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Abstract: In this paper, we consider the following Kirchhoff-type equation:
- (a +b f |Vu|2dx) Au+u=uf"'u, inR’
R3

where a, b > 0, p € (1,5). By considering a minimization problem on a special constraint set, we
prove that the above problem has at least one sign-changing solution for any p € (1,5). Our results
(especially p € (1,3]) can be regarded as an improvement on the existing results.
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1. Introduction

In this paper, we study the existence of sign-changing solution to the following Kirchhoft equation
by using a direct method

- (a + bf |Vu|2dx) Au+u=uf "'y, inR>, (1.1)
R3

where a, b > 0, p € (1,5). In recent years, problem (1.1) has been extensively researched by many
mathematicians. Therefore, there are a large number of results for the existence of nontrivial solutions,
positive solutions, ground state solutions, sign-changing solutions, nodal solutions for problem (1.1).
Please see [1-6] and the references therein. It is worth noting that Chen, Fu and Wu [4] established the
existence of a positive ground state solution to problem (1.1) for any » > 0 and p € (1,5). However,
there is a question: whether problem (1.1) has sign-changing solutions for any p € (1, 5)?
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Recently, Wang, Zhang and Cheng [7] established the existence results of sign-changing solutions
to the following problem

- (a +b f |Vu|2dx) Au+V(x)u = f(u), inR?, (1.2)
R3

where f(7) satisfies the following crucial conditions:

(1) lim,_,o, 5 = oo, where F(1) = [} f(s)ds:

(f2) % is nondecreasing for [f| > 0.

Obviously, when p € (1,3], f(f) = |f|°~'t does not satisfy (f1) and (f2). Qian [8] researched the

existence of a ground state sign-changing solution to the following problem

{ —(a— A [, VuPdx)Au = [ul"u, inQ,

u=0, on 092, (1.3)

where a is a positive constant, g € (2,2")(2" = +oo for N = 1,2, 2" = % for N >3),QcRlisa
bounded domain and A > 0 is a parameter. They mainly obtained that problem (1.3) has at least one
sign-changing solution for small enough A, thanks to truncated technique and constraint variational
method. Besides, some similar problems have also been extensively researched. For more relevant
results, please refer to [9, 10] and the references therein.

Motivated by the above mentioned results, our result is given in the following.

Theorem 1.1 Foranya, b > 0 and p € (1,5), problem (1.1) has at least one sign-changing solution.

Remark 1.2 When p € (3,5), the existence of one sign-changing solution to (1.1) is obtained by [7].
But when p € (1, 3], it is difficult to prove the existence of sign-changing solutions. The main difficulty
lies in proving the functional of problem (1.1) satisfies (PS)-conditions. To overcome this difficulty,
we will apply some new tricks. Moreover, f(f) Z [t|’~'t does not satisfy (f1)-(f2) when p € (1,3]. We
must point out that our result holds for any b > 0. Therefore, our result can be seen as an improvement
and extension of [7,8]. Our result can also extent to more general f(u).

In this paper, we shall work on the space

E=H!R) 2 {ue H'®): u(x) = u(x)

with the inner product and norm
(u,v) = f (aVuVv +uv)dx, |lull = {u, u>%.
R3

LI(R3)(1 < g < o) denotes Lebesgue space with norm llull, = ( fR3 |u|qu) . It is well known that the
weak solution of problem (1.1) corresponds to the critical point of

1 b o
Iu) = = f (@Vuldx + lu)dx + - f Vuldx| - — f lul”*dx. (1.4)
2 R3 4 R3 p + l R3

Clearly, I € C'(E,R) and we have

(I’(u),v)zf(aVqu+uv)dx+bf |Vu|2dxf VuVvdx — flulp_luvdx. (1.5
R3 R3 R3
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Setting u* = max{u, 0}, u~ = min{u, 0}, A, u") = & [ [Vu*Pdx [, |Vu~Pdx. To state our result,
we establish the following minimization problem

c =inf{I(u) : u e M}, (1.6)

where

M2 {u eE:u*+0, % '), u"y+ P )+ AW ,u") = % '), u )+ Pu)+AW ,u") = 0} ,

1.7)
a 3 b P03
Pw)== | |VulPdx+= ’d —szd ——f P*ldx.
(u) 2j;lul x+2fR3|u| x+2( R3|u| X Py R3|u| X
Obviously, the set M is a subset of the following special manifold:
1
N £ {MEE: 5(1’(u),u)+P(u) :O}. (1.8)

Remark 1.3 Clearly, the manifold M has not been used in the existing literature. The usual manifold
M has been used in previous literature is a subset of manifold N, where

Mi={ueE:u #0,{I'w,u")y=w,u"y=0}, Ni={ueckE:{Iu),u)=0}

As we all know, the manifold N; is a commonly used manifold in the study of positive solutions. But
the manifold M, is not enough for us to prove our result when p € (1,3]. Thus, we need to find an
another manifold. For researching positive solutions, one can also use a special manifold NV, which is
a combination of the Nehari manifold and PohoZaev manifold for power p € (1,5). In order to prove
our result, we choose the manifold M.

2. Preliminaries

Comparing with the 4-superlinear condition in [7], we meet some new difficulties. We need to show
that the constraint set M is nonempty and the minimizing sequence on M is a (PS)-sequence of / in E
by using some new tricks.

Lemma 2.1 Ifp € (1,5), then M # @.

Proof. For any u € E and u*™ # 0, we set u; = 1 u(%). In the following, we shall prove that there are
positive constants s; and #; such that

1, i N o . .
E<I (f, + up),ul ) + Puf) + A, uy) = 5(1 @}, + up) uy ) + PQiy) + Al ) =0, (2.1)

s1° s1°?

which implies that u3, + u; € M. Actually, equation (2.1) holds if and only if

2(p+1)

I(s,1) £ at*a(u™) + *[28") + by(u™)] + 2s*PAWt, u™) — zéiz)tgf(u‘) =0,

(2.2)

{ r(s, 1) 2 as*a(u®) + s*[28uh) + by(uh)] + 2s*PA(u*, u”) — il spTﬂf(Lﬁ) =0,
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where

2
a(u) = f \Vul*dx, B(u) £ f u|*dx, )/(u)é( f |Vu|2dx) , E(u) = f |ul”* ' dx. (2.3)
R3 R3 R3 R3

In the other words, we only need to show that there exists m € (0, M) such that
r(m,t) >0, r(M,1)<0, Vte[m, M], 2.4)
I(s,m)>0, I(s,M)<0, Vse][mM], (2.5)

where M is a positive constant. Since p € (1,5), then pT” > 4. By (2.2), we can derive that r(s,7) < 0
as s enough large, r(s, ) > 0 as s enough small. And I(s, f) < O as t enough large, I(s,t) > 0 as ¢ enough
small. Consequently, (2.4)-(2.5) hold. Then from the Miranda’s Theorem [11], there exist two positive
constants s; and #; such that

r(si,t)) =0, I(s1,1) =0. (2.6)
Hence, (2.1) holds, which shows that u:fl +u, € M, i.e., M # @. The proof is completed. O
Lemma 2.2 The pair (sy, t;) with positive numbers in Lemma 2.1 is unique.

Proof. In view of Lemma 2.1, there exists a pair (s, #) such that ujl +u; € M for any u € E and
u* # 0. Next, we shall prove the uniqueness of (sy, #;) by two steps.

Step 1. If u € M, then (s1,1;) = (1, 1).
Since u € M, then we have

2(p+1)
I(1,1) 2 aa(u”) + 28w) + by(u) + 2A(u*, u™) - 25)%71)5(”—) =0. 7)

{ r(1,1) £ aa(u®) + 2Bw*) + by(u™) + 2A(u*,u™) — il Ewr) =0,

Assume that s, < t;. By (2.2), we have

1 7 et
S—%aa(bfr) +2B8ut) + by(u") + 2A(ut,u7) < 2(pp-:- 1)s12 Euh), (2.8)
%aa(u‘) +2B8(u”) + by(u”) + 2Aut,u") > 25)171){;5@_). (2.9)

It follows from (2.7) and (2.8) that

1 p+7 [ 2!
- VutPdx < [ 2 —1]f P gy 2.10
(s2 )afwlul X 2+ 1) s, R3Iul X (2.10)

1

If s; < 1, the negative right side of inequality (2.10) contradicts the positive left side. So 1 < s < 1.
Moveover, combining (2.7) and (2.9), t; < 1 can be also obtained. Then (s, #) = (1, 1).

Step 2. If u ¢ M, then there exists a unique u; such that uj +u; € M.
Suppose that there is an another pair (s,,#,) such that ujz +u, € M. We set v = u:fl + u;, and
vy = uy, + u, . By a simple calculation, we have

/2 A1
f 5—/2\/? + 3—/2\/]_ dx = s;/zf utdx + t;/zf udx = f (v5 + vy)dx. (2.11)

R3 s tl R3 R3 R3
Thanks to v, € M and step 1, we deduce that (s, ;) = (52, ;). The proof is completed. O
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Similar to [7], we can prove that I(u] + u; ) = maxso I(u; + u;). From Lemma 2.2, we consider
the minimization problem
cym = inf{l(u) : u e M}. (2.12)

Lemma 2.3 ¢y, is achieved.

Proof. For each u € M, we have G(u) = % (I'(u), uy + P(u) = 0. Then for any p € (1,5), we have

I(u) =1(u) — 1G(u)

1 p—1
—_ \vj 2 p+1
4 | ul~dx + S+ 1) fw lul”" dx (2.13)

f |Vul>dx > 0.

That is cy > 0. Letting {u,} € M such that I(u,) — c. From (2.13), we know that {|Vu,|,} is bounded
in E. Since G(u,) = 0, then

7 2
2 f |u,|*dx = p f lu, P dx — a f |Vu,,|2dx—b( f |Vun|2dx)
R3 2(]9 + 1) Jgs R3 R3 (2.14)

1
[ e

< P+
= u .
2(p+ 1)

From Holder and Sobolev inequalities, we have

+1 Do H(1-9 Do (19
||un||§+1 < et Nuaall 7 < Cllag 7 IV, 1747, (2.15)
where ﬁ =5 + —=. Then (p + 1)¥ < 2. According to Young’s inequality, we obtain that for any
g > 0, there ex1sts C > 0 such that
" s 2ptH(1-9)
lluall77y < llitally + CellVaay |, (2.16)

2( + 1) Pl

Set £ = 1, from (2.14) and (2.16), we have that {||u,]||,} is bounded. Hence, {u,} is bounded. Then, there
exists u such that #; — u* in E. From (2.13), we can find a constant 8 such that ||, || > 6 > O for every
n € N.

Since {u,} € M, we have that

+7
a f Vit Pdx +2 f utPdx + b f Vi, dx f Vit = 27 f Wi Pdx. (2,17
R3 R3 R3 2(p+ 1) Jps

Therefore, we have

6% < |lut|* < le )P dx. (2.18)

Then fR3 =P+ dx > & > 0. Since the embedding £ — L9(R3) is compact for 2 < ¢ < 6, (2.18) shows
that u* # 0. Comblmng the compactness lemma of Strauss [11] and the weak semicontinuity of norm,
we obtain

lim | |uf]*'dx — f 1P+ dx, (2.19)
R3 R3

n—oo
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a f \Vu*Pdx + 2 f |ui|2dx§liminf(a f \VuPdx + 2 f |u;|2dx) (2.20)
R3 R3 n—oo R3 R3

b f \Vul*dx | |Vu*’dx < liminf b f |V, |*dx f \Vu*dx. (2.21)
R3 R3 R3 R3

and

n—oo

Then from (2.17) and (2.19)—(2.21), we have that
1 ’ + + + — . . 1 ’ + + + -
5 I'(w),u*) + p(u®) + A(u" + u”) < liminf 5 (), uil) + p(u;) + A(u, +u,) ¢ = 0. (2.22)

Thus, there exists (s, t,) such that u] + u; € M. Suppose that 0 < ¢, < s,, then we obtain
|Vu PPdx +2st | |u*l*dx + bs ( f |Vu* |2dx) +bs? f \Vu'dx f \Vu |*dx
R3

> s f \Vut Pdx + 2s° f lu*Pdx + bs* ( f IVu* |2dx) + bs’r? f Vit Pdx f \Vu Pdx (223)

p+7 P+7 il
d
T2+ D) f " dx

From (2.19) and (2.22), we have

7
f IVu'[Pdx + 2 f lutl?dx + b f |Vul*dx f IVu'Pdx < P+ f lut|Pdx. (2.24)
R 2(p+1) Jps

By (2.23) and (2.24), we obtain

1 2 p+7 gl 1
a(s—g—l)f IVt |dx2m(su2 —1)fR3 P do,

which shows s, < 1. Then 0 <7, <'s, < 1. Setting & = u; + u, . Therefore, we can deduce that

epm <I(u) — 1G(b_t)

1 +2 p-1 w7 +1p+1 1 -2
:—as |Vu |“dx + 5,° lu™|P" dx + —at, Vu~|dx
4 8( ) R3 4 R3

p_ p+7 p+l
d
T f'”' o

2 1 1 2 p-1 1 2:25)
<- Vu*|"dx + 1P dx + = Vu |7dx + “1Pd
—4“fR3| u'ldx 8(p+1)fR3|” I dx 4afR3| uldx 8(p+1)fR3|” I dx

1
=I(u) — ZG(M)
1
<liminf (I(un) - ZG(M")) =cpm.
(2.25) implies that s, = ¢, = 1. That is u = & and I(u) = cp. The proof is completed. O
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3. Proof of Theorem 1.1

Lemma 3.1. Assume cy attained in M, then u is a critical point of 1.

Proof. Since u € M, u* # 0. Then for any fixed v € H'(R?), there exists & > 0 such that (u + wv)* # 0
for all w € (¢, £). Arguing by a contradiction, there is a sequence {w;}:>, such that
limw;, =0, wu+wyv=0ae.on R3.
Letting i — oo, we have u = 0 a.e. on R*. Which is a contradiction with u* # 0.
From Lemma 2.1, there exists a unique pair (s(w), #(w)) such that s(w)(u+wv)" +t(w)(u+wv)~ € M.
Next, we prove some standard properties of (s(w),#(w)) as Nehari manifold. For our purpose, we

consider the function
(s, t,w) = G((u + wv)! + (u+wv),)

defined for (s,1,w) € (0, +00) X (0, +00) X (—¢, &). Since u € M, we have ¢(1,1,0) = 0. Moveover, ¢

is a C' function and

Op(s,t,w)

s (s,1,w)=(1,1,0)

2+6p-17
—_pProp— ! f P dx — 2a f Vit Pdx
4(p+1) R3 R3

<0.

Similarly, we can deduce that 5“’(;’;”)|<S,t,w)=(1,1,o) < 0. From the Implicit Function Theorem, the

functions s(w), t(w) are C'. And #(0) = s(0) = 1. Moveover, s(w), t(w) # 0 near 0. We define

Tw) =1 ((u +Wy)j,, + (U + wv)t_(w)) .

Then we obtain that Y is differentiable for small w and attains its minimum at w = 0. Hence, we derive
that

dl(u+ wv):(w) + U+ wv),)
0=""(0) =
dw o0
((u +wv)y,, + (W +wv),) ds dI((u+wv)j,, + (u+wv),)
ds (stm=(1,1.0) DWlw=0 dw (s.4)=(1,1,0)
. OI((u +wv)y,, + @+ wv) ) dt
ot am=(1,1,0) AW lw=0
=r(1,1)s"(0) + (1, 1)¢'(0) + {I'(w), v)
='W, v).
Since v € E is arbitrary, we have that I’(u) = 0. O

Proof of Theorem 1.1. From Lemma 2.3 and 3.1, there is a u € M such that I(u) = cp and I'(u) = 0.
Then problem (1.1) has at least one sign-changing solution. The proof is completed. O
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