Z ⊂ Z

n such that xi and x j are k-adjacent if and only if
either j = i+1 or i = j+1 [22] and further, x0 = x and xl = y. The length of this simple k-path, denoted
by lk(x, y), is the number l. A simple closed k-curve with l elements in Zn, denoted by S Cn,l

k [8, 22], is
a sequence (xi)i∈[0,l−1]Z in Zn, where xi and x j are k-adjacent if and only if |i − j| = ±1(mod l) [22].

In relation to the study of both digital continuity and various properties of a digital space, we have
often used the following digital k-neighborhood. Using the above adjacency relations of (2.1), we say
that a digital k-neighborhood of p in Zn is the set [27]

Nk(p) := {q | p is k-adjacent to q} ∪ {p}.
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For a digital space (X, k) let us recall a digital k-neighborhood which is a generalization of Nk(p) [8].
Namely, the digital k-neighborhood of x0 ∈ X with radius ε is defined in X to be the following subset
of X

Nk(x0, ε) := {x ∈ X | lk(x0, x) ≤ ε} ∪ {x0}, (2.2)

where lk(x0, x) is the length of a shortest simple k-path from x0 to x and ε ∈ N.
Indeed, for X ⊂ Zn we obtain [8, 12]

Nk(x, 1) = Nk(x) ∩ X. (2.3)

This notation (2.3) can be used to represent the AFPP for digital spaces (see Definition 3.1). Let
us investigate some properties of maps between digital spaces. To map every k0-connected subset of
(X, k0) into a k1-connected subset of (Y, k1), the paper [28] established the notion of digital continuity.
Motivated by this continuity, we can represent the digital continuity of maps between digital spaces,
which can be more convenient than the earlier version of [28].

Proposition 2.2. [8,12] Let (X, k0) and (Y, k1) be digital spaces on Zn0 and Zn1 , respectively. A function
f : X → Y is (k0, k1)-continuous if and only if for every x ∈ X, f (Nk0(x, 1)) ⊂ Nk1( f (x), 1).

In Proposition 2.2 in the case n0 = n1 and k0 = k1, we call it k0-continuous to abbreviate “(k0, k1)-
continuous”. Besides, the digital continuity of Proposition 2.2 has the transitive property.

Based on these concepts, let us consider a digital topological category, denoted by DTC, consisting
of the following two data [8] (see also [12]):
• the set of (X, k) on Zn, n ∈ N as objects, denoted by Ob(DTC);
• for every ordered pair of objects (X, k0) and (Y, k1), the set of (k0, k1)-continuous maps as morphisms.
In DTC, in the case n0 = n1 and k0 = k1 := k, we will particularly use the notation DTC(k) [12] and use
Ob(DTC(k)) to indicate the set of its objects.

Since a digital space (X, k) is considered to be a set X ⊂ Zn with one of the adjacency relations of
(2.1), we use the terminology a “(k0, k1)-isomorphism” as used in [9] rather than a
“(k0, k1)-homeomorphism” as proposed in [2].

Definition 2.3. [2, 9] For two digital spaces (X, k0) on Zn0 and (Y, k1) in Zn1 , a map h : X → Y
is called a (k0, k1)-isomorphism if h is a (k0, k1)-continuous bijection and further, h−1 : Y → X is
(k1, k0)-continuous.

In Definition 2.3, in the case n0 = n1 and k0 = k1, we can call it a k0-isomorphism.

3. The AFPP for an nD digital cube with (3n − 1)-adjacency

Since every singleton obviously has the FPP, in studying the FPP from the viewpoint of digital
topology, hereafter all digital spaces (X, k) are assumed to be k-connected and their cardinalities
|X| ≥ 2. Indeed, the fixed point property plays an important role in applied topology. It is obvious that
a digital space (X, k) on Zn does not have the FPP in DTC(k) [12, 28]. Thus we need to consider the
AFPP for digital spaces in DTC(k) [28] because the AFPP is weaker than the FPP. We can represent
the AFPP for digital spaces in [28] by using a digital k-neighborhood of (2.3) as follows:
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Definition 3.1. For a digital space (X, k) on Zn and every k-continuous map f : X → X, if there exists
a point x ∈ X satisfying f (x) ∈ Nk(x, 1), then we say that X has the AFPP.

In Definition 3.1, the phrase “ f (x) ∈ Nk(x, 1)” can be equivalent to the property ‘x ∈ Nk( f (x), 1)’.
Since the property “ f (x) ∈ Nk(x, 1)” of Definition 3.1 is equivalent to the property “ f (x) = x or f (x) is
k-adjacent to x”, it is clear that in DTC(k) the AFPP is broader than the FPP.

Example 3.1. Consider a digital space (Z, 2). Let f : Z→ Z be a map defined by the following:

f (x) = x + 2, x ∈ Z.

Then, whereas f is a 2-continuous map, there is no point x ∈ Z such that f (x) ∈ N2(x, 1). Namely,
(Z, 2) does not have the AFPP.

Rosenfeld [28] studied the AFPP (or a general fixed point property in [28]) for a digital picture
I ⊂ Z2 from the viewpoint of metric fixed point theory (see Theorems 4.1 and 6.2 in [28]). Thus it
turns out that a bounded Euclidean digital plane with an 8-adjacency, denoted by (I, 8), has the AFPP
as follows:

Theorem 3.2. [28] Let I be a digital picture in Z2, i.e., I := [a, b]Z × [c, d]Z, and let f be a continuous
function from I to I. Then, there is a point p ∈ I such that f (p) = p or is a neighbor or diagonal
neighbor of p.

Example 3.2. (1) (One dimensional case) Consider a digital interval (X := [0, 2m − 1]Z, 2) on Z,
where m ∈ N. Let f : X → X be a map defined by

f (x) = 2m − 1 − x.

While f is a 2-continuous map, there is no point x ∈ X such that f (x) = x. Thus X does not have the
FPP. However, there exists a point m such that f (m) ∈ N2(m, 1).
(2) (Two dimensional case) Consider the set X ⊂ Z2, where X = {(x1, x2) | x1 ∈ [0, 5]Z and
x2 ∈ [0, 3]Z} in Z2. Let f : X → X be a map given by

f (x1, x2) =


(3, 1) if x1 ∈ {4, 5} and x2 ∈ {2, 3},
(4, 1) if x1 ∈ {0, 1, 2, 3} and x2 ∈ {2, 3},
(4, 2) if x1 ∈ {0, 1, 2, 3} and x2 ∈ {0, 1},
(3, 2) if x1 ∈ {4, 5} and x2 ∈ {0, 1}.


(3.1)

Let us examine if the AFPP of (X, k) holds, k ∈ {4, 8}.
(1-1) Assume a 4-adjacency for X, i.e., a digital space (X, 4). While the map f of (3.1) is a 4-continuous
map, there is no point x ∈ X such that f (x) ∈ N4(x, 1) (see Figure 1(a)), which implies that (X, 4) does
not have the AFPP.
(1-2) Assume an 8-adjacency for X, i.e., a digital space (X, 8). Then, for every self-8-continuous map
g of (X, 8), there is a point x in X such that g(x) ∈ N8(x, 1). For instance, the map f of (3.1) has the
property f (x) ∈ N8(x, 1) at the four points x ∈ X, where x ∈ {(3, 1), (3, 2), (4, 1), (4, 2)}.
Besides, suppose there is a self-map h of (X, 8) which does not have the point x ∈ X satisfying g(x) ∈
N8(x, 1). Then, the given map h cannot be an 8-continuous map.
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Figure 1. (a) (X, 4) does not have the AFPP and (X, 8) supports the AFPP. (b) While each
(Y, 6) and (Y, 18) do not have the AFPP, (Y, 26) but supports the AFPP.

Let us now consider the AFPP for a three dimensional case.

Example 3.3. (Three dimensional case) Consider the set Y = [0, 1]Z × [0, 1]Z × [0, 1]Z ⊂ Z3. Let
g : Y → Y be a map given by

g(0, 0, 0) = (1, 1, 1), g(0, 0, 1) = (1, 1, 0), g(0, 1, 1) = (1, 0, 0),
g(1, 0, 1) = (0, 1, 0), g(1, 1, 1) = (0, 0, 0), g(1, 1, 0) = (0, 0, 1),
g(1, 0, 0) = (0, 1, 1), g(0, 1, 0) = (1, 0, 1).

 (3.2)

Let us investigate certain possibility of the AFPP of (Y, k), k ∈ {6, 18, 26}.
(1-1) In the case we take a 6-adjacency for Y, i.e., a digital space (Y, 6), we see that the map g of (3.2)
is a 6-continuous map. Then we observe that there is no point y ∈ Y such that g(y) ∈ N6(y, 1), which
implies that (Y, 6) does not have the AFPP.
(1-2) In the case we assume an 18-adjacency for Y, i.e., a digital space (Y, 18), it is clear that the map
g of (3.2) is an 18-continuous map. But there is no point y ∈ Y such that g(y) ∈ N18(y, 1) (see Figure
1(b)), which implies that (Y, 18) does not have the AFPP either.
(1-3) In the case we take a 26-adjacency for Y, i.e., a digital space (Y, 26), consider any 26-continuous
maps g such as the map g of (3.2). Then it is clear that each point y ∈ Y satisfies the property
g(y) ∈ N26(y, 1) (see Figure 1(b)).
Besides, suppose a self-map h of (Y, 26) which does not have a point y ∈ Y such that h(y) ∈ N26(y, 1).
Then the map h cannot be a 26-continuous map, which concludes that (Y, 26) has the AFPP.
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Using the method used in Theorem 3.2 and Example 3.3, we obtain the following as a generalization
of the AFPP of the 2-dimensional digital picture in [28] (see Theorem 4.1 of [28]).

Proposition 3.3. [14] Consider the set X :=
∏n

i=1[0, 1]Z ⊂ Zn and a digital space (X, 3n − 1). Then
(X, 3n − 1) has the AFPP. Naively, only the (3n − 1)-adjacency instead of the k(, 3n − 1)-adjacency
supports the AFPP for X.

4. Characterizations of the product property of the AFPP for digital spaces

This section deals with the problem of whether the AFPP for digital spaces is, or is not necessarily
invariant under Cartesian product. In details, as referred to in Examples 3.2 and 3.3, consider the set∏n

i=1[mi,mi + 1]Z ⊂ Zn with a k-adjacency of (2.1), where mi ∈ Z. Then it turns out that (
∏n

i=1[mi,mi +

1]Z, k) has the AFPP if k = 3n−1 (see Proposition 3.3). Since the digital space ([mi,mi + 1]Z, 2) has the
AFPP, as a more general case of [mi,mi + 1]Z, consider certain digital spaces (Xi, ki) in Zni , i ∈ {1, 2},
such that each of (Xi, ki), i ∈ {1, 2}, has the AFPP. Then, we have the following query. Under what
adjacency of the Cartesian product X1 × X2 does the digital product have the AFPP ? Moreover, as
a more general case of Proposition 3.3, for digital spaces (X, ki), i ∈ {1, ..., n}, we need to study the
AFPP for the so-called digital product such as

∏n
i=1 Xi with some k-adjacency. As a digital topological

version of the strong adjacency in [1] from the viewpoint of typical graph theory, the following notion
was initially established [8].

Definition 4.1. ( [8]) For two digital spaces (X, k0) on Zn0 and (Y, k1) on Zn1 , we say that (x, y) ∈
X × Y ⊂ Zn0+n1 is normally k-adjacent to (x′, y′) ∈ X × Y if and only if
(1) y is equal to y′ and x is k0-adjacent to x′, or
(2) x is equal to x′ and y is k1-adjacent to y′, or
(3) x is k0-adjacent to x′ and y is k1-adjacent to y′.

Remark 4.2. (1) Hereinafter, for our purposes, in relation to Definition 4.1, we will use the following
notation. For a point p ∈ X × Y,

N?
k (p) := {q ∈ X × Y | q is normally k-adjacent to p}

and further,
N?

k (p, 1) := N?
k (p) ∪ {p}.

Then we call N?
k (p, 1) a normally k-neighborhood of p.

Indeed, it is clear that N?
k (p) need not be equal to N∗k (p), where

N∗k (p) := {q ∈ X × Y | q is k-adjacent to p} in [22].
(2) Consider digital spaces (X, k1) on Zn1 and (Y, k2) on Zn2 satisfying the AFPP. Not every k-

adjacency for the digital product X × Y ⊂ Zn1+n2 supports the AFPP for (X × Y, k) in DTC(k).

To guarantee Remark 4.2(2), we examine the following:

Example 4.1. Consider the following sets X = {(0, 1), (0, 0), (1, 0)} and Y = {(0, 0), (1, 0), (1, 1), (2, 1)}
in Z2 (see Figure 2(a)). Since the digital space (X, 4) is (4, 2)-isomorphic to a digital line [0, 2]Z and
(Y, 4) is also (4, 2)-isomorphic to a digital interval [0, 3]Z, motivated by Example 3.2, each of (X, 4)
and (Y, 4) has the AFPP for 4-continuous self-maps of the given spaces.
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(Case 1) Assume an 8-adjacency for the Cartesian product X × Y = {(x, y) | x ∈ X and y ∈ Y} ⊂ Z4

(see Figure 2(b)). Let f : X → X be a map defined by

f (0, 1) = f (1, 0) = (0, 0), f (0, 0) = (0, 1)

and g : Y → Y be a map given by

g(0, 0) = (2, 1), g(1, 0) = (1, 1), g(1, 1) = (1, 0), g(2, 1) = (0, 0).

Then it is clear that both f and g are 4-continuous maps. Furthermore, the points (0, 0), (0, 1) are
almost fixed points in X by the map f and the points (1, 0), (1, 1) are also almost fixed points in Y by
the map g.

Meanwhile, let us now consider the map h := f ×g : X × Y → X × Y given by h(x, y) := ( f (x), g(y))
which is an 8-continuous map. Then, since



h(0, 1, 0, 0) = (0, 0, 2, 1) < N8((0, 1, 0, 0), 1),
h(0, 1, 1, 0) = (0, 0, 1, 1) < N8((0, 1, 1, 0), 1),
h(0, 1, 1, 1) = (0, 0, 1, 0) < N8((0, 1, 1, 1), 1),
h(0, 1, 2, 1) = (0, 0, 0, 0) < N8((0, 1, 2, 1), 1),
h(0, 0, 0, 0) = (0, 1, 2, 1) < N8((0, 0, 0, 0), 1),
h(0, 0, 1, 0) = (0, 1, 1, 1) < N8((0, 0, 1, 0), 1),
h(0, 0, 1, 1) = (0, 1, 1, 0) < N8((0, 0, 1, 1), 1),
h(0, 0, 2, 1) = (0, 1, 0, 0) < N8((0, 0, 2, 1), 1),
h(1, 0, 0, 0) = (0, 0, 2, 1) < N8((1, 0, 0, 0), 1),
h(1, 0, 1, 0) = (0, 0, 1, 1) < N8((1, 0, 1, 0), 1),
h(1, 0, 1, 1) = (0, 0, 1, 0) < N8((1, 0, 1, 1), 1),
h(1, 0, 2, 1) = (0, 0, 0, 0) < N8((1, 0, 2, 1), 1),



we conclude that (X × Y, 8) does not have the AFPP (see Figure 2(b)).
(Case 2) In the case of the map h above, there is a certain point p ∈ X×Y such that h(p) ∈ Nk(p, 1), k ∈
{32, 64, 80} (for instance, see the points h(1, 0, 1, 0) and h(1, 0, 1, 1) in the above data). Thus we need
to further examine if all k-continuous self-maps of X × Y has the property related to the AFPP (see
Theorem 4.4).
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(Y, 4)

(0, 0) (1, 0)

(1, 1)

(2, 1)

(a)

(X, 4)

(0, 0) (1, 0)

(0, 1)

(b) (0, 0) (1, 0) (1, 1) (2, 1)

(0, 1, 0, 0)(0, 1)

(0, 0)

(1, 0)

(0, 0, 0, 0)

(1, 0, 0, 0)

(0, 1, 1, 0)

(0, 0, 1, 0)

(1, 0, 1, 0)

(0, 1, 1, 1)

(0, 0, 1, 1)

(1, 0, 1, 1)

(0, 1, 2, 1)

(0, 0, 2, 1)

(1, 0, 2, 1)

(X x Y,  8)

X

Y

Figure 2. A digital product whose factor spaces have the AFPP need not have the AFPP.

Remark 4.3. Let (X, k0) be a digital space on Zn0 and (Y, k1) be a digital space on Zn1 . If either
(X, k0) or (Y, k1) does not have the AFPP, then the AFPP for (X × Y, k) depends on the situation of the
k-adjacency of Zn0+n1 .

To guarantee Remark 4.3, let us consider the following:

Example 4.2. Consider the sets X = {(0, 0), (0, 1), (1, 0), (1, 1)} in Z2 with 4-adjacency (see Figure 3)
and Y = {0, 1} in Z with 2-adjacency. Let f : X → X be a map defined by

f (0, 1) = (1, 0), f (1, 0) = (0, 1), f (0, 0) = (1, 1), f (1, 1) = (0, 0).

While the map f is 4-continuous map, for each point x ∈ X, it is clear that f (x) < N4(x, 1), which
implies that (X, 4) does not have the AFPP. By using the method used in Example 3.1, it is clear that
(Y, 2) has the AFPP. Using a method similar to the assertion of Example 3.3, we see that while (X×Y, k)
does not have the AFPP, k ∈ {6, 18} (see Figure 3), (X × Y, 26) has the AFPP. In particular, assume
X × Y with the normal 18-adjacency, i.e., consider the points in X × Y with the normal 18-adjacency
instead of the typical 18-adjacency. Then it is clear that X × Y with the normal 18-adjacency, denoted
by (X × Y, 18), does not have the AFPP either. To guarantee this assertion, consider a two-clicks
rotation of (X × Y, 18) in Figure 3 such as (0, 0, 1)→ (1, 1, 1, ), (0, 0, 0)→ (1, 1, 0), and so on.
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(X, 4)

(0, 0)

(0, 1)

(1, 0)

(1, 1)

(Y, 2)

0

1

(0, 0, 0)

(0, 0, 1)

(1, 1, 0)(1, 0, 0)

(1, 0, 1)

(0, 1, 0)

(0, 1, 1)

(1, 1, 1)

(X  X Y, 18) 

Figure 3. While (X × Y, 18) does not have the AFPP, (X × Y, 26) has the AFPP.

Motivated by Remark 4.3 and Example 4.2, we may pose the following query: Under what condition
do we have the product property of the AFPP?

For convenience, let us use the notation. Given a digital space (X, k),

Conk(X) := { f | f is a k-continuous self-map of X}.

Let us now address this issue, as follows:

Theorem 4.4. Assume two ki-connected digital spaces (X, k1) and (Y, k2) and a digital product X × Y
with a normal k-adjacency such that N?

k (p, 1) = Nk(p, 1) for each point p ∈ X × Y. Each of (X, k1) and
(Y, k2) has the AFPP if and only if (X × Y, k) has the AFPP.

Proof: According to the hypothesis, since both (X, k1) and (Y, k2) have the AFPP, we obtain that for
any k1-continuous self-map f of (X, k1)

there is a point x ∈ X such that f (x) ∈ Nk1(x, 1), (4.1)

and for any k2-continuous self-map g of (Y, k2)

there is a point y ∈ Y such that g(y) ∈ Nk2(y, 1). (4.2)

Besides, for a digital product with a normal k-adjacency (X × Y, k), it turns out that for any point (x, y)
in (X×Y, k) we have the following property which is equivalent to the k-normal adjacency of Definition
4.1.

N?
k ((x, y), 1) = Nk1(x, 1) × Nk2(y, 1). (4.3)

With the hypothesis of the normal k-adjacency of the digital product X × Y and the property (4.1)
and (4.2), for the sake of contradiction, let us now suppose that (X × Y, k) does not have the AFPP.
Namely, there is a certain k-continuous self-map h of (X × Y, k) such that every point (x, y) ∈ X × Y has
the property (see the hypothesis)

h(x, y) < Nk((x, y), 1) = Nk1(x, 1) × Nk2(y, 1). (4.4)

Then, we obtain

h|X×{y}(x, y) < Nk1(x, 1) × {y} or h|{x}×Y(x, y) < {x} × Nk2(y, 1).
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Since X and X × {y} are indeed assumed to be k1-isomorphic and Y and {x} × Y are assumed to be
k2-isomorphic, there exist f ∈ Conk1(X) and g ∈ Conk2(Y) satisfying h|X×{y}(x, y) = ( f (x), y) and
h|{x}×Y = (x, g(y)). Thus, f (x) < Nk1(x, 1) or g(x) < Nk2(y, 1) which contradicts to the properties of (4.1)
or (4.2).

Let us now prove that the AFPP of (X × Y, k) implies the AFPP of each of (X, k1) and (Y, k2). Using
reductio ad absurdum, without loss of generality, with the hypothesis we may assume that (X, k1) does
not have the AFPP. Naively, for a certain map f ∈ Conk1(X), every point x ∈ X has the property
f (x) < Nk1(x, 1). Let us now consider any map F ∈ Conk(X × Y). Then, for any point (x, y) ∈ X × Y
we have the map F|X×{y} ∈ Conk1(X), where F|X×{y} means the restriction of F to X × {y}. Indeed, owing
to Proposition 2.2 and the above property (4.3), any map f ∈ Conk1(X) can be represented by a certain
F|X×{y}, where F ∈ Conk(X × Y). Since F|X×{y} ∈ Conk1(X), owing to the non-AFPP of (X, k1), every
point x ∈ X has the property ( f (x), y) := F|X×{y}(x, y) < Nk1(x, 1)×{y} for a certain f ∈ Conk1(X). Hence
every point (x, y) ∈ X × Y has the property

F(x, y) < Nk1(x, 1) × Nk2(y, 1) = N?
k ((x, y), 1) = Nk((x, y), 1) (4.5)

for a certain F ∈ Conk(X × Y), which implies the non-AFPP of (X × Y, k). Thus the proof is
completed. �

Remark 4.5. (The importance of the hypothesis of N?
k (p, 1) = Nk(p, 1)) As we can see the property in

(4.5), without this hypothesis, we cannot support the property of (4.5).

As a generalization of the property (4.3), for given digital spaces (Xi, ki) on Zni , i ∈ {1, 2, ...,m}, we
define a normal k-adjacency for the digital product

∏m
i=1 Xi ⊂ Z

n1+...+nm as follows:

Definition 4.6. For digital spaces (Xi, ki) on Zni , i ∈ {1, 2, ...,m}, consider X :=
∏m

i=1 Xi := (
∏m−1

i=1 Xi) ×
Xm ⊂ Z

n1+ ··· +nm . Then, for two disctinct points x := (x1, x2, ..., xm), y := (y1, y2, ..., ym) ∈ X, we say that
y is normally k-adjacent to x if and only if y ∈ N?

k (x), where

N?
k (x) := N?

k (x, 1) \ {x} and N?
k (x, 1) := (

m−1∏
i=1

Nki(xi, 1)) × Nkm(xm, 1).

In Definition 4.6, we call N?
k (x, 1) a normally k-neighborhood of x. In view of Definition 4.6, we see

that a point x′ := (x′1, x
′
2, ..., x

′
m) ∈

∏m
i=1 Xi ⊂ Z

n1+...+nm is normally k-adjacent to x := (x1, x2, ..., xm) ∈∏m
i=1 Xi if and only if the points x′ and x satisfies the property of Definition 4.6.

Corollary 4.7. Let (Xi, ki) have the AFPP, where Xi ⊂ Z
ni and i ∈ {1, 2, ...,m}. Assume a digital product

X :=
∏m

i=1 Xi ⊂ Z
n1+ ···+nm with a normal k-adjacency such that N?

k (x, 1) = Nk(x, 1), x ∈ X. Then, each
(Xi, ki), i ∈ {1, 2}, have the AFPP if and only if (

∏m
i=1 Xi, k) has the AFPP.

Example 4.3. Consider the digital intervals X = [0, 3]Z and Y = [0, 2]Z on (Z, 2). By Definition
4.1, the digital product X × Y = {(x, y) | x ∈ X and y ∈ Y} has the only normal 8-adjacency on
Z2. Let f : X → X be a map defined by f (0) = 2, f (1) = f (2) = 3, f (3) = 2 and g : Y → Y
be a map defined by g(0) = 1, g(1) = g(2) = 0. Then f , g are 2-continuous maps and the map
h := f × g : X × Y → X × Y defined by h(x, y) = ( f (x), g(y)) is an 8-continuous map. The points
(2, 0), (2, 1), (3, 0), (3, 1) in X × Y are almost fixed points for an 8-continuous map h (see Figure 4).
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Figure 4. Explanation of the product property of the AFPP.

Lemma 4.8. Only the (3m − 1)-adjacency of the digital product X :=
∏m

i=1 Xi ⊂ Zm of the digital
intervals (Xi, 2) is normal such that N?

k (x, 1) = Nk(x, 1), i ∈ {1, 2, ...,m}, x ∈ X, k := 3m − 1.

Proof: Since the digital intervals [mi,mi + pi]Z and [0, pi]Z are 2-isomorphic to each other, where
mi ∈ Z and pi ∈ N, without loss of generality, we may consider [mi,mi + pi]Z to be the digital interval
[0, pi]Z for i ∈ {1, 2, ...,m}, where m ∈ N.

First of all, it is clear that any k-adjacency of X ⊂ Zm, k , 3m − 1, cannot satisfy the property
N?

k (x, 1) = Nk(x, 1).
Let us now prove this assertion in terms of mathematical induction, as follows:
(Case 1) For the digital spaces (X1, 2) and (X2, 2), it is clear that X1 × X2 has an normal 8-adjacency
such that N?

8 (x, 1) = N8(x, 1).
(Case 2) Assume that

∏m
i=1 Xi has a normal (3m − 1)-adjacency such N?

k (x, 1) = Nk(x, 1), k = 3m − 1.
Then we need to prove that

∏m+1
i=1 Xi has a normal (3m+1−1)-adjacency such that N?

k (x, 1) = Nk(x, 1), k =

3m+1 − 1. According to Definition 4.6, we obtain that the product (
∏m

i=1 Xi, 3m − 1) × (Xm+1, 2) has the
normal (3m+1 − 1)-adjacency such that N?

k (x, 1) = Nk(x, 1), k = 3m+1 − 1, which completes the proof. �
Indeed, in the proof of Lemma 4.8, we may prove the existence of the normal (3m − 1)-adjacency of∏m

i=1[0, 1]Z such that N?
k (x, 1) = Nk(x, 1).

Hereafter, let us study the AFPP for digital nD cubes, denoted by
∏n

i=1[mi,mi + pi]Z ⊂ Zn,mi ∈

Z, pi ≥ 2, as a Cartesian product of finite digital intervals [mi,mi + pi]Z. Motivated by Example 3.3 and
Proposition 3.3, we obtain the following (see also Theorem 1 of [14]):

Theorem 4.9. Consider the set X :=
∏n

i=1[mi,mi + pi]Z ⊂ Zn with k-adjacency, where mi ∈ Z and
pi ∈ N − {1}. Then, only (X, 3n − 1) has the AFPP.

Proof: Using Theorem 4.4 and Lemma 4.8, the proof is completed because only k = 3n − 1 has the
property N?

k (p, 1) = Nk(p, 1) for each point p ∈ X. �
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5. Summary and further works

We have studied the product property of the AFPP of digital spaces in the graph-theoretical
approach (Rosenfeld model). Namely, it turns out that a normal k-adjacency of a digital product with
the property N?

k (p, 1) = Nk(p, 1) for each point p of a digital product plays an important role in
studying the product property of the AFPP of digital spaces. Based on this approach, as a further
work we can find some digitization functors transforms AFPP of spaces in a certain category into that
of spaces in another category.

Acknowledgments

We would like to thank the referees for valuable suggestions that helped improve the original
manuscript in its present form. The corresponding author (S.-E. Han) was supported by the Basic
Science Research Program through the National Research Foundation of Korea(NRF) funded by the
Ministry of Education, Science and Technology (2019R1I1A3A03059103).

Conflict of interest

The authors declare no conflict of interest.

References

1. C. Berge, Graphs and hypergraphs, 2 Eds., Holland, Amsterdam, 1976.

2. L. Boxer, A classical construction for the digital fundamental group, J. Math. Imaging Vis., 10
(1999), 51–62.

3. R. F. Brown, The fixed point property and cartesian products, Am. Math. Mon., 89 (1982), 654–668.

4. Y. J. Cho, Fixed point theory and Applications, New York: Nova Science Publications Inc., 2001.

5. M. Edelstein, An extension of Banach’s contraction principle, P. Am. Math. Soc., 12 (1961), 7–10.

6. O. Ege, I. Karaca, Banach fixed point theorem for digital images, Journal of Non-linear Sciences
and Applications, 8 (2015), 237–245.

7. B. Halpern, Almost fixed points for subsets of Zn, J. Comb. Theory A, 11 (1971), 251–257.

8. S.-E. Han, Non-product property of the digital fundamental group, Inform. Sciences, 171 (2005),
73–91.

9. S.-E. Han, On the simplicial complex stemmed from a digital graph, Honam Math. J., 27 (2005),
115–129.

10. S.-E. Han, Fixed point theorems for digital images, Honam Math. J., 37 (2015), 595–608.

11. S.-E. Han, Banach fixed point theorem from the viewpoint of digital topology, J. Nonlinear Sci.
Appl., 9 (2016), 895–905.

12. S.-E. Han, Fixed point property for digital spaces, J. Nonlinear Sci. Appl., 10 (2017), 2510–2523.

13. S.-E. Han, Estimation of the complexity of a digital image form the viewpoint of fixed point theory,
Appl. Math. Comput., 347 (2019), 236–248.

AIMS Mathematics Volume 6, Issue 7, 7215–7228.



7228

14. S.-E. Han, Remarks on the preservation of the almost fixed point property involving several types
of digitizations, Mathematics, 7 (2019), 954.

15. S.-E. Han, Digital k-contractibility of an n-times iterated connected sum of simple closed k-surfaces
and almost fixed point property, Mathematics, 8 (2020), 345.

16. G. T. Herman, Oriented surfaces in digital spaces, CVGIP: Graphical Models and Image
Processing, 55 (1993), 381–396.

17. A. Hossain, R. Ferdausi, S. Mondal, H. Rashid, Banach and Edelstein fixed point theorems for
digital images, J. Math. Sci. Appl., 5 (2017), 36–39.

18. A. Idzik, Almost fixed point theorems, P. Am. Math. Soc., 104 (1988), 779–784.

19. D. Jain, Common fixed point theorem for intimate mappings in digital metric spaces, IJMTT, 56
(2018), 91–94.

20. K. Jyoti, A. Rani, Digital expansions endowed with fixed point theory, Turkish Journal of Analysis
and Number Theory, 5 (2017), 146–152.

21. I. S. Kim, S. H. Park, Almost fixed point theorems of the Fort type, Indian J. Pure Appl. Math., 34
(2003), 765–771.

22. T. Y. Kong, A. Rosenfeld, Topological algorithms for the digital image processing, Amsterdam:
Elsevier Science, 1996.

23. K. Kuratowski, Topology, 2 Eds., New York-London-Warszawa: Elsevier Science, 1968.

24. L. N. Mishra, K. Jyoti, A. Rani, Vandana, Fixed point theorems with digital contractions image
processing, Nonlinear Science Letters A, 9 (2018), 104–115.

25. J. R. Munkres, Topology, New Jersey: Prentice-Hall Inc., 1975.

26. S. Reich, The almost fixed point property for nonexpansive mapping, P. Am. Math. Soc., 88 (1983),
44–46.

27. A. Rosenfeld, Digital topology, Am. Math. Mon., 86 (1979), 76–87.

28. A. Rosenfeld, Continuous functions on digital pictures, Pattern Recogn. Lett., 4 (1986), 177–184.

c© 2021 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 6, Issue 7, 7215–7228.

http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	The AFPP for an nD digital cube with (3n-1)-adjacency
	Characterizations of the product property of the AFPP for digital spaces
	 Summary and further works

