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1. Introduction

Fractional calculus is the generalization of the ordinary differentiation and integration to
non-integer order. It has been applied in various fields such as visco-elastic materials, aerodynamics,
finance, chaotic dynamics, nonlinear control, signal processing, bioengineering, chemical
engineering, and applied sciences. Fractional derivatives provide an excellent instrument for the
description of memory and hereditary properties of many materials and processes. However, for the
last few years, the fractional calculus was developed by many researchers. There are different
definitions of fractional operators (derivative and integral) that have been presented such as
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Riemann-Liouville, Caputo, Hadamard, Hilfer, Katugampola, and the generalized fractional
operators, see [1-14] and references therein.

The impulsive differential equations have impulsive conditions at points of discontinuity. They
have played an important role in discussing the dynamics process of various physical and
evolutionary phenomena which have discontinuous jumps and abrupt changes in their state of
systems. Such processes and phenomena appear in various applications. For some works on
impulsive problems, we refer readers to [15-19] and references cited therein.

The Langevin differential equation (first introduced by Paul Langevin in 1908 to provide a complex
illustration of Brownian motion [20]) is found an effective piece of equipment to explain the evolution
of physical phenomena in fluctuating environments of mathematical physics. After that, the ordinary
Langevin equation was replaced by the fractional Langevin equation in 1996 [21]. For some works on
the fractional Langevin equation, see, for example, [22-26].

In recent years, many researchers attention studied the exclusive examination of the qualitative
theory for fractional differential equations. It is existence and uniqueness theory and stability analysis.
One of the most method used to examine the stability analysis of functional differential equations is
the Ulam’s stability such as Ulam-Hyers (UH) stability, generalized Ulam-Hyers (UH) stability,
Ulam-Hyers-Rassias (UHR) stability and generalized Ulam-Hyers-Rassias (UHR) stability [27-34].
It has helpfulness in the field of numerical analysis and optimization because solving the exact
solutions of the problems of fractional differential equations is very difficult. Consequently, it is
imperative to develop the concepts of Ulam’s stability for these problems because we need not get the
exact solutions of the purpose problems when we study the properties of Ulam’s stability. The
qualitative theory encourages us obtain an efficient and reliable technique for approximately finding
fractional differential equations because there exists a close exact solution when the purpose problem
is Ulam’s stable. Recently, many researchers attentively initiated and examined the existence,
uniqueness, and different types of Ulam’s stability of the solutions for nonlinear fractional differential
equations with/without impulsive conditions; see [35—49] and references cited therein. To the best of
our knowledge, there is no paper on impulsive fractional Langevin differential equations containing
the Caputo proportional fractional derivative of a function concerning function.

Motivated by the papers mentioned above [13,40,47] and a series of papers was devoted to the
investigation of existence, uniqueness, and Ulam’s stability of solutions of the impulsive fractional
Langevin differential equation within different kinds of fractional derivatives, this paper examines the
existence results and Ulam’s stability of solutions for a class of the following impulsive fractional
Langevin differential equation with non-separated boundary conditions under the Caputo proportional
derivative type of the form:

CDPU (CDMN 1 A) x(r) = f(1X(0), X(up), t#E B, k=0,1,2,....m,

x(t) — x(t) = ee(x(t), k=1,2,...,m,
(1.1)
gD(ZkaPaka(t]‘:) _ tk—]CDQk—l,vak—lx(l]:) = Spi(x(lk)), k=1,2,....,m,

mx0) + ki x(T) = &, mgbao’p’%x(O) + Kzfnbam’p"/’mx(T) =&,

where gDV"”W denotes the Caputo proportional fractional derivative of order v with respect to certain
continuously differentiable and increasing function ¢, with ¥'(¢) > 0 and v € {ay, Bk}, ax, Bk € (0, 1),
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l<a+Bi<2,tedy=Mitrin] €T =[0,TT ={0}U(Ug ), k=0,1,....m. 0=ty <t; <-<
tw < tue1 = T are impulsive points, 0 < p < 1,1 € R, u € (0, 1), f € C(J X R%,R), ¢, ¢; € C(R,R),
k=1,2,...,m, x(t]) = lim_o+ x(tx + €), x(t;) = x(#) and the given constants 7;, k;, & € R fori = 1,2,

The outline of the paper is as follows: Section 2 contains fundamental concepts from proportional
fractional calculus and some basic lemmas needed in the sequel. An auxiliary result useful to transform
problem (1.1) into an equivalent integral equation is proved in Section 2. The existence results are
presented in Section 3, where the uniqueness result is proved via Banach’s fixed point theorem and
the existence result with the help of Schaefer’s fixed point theorem. Furthermore, we study different
types of Ulam’s stability results for the problem (1.1). Finally, an illustrative example is constructed in
Section 5 to illustrate the usefulness of the main results.

2. Preliminaries

In this section, we recall some notations, definitions, lemmas, and properties of proportional
fractional derivative and fractional integral operators of a function with respect to another function
that will be used throughout the remaining part of this paper. For more details, see [13,14,50].

Definition 2.1. (The proportional derivative of a function with respect to another function [13, 14])
Take p € [0, 1] and the let the functions ko, k; : [0, 1]XR — [0, 00) be continuous such that for all t € R
we have

lim k1(p, ) = 1,  lim ko(p, 1) =0, lim k1(0,7) =0, lim ko(p, 7) = 1,
p—0* p—0* p—1- p—o1-

and ki(p,t) # 0, p € [0,1), ko(p,1) # 0, p € (0,1]. Let Y(t) be a continuously differentiable and
increasing function. Then, the proportional differential operator of order p of f with respect to ¥ is

defined by
/(1)

DY) = ki (o, (D) + Ko (P I)%- (2.1)

In particular, If k\(p,t) = 1 — p and ko(p, t) = p, we get

f/(t)
40)
Definition 2.2. ( [13,14]) Take @ € C, Re(a) > 0, p € (0,11, ¢ € C'([a, b]), ¥’ > 0. The proportional

fractional integral of order « of the function f € L'([a, b]) with respect to another function \ is defined
by

DVIB =1 =-p)f(t) +p (2.2)

1
pT(@)

where I'(:) represents the Gamma function [4].

SV F() = f 7 OO () — ()™ f(s)w (5)ds, (2.3)

Definition 2.3. ( [13,14]) Take a € C, Re(a) > 0, p € (0, 1], ¥ € C([a, b]), ¥'(¢t) > 0. The Riemann-
Liouvill proportional fractional derivative of order « of the function f € C"([a, b)) with respect to
another function y is defined by

n.pY t
O = ) = S [t s oW s, 24

pn—ar‘(n —
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where n = [Re(a)] + 1, [Re(a)] represents the integer part of the real number «a and
DY = DYDY ... TD'D"/’.

n times
Definition 2.4. ( [13,14]) Take a € C, Re(a) > 0, p € (0,1], ¥ € C([a, b)), ¥'(t) > 0. The Caputo
proportional fractional derivative of order a of the function f with respect to another function  is

defined by

DL = IR ) = —n “T(n ~ )f T OO a) ()OI f (s (5)ds.
2.5)

Lemma 2.5. ([13]) Let p € (0, 1], Re(a) > 0, Re(B) > 0. Then, for f is continuous and defined for

t > a, we have
asa’p’wasﬁ’pslpf(t) — a(\/ﬁ’p’lpasa’p’lpf(t) — asa+ﬁ’p’¢f(t).

Lemma 2.6. ([13]) Let 0 < m < [Re(a)] + 1 and f be integrable in each interval [a,t], t > a. Then
DY I f(1) = (ST ().

Corollary 2.7. ([13]) Let 0 < Re(B) < Re(@) and m — 1 < Re(B) < m. Then, we have
I (1) = (3P f(D),

Corollary 2.8. Let 0 < Re(B8) < Re(a@) and m — 1 < Re(B) < m. Then, we have
(DI (1) = ST L),

Proof. By the help of Definition 2.4, Lemma 2.5 and Lemma 2.6, we have

5 Dﬁ,p,waga,p,w f@) = agm—ﬁ,p,w Dm,p,wasa,p,w f@) = agm—ﬁ,p,wasa—m,p,l// f@) = asa—ﬁ,p,w f(@).

The proof is completed. O

Next, the lemma presents the impact of the proportional fractional integral operator on the Caputo
proportional fractional derivative operator of the same order.

Lemma 2.9. ([14]) For p € (0, 1] and n = [Re()] + 1, we have CD¥Y 3%V f(t) = f(¢), and

DY f(a)

ASTR0) = 10 = 3 =) —p@)fe )

k=0

Proposition 2.10. ( [14]) Let Re(a@) > 0 and Re(B) > 0. Then, for any p € (0, 1] and n = [Re(a)] + 1,
we have

(i) ( Xa.p, 'ﬂe P Lus) (l//(s) l//(a))ﬁ_l)(l) = %e%lﬁm (l,//(f) _ l//(a))ﬁﬂy—l . Re(a)> 0.
(ii) (aDasPJ/’ep'ﬁ(S) ((//(5) - (ﬂ(a))ﬁ—l)(t) = r(ljgr(ﬁ))e » Ly(n) (lﬂ(l‘) l//(a)),B—a 1 ., Re(a) > 0.
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(ii) (S ()~ w@)V ) () = B3 Le T W) - w@f . Re(B) > n
Fork=0,1,...,n—1, we have

-1

(Com e s - w@) ) =0 and (Co ) @) =0,

Throughout this paper, let E := PC(J,R) := {x : / — R : x(¢) is continuous everywhere except for
some #; at which x(#) and x(#,) = x(#), k = 1,2, ..., m} the space of piecewise continuous functions.
Obviously, (E, ||x][) is a Banach space equipped with the norm ||x]| := sup,., |x(?)|.

In the following, for the convenience for the reader, we set the functional equation
F.(t) = f(t, x(t), x(ut)), and we express the proportional fractional integral operator defined in (2.3) of
a nonlinear function F, by a subscript notation by

ST = fep"l(w(”‘““”)(w<r>—w<s>)"‘1Fx<s>w'<s>ds
pT(a) J,
- o f 7 OO (1) — ()" (5, x(5), X)W (s)ds.
pT(@) J,

In the sequel, for nonnegative integers a < b, we use the following notations:

(wa(tb) - wa(ta))c

O(t,, ¢, 2.6
(tas 1) AT (2.6)
Gi(x) = PV (ti1) + @5 (x(ti11)), (2.7)
Hi(x) = zi30[+ﬁ[’p’w;Fx(fi+1) - /ll‘;sai’p’wix(ti+l) + @ir1(X(ti1)), (2.8)

wherei =0,1,2,...,m.
In Lemma 2.11, we prepare an important lemma, which is used as the main results of the problem

(1.1).

Lemma2.11. LetO < ap, B < 1, 1 < + B <2, 0<p <1, F, € AC(J X R%,R) for any x € C(J,R)
and Q,Qy # Q,Q3. Then the following boundary value problem:

SO (CDmPN L A)x(r) = (), t#4, k=0,12,....m,

x(t) = x(t) = ge(x(t)), k=1,2,...,m,
(2.9)
CDWPV(LL) =, D) = (), k=1,2,...,m,

mx0) + ki x(T) = &, mgbao’p’%x(O) + Kzgﬂbam’p"/’mx(T) =&,

is equivalent to the following integral equation:

k k-1
x(t) = tk:;dﬁﬁk,p,w F.(t) - /ltk R x(t) + {Z H;_(x) n ei%l(’ﬁj(tjﬂ)—‘//j(tj))
i=1 =i
k k—1 k—1 -
+ Z Gi-1(x) Z ((Da-’(tj, tis1) + PU(1, t)) 1—[ e’ Wiltin=4;17)
i=1 j=i

j=i
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+QIR(X, Fx) - 93«()@ Fx)

Qs i=1 i=1

k
LK F) - QR Fy) n e”,,‘l(wi_la,«)—wi_l(t,-_l))} IO oy
i=1

where

Q

K(x, F,)

R(x, F,)

Qs

m+1 m+1 .
. =L Ne—tlys .
K Z P-1 (fi-1, 1) 1—[ er Wi-1(1) W;—](f,-l)),
i=1 i=1
m+1

m+K n el(;;’l(wi’l(ti)_‘pi—l(li,l))
i=1

m+1 m+1

—1
1 + K> [1 _ /lZ q)ai—](ti_l’ %) n 6’7(%71(11')—%71(1,'71))’

i=1 i=1
m+1

—1d — KA 1_[ o5 Wit @)= (1i-1)
i=1
Q€4 — 03,

&1 = K1, PO (T) 410 4, 370 (T

= m m .
: L (g o) (1
—K| Z Gi1(x) Z D (t),1j41) 1_[ o5 (Wit-0(t))
=1 p= .

m m 71
—K Z H;_(x) rl e%(wj(tjn)—l//j(lj))’
i=1 j=i

& = Koy, P FAT) + Ky Ay, I omPVn F(T) = iy 22
m m m
@ 2 (st (1))
_KZZGI‘—I(X) I—AZ(D’(UJ]‘H) l_[e" S
i=1 j=i j=i

m m
+K2/l Z Hi—l(X) l_[ ep,;)l(‘ﬁj(tjﬂ)—l//j(tj))’
i=1 j=i

Samsp’wm x(T)

Im

where ®°(t,, 1), Gi_1(x), H;_1(x) are defind by (2.6), (2.7), (2.8), respectively.

k k
. 2=l (=t (1
Z (@al*l (tl—l , tl) + (I)(lk(tk, t)) n er Wic1(t)=i-1(ti-1))

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

Proof. Firstly, for t € Jy = [to, t;], we transform the problem (2.9) into an integral equation by applying
the proportional fractional integral of order 5y € (0, 1) with respect to a function ¥ (#) to both sides of
(2.9) and also using Lemma 2.9, we obtain

where ¢; € R.

=L (g ()
gbao,mlfox(t) — IOS’BO"O’%FX(Z‘) _ /lx(t) +cer Wo(n) lﬁo(lo))’

In the same process, taking the proportional fractional integral of order a € (0, 1) with respect to a
function ¢ (¢) to both sides of (2), we get, for ¢y, c; € R,

x(1)
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1) — Yo(tp))™ | e -1
ey d Yo = Yol ™ | oo 4 5 Go0-voteon.
p*l(ay + 1)

Fort € J, = (11, 1], by applying the proportional fractional integral of order 5; € (0, 1) with respect
to a function ¥ (?) to both sides of (2.9) and again using Lemma 2.9, we have

—1
CDIAYI (1) = PV (1) — Ax(t) + dye’ s O (2.18)
and the same method, it follows that

x(t) — tlsaﬁﬁlﬁalﬂlFx(t) _ /ltIS“"""”‘x(t)

(lﬁ](l‘) — lflll(tl ))al e’%l(wl(t)—llll(tl)) + dze”,%l(m(r)—wl(n)), (219)
pI(ay + 1)

where d;, d, € R
By using impulsive conditions x(r]) = x(t7)+¢; (x(1;)) and §, DY x(r]) = DLV x(1]) +¢} (x(1)),
then

~ =L o) .
dl — tO\S'BO’p’%Fx(tl) +cer Wo(t1)—o(to)) + ‘Pl(x(tl))a

1 (Wo(t1) = Yo(tp))™ o5 Wolt)=wo(t0))
p“OF(aO + 1)

dy = SOPPIE (1) — 4, 3"PY0x(1) + ¢
+coe p 221 (o (11) o (t0)) + ¢ (x(tl))

Substituting d; and d5 into (2.18) and (2.19), we obtain
WD) = (PETE(D) = Ax() + {(mSﬁO’f’”OFx(n) + @i (x(0)) }e%'w'@-w'@' )

+Cl{e”p‘<wo<n>—wo<to>>}e';'<«m<z>—w1<t1>) rel,
x(t) — ~a|+ﬁl,p,¢f| Fx(l‘) _ /lz] Sm,p»t//l x(t)

{ ( SPordo (1) + 901(X(t1))) (w;gl)l_‘;alflitll)))al }ep;,l(!ﬁl(t)—lﬂl(tl))

{( JUALIE (1) = A ““Op%x(n)wl(x(n)))}e o)

((lﬁo(h) Yo())™ N (lﬁl(t)—%(tl))‘“) o5 Wl =vo(io)) |, 5 W (D-un(01)
@ (aq + 1) 0T (e + 1)

1
+62{e S Wo(n)- wouo»} S0-ne)  pe g

For t € J, = (1, 13], by using the proportional fractional integral of order 5, € (0,1) and @, € (0, 1)
with respect to a function ¥,(#) to both sides of (2.9), we have

tCz'Daz,Pslﬁz x(t)
x(1)

Jﬁz L5 ll/zF (l‘) /lx(t) +de p 21 (i (- 902(!2)) (2_20)
<~t12+,32 Y2 | (t) Naz L5 l//zx(t)
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WD) = ()™ ety dye’ w00 2.21)
T (a, + 1)

where d3, d4 € R. In view of the impulsive conditions x(£;) = x(t;) + ¢»(x(t,)) and SD“%’”‘”Zx(t; ) =
CDMPYX(1;) + @5 (x(t2)), we obtain

dy = ( SBo-pto () + Qal(x(ll)))e > LW ()1 (1)) +, prev (1) + QOZ(X(lz))
teres S wotn-votn+wi@r-pian]
t 1)) o1 -
4 = W (12) = Y (11)* (losﬁo,p,(,,OFx(tl) N go’{(x(tl))) o5 W)= (1)

p1 (e + 1)
-1
+ (tosaotﬁoﬁ,lﬂoFx(tl) _ /ltoi”s“(”p"”ox(tl) + <P1(X(f1))) e%(lln(tz)—sl/](t. )
+ (4 ITFPNE (1) = 2, 3V x(1) + pa(x(12)))

ey ((llfo(h) — Yo(ty))™® . Wi (1) — i ()™ )eppl[(wo(,] )= wolto)+Wn ()1 (1) |
a0l (ag + 1) p*T(a; + 1)

Wolt)—bo(t0)+ W ()-v )]

+c2e ol
Substituting d3 and d, into (2.20) and (2.21), we obtain
cDRP () = PPV () - Ax(D)

p-l _ -1 B
+{ (zOS'BO’p’wOFx(tl) + go’f(x(tl)))e o W) lﬁl(n))}e o W (D-y2(12)

R * p=1 _
+{ (11 JﬂlsP’lPlFx(tz) + ¢2(x(¢2))) }e = W (D—y2(12)
+01{eppl[(‘”"(“)“”O(’W*(*”l(fz)—wl(“>>]}eT<wz<z>—wz<zz>>, tel,

x(t) — [2@0/2+,32,P,w2Fx(t) —/ltzc:Saz’p’wzx(l‘)
+3 (I (1) + 0 (x(11)))

W) — @)™ | (lﬁz(t)—lﬁz(fz))”) o5 )i )
o T(a; + 1) ol(ay + 1)

X

W) = ¥2))™ | ety
o0=T(ay + 1)

p 1 _
+ Mro+ﬁop¢op () — /ltoﬁaoplﬂox(tl) + (Pl(x(tl))) W1 ()= (1))

+ (PN (1) + @ (x(12))
(43

-1
+ (4, dl+ﬁ1pl//1F (tz) A, f”mplmx(tz) + (Pz(x(fz)))} = W (0-y2(12))

(Wo(t1) — Yo(to))™ N Wi () = i (t)™ N W (1) — Y (82))™
p*l(ap + 1) pI(ay + 1) p2l(a; + 1)

”,}[wom)—wo<zo))+<w1<r2)—w1(n))]} Lo (n)-ga(12))
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+02{eppl[(tlfo(tl)—llfo(lo))+(¢/|(t2)—¢/|(t|))]}eppl(llfz(t)—llfz(lz)), te

By a similar way repeating the same process, for t € J;, = (t, ti+1], kK = 0,1,2,...,m, we have the
integral equation

k k-1
X(t) — tkSakﬂi’k,p,kax(t) _ /ltksak’p’l[/k)((t) + {Z Hi—l(x) 1_[ eﬁ%l(‘/’j(ljﬂ)—l//j(fj))
i=1 J=i

k-1

k k-1
£ Gia) Y (@01, 70) + D1, 1)) [ [ 7 Wm0 -s)
i=1 j=i

j=i

k k
) =Ly ()= (1
+Cl Z ((Dalfl(ti_l’ tl) + @ak(l-k, l-)) rl er W1 () =1 (ti-1))
i=1 i=1

k

o=l n Nl (1 p-l _
+Cy 1—[ er Wi-1(:) wz—l(lz—l))}e o (W) wk(fk))’ (222)
i=1

c Py
: DYk x(1)

k k-1
Pl (o Yty (1
WP (1) = Ax(r) + { D Gia() [ [ 7 )
i=1 j=i
k 1 1
=Ly, N—lys . p-L _
+cy 1—[ er Wi-1(t) lﬁ:l(hl))}e > W () lpk(tk)). (223)

i=1

From the given boundary conditions, we get the following system

Qici + Qe = K(x, Fy),
QgC] + Qucr = R(x, Fx)

Solving the above system for the constants ¢; and ¢,, we have

_ Qlﬂ(-x’ Fx) - Q37<(X, Fx) _ 947(()(’ Fx) - QZR(-X, Fx)
B 0,0, — 0,0, B Q04 — 0,04 ’

where Q€ # Q5 are defined by (2.11), (2.12), (2.13) and (2.14), respectively. Substituting these
values of ¢ and ¢, in (2.22), yields the solution in (2.10).

Conversely, it is easily to shown by direct calculuation that the solution x(¢) is given by (2.10)
satisfies the problem (2.9) under the given boundary conditions. This completes the proof. O

C1 and C

The fixed point theorems play an important role in studying the existence theory for the problem
(1.1). We collect here some well-known fixed point theorems for the sake of essential in the proofs of
our existence and uniqueness results.

Theorem 2.12. (Banach’s fixed point theorem [50]) Let D be a non-empty closed subset of a Banach
space E. Then any contraction mapping T from D into itself has a unique fixed point.

Theorem 2.13. (Schaefer’s fixed point theorem [50]) Let E be a Banach space and T : E — E be a
completely continuous operator, and let the set D = {x € E : x = 0Tx,0 < 0 < 1} be bounded. Then
T has a fixed point in E.

AIMS Mathematics Volume 6, Issue 7, 6647-6686.
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3. Existence and uniqueness results

In this section, we discuss the existence and uniqueness results for the problem (1.1) via Banach’s

and Schaefer’s fixed point theorems.

In view of Lemma 2.11 to establish existence theorems, we consider the operator equation x = Qx,

where Q : E — E is defined by

(Qx)(t) = ,3 RGBTy o () — A, Mlkplﬁkx(t) + { Z Hi_(x) l_[ (W;‘(’_/H)—Wj(fj))
Jj=i
k— k—1 -
* Z Gi-1(x) Z (‘Daj(tj, tjv1) + O™ (1, t)) 1—[ e’ (Wiltin=45t7)
i=1 j=i

j=i

QR F) - UK F) & e )t
+ X X @d,,l ti— ,ti + (Da’k t ,t Wi (t)=¥i-1(ti-1))
. Z( (tio1, 1) + O (1, 0) | | €7

i=1

k
LK F) - QR Fi) [ e”,}(wi_l(z»—wi_l(t,-_l))}e”p‘(wk(o—wk(tk»’ el

Qs i=1

It is clear that the problem (1.1) has a solution if and only if the operator Q has fixed points.
To simplify the computations, we use the following constants:

m+1
A= DO ) + Zqﬁf (8- l,t)Zcb“ R
i=1 Jj=i
m+1
Ay, = Z QU (t;y, 1y),
i=1
A3 = Z Z j+1)7
i=1 j=i
Ay = Z QP (1,1, 1),
i=1
1
O = A+ (il A (AQs] + 1)) + I (AT + Ag)(AnlQ] + |Qz|))|Q 1
5
@ = 1+ (kal(AalQs] + Q) + Al (Al | + |Qz|>)IQ 1
1
O; = As+ (|K1 |A3(A2|Q5] + |Q4]) + |ka|(|AUA3 + m)(An|€2] + |Qz|))

1Qsl”

Qs = (I&1(A2Qs] + Qul) + £l (A2l | + |92|>)le|

3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
(3.7
(3.8)

(3.9)

By applying classical fixed point theorems, we prove in the next subsections, for the problems (1.1),

our main existence and uniqueness results.
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3.1. Uniqueness result via Banach’s fixed point theorem

The first result is an existence and uniqueness result for the problem (1.1) by applying Banach’s
fixed point theorem.

Theorem 3.1. Let yr; € C*(J) with Y (1) >0forteJ k=0,1,2,...,m. Assume that [ € C(JXR?,R),
o ¢, € CR,R), k= 1,2,...,m satisfy the following assumptions:

(Hy) There exist a constant Ly > 0 such that, for every t € J and xi, x», y1, 2 € R, such that
Lf (2, x1,y1) = f(t, x2,y2)| < Ly (|x1 — x2| + [y1 = y2) .

(H,) There exist constants My, M} > 0, for any x,y € R, such that
loe(x) — oWl < Milx =y, () =Wl < Milx—yl, k=12,....m.
Then, the problem (1.1) has a unique solution on J provided that
2110 + (mM, + [A|A2)0, + M{O5 < 1. (3.10)

Proof. Observe that the problem (1.1) is equivalent to a fixed point problem x = Qx, where the operator
Q is defined by (3.1). Thus, we need to establish that the operator Q has a fixed point. This will be
achieved by means of the Banach’s fixed point theorem.

Let K;, K, and K3 be nonnegative constants such that K; = sup,., |f(z,0,0)|, K = max{g(0) : k =
1,2,...,m}and K3 = max{g;(0) : k = 1,2,...,m}. Next we set B,, = {x € E : [|x]| < r} with

S K1®1 + mK2®2 + K3®3 + @4
r .
'S 1-@2L6, + (M, + A0, + M:0Os)

(3.11)

Clearly, B,, is a bounded, closed, and convex subset of E. We complete the proof in two steps.
Step I. We show that QB,, C B,,.
For any x € B,,, we have

(@00 <

tm

C:Sa’m"'ﬂmspal//mlFx(s)l(T) + |ﬂ|tha’"’p’w’"|x(s)|(T) + { Z |H;_(x)] 1—[ epT?l(l//j(tm)—wj(tj))

i=1 =i

m m m |
. L= (i) = (1
+ E 1Gi—1 (0] E (1), tj+1)| |e 7 Wit 0-454))
P =i J=i

1 m+1
Q|IR(x, F)l + Q311K (x, F Z | [ g )=t 1
+| 1|| ( X)lgl 3” ( X)l (Dal—l(l»i_l’ti) e r Wim1 @) —¥i1(ti1))
€] i=1 i=1
1
QK (x, F)l + [lIR(x, F ”ﬁ = i Dt ) \ L= (T
+| 4|| ( X)llgz || 2|| ( X)l elp Wi (t)=¥i-1(ti-1)) er Wm(T) ‘/’m(tm)). (312)
5
i=1

By using 0 < e[%l(””"(“)_‘”"(s)) <1for0 < s <u<Twith (H)) and (H>), we have
Gioi(0)] < 1Gi1(x) = Gi-1(0)] + |Gi-1(0)]
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< PPV (s) = Fo()I(8) + 197 (x(1)) = @7 (0)] + 1, , P21 Fo(9)](1:) + g (O))

2L t o
pﬁ(;t_l) ft,-l i1 (1) = i ()P W (s)ds + M,
K d

B —————

pﬁi?lr(ﬁi—l) tioy

oS (Wi ®)

IA

o7 0O (1) = s ()P (s + Ky

(2L1 Wi (1) = i1 (1)) Wi (1) = i1 (1))

PPT(Biy + 1) PPT(Bir + 1)
(2L, @ (i1, 1) + M) 11+ Ky P (11, ) + K, (3.13)
|Hi-1(0)l < |Hi-1(x) — Hi-1(0)] + |Hi-1(0)]

IA

+MT)V1+K1 + Kj

< SOV E (5) = Fo()I(5) + |l 3PV | x(9)I(8;)
+Hepi(x(1;)) = @i(O)] + 1, I PPV Fo(9)[(8;) + i (0))]
2Lr fti Pi(w (t)—r; ; 1
< P i—1\ (ﬁz—l(f)) () — . @i-1+Pi-1 / d
— pattFi (e + Bint) Ji ¢ Wi 8) = ¢1-1(5)) Via(s)ds
A N VST -
[ e gy 1) = () (90 + M+ Ko
p l_lr(ai—l) ti—1
+ K i e;%l(wi_l(,i)_wi_l(s)) (l// l(t‘) —l//' 1(S))m_]+ﬁ[_l_ll///- (s)ds
pai—1+ﬁi-1r‘(ai_1 +ﬁi—1) - -1\ i— o1
i1(t) = i (1)) P i-1(1) = i1 (1))
< (2L1(¢’ 1(8) = Yi1(ti1)) _l_l/ll('// 1(6) — i1 (ti1)) +M1)r1

PPl (g + Big + 1) P iy + 1)

+K Wi (t:) — wi_l(ti_l))ai—1+ﬂi_1 N
1 pa/i—1+,3i—lr(a'i_1 +Bi1+1)

= (2L1®a”l+ﬁi’l(ti—1, 1) + APty ) + M1) i+ K@U P ) + K. (3.14)

2

From the results of the inequalities (3.13)-(3.14) with the similarly process, we obtain,

K Fl < 1K, F) = KO, Fo)l + 1K, Fo)
<l + Jkaly 3P| Fo(5) = Fo(s)T) + kI, 324 [x(s)|(T)
kil Y 1Gia(x) = Gia (O] Y @t tj00) + k1| Y 1Hii (x) = Hiy (0)]
i=1 J=i i=1
il ST F(IT) + bl D 1Gia(O)] D 0t 1) + il Y 1Hi1(O)]
i=1 j=i i=1
2L01 k| ! 2L (g (T)=im()) O AB—1
< + ) m m(S m T - U, mtPm ’ d
< v B ) [ Wn(T) = ()™ ()ds

T
ISURIAY

p* () tm
+|K1| Z (ZLl(I)B;_1 (ti—l R ti) + MT) r Z (Da'j(tj, tj+l)
i=1

j=i

o5 (W ~tn(s)

Wn(T) = Yn($))™ "W, (5)ds
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<
[R(x, Fo)l <
<
<
AIMS Mathematics

+lk1] Z (2L1®ai']+ﬁf'l(fi—1, 1) + APty ) + Ml) r
i=1
K«

T
o5 (Un(D)-0(®)
(Im +ﬁm F(a’n + ﬁm)

Wn(T) = ()™ Py (5)dls

tm

+'K1'Z Ki®P' (1, 1) + K Zcb“ (t,,zj+1)+|m|z (K @™ 11,1, 1) + Ko)

j=i
for,

m+1
+MIZ<D“' (i t) + M*ZZ@“( i) +mM1}|K1|r1

i=1 j=i
+{K1

m+1
Z(Dm 1+hi- l(tz l,t) + Z(I)Bl l(tl l9t)zq)a (tJ’tJ"'l)}

m+1

Zcpat (g, 1,t)+Z<DB’ IS 1,:)2@ it 11)

i=1 Jj=i
+K; Z Z OYi(tj, i) + mK2}|K1| + 1]
i=1 j=i
(2Li Ay + [ UA; + MiAs +mM, kil + (KiAy + K3As + mKo)kql + 1], (3.15)

[R(x, Fx) = R(0, Fo)l + R0, Fo)l
ol + kal,, S| Fo(s) = Fo(s)I(T)
+iallAly, ST F o (5) = Fo($)(T) + kol d®, ST | x()|(T')

+al ) 1Gi1(x) = Gy (0)] [1 +14 Z (1), w]
i=1

j=i

+lio|A] Z |Hi 1 (x) = Hi 0)] + |Kal,, P04 | Fo()I(T)
i=1

+io|A] Z |Hi 1 (0)] + |l Ay, 3T Pmem | Fo()(T)
i=1

+ol Z Gi1(0)] {1 + 1A Z (1), ,H))
Jj=i

1621 + % e 5] () = 5P (51
2L x| ] ‘%‘(%,(T)—wm(s)) _ Am+Bm—1
pa/,,,+ﬁmr(a’m +ﬁm) t ((ﬁm(T) ‘ﬁm(s)) wm(s)ds
|K2|/121"1 (wm(T) wm(s)) (w (T) l//m( ))am—lw (S)dS
P (@) g
+|K2|Z 2L P (1 1,t>+M*)rl[1+M|Z<D“< ,m]
J=i

Volume 6, Issue 7, 6647-6686.



6660

+|k2[|A] Z (2L1(I)ai'l+ﬂ"'(li—1, 1) + [AUDY (#ioy, 1) + Ml) r

i=1

T
K|k, o5 U0 ()

+ _
l)ﬁ " F(ﬂm) Im

+|k2[|] Z (K1®ai’l+ﬁi’l(ti—1, )+ Kz)
i=1
Kl A]
PPl (aty, + Bn)

+|K2|Z Ky @ (1.1, 1) + Ks) (1+IAIZ<D"( ,+1)]

J=i
{2L1 [I/ll

m+1 m+1
Z OBy, 1) + Z D (1 l,r)z (1), ,+1)) ) GDB"'(ti_l,ti)]
i=1
m+1
+M;"(|A| > Z Ot 17,1) + m) F 8O (1, 1) + mle}mvl
=1 j=i i=1
m+1
{Kl Z‘Da’ B (1 1,t)+2d)ﬁ”(t, 1J)Z‘D i(t), ]+1))]
j=i
A Z Z D1, tj01) + m

=1 j=i
= (2L10AIAL + Ag) + Mi(AIAs +m) + g + mlAIM, lkalry
+(K1(A4 + |AAD) + K3(|AA3 +m) + K2m|/1|)|/<2| +1&. (3.16)

Wn(T) = Yn()P" ! (5)ds

2L (Yn(T)~n(s)) (W(T) = (s ))“'”J“ﬁ’”_l;[/ (8)ds

IA

m+1

Zcbﬁl [(ti,17) + 1A

+K3

+ K2m|/1|}|l<2| + &l

Substisuting (3.13), (3.14), (3.15) and (3.16) into (3.12), we obtain

(@0 <, I Fmedn (IFx(S)—Fo(S)I+IFo(S)I)(T)+I/lltm”"”p’w’”IX(S)l(T)

+ 3" (Hi1 () = Hiy (0)] + iy (0) + Z (1Gi-1(x) = Gi_1(0)] + |G- (0)]) Z DU (t,1;41)
i=1

Jj=i
+(IQIIRCx, F) = RO, Fo)l + RO, Fo)l) + 1Q31(1K (x, Fy) = K(O, Fo)| + K0, Fy))))

1 m+1

o 2O )+ o (92K ) = KO Fo)l + 1K, Fo)
+HE|(IR(x, Fi) = R(O, Fo)l + R(O, Fo)l))
2L1r1 + K, fT
P bl (e, +,3m)
|Alry
+—
e (am)

el%l (lﬁm(T)—le(S))

Wn(T) = ()™ P~y (5)ds

IA

e”,, (Un(T)-g(5)

Wn(T) = Yn()™ W, (5)dss
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+ Z [(2L1®ai‘l+ﬁi'l(fi—1, 1) + APty 1) + Ml) ri+ KO P 1) + K,

i=1

")

i=1

m
DYi(tj,tjs1)
=i

(2L1®Bi’l(ti—1, 1) + Mf) r+ KOty 1) + Ks

m+1

"‘m Z QU (1, ti)[|Ql|({2L1[|/1|A1 + Ayl + M(AAs + m) + A2Ay + m|AM Yk, |ry
SHE
HEK 1 (Ag + |AA)) + K3(|AA3 + m) + Kom| A ko] + |§2|)

+|Q3|((2L1A1 + ANy + M{As + mM,)|ki |y + (Ki Ay + K3Az + mKy)|k| + |§1|)

1
+_
€25

|Q4|((2L1A1 + ANy + M{As + mM,)|k |y + (Ki Ay + K3Az + mKy)|k| + |§1|)
+|QZ|((2L1(|/1|A1 £ A9+ Mi(AUAs +m) + 2A; + mlAIM, kol

(K (Mg + 1A D) + K3 (UAs + m) + Koml Aol + Ile)

< 2L, 0"t Thry + Ky @ (z,,, T) + IO (1., Try

+ Z [(2L1(Dw""+ﬁ"‘l(li—1, t) + AP (toy, 1) + Ml) ri+ K@M PR (4 1) + Kz]
T

1

+

[(Zqu)Bi_l(li_l, l‘,‘) + MT) ry + Klq)ﬁi_l(ti_l, ti) + Kg] Zm: (Daj(l‘j, tj+1)

j=i

-

Il
—

1

+

|Ql|({2L1 [AUA; + Ag] + M(JAA3 + m) + Ay + m|AIM, }|xalry

HEK 1 (Ag + |AUA)) + K3(|AA3 + m) + Kom| A ko] + |§2|)

A

+|Q3|((2L1A1 + ANy + M{As + mM,)|k |y + (Ki Ay + K3A3 + mKy)|kq | + |§1|) oY
s

1
+_
1€25]

|Q4|((2L1A1 + ANy + M{As + mM,)|k | + (KiAy + K3A3 + mKy)|k| + |§1|)
+|Qz|({2L1[|/l|A1 + Ayl + Mi(JAA; + m) + 22 Ay + m|AIM Yol

HE (Mg + [AA) + K3(1AA3 + m) + Kom|Al}lko| + |§z|)

= (2L1

1
At + (ki |A (A3 + [Q4]) + |2l (JAUAT + A)(A2|Q4] + [€2])) m]
S
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+(mM; + [AIA2) | 1+ (k1 [(A2]€s3] + 1Q4]) + [Allk2|(A2l€2 | + [€21)) —]

€|

+M7 | Az + (ki A3 (Aol Qs3] + [Qu]) + 1A + m)(Azl€ ] + [Q0])) —])

€|

+K;

Ar + (kAT (A2|Qs3] + [€4]) + [k |(JAUAT + Ag)(A2]4] + [€22])) m]

1+ (k| (A2€23] + [€4]) + k2|2 (A2€ | + [€2])) =

+mK
2 |95|

+K3 [ Az + (Ik1|A3(A2|Q3] + [Q)) + [k2|(141A3 + m)(A2]€)] + [€22])) —]

1€2s

+(I611(A2IQs] + 1Qu]) + £l (A2l | + |Qz|))|Q |

= (2L1®1 + (li + |/1|A2)®2 + MT®3)I"1 + K]@] + mK2®2 + K3®3 + @4

< r,

which implies that QB,, C B,,.
Step II. We prove that the operator Q is a contraction.
Let x,y € E. Then, for each ¢ € J, we have

QD)1 — (@)D <, 3P| F (5) = Fy($)(T) + |4, 3™ |x(s) = y()(T)

{ZI 1(x) = Hi_1(y)] He =L (0t je)=w (1))

i= j=i
+ Z Gi-1(x) = Gy ()] Z Ot} 121) ]_[ 7 (Wt =01)
i=1

+(|91||R<x F) = RO, Fyl + Q31K (x, F) = K, F))

m+1 m+1

D- l(tz ,t) er 2L (it (1) =i (1))
0l Z 1 H
+(|s24||7<(x, F.) = K(y, Fy)l + IR (x, F,) - ROy, F))

1 m+1 ] ]
p=1 p=1
X |Q | e r W1 @)~ (ti- l))}e ) Wm(T)— l/’m(tm)) (3 17)
517
i=1

p-1
By using 0 < e WV < 1 for0<s<u<Tand (Hy)-(H,), we get
IGie1(X) = G| < 4, FPPYF(5) = Fy(9)I(t) + |} (x(;)) — i (1)
2L ||.x_ || fi p;l i—1t)=Yi-1(s -1~ ’ *
= |e 7 a0 (g (1) = i (9P (s)ds + MTx = il

PP-T(Bi-1)
Wi (t) — iy (1)) .
< (2L1 PTGy +M1)I|x—y||
= (2L @ (60, 1) + M7 llx =y, (3.18)

AIMS Mathematics Volume 6, Issue 7, 6647-6686.



6663

Hi1(x) = Hi ()] < S0PV F (s) = Fy(9)l(8:)
Ay, STV () = Y(9)I(E) + lpi(x(1:) — pi(y(2)]
- 2Li|lx )l f " 15 (a0
T Pl + Bimn) i
i1 +Bi- llx =yl
(Wit (t) = Wi ()" P! 1(s)ds+|ﬂ|a—y
lr(a't 1)
i o
X f &7 WO (g (1)~ g ()W (9)ds + Myl =l
ti-1
i1 () = Wiy (1)) P i-1(t) = Yi(timy))*!
< 2L1(W.1(>) Yio1(ti-1)) +|/1|(w 1(_) Yio1(ti-1)) £ M =y
PPl (g + Big + 1) pr (@i + 1)
= (2L @ty ) + LA (11, ) + M )l =yl (3.19)

By using the results of the inequalities (3.18) and (3.19), we have

KX, F) =K@, F)l < Jkaly, 3P| F o (5) = Fy(9IT) + I llAly, 30V x(s) = y()I(T)

il D160 = Gia ) Z DUt} 1) + Ik Z |Hi1(x) = Hi ()
i=1

J i
2Ly Ix = ylllki] f ‘ 5 Un)-(5)
PPl (aty + Bn)
| JllAlllx = v
e (@)

IA

Wn(T) = ()™ P~y (5)ds

T
7 Un D0 0)) (g, (T) = ()" (515

Im

+|K1|Z (2L (1, 1) + M) Z@“( te)llx =yl

j i

+al Z (2L @ Pt (1, 1) + LA™ (1, 1) + My ) [x = |

i=1

m+1
2L(Z(Da' 1+'B’1(ll 1,Z)+Z(DB[1(II I,I)Z(Dw( ]+1))

i=

m+1 m m
+|/1|( Z QU (1, ti)) + MT( Z Z @it} fj+1)) + mM1]|K1|||x Rl

i=1 =1 j=i
(2L1 Ay + 1UAS + MiAs + mM Ik [lx = . (3.20)
k2, 4| F o (5) = Fy()IT) + ol dly, 3T Fredm| F (5) = Fy(s)I(T)

IA

IA

IR(x, F) = ROy, Fy)l

il 42, 3| x(s) = y(HIT) + oAl Z |Hi—1(x) = Hi— 1 (y)]

i=1
ol D 1Gi(x) = Gia ) {1 1Ay iy, rm]
i=1 J=i
2L Ix - ylllea

L (1)) _ 1,
= TRTB |(%”m(T> V()" (s)ds
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T
7 D) (4, (T) = ()" P ()ds

pam +,Bm F(am —+ ﬁm)

2y _ LN
—lkﬂi ﬂfa )y” e"p(w<”-¢m<”)| Wn(T) = ()™, (5)ds

HR ALY (2L @B (1121, 13) + LAD (111, 1) + My ) lx = |
i=1

Hial Y (2L (1o, 1) + M) [1 A1) @i, r,m] Il =y

i=1 j=i
m+1
< [2L (w(z OB (111, 1) + Z O (15 mZ Ot JH))
m+1 m m
+> dff-l(ri_l,t,-)) * Mr(w(z Z (1) ,H)) * m)
i=1 i= =i

m+1

+Az( > o, t,-)) + m|A|M1]|K2|||x =5l

i=1

(2Li(AIAL + Ag) + Mi(UAs +m) + PAg + mAIM kalllx =yl (3.21)

Substituting (3.18), (3.19), (3.20) and (3.21) into (3.17), it follows that

[(@Qx)(1) — (@)@

2Lq|1x =yl l(w (T)~tn(s)) U +Bm—1
< m m(S m T - ‘mTPm d
pam+,6'm1—‘(a,m +ﬁm) (lﬁ (T) - 1 (s )) w (s)ds
|/l|||-x - )7” /);(l/, (T)-v (S)) an—1
—_— P m m " T _ " m ’ d
“'WF(a/m) (w ( ) '7[/ (S)) wm(S) S
+{ Z (2L Q-1+ Wtioy, 1)) + AN (11, 1) + M]) [lx — vl 1_[ (lﬁj(tm)—lﬂj(tj))
i=1 j=i
N = =L (b s it
# (2L o) + M3 )l = Z O (1), o) [ | &7 @rtro0-0s)
i=1 j=i j=i

+

IQll(ZLl(IﬂlAl + Ag) + M{(IAA; +m) + PA; + ml/llMl)IKzlllx =)l

m+1 m+1

+|Qg|(2L1A1+|A|A2+MA3+mM1)|K1|||x y||]IQ |Z‘D"<fz L) [ o7 ot

i=1

+ |Q4|(2L1A1 + Ay + MTA; + mM1)|K1|||X =yl + |Qz|(2L1(|/1|A1 + Ay)

m+1

FM(AIAS +m) + A, + m|/1|M1)|K2|||x yll] ]‘[ 511 .»} U
TN
< 2L (ty, Tl = ¥l + LI (2, Tl = |
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+ 2, (L@, 1) AR 1y, ) + Myl =

" Z (2L1q)ﬁi_l(ti—la )+ M’l“) llx = y|| Z @aj(tj, tj+1)
i=1 J=
Ar|Q
|Z|2 |1| (2L10AIAT + Ao) + Mi(AIAs +m) + Az + mlAIMy el =
5
Ay|Q
ar] 3'(2L1 Ar+ 1A + MiA; +mM, il ¥
1
Q
+u(2L1A1 + [ AUA + MiAs + mM kallx =
oy
oY :
o (CLIOUAL+ Ag) + MQAAs +m) + Ao -+ midia ol =
5

= (2L1

1
At + (kA (A3 + [Q4]) + |2l (JAUAT + A)(A2|Q)] + [€2])) m]
5

+(mM, +|A|A2)

1
1+ (i [(A2l€3] + [€24]) + |2l AUA€24 | + 1€22])) @]
5

+M;

1
Az + (IK11A3 (A2l Qs3] + 1)) + [k ( A3 + m)(A|€ | + [€2])) @} )le =)
5

= (2L1®1 + (mM; + [1|A2)0O; + MT®3)||X =,

which implies that [|Qx — Qyl| < (2L,©; + (mM; + |A|A2)®, + M;Os)|lx — y||. Clearly (2L,0, + (mM, +
|11A2)®, + M]@3) < 1, thus, by the Banach’s contraction principle (Theorem 2.12), the operator Q is
a contraction, hence, the operator Q has a unique fixed point that is the unique solution of the problem
(1.1) on J. This completes the proof. O

3.2. Existence result via Schaefer’s fixed point theorem

The second existence result is based on Schaefer’s fixed point theorem.

Theorem 3.2. Let Y, € C*(J) with (1) > O fort € J, k = 0,1,2,...,m. Assume that f : J x R* —
R, ¢ : R » Rand ¢; : R — R are continuous functions, k = 1,2,...,m satisfy the following
assumptions:

(H3) There exist nonnegative continuous functions hy, h,, hy € C(J,R*) such that, for every t € J and
X, y € R, such that

£, x, )| < hi(0) + ha(0)(Ix] + [y,

with hi = sup,.;{h\()} and h; = sup,.;{h>(1)}.
(Hy) There exist positive constants ky, kj, for any x € R, such that

lor (Ol < ki, oI <k, k=1,2,....m.
Then, the problem (1.1) has at least one solution on J.
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Proof. We apply Schaefer’s fixed point theorem. The proof is given in the following four steps.
Step 1. We prove that the operator Q is continuous.
Let x, be a sequence such that x, — x in E. Then, for any ¢ € J, we get

IA

IA

AIMS Mathematics

[(Qx,)(1) = (Qx)()
tn ‘”“’”*ﬁ””p"”"’lFxn(S) = Fu(9)I(®) + 141, 37 x,(5) = x(s)|(2)

+Z|H, (%) - ,1<x>|+Z|G, 1) = Gi- 1(x>|Z<I>“f< i)
j=i

A
+@[|Ql IRCa, F,) = RO, Fl + 311K (i F,) = K, F)|

+Q—5[|Q4||7<<xn, F.) = K(x, Fl + [QllR(x. Fy,) = R(x, F|

,0 (le(T) l//m(s‘)) a/m+ﬁm—1
pam%r(am 7 f 3 Wn(T) = ()™ |F (5) = F ()W (5)dls
+—(1/ L_/‘ll ('J’m(T) 'ﬁm(é)) (w (T) gbm(s))a’m*llxn(s) X(S)kﬂ (S)ds

"T(@,)

—1 . =
%(Wf—l(li)—wi—l(s)) (wi—l(ti) _ wi_l(s))al—l-"ﬁt—] 1

1 ’
+
; (pa[_1+ﬁi-1F(ai_1 +Bi—1) ‘fti‘_] ¢

|
a' Ir(al 1)

m 1 i
X|x,(s) = x()Wi_()ds + M| x,(;) — x(fi)|) + Z (m f e

i=1

o5 (Wi )

X|Fy,(5) = F(s)lW)_,(s)ds + Wi () — Wi (s))™

'%I(l//i—l(ti)—%—l(s))

m

X () — l/’i—l(s))ﬁifl_”Fxn(S) — F (Wi  (8)ds + Mi|x,(ti-1) — X(fi—1)|) Z DYi(tj,tj41)

j=i

7 D1 () = (™ 1F o (5) = EWp(5)ds

Az {| l[ |x]
1ol 1pﬁr(ﬂm)

g |K2||/1| (lﬁm(T)—lpm(S)) (wm(T) — wm(s))am_'—ﬂm_llFxn(s) — FX(S)llﬂ;n(S)dS
P mr(a/m
2
_lald” (W) DN (Y T) = ()™ ) = x(, (5)dls
er(al11)

e[%l(‘/’i—l(ti)_l//i—l(s))

(Wi () = Wiy ()" P!

1 i
+|K2||A|Z( — f
pary PPl (@i + Bic1) Ji,
1
e’%l(%—l(li)—wi—l(s))

A @i —
X|Fy, (s) = Fu($)lpi_, (s)ds + %f Win1 (1) = i ()™
pr l(aisr) Jy

m 1 1
- (s) — 1 ()ds + My|x,(ti-1) — x(t;- 05T (Bi_,)
X|x,(s) = x($)W'_ (s)ds + M| x,(ti-1) — x(2 1)|)+|K2|;(pﬂ,_1r(ﬁi_l) f,;l ¢

X(Wi1(t) — wi—l(s))ﬂi_l_] |F,(8) = Fu(O)Wi_ (9)ds + Mi|x,(ti-y) — x(fi—1)|)]

l%l(lpi—l(ti)_'pi—l(s))
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|K1| " m(s W +Bm—1
| gt [ e ) 1) )P = Fu(o (s
N |&1]1A] T e%(wmm_wm“)) T — (s am—1 x,(5) = X(W.(5)ds
e (Un(T) = Yn()™ 1525) = X (5)
prrI(am)

e e 2L (Yint (1)1 (5)) Wis1 () — ¢ l(s))(g - |F (s)-F (S)l'vl’; 1(8)ds

+'K1|Z( T

] o N 1
+M1|xn<t,~_1>—x(t,-_1)|)2d> f(t,,r,+1>+|K1|Z( Ty P
j=i i=1 = =

||
pi-T(aizy) Ji,.

e (ZRIOSRIO)

e‘}(w 1E)-i-1(5))

1
+ —{I0
} Qs{l 4l

X(Wio1 (1) = i1 (5)) " a(s) — xX(HWi_ ()ds + M| x,(ti-1) — X(li—1)|)

X(Wiz1(t) — lﬁi—l(S))aifﬁﬂifl_l|Fxn(5) = F($)W;_ (s)ds +

eT(wmm Un(s))

Wn(T) = Y()™ P F (5) = Fu(9)l),(s)ds

% |«
BT (@ + By)
M
p*nI(ay)

+|K1|Z( |1—‘(ﬂl 1)
1

+M71x, (i) — x(li—1)|) DU (), tj41) + |k ( e
1 ]Z::‘ p ; PPl (@i + i) Jy

T
e"%(wmm—wm(s)) Wn(T) = ()™ [xX0(s) = x()W, (5)ds

e 7 @t (o (1) = iy (9T F L (5) = Pl (s)ds

2L (it ()1 ()

X(Wir (1) = i () P F () = Fu(Wy (s + —— [ |57 (awr-si09)
p*(ai-1) Jy

X(Wi1(t) — lﬂi—l(s))m_l_l 1X2(8) = X($)Wi_  ()ds + My |x,(t;-1) — X(ti—1)|)

4 2|[ o ';j;m) E 00| (g (T) = ()P 1o (5) = Fu(W()ds
x| o5 1(l/,,,,(T) Un(s)) A +Bn—1

R - ﬁm) Wn(T) = Y(s)) IF ., (s) = Fo()Wy,(s)ds

2

+ 'K# (‘W) o “”'(w (T) = Y™ xa(5) = x(, (5)ds

n(a,)

pp%l(‘//i—l([i)_l//i—l(s))

(Wi () = Wiy ()" P!

1 g
+lk2 [ ( e
; prPeT (i + Bict) J

ol o5 (Wi )
a' Ir(al 1)

X|Fy,(5) = F(s)lW)_,(s)ds + Wi () — Wi ()"

e*p'(w 1) ~0i1(5))

X|x,(8) = x()Wi_ ($)ds + M| x,(t;i1) — x(t; 1)|) + k2] Z( PoT(Bry)
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X(Wi-1 () = i1 ()Y T, (8) = Fu($)WW_ ()ds + M |x,(tiy) = x(ti—l)|)]}~

By using the fact of 0 < ¢ W0 < | for 0 < s < u < T with the notations (2.6), (2.11)—(2.15)
and (3.2)—(3.5), we obtain

(Qx,)(1) = (Qx)(0)]

< M A f Wl T) = W)™~y (5)ds
— ptPel (@ + Bn) " " "
||, — x| O |Fy, — Fill
“mF(a ) f (wm(T) wm(s)) l//m(S)dS + Z( @ 1+,B,~_1l"(ai_] +ﬁi—l)

|A4[]x, — x|

Ty @ =) s

Xf Wi () - l//i—l(S))ai_lwi_l_ll//;_l(s)ds +

F, —F,
+M1||xn—x||) Z([”ﬁ TG l'i Wier @) = i ()Y lw 1<s>als+M||xn—x||)

S o WolllFs, — Fil
X;d) J(tj’tj+1)+@{lgll[l<2/)ﬁWf (Y(T) - me(s))ﬂ W(S)ds

|2l A||x,, — x|
I (a,,)

(wl 1) = Wi ()P (s)ds

AF, —F (7 e
pllﬂjiuﬁ;],'][‘(c; +:8||) f (l//m(T) - lr//m(s)) b ll,[/m(S)dS +

X, (s)ds + KallAl )| (
i=1

||, — x|
a'_lr(a'z 1)

f Wn(T) = ()™

|Fy, — Fil
@i-1+hi- lr(at 1+ﬂl 1)

l (l/’i—l(fi) - l/’i—l(S))m_'_ll//;_l(S)dS + M, |lx, — xll)

+|K2|Z(” ’jr;ﬁ "l'l Wi () = i ()Y W (9)ds + M, xu)]

+|93|[ lklgli(a; f;')m) T = ) s + —'Kl”jﬂ’?; -

f (D) = (™41 + 'KI'Z(”FWZ "1'; Wi () = it ()~ (5)ds
Ml _x”);q)aj(t ) ¥ lKllZ( o 1+;|flllpr(a,}:ﬂﬁl 0 (lﬂz 1) = Wi ()7 P
Xy (s)ds + % - Wim1(t) = Wit ()™ W (s)ds + M|, - x||)]}
+QLS{IQ4I( 'Kli”?(a; f"B”m) UnlT) = 0 + _lklllil% !

F, x _
f D) = ()" <s>ds+|K1|Z(” e aet l'i Wimr(8) = wia ()P0 ()
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a “ F, - F, g P
+M1‘||xn—xll)Z@“/(rﬁrﬂwle( s [ e vy

PPl (@ + B

Jj=i
/l n - i1 —
XY (s)ds + % f Wit @) — Y () 1(s>ds+M1||xn—x||)
[KalllF s, — Fll =1 KA, — Fll
+|92|[W f Un(D) = U0 ()5 +

Jical 2|,

o T(a, — f Wn(T) = Yn())™ 0, (s)ds

i Fx —Fx t ai—1+tpi-1— ’
+|K2||/1|;(p : IF, | D j{:_l i1 (1) — Wi ()P llﬁi—l(s)ds

T
X f Wn(T) = ()™ Py (s)ds +

s (@i + Bie

R =2 10 = s (50 0 (30 + M, = x||)
p - (aim1) Jy
F, —F,
+|KZ|Z(” T I'l f W1 (1) = v (YW (9)ds + M, - x||)]}

< Oy, THIFy, = Fll + 110 (1, T, =

D (@TE y, )IF, = FAll+ 0™ (1, )l — Xl + llp(x,) = @u(0)l)
i=1

# ) (O IF s, = Full + lpie) = g 0l) ) @, 1721)
i=1 J=i

A
to |Ql|(|/<2|<1>ﬁm<rm, DIFy, = Fl + all A0 7 (1., TIIF,, - Fl
PO (1, T, =l + Iealll Y (@7 11y, 1)IF, = Fl

i=1

HAD™ (1, 1)1 = ¥l + lpie) = @) + bl D (PP tioa, I, = Fol

i=1

Hlgi () = @i(l) (1 ALY O, 1500)

=

) * '93'("“"1’”’”‘3‘"0% TF,, - F

U™ G, T = xll + bl Y (Ot IF, = Foll + i) = gill) D @1 150)

i=1 J=i

il D (OB g, t)IF, = Foll + A0 (11, )]s, = 2]+ llpe () — sok(x)ll))]
i=1

. |Q4|(IK1I<D“’”+’3’”(tm, DIFy, = Full + Ik |19 (@, Tllx — x|

+'K1'Z (@ (11, DIF, = Foll + llpi(x) = @il Zcb“ (tj tjs1)

j i
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il D (@ g, )IF s, = Foll 4+ 19 1oy, )], — 1l + llpi(x) = mx)n))
i=1

+|QZ|(|K2|(DBm(tm’ DIFy, = Fill + il 1@ (1, THIFy, = Foll + kol 4@ (8, T)llx,, = x|

HillAl Y (OB 1oy, I, = Foll + LU0 1y, 1)1 =l + ) = g0l

i=1

Hiol D (@ (1, IF, = Foll + g (o) — @10l (1 Ay @, w] )]
i=1

J=i
1
|€2s|

A + (K IA T (AalQs] + Q) + Kl (UAT + Ag)(A2lQ] + |Q))) ] |Fy, — Fill

1
+|A, [1 + (|K1|(A2|QS| + |C4]) + [Ala | (A2l ] + IQzI))Q—S] llx, = xll

1
+ [A3 + (k1 [A3 (A2 + [€4]) + [K2|(1AI A3 + m)(A2|€ | + [€22])) @] lley (xn) = (Ol
5

O1llFy, — Full + ©allx, — x| + Osllgy(x,) — @ (Dll-

Since f, A, ¢r and ¢; are continuous, this implies that Q is also continuous. Then, ||F,, — F,|| = 0,
and ||lx, — x| — 0, as n — oo, and|lpi(x,) — @r(x)l| = 0, and [lg;(x,) — (X = 0 as n — oo.

Step II. We prove that the operator @ maps a bounded set into a bounded set in E.

For r, > 0, there exists a constant N > 0 such that, for each x € B,, = {x € E : ||lx]| < r,}, then
|Qx|| < N. Then, for any ¢ € J and x € B,,, we have

(@0D] <, 3| E()(T) + |, S x(IT) + D Hia (O + Y 1Gi1 (0] ) Oty 1501)
i=1 i=1

j=i

QIR G, Fl + [l K (x, FOI S, [Qul|K (x, F)l + 1€:]|R(x, F,)l
+ R (ti— s ti) + . (322)
TN Z ‘ [oX
It follows from (H5) and (H,), that
|F ()] < hy +2h5r, o) < ki, o (0 <kj, k=1,2,....,m. (3.23)

Then by substituting (3.23) into (3.22) with the notations (2.6), (2.11)—(2.15) and (3.2)—(3.5), we
have
hi +2h3r) T
PP (@ + ) U,
|Alrs g

pamr(am) tm
Zm:[ I + 21y fff
+

| pr T (ai + Bio1) i
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o5 (W —v(5)

(Qu)(1)| < Wn(T) = ()™ P~ (5)ds

7 e ) (4, (T) = ()™ ()

e’%(lﬂi—l(ti)_lpifl(s))

Wia (1) - lﬁi—l(S))aifﬁﬁifl_lwgq(s)ds
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||,
pr! [(ai-1) tio1

Z’": [ I+ 2h s
+ —_—
| PP T(Bi-1)

epp‘(w, 1)1 (5))

Wit (1) = i1 (8))™ 7 Wl (s)ds + Ky

eppl(l//l 1) —yi- l(Y))

Wi () — i () (s)ds

hT + Zh;l"z - I(W ()~ (‘)) -1 m ‘
+— e p WIS i-1(&) — i ()™ L (s)ds + k) OU(t;,t;
TG ). Winr (@) = i (YW (s)ds + K j§:i (tj>tj01)
|K2|<h7+2h;rz> "1 1 (ot s) .
+ 10 |(| |+ == | |7 D)) (g (T) = ()Y (s)ds
{ 1[5 TGy . WD) = Yn()" s

kol (R} + 2h5rs)

p0;71+ﬁr;1r(am +ﬁm)
k2| A% 7>
L)

xf
ti-1

m e+ 2hir,
+lKollA l :
el |i:ZI [pai_1+ﬁi—lr(ai—1 +Bi-

r 1
o5 Um0 (4, (T) — )" s ()

1 + 215
lr(ﬁl 1)

o5 1(wmm Un(s))

Wn(T) = ()™ W (5)ds + il Z

ep;l(w"l(ti)_wilw)| Wict (8) = iy ()Y 7' (s)ds + K}

1+ Z (1), M]
j=i

-1 ) i
e%(ll/i—l(li)—wi—l(s)) (Wi—l(ti) _ wi_l(s))a,—ﬁﬂl-l 1

|l

XY ()ds + e ief(*”' OO iy (1) = P () W”’“)
'lr(az 1)

+|93|(|§1| 'Klﬂ& T (1, (T) = () 0 (5)dis
(@)

lkcr[(hE + 2H5r)
PPl (i + Bn)

hi +2hr,
+al Z
= lr(ﬁl 1) ti—1

= h*+2h*}"2 fi
X > DUt 170) + Ikl [ — L2 f e
; P ; PP (s + Bic1) ti1

||,
pr (@)

o s
X(Wio1 (1) = ima ()™ ll//;_l(s)ds + kl])}_ + —{| 4|(|§ | +

Xf

tm

Xf
Im

e‘%'(*”m”“”m“)) Un(T) = ()™ P~ (5)d s

e (ZRIOSRIE))

(Wiea (1) = ll’i—l(S))ﬁi_l_ll,b;_l(s)ds + k]

p;l(l//il(ti)—tl/il(s))'

Qi1 HPi-1=1 7 (i ()= (s
X(Wio1(t;) = ic1(5)) e lwi_l(s)ds + er (v t=01019)

|k111A|r>
eI (@)
k1|(h} + 2h3r))
PPl (aty, + Bn)
hi +2hr,
= lr(ﬁt 1)

7 =) (4 (T = ()™ W (5)ds +

o5 (Un(T)=0(5))

Wn(T) = ()P ()ds + [l Z
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¢’ W@y ) Wina(t) = i ()7 (s)ds + K

1
x f
i1

s [ nt +2h5r fff
K Z — 5 €
— pr-t Py + Bicr) Ji

m
I EGRI)
j=i

W1 (1) = i (5))" P!

pp;l(lﬁ[—l(li)—l//i—l(s))

(s + — e [T OO0 (g 1) — g () () + kl])
P (ai-1)
+|Qz|(|§2| + % 5 7 =0 (o Ty — ()P (s)ds

k|| A(AT + 2h5r)
pntPnl(at,, + ﬁm)
el dr)
p*m (@)

1
xf
ti-1

m e+ 2hir,
+lKollA l :
el |i:ZI [pai_1+ﬁi—lr(ai—1 +Bi-

r 1
o5 Um0 (4, (T) — )" s ()

1 + 215
lr(ﬁz 1)

1(wmm Un(s))

Wn(T) = ()™ W (5)ds + il Z

ep;l(w"l(ti)_wilw)| Wict (8) = iy ()Y 7' (s)ds + K}

L+ Z (1), M]
j=i

-1 ) o
e%(ll/i—l(li)—wi—l(s)) (Wi—l(ti) _ wi_l(s))a,—ﬁﬂl-l 1

||, ; . ‘l(w, L) ~Yi-1(5))
a, lr(az 1)

Xy, (s)ds + Wi () = i1 ()7 W (5)ds + Ky

)

1
< |Ar+ (I IAT1Q31A + 1Qu]) + Kl (AAT + Ag)(Q4IA; + |Qz|))|Q |] (I} + 2h5r2)
5
1
HAIAS [ 1+ Ik (A2lQs] + Q) + 11kl (Aol | + |Qz|))|g l]
1
+m | 1+ (K |(AlQa] + 1Qu]) + [kl (Aol | + |Qz|))|Q |
5

1
+|Asz + (IK1 |A3(A2lQs3] + [€4]) + |ko| (I A3 + m)(A2|Q4] + IQzI))IQ I]
5

+(I£11(A21Q3] + 1) + &2l (Aal | + |Qz|))|Q 1

we estimate ||Qx]|| < O, (hT + 2h§r2)+(|/l|A2r2+mk1)®2+®3k’{+®4 := N, which implies that ||Qx|| < N.
Hence, the set @B,, is uniformly bounded.

Step III. We prove that Q maps a bounded set into an equicontinuous set of E.

Let 71, 72 € Ji for some k € {0,1,2,...,m} with 7; < 7,. Then, for any x € B,,, where B,, is as
defined in Step II, by using the property of f is bounded on the compact set J X B,,, we have

[(Qx)(12) — (Qx)(1))|

< {Z (@1 b1y, 1) (B} + 2B572) + AP (tio1, 1) + K )

i=1
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m k-1
+ Z ((Dﬁ"*‘ (tio1, 1) (B + 2R5r) + k’{) Z (CD"-"(tj, fis1) + '(D""(tk, Tp) — O (1, T1)‘)
i=1 =i
QUIR(x, F )l + Q31K (X, Fl S [ o
0RO L+ B3R (x )lz QU (tior, 1) + (Dak(lk,TZ)_(Dak(lkaTl)‘
) L
UK Fol+ IlIRE FOL| et _ 50 wntrp-vew)
|€2s

K+ 2R3,
+
PP (v + i)

T1
f
173

N |7
['(ax)

T1
f
173

By using the notations (2.6), (2.11)—(2.15) and (3.2)—(3.5), we obtain that
[(Qx)(12) — (Qx)(71)]

{ Z (q)(l;_l+ﬁi'l(fi—1, 1)) (W} + 2h3ry) + |AOY " (i1, t)r) + k])

i=1

( f " 7 D=0 (g (1) — () W (5)dss

el%l(‘/’k(”)‘“’k“))(zpk(rz) _ l//k(s))awﬁk—l . e”p;'(zpk(n)—wk(s))(l//k(ﬁ) . wk(s))akwk—l

Y (s)d s)

(f 5 )y () — () ()

T Oy () = ()" = T OO ) - g ()"

gb,’{(s)ds).

IA

m k-1

+ Z ((Dﬁf-1 (tio1, 1) (] + 2h5rp) + k’f) Z ((Da-"(tj, tjs1) + | O™ (1, 72) — O™ (1, 71)‘)
i=1 j=i
| (It A1 + Il QIAA L + Aa)) (B} + 28572) + [AIAS(K1 193] + Il AN )

(k1] + Il Ve + (I IASIs] + Il IAAA + m) ks -+ 1€11€] + |§2||Ql|]

m

(cb“fl(ri_l,r,-) + 0% (1, 72) —@“k(rk,n>1)+ A Ik l1€24] + al|ANIC )2

X_
Q5] 4
Ik 1Al + K llQl(AIA T + Ap)(R; + 2575) + m{ ke 192] + Kol A1 ey

. | -l i =L (e (7 )—
Ik 1Al + Il (AIAS + m) )k} + €1 ]1€u] + |§2||Q2|]m} S _ -t
5

It + 205
+
pBT (o + B + 1)
||y
T+ 1)

(2|‘”"(”) ™ W) — )~ ) — )| )

(2|l/’k(7'2) - '/’k(Tl)|ak + | Wi(T2) — Yr(t)™ — W(T1) — Ya(@))™ |)

. . p-l _ p-l _
From the above inequality, we get that |e 7 W) ~lt) _ %5 Widm) ‘/’k(tk))| — 0, |wk(rz) - x//k(71)|u -0

and | Wi(12) = Yi(t)" — W (1) = Y (t)"

— 0as 7, — 71, where u = {a, a; + Bi}. This inequality is
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independent of unknown variable x € B,, and tends to zero as 7, — 71, which implies that ||(Qx)(7,) —
(Qx)(t))|l = 0 as 7, — 1;. Therefore by the Arzela-Ascoli theorem, we can conclude that the operator
Q : E — E is completely continuous.

Step IV. The set D = {x € E : x = 0Qx, } is bounded (a priori bounds).

Let x € D, then x = 0Qx for some 0 < o < 1. From (H3) and (H,), for each ¢t € J, we get the result
by using the same process in Step II,

XDl = lo@x))l
1
< ([Al+(|K1|A1<|93|A2+|Q4|>+|K2|<|A|A1+A4)<|91|A2+|92|>)|Ql (h} + 2h5r)
5
HAAL |1+ (I (A1) + Qul) + Akl (Al | + |Qz|))|Q l]
1
+m | 1+ (k1 |(A2lQas] + 1Qu]) + [kl (A2l | + |Qz|))|Q |
5

1
+ | Az + (I IAS(AIQs] + 1Qu]) + Ikl (A3 + m)(AglQ] + |Qz|))|Q I]
S

+(I611(A2IQs] + 1Qul) + £l (A2l | + |Qz|))|Q 1

Then, ||| < ©; (i} + 215r2) + (1A|Axrs + mk;)®, + Os3k; + O := N < oo. This implies that the set D
is bounded. By all the assumptions of Theorem 3.2, we conclude that there exists a positive constant
N such that [|x]| < N < co. By applying Schaefer’s fixed point theorem (Theorem 2.13), the operator Q
has at least one fixed point which is a solution of problem (1.1). The proof is completed. O

4. Ulam stability results

This section is discussed the different type of Ulam’s stability such as UH stable, generalized UH
stable, UHR stable and generalized UHR stable of the problem (1.1).

Now, we introduce Ulam’s stability concepts for the problem (1.1). Let ¢ € C(J,R*) be a
nondecreasing function, € > 0, v > 0, z € E such that, for t € J;, k = 1,2, ..., m, the following sets of
inequalities are satisfied:

Cpflrti (CRUPU 1 2) 2(0) - f(1,2(0), 2ue))| < e,
e(t) = 2(t0) — pu(z(0))] < e, (4.1)

C X C Pk — *
SRR x(E]) — o, D) — pp(x(1)| < €.

CRPotn (CDP 1 1) 2(1) = f(1,2(0), 20| < B0,
|2(t) = 2(t0) — pu(z(t)| < v, (4.2)
CDOMPVX(E]) = o CDPX(EY) — 0 (x(1))] < w.
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[Como (om0 1 0)2(0) — 10,2000, 2u0)| < €00,
l2(t) = 2(t0) = pu(z(0))] < ev, (4.3)

C Nk, CRUPV (£, k
|zk1)(,kp¢/kx(t}:) — 1, SOV X(8) — ‘Pk(x(tk))| < ev.

Definition 4.1. If for € > O there exists a constant Cy > 0 such that, for any solution z € E of inequality
(4.1), there is a unique solution x € E of system (1.1) that satisfies

|lz(t) = x(?)| < Cre, te

then system (1.1) is UH stable.

Definition 4.2. If for € > 0 and set of positive real numbers R* there exists ¢ € C(R*,R™), with
#(0) = 0 such that, for any solution z € E of inequality (4.2), there exist € > 0 and a unique solution
x € E of system (1.1) that satisfies

(1) = x(D] < ge), 1€,

then system (1.1) is generalized UH stable.

Definition 4.3. If for € > O there exists a real number C; > 0 such that, for any solution z € E of
inequality (4.3), there is a unique solution x € E of system (1.1) that satisfies

z(t) — x(1)| < Cre(v + ¢(1)), 1€,

then system (1.1) is UHR stable with respect to (v, ¢).

Definition 4.4. If there exists a real number C; > 0 such that, for any solution z € E of inequality
(4.2), there is a unique solution x € E of system (1.1) that satisfies

|l2() = x(O)] < Cr(v + $(1)), te,

then system (1.1) is generalized UHR stable with respect to (v, ¢).

Remark 4.5. It is clear that: (i) Definition 4.1 = Definition 4.2; (ii) Definition 4.3 = Definition
4.4; (iii) Definition 4.3 for v + ¢(t) = 1 = Definition 4.1.

Remark 4.6. The function z € E is called a solution for inequality (4.1) if there exists a function w € E
together with a sequence wy, k = 1,2,...,m (which depends on z) such that

(A) W@ <€ |wil <€ ted,

(A)) ,Ckbﬂk”“”k (,Cki)"w"/’k + /l) z2(t) = f(t,2(1), z(ut)) + w(t), t € J,
(A3) 2(t)) — 2(t) = pu(z(t) + wi, L € J,

(Ag) {DPVZ(t) = 4, CDPV2(87) = @ (2()) + Wi L € .

Remark 4.7. The function z € E is called a solution for inequality (4.2) if there exists a function w € E
together with a sequence wy, k = 1,2,...,m (which depends on z) such that

(B1) w®)| < @), wil <v, 1€ J,
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(By) SR (CRmovs 4 A) 2(t) = f(t, 2(0), 2(ut)) + w(t), t € ,
(B3) z(t7) — 2(t) = pu(z(t) + wi, t € J,
(By) SDPVeZ(t]) — 4 CDPYez(8) = i (2(1)) + Wi, L € .

Remark 4.8. The function z € E is called a solution for inequality (4.3) if there exists a function w € E
together with a sequence wy, k = 1,2,...,m (which depends on z) such that

(C) W] < €p(@), Iwi| < ev, 1€ J,

(Ca) SDIurn (CDwP 4 Q) 2(t) = f(t,2(8), 2ut)) + w(t), t € J,
(C3) 2(t]) — 2(t) = rlz(t)) + wi, L € J,

(Ca) SDOPUg(]) = o CDWPHL(L) = @i (a(0)) + Wi, £ € .
4.1. Ulam—Hyers stability

In this subsection, we establish the results related to UH stability of system (1.1).

Theorem 4.9. Assume that f : J X R?> = R, ¢ : R = R is continuous functions. If assumptions (H,),
(H,) and the inequality
2L1®1 + (li + |/l|A2)®2 + MT@g <1 (44)

are satiafied, then system (1.1) is UH stable.

Proof. Let z be any solution of inequality (4.1). Then, by Remark 4.6 (A,)—(A4), we have
CDPU (CDMPU 1 2) 2(r) = (8, 200), 2(uD)) + WD),
2(t) = 2(t) = e(z(tr)) + Wi

4.5)
le‘QakvpaWkZ(tZ) _ tk_lCDak,p,wkZ(t;) = ‘PZ(Z(tk)) + Wy,

mz0) +kiz(T) = &1, Mg DOPYZ(0) + ko D" PVn(T) = &,

By Lemma 2.11, the solution of (4.5) is given by

k k-1

Ot Y (2

A = S (1) = 1,30 + {Z Hoa(o) [ [ 7 oo
i=1 j=i

k k=1 k=1
+ Z Gin1(2) Z (‘Daj(fj’ tiv1) + O™ (1, t)) rl e’ (WittiD=u50))
=1 j=i j=i
+91R(Z, F) - Q3K(z, Fy)
Qs

k k
Z (DU (ti_1, 1;) + D (1, 1)) l—[ e’%‘(lﬁi—l(tf)—lﬁi—l(fi—l))
i=1 i=1

k
LK@ F) — 9RE F) n ef’;lw,-l(z,»)—wil(z,«l))} o5 U O-u (1)

Qs i=1
k k-1 1
+, Sa/k‘i'ﬁkypsl//kw(t) + { Z (ti—l 30i—1+ﬁi—1»ﬂ#’i—lw(ti) + Wk) n ep%('ﬂj(tm)—tﬁj(tj))
i=1 j=i

AIMS Mathematics Volume 6, Issue 7, 6647-6686.



6677

k k—1 k—1
P O (b )= ot
+ D (P we) + wy Z (@17, 171) + D%, 1)) [ [ &7 Cotr=0s0)
i=1 =i j=i
+ Ql( \Sﬂmpme(T) + K2 Saln+ﬁn1apa¢n1W(T)
m m
p=1
—Ky Z Jprevictyy(t) + wk 1 - /lz DY (¢, tj41) n 7 (Uit D=45t))
i= j=i j=i
m
+K2/12 C"(Zz l+,81 lp(//z lw(t) + Wk)l_[e ? (l//j(lj+1) l//j(l‘j)))
Jj=i
m
—Qs( ST <k ) (P ) 4 ) Y O 1)
i=1 j=i
m m .
X l—[ er (lﬁ/(tm) lﬂj(tj)) - K Z ( 1(3(1’,'_|+ﬁ,'_],p,l//i_]w(ti) + Wk) n ep;((ﬁj(tjﬂ)—lﬁj(tj)))]
j=i i=1 j=i

k k
1 z : . n =Ll ()= (£
XQ ((I)az—l(ti_l, tl) + (Dak(tk, t)) e‘p Wi1(t)=i-1(ti1))
5 = ;
i=1 i=1

m

m
+ Q4( - Kltmsam+ﬂm’p’me(T) — K1 Z (ti,lsﬁifl’p’wiflw(ti) + Wk) Z (Da/j(tj, tj+l)
j=i

i=1

m m m
X 1—[ epp;](wj(tjﬂ)_wj(tj)) — K] Z ([i_]C\”Sa,‘_|+ﬁ,'_],p,l//i_1w(ti) + Wk) n er (lﬁj(tﬁ]) lﬂ](t])))
Jj=i i=1 j=i

Im

_Qz( — Ko; \Sﬁm e me(T) + Kz/l “‘(Ym"'ﬁmplme(T)

m m m
_KZZ ([i_lfsﬁz-l,p,wt-lw(ti) + Wk) 1= AZ(D“J(IJ-, tiv1) l_[e = (W)~ ()
i=1 j=i Jj=i
m m .
koA Z (t_ lt‘\jm—l+ﬁi—l»l3v¢i—lw(ti) + Wk) l_l epp(kl’_i(t.m)—l//j(tj)))]
i=1 j=i
k
1 L it (=it Gm) | S )yt
x| [ e O e g k= 0,12, m
5 %
i=1

From Remark 4.6 (A,) with (H,), (H,) and the fact of 0 < €7 %e®=4a) < | for 0 < s < u < T, it
follows that

(1) = x(0) <, SUFEIE (5) = Fo($)T) + 1AU,, 3727 2(s) = x(s)I(T)

+ ) 1Hi1(2) = Hioy ()] + Z Gi-1(2) = G ()] Z Oi(t), j41)
i=1 j=i
m+1

1
HIQUIRG, Fo) = R FOl+ 10301K (e, Fo) = KOs Fol) i Zcbaf-la,-_],r,-)
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IA

AIMS Mathematics

(U1K F) - K x, Fl + 103IRG, Fo) = RCx, Fol)—
]

+tncvam+,3mp¢/mlw(t)| + Z - 1HBi—1.oi- '|W(l )l + |Wk|)

> (o 'lp*”~|w<t>|+|wk|2d>“( tr) +

i=1 j=i

IQll(IKzlz,,,Sﬁ (1)

m m
HallAly, S Bl (T + ko] (1, S04 w()] + wi) [1 141 0y,

i=1 j=i

m
HallA] Y (i 3PV )] + |wk|)) - IQal(IklIt,nS“'“ﬂ’""”“”"lw(T)l
i=1

+'K1'Z i PV w(e)] + i) Zcb“ (1, j21)
Jj=i
m+1

1
+'K1'Z b i '|w<z>|+|wk|))]|Q |Z<D“f (11,1

=i

m
il D (o, 3BV ()] + |wk|)) * |Q2|(|K2|zm3’6'"’p’wm|W(T)|
i=1

m m
* |Q4|(|K1|tm?s“m+ﬁm’P*”m|w(T)| Flal Y (o P ) + ) Y @, 1700)
i=1

tj+1)]

m m
HRllA, S PP (D) + Dol Y (i 0 e+ (wil) [1 + Y @i, w]

i=1 J=i

1
+rall Z o STV )]+ |wk|))]|Q |
{le

+(mM, +|A|A2)

1
A+ (|K1|A1(A2|Q3| + [€u]) + k| (JAUAT + Ag)(A2|] + |Qz|))|Q |]
5

1
1+ (|K1|(A2|Q°»| +1€Qu]) + [Allea | (A2l ] + |§22|))IQ I]

+M;

{[A1 (A Al 1920 + el 1A + A (Aol +12D) -

1
m |1+ (I l(AlQs] + 1Q4) + Al (Al | + |Qz|))|Q l]

1
[A3 + (Il As (Al + 194D + ial(Aall + 1Q:DAIAS + ) |]}

(2110 + (MM, +A1A2)O, + M;03)iz(t) - x()] + (O + mO; + O3 )e.

As + (k1 1A3(A2lQs] + 1Qu]) + kol (Aol | + [Qa)(IAIAS + m))IQ l] }|z<r) — x(t)|
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This implies that
(@1 + m®2 + @3) €

1= (2L1®; + (mM; +14|A2)0; + M;©;3)

|2(1) = x(0)] <

with 2L,©; + (mM,; + |1|A2)®, + M[0;) < 1. By setting

C 0, + mO, + O
;= ;
1= (21,0, + (mM; + |1|A;)0, + M;©;)

we end up with |z(f) — x(7)| < Cre. Hence, the system (1.1) is UH stable. The proof is completed. O

Corollary 4.10. In Theorem 4.9, if we set ¢(€) = Cy(€) such that $(0) = O, then the system (1.1) is
generalized UH stable.

4.2. Ulam—Hyers—Rassias stability

For the proof of our next result, we assume the following assumption

(Hs) There eixsts a nondecreasing function ¢ € C(J,R) and constants w,; > 0, € > 0 such that the
following inequality holds:

JSPVP(1) < wpp(D).

Theorem 4.11. Assume that f : J XR?* — R, ¢ : R — R is continuous functions. If assumptions (H,),
(H3), (Hs) and the inequality

2L1®1 + (li + |/l|A2)®2 + MT®3 <1 (46)

are satiafied, then system (1.1) is UHR stable with respect to (v,$). where ¢ is a nondecreasing
function and v > 0.

Proof. Let z be any solution of the inequality (4.3) and x be the unique solution of the system (1.1).
Then, for t € J;, we have

l2(t) = x(0)] <, I FEIF(5) = Fo($)(T) + 14U,, 377 2(s) = x(s)I(T)

+ ) Hi (@) = Hioa (0l + ) 1Gie1(2) = Giaa (0] ) 0151741
i=1 i=1 j=i
1 m+1
+(IQIRG, F.) = R(x, Fo)l + 193]1K (. F.) - K(x, Fx>|)@ D (10, 1)
ST
1
+(IIIK @, F) = K(x, Fo)l + 1lIRG, F.) = R, Bl rew
N
3P (e)] 4 ) (1, 3 ()] + )
i=1
£ (i S e+ Iwel) Y @5, 1540) +

i=1 j=i

€2 |(|K2|,m3ﬁ'"”’ Y w(T))
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m m
Rl S (T + el (o, P29 e + i) [1 £ oy, w]

i=1 J=i

m
Halll ) (i, 3P () + |wk|)) - |93|(|K1 [, 37 B (T
i=1

+'K1'Z i OV ()] + i) Z@“( £er)
j=i

m+1

1
+|K1|Z oy STV (1) + |W/<| )] Y Zq)m "(ticy, 1)

- |Q4( ,ﬁ”m*ffmm”m|w(T)|+|K1|Z (1, P2 )] + I Zcb“( )

i= j=i

m
il D (i, 3o ()| + |wk|)) * |Qz|(|/<2|z,,13ﬁm’p’wm|W(T)|
i=1

m m
HRallAly, ST (T + Bl D (1, P2 )] + Il [1 1Ay o, rm]

i=1 J=i

1
A Z 1 SOV ()] + |wk|))]|Q |
5

i=1

By using Remark 4.8 (C,) with (H,), (H,), (Hs) and the fact of 0 < ep%(‘”“(”)_‘”“(m <lfor0<s<
u < T, we obtain the following inequality

l2(t) = x()] < {2L1

1
A+ (IK1|A1(A2|Q3I +[u]) + [k (AA L + A (A2]Qy] + IQzI))IQ I]

1
+(mM, +[AA2) 1 + (|K1|(A2|Q3| +|€4]) + | Alo (A2l + IQzI))

|Qs|]
+M; [As + (IK1|A3(A2|Q3I + 1)) + k2| (A€ | + 1)) A3 + m))

0 I] }Iz(t) — x(0)

{(1 + m)

1
1+ (It l(AalQs] + 194 + Al (Al | + |Qz|))|Q l]

+ | Az + (I A (ALIQs] + 1QuD) + Il (Al + IQaD(UA; + m))| " l]

+ (K2l (Al | + 192)))

&

< (21101 + (MM, + |UA)O; + M;03)[z(1) — x(1)|

0 |}€w¢¢(1)

1
1+ (It l(AlQs] + 194D + Iiall (A1 | + |Qz|))|Q |

1
+|As+ (|K1|A3(A2|Q3| + QU] + k2| (A2 + Q0] (|AUA3 + m))lQ l] } €v
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+(®1 + (1 + m)©y + O3)(1 + wy)e(w + ¢(1))

which implies that

©1 + (1 +m)O, + O3)(1 + wy)e(v + (1))
1= (2L1®; + (mM; +14|A2)0; + M;®3)

|z() — x(1)] <

with 2L,©, + (mM, + |1|A;)®, + M;®3) < 1. By setting

©) + (1 +m)®, + O3)(1 + wy)
1= (2L1@; + (mM, +14|A,)®, + M;0;)’

Cf =

we end up with |z(r) — x(¢)] < Cre(v + ¢(1)). Therefore, the system (1.1) is UHR stable. This completes
the proof. O

Corollary 4.12. In Theorem 4.11, if we set € = 1 then the system (1.1) is generalized UHR stable.
5. An example

This section give an example which illustrate the validity and applicability of main results.

k+2

1 1
+3°2°

§2+

T
ool =~

I3
e2+

ool =~

D

=~

D

B0
ENEEO)
»»
\+
ol

1 k
+ E) x(t) = f(t, x(1), x(3t/4)), t # vk k=0,1,2,

Example 5.1. Consider the following an impulsive boundary value problem is given by:
x(ty) = x(t) = eu(x(t)),  k=1,2,
; (5.1)

|

ORI () - CDE T () = i), k=12,

Lo - ﬁx(i) -1 ViR - foit(3) =

Here ay, = (k+1)/(k+2), B = (k+2)/(k+3), Yi(t) = exp(t/2)+k/8, 1 = k/4, k=0,1,2,p=1/2, 1 =
1/49, u=3/4 m=4T=3/2 0 =1/5m= VT, k1 = -V2/3, kn = =1, & = 1/2, & = V3. Using
the all datas, we find that Q, ~ —0.4687161284, Q, ~ —0.0990842078, Q3 ~ 2.031589673, Q4 ~
—0.04104689584, Qs ~ 0.2205377954, A, ~ 1.147842297, A, ~ 1.567171105, A; ~ 1.471412869,
Ay ~ 1.356509541, O ~ 14.27646343, @, ~ 7.970430815, and O3 ~ 19.28788257. Let f : J x R* —
R, ¢, o1 : R — R be the functions defined by

1 47 + 1 |x(2)| |x(3t/4)|
602G =5 4t o+ s \10 + (0] + 10+ xGe/)i)
1 . 1
or(x(f)) = 10+ 12 sin |x(f)] + TR k=1,2,
1 1
o (x(®@) = m tan™! |x(t)| + 9 k=1,2.
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By (Hy\)—-(H,), for any x;, y; € R i = 1,2, and t € J , we have
|f @, x1(0), x2(32/4)) — [, y1(0), @Bt/ < ABD(xi1(1) — yi@ + |x2Bt/4) — »(3t/4)),
lor(x1) = @)l < (/12D (@) — y1(@)l, andlgp(x1) — ¢ (vl < (1/8D)lxi(f) — yi(@)l, for k = 1,2.
The (H,)—(H,) are satisfied with L, = 1/81, M\ = 1/121 and M} = 1/81. Therefore, we get that

21,0, + (mM, + |A|A2)0, + M{05 ~ 0.9772888914 < 1.

Thus, all the assumptions of Theorem 3.1 are fulfilled, which implies that the problem (5.1) has a unique
solution on [0,3/2]. Also (Hz)—(H,) holds with hy(f) = (1/2)+t, ho(¢) = (42+1)/((10)(9"*1(9+sin” 7t)),
where hy = 2, h; = 1/81 and ky = 12/121, ki = 10/81. So, all the assumptions of Theorem 3.2 are
satisfied, then the problem (5.1) has at least one solution on [0, 3/2].

Moreover, we also calculate that

_ O + mO, + @3
1= (21,0, + (mM; + |11A,)0, + M;©;)

Cy ~ 2,179.779442 > 0.

Hence, by Theorem 4.9 is both UH stable and also generalized UH stable. Further, by setting ¢(t) =
7 O (yu(t) — yi(0)) and v = 1, for any t € [0,3/2], then

1

tksak+ﬁk,p,(//k¢(l) < (2)% (8% _ 1)2 ¢(l)

71
r 20

g2

N‘J!
=

> 0, we have

31
From the inequality in (Hs) is satisfy with w, = ;2()7210) (e% - l)
20

O + (1 +m)O, + B3)(1 +
C, = (0O + (1 +m)®; + O3)(1 + wy) ~ 5,327.572054 > 0.

1= (2L + (M, + |AA)O; + M;0;)

Consequently, by all the assumptions in Theorem 4.11, the problem (5.1) is UHR stable and generalized
UHR stable with respect to (v, ).

6. Conclusions

In this paper, we have studied the existence, uniqueness, and stability of solutions for a new class
of impulsive fractional differential equation augmented by non-separated boundary conditions
involving Caputo proportional derivative of a function with respect to another function. The
uniqueness of solutions is obtained by using Banach’s contraction mapping principle, whereas the
existence result is established via Schaefer’s fixed point theorem. Moreover, by the application of
qualitative theory and nonlinear functional analysis, we investigated results concerning to different
kinds of Ulam-Hyers stability such as, Ulam-Hyers stability, generalized Ulam-Hyers stability,
Ulam-Hyers-Rassias stability and generalized Ulam-Hyers-Rassias stability. The concerned results
have been examined by a suitable example to illustrate the main results.

Further, our results are interesting special cases for different values of the parameters involved in
the considered problem. For instance, our results correspond to a considered problem with
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(i) periodic boundary conditions:
x(0)= X(T),  §DHx(0) = £ DHnx(T),

form =1 = 1,K] =Ky = -1 andfl :é‘:g =0
(i1) anti-periodic boundary conditions:

x(0) = —x(T), ggfm,ﬂ,%x(o) — _g; Eam,/wmx(T),
fOI‘ﬂl =1 =K =Ky = 1 andfl Zfz =0.
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