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Abstract: The present article is a continuation of the work done by Aral and Erbay [1]. We discuss
the rate of convergence of the generalized Baskakov operators considered in the above paper with the
aid of the second order modulus of continuity and the unified Ditzian Totik modulus of smoothness.
A bivariate case of these operators is also defined and the degree of approximation by means of
the partial and total moduli of continuity and the Peetre’s K-functional is studied. A Voronovskaya
type asymptotic result is also established. Further, we construct the associated Generalized Boolean
Sum (GBS) operators and investigate the order of convergence with the help of mixed modulus of
smoothness for the Bogel continuous and Bogel differentiable functions. Some numerical results to
illustrate the convergence of the above generalized Baskakov operators and its comparison with the
GBS operators are also given using Matlab algorithm.
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1. Introduction

Chen et al. [14] introduced a generalization of Bernstein polynomials by means of a parameter
a, where 0 < a < 1, and studied some approximation properties. Subsequently, the modifications
and the generalizations of the operators introduced in [14] were extensively studied in many papers
[3-5,8,19-22,24]. Inspired by these studies, Aral and Erbay [1] proposed a— Baskakov operators as
follows:

Fory>0and ¢ € C,(S) := {(,0 eCS) (M <MA+r), for some M > 0}, where S := [0, ), the
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parametric generalization of Baskakov operators is given by

[ .

Tnals) = Y ¢ L) P, (L.1)
R
where m > 1, x € § and
/-1 ax (m+j—1 m+j—-3 m+j—1
POy = — 5 { —(-axl - }
==t Fu (M RO CEES o ERTEON (i |

with (”’__23) = (’”_‘12) = 0. The authors [1] studied some approximation theorems in weighted spaces and
a Voronovskaya type asymptotic theorem. Further, they established a representation of these operators

in terms of the divided differences.
We observe that for @ = 1, the operators (1.1) reduce to the classical Baskakov operators.

The purpose of the present paper is to investigate the degree of approximation for the operators given
by (1.1) by means of the Peetre’s K-functional and the Ditzian Totik modulus of smoothness. Also, we
construct a bivariate case of these operators and determine the order of convergence by means of the
moduli of continuity and the Peetre’s K-functional. The Voronovskaya type asymptotic theorem is also
established. Further, we propose the associated GBS operators and consider their rate of convergence
with the aid of the mixed modulus of smoothness. We also add some numerical examples to validate
the theoretical findings and compare the convergence of the operators (1.1) with the corresponding
GBS operators.

2. Preliminaries

Lemma 1. [I] For m € N, the a—Baskakov operators [, o(-; X) verify the following identities:

(a) jm,a/(l;x) =1;

(b) jm,a(r; X) =x+ x(a - 1)%,

(€) Tma(r?; %) = X2 + X*(4a — 3)% + x(m + 4a - 4)#.

By a simple computation, it follows that

(d) Tino(r’;x) = X + X (6ma — 3m + 6a — 4)1; + x*(18a + 3m — 15)-5; + x(8a + m — 8)-x;

(€) Tma(*; x) = x* + {(8a — 2)m* + x*(24a — 13)m + (16a — 10)}#

+ xX*{6m* + (48a — 30)m + (48a — 36)}# + xX*{(4a + 3)m + 60a — 53}”% + x(16a + m — 16)#.
Consequently, we obtain the following result:

Lemma 2. []] The operators ,,.(; x) given by (1.1) satisfy the following equalities:

(@) Tnal(r — x); %) = 2(a - D)x;

(b) Tno((r = 0% x) = (1 + 0)x + H(@ - Dx;

(¢) Tma((r—2)* %) = (1 + 2% = 5 (10x* +36x7 +25x — D)x + S5(16x* +48x+32) + 1 16(a — 1)x.

Remark 1. For the operators . (+; x) defined by (1.1), we have
(@) im m,,o((r — x); x) = 2(a — 1)x;
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(b) lim mJo((r — )% %) = (1 + x)x;
(c)lim m>J,o((r — x)*; x) = 3x%(1 + x)%.

Remark 2. From Lemma 2, it follows that for every x € S and m € N,

x(1+x)

jm,a((r - x)Z; X) < .
m

Further, for each x € S and sufficiently large m,

Tnal(r = 0 3) < E{x2<1 FxP 4 l},
m m

where C is a positive constant independent of m.

Let C35(S) be the subspace of C,(S), for y = 2, defined as follows:

Cis)={f e s tim L2

T 2 exists and is finite}.
X

3. Approximation properties of the operators 7, ,

Theorem 1. Let ¢ € C5(S). Then lim [, ,(¢; x) = ¢(x), uniformly on each compact subset of S .

Proof. From Lemma 1, lim jm,(,(ri;x) = x', i = 0,1,2, uniformly on each compact subset of S.

Applying the Korovkin type theorem ( [2], Thm. 4.1.4 (vi), p.199), the required result is immediate. O

Let Cg(S) be the space of all real valued bounded continuous functions ¢ on §, endowed with the
norm

ligll = suple(x)l.

xeS
For ¢ € Cy(S) := {¢ € Cp(S) : ¢ is uniformly continuous on S}, the usual modulus of continuity of
@ is defined as

w(p,n) = sup  sup |p(x+ h) — (x)|
0<|hl<n x,x+heS

and the Peetre’s K-functional is defined by

K(p;n) = inf {llp— fll+nlf I}, n>0,
feCi(S)

where C%(S) ={feCp(lS): f,f" e Cp(S)} Foreach ¢ € Cx(S), by [15] there exists an absolute
constant M such that

K(p,m) < Mws(p, \n).n >0 (3.1)
where wy(p, 4/7) = sup  sup |o(x+2h)—2¢(x+h)+¢@(x)|is the second-order modulus of continuity

0<|hl< 7 x,x+2heS
of ponsS.
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Theorem 2. Let ¢ € Cy(S). Then for every x € S, the following inequality holds:

BB e Za-0)

Tina: ) — @) < M wz(sﬁ,

where M is an absolute positive constant and

2

4y
B = 5140+ o - 172,
m
Proof. First, we define an auxiliary operator
2
Lnal$i2) = Tnali 1) + 90— ({14 =@ = D)) (3.2)
m
Applying Lemma 1, it is seen that
Lno(l;x)=1 and L, ,((r —x);x) = 0. (3.3)
Let f € C3(S). From Taylor’s formula, we may write
F0)= 0+ 0= 0 £+ [ =10 7w du
Applying the operators £, ,(:; x) on the above equation and using (3.3), we get
Lna(f(r);x) = Lyo(f(X);0) + f/(0)Lna((r — x); %) + -Em,a( f (r —wh” (u) du; x)
or,
r x(1+2 (a-1)) 2
Lnal £~ ) = Tona| f (= w)f () dt; ) ~ f {1+ =)= u} 70 du,

which implies that

| La(f52) = fO] < Jm,a( x) t f ey {x(l ; %(a - 1)) - u} F7(u) dul.

‘ f (r—u) f’(u) du‘s ||f2 ”(r—x)z, (3.4)

fr(r —u) f"(u) dul;

Now, using the fact that

from Remark 2, it follows that

( f (r—u)f”(u)du|;x) W o - 2 ><”f |yt + ),

and

‘va(n,i(a—l)) {x(l + n%(oz - 1)) - u} f(w) du| < ”fz””(x(l + n%(a - 1)) - x)2
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= 2M2”x2(a - 1%
m

Hence,

||f”|| x(1 +x)

Laafi0 = 0] < 1 —( - 17},

From (3.2), for every ¢ € Cp(S) we have
| Lo (5 0 < 3llgll.

Hence from (3.2), (3.5) and (3.6), for ¢ € Cp(S) and any f € C? 2(S), we obtain

IA

Lol = o) + ¢{x(1 4 2 - n))- ¢

L@ = 301+ 1L (1) — FOI + £ — 00

‘sv(x(l + 2@ 1)) -6

TATRER
m

jm,a(gp; .X) - (,D(X)

IA

+

IA

~fll+
- w(so;aa —a))

w1y

2
< o= fll+ 1" Bralx) + w(¢; =1 - a)).

Now, taking the infimum on the right hand side over all f € C(S), we get

Tnalgi) -0 < 4K(o ﬁ’"z( )) (go,%(l—a)).

Hence, in view of (3.1), we obtain

<

Tnal@i 0= <= My, —”ﬁ’"’“(x)) +ofe, 2;"(1 - )

2

which completes the proof.

Lipschitz type space: For u € (0, 2], we consider the following Lipschitz type space [25]:

Lipy* () = {90 € C(S) : lp(r) —e) < M I xlﬂg’ res,x> 0}’
(r+x):2

where M is any positive constant depending only on ¢.

Theorem 3. For 0 < u <2, letp € Llp(0 2](,u). Then for all x € (0, o), we have

Tonals ) — (0] < M (1 ;x)g,

where M is any positive constant depending only on .

(3.5)

(3.6)
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Proof. First, we prove the theorem for the case 4 = 2. Then, for f € Li p(o’z](,u), we have

M
Tnalg: 0 =00 < Y Ple(L) - o)
=0
S (2 =%’
< MDY POy~
< ]Z:;‘ m,J(x) (i + x)

Using the fact that fx <1,V j=0,1,2,.. and Remark 2, we have

M (o] . 2

2 @ (L _

X Z(;P’"’j(x)(m x)
]:

M
= ;LT”I’I,G’((” - x)Z;x)
% . x(1 + x)
X m

- )

Now, let us prove the theorem for the case 0 < u < 2. Applying the Holder inequality
with (p, q) = (%, ﬁ), in view of Lemma 1, we find that

| T .ol X) — (x|

IA

Tnal@i0) = 0@ < PO(L) - p(x)
=0 m
) . 2 p oo 2%
< { D Pnle) - el } Y P
Jj=0 j=0
) J )2\ 4
< M{ > PO ) M}z
= Gy
M pr o4 _ V)
M5 ok )
M
= _u{jm,a((r - X)Z; x)}ll/z
X2
1 +x\2
)
m
which leads us to the desired result. ]

Next, we study a local direct estimate for the operators defined in (1.1) by applying the Lipschitz-
type maximal function of order &, given by Lenze [23] as

. B lp(r) — @(x)]
(g, x) = sup ——z
r#x, reS |I" - Xl

, x€Sand ¢ €(0,1]. (3.7)
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Theorem 4. Let ¢ € Cy(S) and 0 < & < 1. Then, for all x € S, we have

1 :
T imale; X) — @(x)] < (e, X) (x( + x)) |

Proof. In view of (3.7), we have

lp(r) = p(x)| < D, x) Ir = xff

and hence
(T (@; X) = (0] < Tnallo(r) = @(0)]; x) < e, X) Tnallr — x5 ).

2 2

Now, applying the Holder’s inequality with p = £ and g = 5=, in view of Lemma 1 and Remark 2, we

obtain ‘ -
Tnel30) — 60 < 360 ) [Tl = 0%:5]°
< o) (x(l + x))i.
Thus, the proof is completed. O

Let ¢(x) = Vx(1 + x) and ¢ € Cg(S), then for any § > 0, the unified Ditzian-Totik modulus
wyr(9,0),0 < 7 < 11s defined as

wyr(p,0) = sup  sup

0<hsS y 10700

2

) -5)

¢(X'+

and the appropriate K—functional is given by
Kyr(p.6) = inf {llp = fll + 514"l

where W, = {f : f € AC;,c(S),|l¢7f’|| < oo} and AC,,.(S) denotes the space of locally absolutely
continuous functions on S.
From [16], it is known that w4 (¢, 6) ~ K4 (¢, 0), 1.e. there exists a constant M > 0 such that

M_la)¢r(g0, 6) < K¢T(QD, 5) < M(,()qgr(QD, 6) (38)

Theorem 5. Let ¢ € Cy(S). Then for each x € S and sufficiently large m, there holds the inequality

¢1_T(X))
Nl

Toal:3) = 9] < My w0
where My is some constant independent of ¢ and m.

Proof. From the definition of Ky (¢, 9), for a fixed 7, m and x € § we can choose f = f,, .. € W; such
that

1-7 1-7
o - i1+ -9 ¢ (x)).

Vm Vm
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From the representation

£ = fG) + f Fwdu,

( fxrf'(u)du;

it follows that

LTm,a(f; )C) - f(x)l < ng,a

)

Now, applying the Holder’s inequality

" 1
fwdu| < ¢ du
x (u)
T 1 T
< llg"f'llir = xI' ——du| .
*7 T
But,
‘f " du 1 1 " du 2|r — x|
( + )and — < ,
¢(u) \/ﬁ Vi+x Vl+r x \/ﬁ \/}
hence using the inequality |a + bl‘ <lal®*+|b’, 0<s<1,wehave
‘f 2T r — X" ( 1 N 1 )T
é(u) x3 Vi+x Vl+r
2‘(' _ T
< u((1+x) S (l+r) )
X2
Thus,
o . 2l fNl, ( Ir=x
T na(f30 = fOl £ ————< 07| Tmallr — x5 x) + ¢If jma( X)
x2(1 + x)2 X2 (1+7r):

Applying Cauchy-Schwarz inequality, Lemma 1 and Remark 2, we get

$(x)
ym

Now, since J,,.(¢; X) = ¢(x), as m — oo, for sufficiently large m, we have

Tnallr = 21 0) < AT ma(r = 01 0}2 < ==

=

[fm,a( - xlg ;X) < ATl = 0101 (T a((1+ 1) 75 20}
(1+r):
$(x)

< MIT(1+ )_7

for some constant M; > 0. Hence,

2" Sl o0 27"l M,
¢7(x)  m X2 \m
g7 f 1l (x)

M, N
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where M, = 27(1 + M,).
Thus for ¢ € C(S) and any f € W,, we get
T ma(@; %) =@ < T male = [ 01 + 1T mo(f3 %) = FOI +1£(X) — @)

1-1
2he = 11+ Mol 2.

Now, taking the infimum on the right hand side of the above inequality over all f € W, and using the
relation (3.8), we have

IA

I-7
T3 ) — (0 ¢ (x))

IA

M3K¢r(go;

IA

M4(1)¢T (QD,

This completes the proof. O

Now, we present some numerical results to show the convergence of 1, .(¢; x) to ¢(x) with different
values of @ by using Matlab.
Example 1. Let o(x) = (x — 3)(x — )(x — 3), m = 15,30 and @ € {0.1,0.4,0.7,0.9, 1}.
Denote & (¢; X) = | T m.a(@; X) — @(x)|, the error function of approximation by 7, (¢; x) operators. The
convergence of the operators ,,.,(¢; x) to the function ¢ with different values of @ on the interval [0, 1]
and m = 15,30 is illustrated in Figures 1 and 3. We can see from Figures 1 and 3 that for @ = 0.1, the
operator J,,..(¢; x) gives the best approximation to the function ¢ in comparison with the other values
of a. Further, the Tables 1 and 2 and the Figures 2 and 4 clearly show that the error in the approximation
& (¢; x) for @ = 0.1 is the smallest in comparison with the error corresponding to the other values of
a. From the Tables 1 and 2, we also observe that the error becomes smaller as the value of m increases
from 15 to 30, for all values of «.

07r
nel function
alpha =0.1
alpha=0.4
05 alpha = 0.7
alpha=0%9
04t alpha=1
03F
02F
01k
OF meme————
_D'] 1 1 1 1 1 1 1 1 1 ]
0 01 pz 03 04 05 0B 07 08 08 1

Figure 1. Approximation process J1s.(¢; X).
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Figure 2. Error of approximation & (g; x).

Table 1. Error of approximation &{5 for @ = 0.1,0.4,0.7,0.9 and 1.

x &5 & & &Y &g
0.4 0.0071 0.0097 0.0123 0.0140 0.0149
0.5 0.0160 0.0225 0.0291 0.0334 0.0356
0.7 0.0351 0.0587 0.0824 0.0982 0.1061
0.9 0.0488 0.1071 0.1655 0.2044 0.2239
1 0.0510 0.1352 0.2194 0.2755 0.3036
0B
function
0&r alpha = 0.1
alpha =0.4
o4t alpha =07
alpha =09
alpha =1
03r
0z2r
01r
Of e
0 I1 D.I2 D.IS 1] Ifi 1] I5 D.IE 0 I? 1] IB D.IB 1I

Figure 3. Approximation process J30.(¢; X).
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0.16
0.14 alpha = 0.1
alpha=0.4
012 alpha=07
alpha =09
01k alpha =1
0.osr
0.06 -
0.04 -
00z r
]

Figure 4. Error of approximation &5 (¢; x).

Table 2. Error of approximation &5, fora =0.1,0.4,0.7,0.9 and 1.

ey & & & &
0.4 0.0045 0.0051 0.0057 0.0061 0.0063
0.5 0.0101 0.0121 0.0141 0.0155 0.0161
0.7 0.0232 0.0321 0.0410 0.0469 0.0499
0.9 0.0354 0.0591 0.0829 0.0987 0.1066

1 0.0399 0.0750 0.1101 0.1334 0.1451

4. Construction of bivariate operators

Foryi,7, > 0and ¢ € Cy, ,,(S?) :={p € C(S?) : l@(ri, )| < M1+ r")YA + 7)), Y (r1,12) € S%},
where S? := S xS and M is some positive constant dependent on ¢, we introduce a bivariate extension
of the operators 7, .(-; x) defined by (1.1) as follows:

Nh% jl j2 a1,
jml,mz,al,afz((p; X1, x2) = Z Z (,D(—, _) Pinll,m;)jl,jg('xl’ X2), (41)
im0 =0 MR
where my,my € N, (x1,x) € S and P2, . (x1,x,) = Py, (x1) Pl (x2),
X! arx; (my+ j;—1 m + j; =3
P (x)) = : . { LT - -a)d+x b
i,y (X1) Ty T+ i ( D+ x1) o2

+

(1 _a'l)xl(ml +.jl - 1)},

J1

AIMS Mathematics Volume 6, Issue 7, 6986-7016.



6997

j2—1 .
pla) _ ) {Clzxz mt =0 v my + jo—3
mz Jz(x ) (1 + xp)m+iz=1 1 + x2( s ) ( a2)( x2) )
+j2—1
v —a2>x2(’"2 /2 )}
J2
. mp=3 mp—2 mp=3 my—2
with (%) = ("7?) = 0 and ("2°) = ("%) = 0.
Let

eiin(ri, 1) = 1l r2, iy i €0,1,2,3,4} with i) +ip < 4.
As a consequence of Lemma 1 and the definition (4.1), we easily obtain:

Lemma 3. For m;,m, € N, the bivariate operators  p, m,.a,.0,(*; X1, X2) verify the following identities:
(@) Ty mr,ar.02 (€003 X1, X2) = 1

(D) T iy my.n.an (€105 X1, X2) = X1 + (@1 — 1)xlm%;

(¢) Ty myar.an (€015 X1, X2) = X2 + (@2 — 1)sz%,

(d) Ty s, (€203 X1, X2) = X7 + x(day = 3) o0 + x1(my + 4y — 4),,%%-
(€) Tommo.n.0 (€023 X1, X2) = X3 + X3(4ary — 3),,,% + xo(my + 4ay — 4),,%5'

() Ty m.avr (€303 %1, X2) = X7 + x}(6muay = 3my + 61 —4) s

+ x2(18; + 3m; — 15),,% +x1(8ay +my — 8)”%;

(8) Ty an (€035 X1, X2) = X3 + X3(6mpay — 3my + 6, — 4)”%%

+ 218z + 3my — 15)% + x(8ay + my — 8)#;

(1) Ty mosaer 00 (€403 X1, X2) = X7 + {(8ar) — 2)mfz+ x{(24a; — 13)m; + (16a; — 10)}L

+ x?{6m% + (48a; — 30)m; + (48a; — 36)} +x {(40/1 + 3)m; + 60, — 53} + x1(16a/1 +my — 16)
(1) Ty my.ar.n (€045 X1, X2) = x‘zl + {(8ap — 2)m2 + x2(24a2 —13)m, + (16a, — 10)}m2

+ x§{6m§ + (48a, — 30)m, + (48a; — 36)}ml§ + x%{(4012 + 3)my + 60, — 53}’% + x,(16ap + my — 16)”%

Consequently, by a simple computation, we obtain the following result:

Lemma 4. For the operators  m, my.ar.0,(; X1, X2), we have

(a) jml,mz,al,az((rl - xl);xl’ XZ) = ml](a’l - 1)X1;

(b) jml,mz,al,afz((rZ - Xz); X1, Xz) = H%Z(Q/Z - 1)X2;

(€) Tmpmsanan((r1 = x1)% X1, %2) = (1 4+ x1)x) + iz(cvl - Dy

(d) Ty s, (12 = X2)%5 %1, 02) = (1 + 22)20 + (0/2 - Dxa;

(€) Ty mrar,an (11 = x)* X1, x0) = (1 + X1)2X1 - —(10X1 + 36x1 +25x; — Dx
+ mi?a/l(16x% +48x; +32) + ;T?(al “ D

() T mo.ar,00 (12 = x2)*5 %1, %0) = m%(l + X7 x5 — mig(10x;‘ +36x; +25x, — )x,
+ mL%az(mxg +48x, +32) + ;—g(az - Dxa.

Remark 3. From Lemma 4, the operators J , m.a1.a,(3 X1, X2), verify the following equalities:
(a) mlim M mymosar,an ((F1 = X1)5 X1, X2) = 2(ay — 1)xy;
1 —00

AIMS Mathematics Volume 6, Issue 7, 6986-7016.
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(b) im my 0, iy 0,00 ((r2 = X2)5 X1, X2) = 2(a@2 — Dxo;
mp—00
(c) mﬁinoo M0 T oy o0 (11— X035 %1, %2) = (1 + x1)x15
1
(d) mhin m2jm1,mz,al,a/2((r2 - x2)2; X1, Xz) = (1 + Xz).Xz;
2 o0
(e)mlliinoo m%jml,mz,al,wz((rl - X1)4; X1, x2) = 3)(,%(1 + xl)z;

(ﬂmlzlinoo m%jml,mz,al,(lz((rZ - )C2)4; X1, XZ) = 3X§(1 + x2)2'

Let C(S?) be the space of all bounded and continuous functions on §2 and S .; = [0, c] X [0, d] be
a compact subset of the set S2. Further, let |l¢|l = sup |o(x1, x2)l, ¢ € Cp(S?).

(x1,x2)€S?

Theorem 6. If ¢ € Cy(S?), then Ty m.cr.00 (@5 X1, X2) converges uniformly to ¢, as my,my — 0, on
S cd-

Proof. From Lemma 3, we have

hm xj.mhmz,a/],(lz(eiliz; X1, X2) = ei]iz(-xl ’ .sz) fOI' (ll ’ 12) = {(07 0)’ (O’ 1)a (1’ 0)},

mi,my—0oo
and
Iim oy my 1.0 (€20 + €025 X1, X2) = (€20 + €02)(X1, X2),
mi,ny—0oo
uniformly on S 4. The proof, now follows on applying Theorem 2.1 of Volkov given in [9]. O

In what follows, let 6, o,(X:) = T, mpar.ar (Fi = Xi)?3 X1, X2), i = 1,2.
Now, we consider the degree of approximation of the operators 7, my.a;.e,(; X1, X2) in the space of
bounded and uniformly continuous functions on S 2.
For ¢ € Cp(S?) := {p € Cp(S?) : ¢ is uniformly continuous} and § > 0, the total modulus of
continuity for the bivariate case is defined as follows:

@(p; 8) = sup{lp(ri, r2) — p(x1, )| = (r1,72), (x1,%2) € S and \(ry — x1)* + (= x> < 6}, (4.2)
Further, the partial moduli of continuity with respect to x; and x; is defined as
w1(p; 6) = supfle(xi, x) — @(x2, x)| : x € § and |x; — x| <6} (4.3)

and
w1 (;0) = supfle(y, x1) — @y, x2)| : y € S and |x; — x;| < 6}. 4.4)

The properties of the modulus of continuity for the bivariate case can be seen in [15]. Now, we give
the estimate of the convergence of the bivariate operators defined by (4.1) in terms of the total modulus
of continuity.

Theorem 7. Let ¢ € Cp(S?), then for all (x, x,) € S?, we have

\T oy s (25 X15 X2) — @(x1, X2)| < 2 (D5 (Ormy vy (1) + Ooy.arr (12))'72).
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Proof. From the definition of the complete modulus of continuity (4.2) of ¢, we may write
|jm1,m2,al,a2 (90’ X1, x2) - <P(X1, X2)|

< jml,mz,aq,a/z(lso(rla rZ) - go(xl$ x2)|; X1, x2)

< jm],mz,m,az(a(‘p; \/(1”1 — X )2 + (rz - x2)2); X1, )Cz)

_ 1
< Te; 5){1 += Jmm( Vo =) + (7 — s x, Xz)},

for any ¢ > 0.
Now, applying the Cauchy-Schwarz inequality and Lemma 3, we get

_ 1 3
|jm1,m2,a|,a2(‘10; X1 x2) - ‘;D(-x]a )Cz)l < (.U(()O, 5)[1 + 5 {jml,mz,a],az((rl - xl)z + (1"2 - x%)’ X1, XZ)} ]

Choosing & := (G ¢, (X1) + Omy.ar(X2))!/%, we reach the required result. o

Next, we obtain the degree of approximation of the operators ., m,.a,.0,(*; X1, X2) by means of the
partial moduli continuity.

Theorem 8. If ¢ € Cy(S?), then for all (x,, x,) € S2, we have

T s (3 X1, 2) — (1, 30)] < 2(51(90; Vo) ) " az(go; NS ) )

Proof. Using the definitions of partial moduli of continuity given by (4.3) and (4.4) for ¢ € C5(S?),
we can write

|jm1,m2,m,a/2 ((Pa X1, x2) - QD(XI, X2)|

T mimr.ar,ax(l@(r1, r2) — (x1, X2)|; X1, X2)

T mimy.ar.a (1, r2) = (x1, 12) — (X1, X2) + (X1, 12)|; X1, X2)
T mymy.ana (@(r1, r2) — (x1, 2)I; X1, X2)

T mymr.ar.a0 (X1, X2) — (X1, 12)|; X1, X2)

Ty ma .00 (@105 11 = x1); X1, X2)

jml,mg,al,az(EZ(Qo; |r2 - le); xla -x2)'

IN 4+ IA A

+

Applying the Cauchy-Schwarz inequality and Lemma 3 for any ¢;, 9, > 0, we have

|jm1,m2,a|,az ((,0, X1, -x2) - ()D(X] ) X2)| < a1 (CP, 51 ){jmhmz,a],az(eoo; X1, .sz)

+

1
= T (= ¥ 31, xz»i}
1

+

wy(¢; 52){jm1,m2,a1,a2(€oo; X1, X2)

—+

1
6_ (jml,mg,ozl,az((r2 - x2)2; X1, x2));}
2
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1

= 61(90,51){1 + 6_1 ‘\/6m1,a/1(-xl)}
1

+ 62(90,62){1 + 6_2 Vémz,(yz(XZ)}-

Hence choosing 6 := /0, .4,(x1) and 63 := /Om,.q,(X2), We get the desired result. O
Let

azﬂ‘p

C(s?) —{goeCB(S ) c CpSH0<i+ <k for i j:o,l,z,...,k}.

1x2

In particular for k = 2, let the norm on the space C%(S?) be given by

|7l

The appropriate Peetre’s K-functional for the function ¢ € C(S?) is defined as
K(p,0) = inf {llo = fll +6llfllc2s2)),6 > 0.
feCy(52)

From [13], for ¢ € C(S?), it is known that

l

6x1

o*f
6x1(9x2 ’

of

: f e CxS?).
6x’2

fllegsey = 711+ Z(

K(p;0) < Mw,(¢; V6) holds for all 6 > 0, 4.5)

where @, (¢; Vo) is the second order modulus of continuity for the bivariate case and M is a constant
independent of ¢ and ¢.

Theorem 9. For the function ¢ € Cg(S?) and for all (x,, x,) € S?, we have the following inequality

W)

|jm1,m1,m,a/2(¢; X1, x2) - QD(XI, X2)| < ZMU)Z(SDa 2
2x1(a;-1) ’ 2x(ax-1) ’
—{ . x1(a1— X2l —
oo y(=) + (252 )

2 2
1 2 -1 2 -1
ﬂml,mz,al,az(xh x2) = E{( \/5m1,al(xl) + \/61n2,az(x2)) +( XI(,:: ) + Xz(’Zzz )) }

Proof. We define an auxiliary operator L,,, ,, a,.0,(*; X1, X2) as follows:

where

x1Q2ar +my —2) xQa,+my—2

)
Lml,mg,m,az(gp; X1, Xz) = jml,mz,a],ozz (Qoa X1, X2)+(,0(X1, Xz)—‘P( 5 ) (46)
m myp

In view of Lemma 3, we have
Lml,mg,m,az(l; X1, )C2) =1, Lml,mz,(tl,az((rl - xl); X1, -x2) =0 and Lml,mz,al,az((rZ - XZ); X1, XZ) =0. (47)
Let f € C%(S?), and (r1,r2), (x1,X2) € S? be arbitrary. By using the Taylor’s expansion, we can write

Af(xy, , X of(xi,
f(rl’ rz) B f(x1’ xz) _ (rl B x1) f(xl Xz) f ( f(P 2) D+ (VZ _ Xz) f(g)lCZXZ)
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f ( Zf(xl’CI)
r; —

Now, applying L, m,.a,.0,(*; X1, X2) on the above equation and using (4.7), we obtain

2
f(p, )
m1 M, ,Q2 f (}" _P) =2 dp, X1, Xz)

Loy (F(r1,12); X1, %2) = f(x1, X2)

+ -£m1 M, az( (l"

f f ” 8 f(p,q) 61)
apaq

72

azf(xl ’ Q)

)(92

dq;xlaXZ)

T 2 62f(p q)
ml My, &2 f f dpdq; X1, Xz)
X

= gyml M0, 02 f ( r =

X1 2ay+my-2)

af(anZ)d )
P X1, X2

+ jmlmzalag f (r2

X9 (2ap+my=2)

Let us note that

! 82f(17’ x2)
(r1 — P)T 14

X1

IA

m (x1(2a1 +my —2) )52f(19, X2)
-p dp

op?

2
f(-xl’ CI) dq, X1, Xz)

" 02f(p, q9)

+ jmlmzalaz f f
X2

™ (X2(20lz +my —2) B q)('92f(x1, q)

0q*

—————dpdq; xi, Xz)

0poq
x1Qay+my-2) X9 (2an+my-2)
S T 32f(p, ‘])dp dq
x dpdq
azf(pa xZ)

[

||f||02(52)(7’1 - xl)

< %(xl(Zal +my —

and
X1 Qay tmy =2) 5
m x12a; +my —2) 0" f(p, x2)
~P)Tp dp
x| m P
1
2
Similarly,
P
‘f (r f(xl,Q) ' <
o Qan + my — 2) 62f( )
m X2 2ay + my — X1,
and ‘ ’ (2 2 2 —q) ;qdq' <
X my dq

AIMS Mathematics

(2)61(0’1 - 1) 2
nmy

! (BteamD :

2) 2
- Xl) ||f||c§(s2)

ny

) Wfllsso

2
) ||f||c§(52)(”2 - X2)

> ) A lle2 s2)-
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Hence, we conclude that

[-Liny ey (F (71, 12); X1, X2) = f(X1, X2)]

1 2x1(a; — 1))?
< E{jml,mz,al,a/z((rl - xl)z; X1, -x2) + (#) }”f”C%(Sz)
1 2x(ay — 1))?
+ E{jml,mz,(u,a/z((rZ —x)% X1, x0) + (#) }||f||c§(s2)
azf(xl, X2)
+ W jml,mz,al,az(lrl - xll |r2 - le; X1, -xz)
azf(xl, XQ) x1(2a1 +my — 2) XQ(ZCYZ +my — 2)
+ - X - X
0x10x, m my
1 2 —1)\? 2 —1)\?
< _{5mlm(xl) N (M) Oy s (2) + (M)
2 my my
2x1(a; = D [2x2(a2 = 1)
+ 24000 (X1) Oy (X2) +2 - ‘ s ‘}”f”cg(ﬁ)
= ﬂml,mz,al,az(-xl’ X2) ||f||c§(52)'
From (4.6), using Lemma 3, we have
T im0 (85 50 XD < LT oy s .0 (5 %1, 32| + ot 2)] + 'go(“@“;:ﬁ‘”, “(2“3,;'"2‘2))
<3l
Hence, for all ¢ € Cp(S?) and f € C3(S?), from (4.6) we get
|jm1,m2,al,az((;0; X1, XZ) - QO(xl, X2)| < Lml,mz,m,az(QO; X1, x2) - ‘P(xl, xZ)
x1(2a1 +my — 2) x2(2a2 +my — 2)
( s ) — @(x1, x2)
my )
< L maran (@ = fr X1, )| + lo(x1, X2) = f(x1, x2)]

+ |-£m1,m2,a1,a2(f; X1, .Xz) - f(xla X2)|

‘ (xl(Zal +m; —2) xQ2a +my;—2)
+ e

, ) — (x1, x2)
nmq nmy

e = fll + Ay ms,r,00 (X1, X2 fll e s2)

S ERE

Now, taking the infimum on the right hand side over all f € C2(S?) and using the relation (4.5) we get

IA

IA

4K(90; ﬂ"’l””wlﬂz (x1, Xz))

4

+ 5(90; \/(%11—1))2 . (%22_1))2 )
\/ﬂml,mz,al,az(xl , X2)
)

|jm1,m2,(t1,az (90’ X1, Xz) - QO(X], X2)|

IA

sz(%
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¢ oL (L)

This completes the proof of the theorem. O

Next, we establish the degree of approximation by the bivariate operators ., m,.a.a,(:; X1, X2) for
the Lipschitz class functions in the bivariate case.
For O <y, up < 1, the Lipschitz class Lipy(u;, u) for the bivariate case is defined as follows:

lo(ri, 1) = @(x1, X))l < M |ri — xi 1! |rp — xo)2,

where M is any positive constant and (ry, ), (x;, x,) € S are arbitrary.

Theorem 10. Let ¢ € Lipy(uy, 1o), then, we have

M K
T s (03 X1, %2) = @1, X)) S M Sy (X1)) 7 By (12)) 2

Proof. For ¢ € Lipy(u1, 112), we may write

A

Ijml,mz,m,ozz (()D; X1, x2) - QD(.X], xZ)l = gy-ml,mz,a'l,afz(lso(rla r2) - QD(.Xl, x2)|; X1, x2)

< TmmaraeM |r1 = xi " [y = %225 X1, x2)
< M jmhmz,a],az(lr] — X1 |,u| 5 X1, .X'z)
X jml,mz,(ll,a/z(lrz - x2|}12;x1’ x2)'

Now, using Holder’s inequality with (py,q;) = (ﬂ%, 2 yand (py, q2) = (ﬂ%, ~2_) and Lemma 3, we get

—Hi —H2
|jm1,m2,al,az (‘10’ X1, xl) - ‘p(xl ) x2)|

2. L . ]
< M (jml,mz,al,az((rl - X]) > X1, X2)) 2 (jml,m2,01,02(6009 X1, .X2)) 2
2. 1) . fealle)
X (jml,mz,cn,az ((r2 - x2) s X1, x2)) 2 (jl’l’l],mz,(ll,az(eo()? X1, x2)) 2

M By (X)) F Gy (X2)) 7

which is the required result. O

Theorem 11. For ¢ € Cllg(Sz) and each (x1, x,) € S?, we have

|$n1,m1,(21,az(¢; X1, x2) - So(xl, X2)| < “‘10;1 ” V5m1,01 (xl) + ||90;2|| Vémz,az(x2)-

Proof. Let (x1,x;) € S? be a fixed point and ¢ € Cj(S?). Then by our hypothesis, we can write

2

Tl
@(r1,r2) — @(x1, x2) = f @,(p, r2)dp + f @ (x1,9) dg.

X1 X2

Now, applying the operator I, m,.a1.0,(-; X1, X2) on both sides of the above equation, we are led to

f l’,(p, r2)ldp

5 X1, -x2)
X

|jm1,m2,oz1,a2 (QD, X1, x2) - SD(XI, X2)| < jml,mz,m,az(
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+ jml,mz,m,az( ;xl,x2)- (48)

)
f ¢, (x1,9)| dg
X2

r]
f (P21 dp| < I = 1, |

X1

Now,

<

Tl
f @, (p,r2)dp

X1

and

72 2
f @a(x1,9) dq’ < ‘ f log(x1, @)l dq‘ < Ir2 = x| lig, I,
X X2

2

hence on combining (4.8) and the above inequalities, we get
|jm1,m2,al,az(‘10(rl» 7'2); X1 -x2) - (p(xla X2)| < ”Qp;l “ an’ll,mz,Ofl,(l’z(lrl - xll; X1, Xz)
+ ”QO;ZH jml,mz,al,az(er - le; X1, xZ)-
Applying the Cauchy-Schwarz inequality and Lemma 3, we are led to the desired result. O
In the following result, we establish a Voronovskaya type asymptotic theorem.

Theorem 12. Let ¢ € C%(S?), then

m—00

lim m(jm,m,m,az(SO; X1, X2) — @(x1, xz)) =2(a; — Dxy Sﬂ;l(xl, x2) + 2(ar — Dxa SO;Z(XI’ X2)

1 144 144
+5{x1(1 gl () + xa(1+ 1)l (11, x2>},

uniformly on S .,.

Proof. Let (x1, x,) € S .4 be arbitrary but fixed. By the Taylor’s expansion, we get

@(ri,r2) @(x1, X2) + @ (X1, X2)(r1 = x1) + @, (X1, X2)(r2 — X2)

1 44 ’
+ 5{%”1 (x1, 2)(ry = x1)° + 27, (X1, X2)(r1 = X1)(r2 — x2)

+ w;’m (x1, X2)(r2 — X2)2}

+ €(r1, 723 X1, 1) V(1 — x)* + (12 — x0)4, 4.9)

where €(r1, r2; x1, x2) € Cp(S?) and €(ry, r2; X1, X2) — 0, as (ry, r2) = (x1, x2).
Applying the operators ., m.e,.0,(-; X1, X2) on both sides of (4.9), we get

jm,m,(u,az ((,0(1"1 ’ I"z); X1, xl) - QD(Xl s x2) = 90;1 (-xl ’ xZ)sj'm,m,m,az((rl - xl); X1, -x2)
+ 90;2()61’ XZ)jm,m,al,aQ ((7’2 - XZ); X1, XZ)
1 2
b S0 DT () = 1001,

+ 207 (X1, X)) T mmar.an (11 = X012 = X2); X1, X2)

2.
+ 0 (X XD T mman.ar (12 = X2)75 X1, Xz)}
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+ jm,m,al,az(e(rla 2} X1, X2) \/(”1 — x4+ (= x)*; x4, Xz)-
Hence, using Lemma 4, we obtain

Lm T (P15 72)3 X1, X2) = (1, 02)} = 2(@n = Dxig (01, 02) + 2(@2 = Dxogy, (x1, %2)

1 144 144
" E{xla @ () + 0l + )l (1, Xz)}

+ lim me,m,m,az(drl, ra x1 %) N — 0% + (72 — x0) s x1, Xz), (4.10)

nm—o0

uniformly on S .,.
Now, using the Cauchy-Schwarz inequality, we obtain

jm,m,a/l,az(e(rl’ ra; X1, X2) V(1 = x1)* + (2 — X2)4;X1,X2)

1

< ( mmm(xz(f (rl’rZaxl’XZ) xl’xZ))
1
X ( mmar.ar (11 = XD + (1 = x0)%; Xl,Xz))
1
= ( mmmaz(f (1,125 X1, X2); xlaXZ))
1
4. 4. ’
X m,m,a1,a (7'1 -xl) 9x1ax2)+jm,m,al,a/2((r2 _-XZ) ’xl,x2) .

From Theorem 6, jm,m,al,az(ez(rl,rz;xl,xz);xl,xz) — 0, as m — oo, uniformly on §.; and from
Remark 3, we have

jm,m,cn,az((rl — X )4; X1, x2) = (mz )’ $11mal az((r2 - -x2) X1, X2) - ( 2 )a Unifomﬂy on Scd-
Hence

n111_f>130 M om0 (€(F1, 125 X1, X2) \/(”1 —x)* 4+ (= x)* X1, x2) =0, 4.11)
uniformly on S .,.
The required result now, follows from (4.10) and (4.11). O

Example 2. Consider the function ¢(x;, x,) = 5x1x3 + x}x2, and (a1, @) € {(0.1,0.1), (0.4,0.4), (0.8,
0.8), (1, D}, m; = 15,30 for i = 1,2. Denote &, % = |Tmm.ar.ar(@; X1, X2) — @(x1, x2)|, the error
function of approximation by operators. For different values of (a,@;), the convergence of the
operators I, my.ar.0, (@3 X1, X2) for my = my = 15 and m; = m, = 30 to the function ¢ is as shown in
Figures 5 and 7. From Figures 6 and 8 and Tables 3 and 4 we note that when a; = a, = 0.4, the
bivariate approximation by @-Baskakov operators outperforms others.
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Table 3. Error of approximation &2 for (a1, a,) € {(0.1,0.1),(0.4,0.4), (0.8,0.8), (1, 1)}.

AIMS Mathematics

15,15

0.1,0.1 04,04 0.8,0.8 11
(x1,%2) 55 Eisis 8515 Ei5.s

(0.3,0.5) 0.0105 0.00096 0.0174 0.0260
(0.6,0.7) 0.0665 0.0054 0.0821 0.1285
(0.8,0.8) 0.1507 0.0209 0.1652 0.2638
(0.9,0.9) 0.2395 0.0441 0.2362 0.3848

(1,1) 0.3614 0.0786 0.3270 0.5420

0.8~

DB d : 5 — _
I rction §
054 P aphat=alpha2=0.1 |- o

DE—-emr ............. ............. ........

DA~ ......... ............. ........ 5
03— ...... ............. ........

D2 A B R ........

e e S o

S ., R e

B 1=l ha2=0 4 (RTITTTRE, S, :
"""" N -phat=alphaz=03 i A
aphal=alpha2=1  |...... b LI b

D?_ ............. ............. SRR .............. o

o alphal=alphaz = 0.4
B aiphai=alphaz =06 [
I :iphat=alpha2 = 1

Tl & Lo LT —

1 0.3 i og 0B 04 02 0

. S o1
Figure 6. Error of approximation &,3.
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Table 4. Error of approximation &5

1,22

for (a1, az) € {(0.1,0.1),(0.4,0.4), (0.8,0.8), (1, 1)}.

ERON N
(0.3,0.5)  0.0042 0.00013 0.0088 0.0127
(0.6,0.7) 0.0286 0.000958 0.0417 0.0627
(0.8,0.8) 0.0665 0.0034 0.0838 0.1287
(0.9,0.9) 0.1078 0.0122 0.1198 0.1878
(L1) 01649 0.0260 0.1658 0.2646
T ooy P T O S S S
gigiah. | dmriannis
B | TTTT ot SRR S
@igrabi ....................
OB —funcmn: .......
05 | I aighatzalphadn g |-

I :ipha=alpha2=0.4 |
I :iphat=alpha2=0.8
Calphal=alpha2=1  |...
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I :hai=alphaZ = 0.1
I o iphat=alpha2 = 0.4

| I alphat=alpha2 = 0.8

0
05 m 08 08 04 02 O
3 o : 1,2
Figure 8. Error of approximation &;%57.
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5. Construction of GBS (Generalized Boolean Sum) operators

Bogel [10, 11] defined the concepts of Bogel continuous and Bogel differentiable functions. For
details on these notions, we refer the reader to [12]. Dobrescu and Matei [17] established the uniform
convergence of GBS of bivariate Bernstein polynomials to the Bdgel continuous functions
(B-continuous functions). Badea and Cottin [7] gave Korovkin type theorems for GBS operators.
Badea et al. [6] gave a quantitative variant of the Korovkin type theorem for the B-continuous
functions and applied the results to certain operators. Barbosu and Muraru [9] constructed a GBS
operator of Bernstein-Schurer-Stancu type to study the approximation of B-continuous functions. In
this section, we introduce the GBS case of the operators i, m,.a.0,(¢; X1,X2) and study its
approximation properties. First, we give some definitions and notations, the details can be found in
the book [18].

Let Y, and Y, be any subsets of R. A function ¢ : Y} X ¥, — R is called B-continuous at a point
(x1, %) €Yy x Y, if
lim A mye(xr, x2) =0,

(ry,r2)—(x1,X2)
where Ay, . @(X1, X2) = @(x1, x2) — @(x1,12) — (11, X2) + @(71, 12) denotes the mixed difference.
A function g is said to be B-continuous in Y; X Y if it is B-continuous at each point of Y; X Y,. The
space of B-continuous functions is denoted by C,(Y; X Y>).
A function ¢ : Y| X Y, — R is said to be B-bounded in Y; X Y, if there exists M > 0 such that

|A("1J’2)‘70(-x1’ x2)| < M,

for every (xi, x5), (r1,12) € Y1 X Y>.
Let B,(Y; X Y3) be the space of B-bounded functions on Y; X ¥, — R, with the norm

llellp = sup A mye(x1, X2)I, @ € Bp(Y1 X 12).
(x1,x2), (r1,r2)€Y1XY2
Let B(Y, X Y,) :={¢: Y, XY, = R| ¢ is bounded} endowed with the sup-norm ||.||., and
CY1 XYy :={¢:Y XY, = R| ¢is continuous}. It is easily seen that C(Y; X Y;,) C Cp(Y; X ¥>) [12].
A function ¢ : Y} X ¥, — R is said to be uniformly B-continuous in Y; X Y, if for any & > 0 there
exists a 0 = d(g) > O such that |A, . @(x1, x2)| < &, whenever max{|r; — x;|,|r, — x|} < ¢ and
(”1,72)’ (x1,x2) € Yy X Y>.
Let C,(Y; X Y,) denote the space of all uniformly B-continuous functions on Y; X Y>.
A real valued function ¢ on Y| X Y is called B-differentiable (Bogel differentiable) at a point
(x1, x2) € Yy X Y, if the limit
1 Agryryp(x1, X2)
(rir)—=(x) (1) — x1)(rp — xz)’

exists and is finite.
The limit is called the B-differential of ¢ at the point (x, x,) and is denoted by Dg(y; x1, X2).
Let

Dy(Y, X Ys) = {90 .Y, x Y, — R| ¢ is B-differentiable for all (x;, x2) € ¥; X Yz}.

For ¢ € B,(Y; X Y>), the mixed modulus of smoothness is given by
wp(p;01,02) = SUP{|A¢, (X1, X2)| & [x1 — 11| < 61, |x2 — 12| < 62},
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for all (xy, x,), (r1, r2) € Y XY, and for any 61,6, > 0. Itis known (cf. [6] and [7]) that wp(¢; d1,02) — O,
as 01,0, — 0, if and only if ¢ is uniformly B-continuous on Y; X Y,. Further, for any 4;, 4, > 0

wp(p; 4101, A202) < (1 + A)(1 + )wp(p; 61,02). (5.1)

For every ¢ € C,(S?), the GBS operator associated with the operator J,,, m,.ar.a, (@; X1, X2) is defined
by:
Tml,mz,aq,ozz (905 X1, x2) = jml,mz,m,ag(go(rla -x2) + (;O(Xl, }"2) - ga(rl, rZ); X1, x2)

= Z Z I:SD(]—I, X2) + ()D(.XI, ]—2) — "0(‘]_], &):l P’(;lll;Z’Z) ) (xl, X2), (52)
is0j=0- M ) my’ my, 12,12

where Pf,f‘]l’;q‘:;)j],jz(xl, X) is defined by Eq (4.1). It is evident that 7, ,, «,.0, 1S @ linear operator. The

following result yields us an error estimate in the approximation of a B-continuous function by the
operators (5.2).

Theorem 13. For every ¢ € a,(S 2y and each (x,, x,) € S?, there holds the following inequality

|Tm1,m2,al,ag(‘p; X1, .Xz) - (P(Xl, x2)| < 4 (J)B(QD; \/6m|,al (xl)’ \/6,112,02()62) )

Proof. Using the definition of wp(¢p; 01, 02) and the property (5.1), we have

A (X, X))l < wp(e; [r — x1l, 12 — x2l)

wﬂwah@il+v“_“5@+“’_”5
01 0

IA

lri = xi1|  |r2 = x 1
< ;01,0 {1 + +
wp(p;01,02) 5 5 5.6,

m—mum—m@ (5.3)

for every (r1,72), (x1, x2) € S? and any 6,6, > 0.
From (5.2), by using the definition of mixed difference A, ,,)¢(x1, X2) and inequality (5.3), we get

|Tm1,m2,01,(12 (5 X1, X2) — p(x1, x2)|

S jml»m2»(llsa2(|A(I’1,r2)90(xl’ x2)|; XI, X2)

< wB((P, 51’ 62){jm1,m2,(21,a’2(600; X1, x2)
1 1

+ éf;jﬂml,I’l’lz,l){l,(),/z(lrl - xll; X1, xZ) + 5_ jml,mz,al,az(|r2 - x2|; X1, x2)
1 2

1

+ ﬁ jml,mz,m,a/zﬂrl - xll; X1, -x2) jml,mg,(xl,a/g(er - le; X1, XZ) .

102

Now, applying Lemma 3 and Cauchy-Schwarz inequality, we get
T oy ms,01,00 (@5 X1, X2) = (%1, X))

1
< wplp; o, 62){1 + 5 \/Jml,mz,m,az((rl — X1)%; X1, X2)
1

AIMS Mathematics Volume 6, Issue 7, 6986-7016.



7010

1
+ 6_ \/jml,mz,al,tm ((r2 - -x2)2; X1, x2)
2

1
+ 55 NTmmanan (1= 502 51.52) T2 = 2% 5050
which leads us to the required result on choosing 61 := /0, .o, (X1) and 62 := /O, .0, (X2). O

Lipschitz class of B-continuous functions: For 0 < u; < 1, 0 < g, < 1 and ¢ € Cy(S?), the
Lipschitz class Lip},(u;, p2) of ¢ is defined as follows:

Lipy, (1, 112) = {@ € Cp(S?) 1 1A¢rmy@(x1, X2)| < Mlry = x1 1 |1y = xo12),

for all (ry, 7,), (x1,x;) € S? and M is a positive constant.
In the following theorem, we obtain the approximation degree for the operators 7, i, a;.0,(¢)s

if p € Lip)y (. o).
Theorem 14. For ¢ € Lip,,(u1, 12) and iy, pr € (0, 11, we have

M H2
(T o, sz (03 %15 %2) = @1, X2)| € M By, (¥1))? Sy (62)) %

Proof. From the definition of the mixed difference A, ,,y¢(x1, Xx2), (5.2) and by our hypothesis, we may
write

A

|Tm1,m2,al,a2(¢; X1, X2) - (,D(Xl ’ -x2)| = jml,mz,m,az(lA(rl ,rz)()o(xl ) Xz)l; X1, Xz)

< M Joymyar.o (I = x1 [ |2 = 20125 X1, X2)
= M jml,mg,al,a/g(lrl - xllm;xla x2)
X jml,mz,aq,az(er - x2|l12;x1’ Xz).

Now, applying the Holder inequality with (p;,q;) = (2 2 ) and (p2, qn) = (2 2 ), in view of

1 2= 12 2=
Lemma 3, we are led to
. 2. M . 2
|7-m1,m2,051,a/2(‘10a X1, X2) - (,O(Xl, Xz)l < M (jml,mz,ozl,ozz((rl - X]) > X1 x2)) 2 (jml,mz,oq,az (eOO, X1, x2)) 2
2. 2 : o
X (jml,mz,al,wz((r2 - x2) > X1 )Cz)) 2 ($111,m2,(11,(12(600» X1, )Cz)) 2,
from which the desired result is immediate. ]

The following result provides us the rate of convergence of the GBS operators 7, m,.a;.0,(¢) 1N
terms of the mixed modulus of smoothness of the B-derivative of (.

Theorem 15. Let ¢ € Dy(S?) such that Dy € Cp(S?) N B(S?). Then for each (xy, x,) € S?, we have

1 _1
T s (3 1, 32) — 91, X0)] < [||DB<,0||00 N wB(DBgo; m mz)]

nmymyp

Proof. Since ¢ € D,(S?), by the mean value theorem we can write
A (X1, X2) = (rp — x1)(r2 — x2)Dpp(€1, &),
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where X < f] <r and Xy < fz < .
From the definition of the mixed difference, we obtain

Dpp(&1, &) = A, e)Dpp(x1, x2) + Dpp(€1, x2) + Dpp(x1, &2) — Dpp(xi, X2).

Since Dy € C,(S?) N B(S?), we have

\T oy a0 ((r1 = x1)(r2 = x2)Dpp(&1, £2); X1, X2)|

T mmraran(r1 = X1llr2 = x2||Ag, £y Dpp(x1, X2)|; X1, X2)
Tmymyar.ar (1 = X1l = X2/(IDp(€1, x2)| + |Dpep(x1, £)
IDpp(x1, X2)1); X1, X2)

Tmymyar.ar (It = x1llr2 = x2| wp(Dpe; €1 — x1l, 1€2 — x2); X1, X2)

3||DBSD||OO jml,mg,al,az(lrl - xl”’”Z - x2|’ X1, x2)'

|jm1,m2,a1,az (A(r|,r2)90(xl ) Xz); X1, X2)|

AN+ + A

+

Hence taking into account

IA

wp(Dpp; |r1 — x1l, [r2 — x2l)

(1 L= xl')(l L= xZ')wB(DBgo;él,dz),
81 02

wp(Dp; € — x1], 1€ — xal)

IA

for any 61,0, > 0 and applying the Cauchy-Schwarz inequality, we obtain

|Tm|,m2,(z1,az(‘p; X1, -x2) - QO(X], x2)| < 3||DB‘)0||00 \/jml,mz,al,az((rl - xl)z(r2 - x2)2; X1, x2)

1

+[ \/jml,mz,al,az((rl — X1)*(ry = X2)%; X1, X2) + 5 \/jm1,m2,al,az((rl — x1)*(ry = x2)%; X1, X2)
!

1 1
+6_ \/jml,mz,al,az((rl — x1)2(ry — x)* X1, x2) + ﬁjml,mz,m,(xz((rl — x1)2(ry — x2)%; X1, X2) |wp(Dpg; 81, 6,).
2 102

Since
my,my,a,a 1 — Al 27T A2 sy Aly A2) — mi,my,aq,an 1 — Al s Ay A2 miy,my,a,a 27T A2 s Ay A2 )y
g, ((r1 = x)%(r2 = %)% %1, %) = 7, ((r1 = x)¥;x1, %) T, ((r = )% x1, %)
or j=1,2,using Lemma 4 and choosing 6; = — and ¢, = ——, we reach the required result. O
j=12 gL 4 and ch g0 \/1171 d o \/}Wz h the required It

Example 3. Let ¢(x;,x;) = xfxz + xfxz, and (a;,az) € {(0.1,0.1),(0.4,0.4),(0.8,0.8), (1, 1)}. The
convergence of the GBS operators 7, m,.a.0,(®; X1, X2) for m; = mp = 15 and m; = m, = 30, to the
function ¢ for different values of (@, a») is illustrated in Figure 9 and Figure 11. In Table 3 and Table
4, we have computed the error function of approximation by operators 8*,‘:111’51"22 = Ty my.cr.00 (@5 X1, X2) —
@(x1, x)| for my = mp = 15 and m; = my, = 30. When we examine the error approximation in Table 5
and Table 6, we observe that the best approximation is achieved when @ = @, = 1. This aspect is also
illustrated graphically by Figures 10 and 12 respectively.
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Table 5.

OB~ - .
05 | I aiphat=alphaz=01 |
-3|Pha1=alph32:ﬂ_4
O —foereeeee -alphm:alphaQ:DB

alphal=alphaz=1

Figure 9. Approximation by 7, m,.a1.a,(¥; X1, X2).

{(0.1,0.1),(0.4,0.4),(0.8,0.8), (1, 1)}.

Error in approximation by 7is5i54,0, for (ai,a2) €
«0.1,0.1 +0.4,0.4 «0.8,0.8 w11
Eisis Esis Eisis & iss

(0.1,0.1)  0.000047316 0.000042198 0.000018801 3.2526e-019
0.00015368  0.00027183  0.00016589  3.4694e-018
(0.3,0.5)  0.000097124  0.00065109  0.00053518 0
(0.45,0.6) 0.00065431 0.0014 0.0013 0
0.0061 0.0043 0.0052 1.1102e-016
002 | e e e
poe Ny el e L

AIMS Mathematics

oo I o =alpha2=0.1 E
-a|pha1=alph32=0_4 R
-alpha1:a|ph32:0_8
o | I aphat=alpha2=1 R :

0.5 04 0z o

1 s 0.6

. . . *Q1,Q,
Figure 10. Error of approximation & §'3.
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Table 6. Error in approximation by 775 j5.4,.4, for (@, az) € {(0.1,0.1),(0.4,0.4),
(0.8,0.8), (1, 1)}.

+0.1,0.1 +0.4.04 0808 11
(x1,x2) E50s & 15,15 & 15,15 & 55

(0.1,0.1)  0.000047316 0.000042198 0.000018801 3.2526e-019
(0.2,0.3)  0.00015368  0.00027183  0.00016589  3.4694e-018

(0.3,0.5) 0.000097124  0.00065109  0.00053518 0
(0.45,0.6) 0.00065431 0.0014 0.0013 0
(0.8,0.8) 0.0061 0.0043 0.0052 1.1102e-016

Table 7. Error in approximation by 7730 30,4,.e, for (a1, az) € {(0.1,0.1),(0.4,0.4),
(0.8,0.8), (1, 1)}.
T .
(0.1,0.1) 0.000014278 0.000011484 0.0000047012 1.0842e-019
(0.2,0.3)  0.00006028 0.000076333 0.000041509  3.4694e-018

(0.3,0.5) 0.000046143 0.00018978  0.00013393 0
(0.45,0.6)  0.00000579  0.00041575  0.00032164 0
(0.8,0.8)  0.0008673 0.0013 0.0013 1.1102e-016

Further, we note that the error in the approximation of ¢ by 7, my.e,.0,(9; X1, X2) 1s much smaller
than the errors in the approximation of ¢ by 7, my.e1.0,(¢; X1, X2). As seen from the Table 3—6, our
GBS operator 7, m,.a.0,(¢; X1, X2) gives us a better rate of convergence than the bivariate @-Baskakov

operators J o, my.ar.a, (@5 X1, X2)

0.5
I S P— .
B alphat=alpha2=0.1 |
-alpha1=alph32=g_4
04~ T

L B

Figure 11. Approximation by 7, m,.a;.,(@; X1, X2).
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w10

oo M sipha1=alpha2=0.1

| | alphal=alpha2=0.4 [~

i | M slphat=alphaz=03
¢ | I iphat=slpha2=1

0& o4 B2

o OB
. : : *# 1,2
Figure 12. Error of approximation &"5)57.

6. Conclusions

The a-Baskakov operators yield a much better approximation for a function in comparison to the
classical Baskakov operators. As seen from the Tables 1 and 2, the advantage of using a non-negative
real parameter is that it provides flexibility to the operators, and the results presented here show that
depending on the value of the parameter «, an approximation to a function improves when we compare
with classical Baskakov operators (see Example 1). Also, the GBS operators presented in this paper
provide a better error estimation of convergence than the bivariate a-Baskakov operators with a non-
negative real parameter. It is observed that the convergence rate of GBS operator 7, i, a,.0,(¢) to the
function ¢(xi, x,) is much better than ', n,.e,.0,(¢) Operator.
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