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Abstract: In 1875, Glaisher gave several interesting determinant expressions of numbers, including
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expressions and identities by Trudi’s and inversion formulae.
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1. Introduction

In 1935, D. H. Lehmer [20] introduced and investigated generalized Euler numbers W, defined by
the generating function

e’+e‘“f+e‘*’2 ZW” (1.1)

n=

where w = 1+W and w? =@ = = _zﬁ are the cube roots of unity. Notice that W, = O unless n = 0

(mod 3). The sequence of these numbers is given by
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{Wanhiso = 1,-1,19,-1513,315523, —-136085041, 105261234643,
—132705221399353, 254604707462013571, - - -

and the sequence of these absolute values is recorded in [22, A002115]. In [15], the complementary
numbers W,(Z’) (j=0,1,2) to Lehmer’s Euler numbers are defined by the generating function

(o)

-1
ZW(M :( 2(3”])') , (1.2)

n=0

Notice that W,(,j) = O unless n = 0 (mod 3). When j =0, W, = W’(10) are the original Lehmer’s Euler
numbers. When j = 1, we also have

(o)

n
S wiht - S (1.3)
oy n! e+ wre¥ + wew!

Lehmer’s Euler numbers and their complementary numbers W can be considered analogous of the
classical Euler numbers E, and their complementary Euler numbers E, ([11, 19]). For, their generating

functions are given by
-1
0 2 & tll
En = —_— 1.4
Z n! cosht el + et {IZO: (21)!) (14)

n=

and
o~ 1" t 2t = )
E,—=——-= = , L5
; n! sinht e —e™! (; 2l + 1)!] (1.5)
respectively. Still similar numbers are the well-known classical Bernoulli numbers defined by
© o t a tl -1
B,— = = . 1.6
nZ e —1 [zzo (l+1)!] (1.6)

Recently, Barman et al. ([3]) introduce more general numbers, so-called hypergeometric Lehmer-
Euler numbers WY (j =0,1) of grade r , defined by

N,n,r

(o)

o
J
Z WN,n,rn_!

n=0

o b

rN+]+1 rN+]+2 rN+j+r A\

r r r r
-1
N +
Z _NED ] (N0,
(rN + rn + ))!
where | F,(a; by, ..., b,; 7) is the hypergeometric function, defined by

- (a)" Z"
Fr ;b LICICIIE) br; = P
1F(a; b,y 2) ; (b))® -+ (b,)™ n!
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and (x)* = x(x+1)---(x+n—1) (n > 1) is the rising factorial with (x)® = 1. A determinant expression
is given by

(rN+))!

(rN+j+nr)! 1 0
(rN+))! (rN+))!

(rN+j+2r)! (rN+j+r)!

) . . .
W = 1yem)t| : S 0o |- (1.7)
(rN+))! (rN+))! . (rN+))! 1
(rN+rn+j=r)!  (rN+rn+j=2r)! (rN+j+n)!

(rN+))! (rN+))! L (rN+))! (rN+))!

(rN+rn+j)! (rN+rn+j-r)! (rN+j+2r)!  (rN+j+r)!

When N = 0 and r = 3, W,(,j) = W((){r);g are the Lehmer’s generalized Euler numbers (j = 0) in
(1.1) and their complementary numbers (j = 1) in (1.3). When N =0andr = 2, E, = W(()Q,z are the
classical Euler numbers (j = 0) in (1.4) and their complementary numbers (j = 1) in (1.5). A famous
determinant expression of Euler numbers discovered by Glaisher in 1875 ([6, p.52])

1
3 1 0
1 1
41 2
Ey =(=D"Cm!| : 10 (1.8)
1 1 1 1
@n=2)!  (@n-4)! 2
1 _1 1 1
2n)! (2n-2)! 4! 2
and an expression of the complementary numbers ([11, 19])
3 1 0
1 1
5! 3!
Ey = (-1)'Cm)!| : 1 0 (1.9)
1 1 1 1
@n-1)!  (2n=3)! 3!
1 1 11
CntD! Q-1 51 31

Whenr=1and j =0, By, = WI(\(,?“ are the hypergeometric Bernoulli numbers. When N = r = 1

and j=0in (1.7), B, = W{?sz are the classical Bernoulli numbers in (1.6). The determinant expression
for the classical Bernoulli numbers was discovered by Glaisher ([6, p.53]).

1
Lo
1 1
3! 2
B, =(=1)'n!| : : 1 0 (1.10)
1 1 1oy
n! (n—1)! 2
1 L 11
(n+1)! n! 312

However, the classical Cauchy numbers and their generalized numbers are not involved in the

numbers WJ(\;;)n,r' Hypergeometric Cauchy numbers ¢y, ([9]) are defined by

1 _ (DN NN
2Fi(LN; N+ 15-0) log(1+1) — XN (=Dt /n
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(o) tn
= E CN’,,—', (111)
n.

n=0

where ,F(a, b; c; 7) is the hypergeometric function defined by

(7)) 7"
2Fi(a,b;c;2) = Z (a)(c)((f)) R

When N =1, ¢, = ¢, are the classical Cauchy numbers defined by

t "
N 112
log(1+1) HZ:(;C n! (112

The determinant expression of hypergeometric Cauchy numbers is given by

N
N+1 1 0
N N
N+2 N+1
cnp =nll : 1 0 (1.13)
N N N 1
N+n—1 N+n-2 N+1
N N N N
N+n N+n-1 N+2  N+1

([2, 18]). The determinant expression for the classical Cauchy numbers was discovered by Glaisher ([6,
p.50]). Other generalized Cauchy numbers, having similar properties, are Leaping Cauchy numbers
[13] and Shifted Cauchy numbers [16].

A generalized version for Bernoulli and Euler numbers has been established in [17], where the
elements contain factorials, as seen in (1.8), (1.9), (1.10) and (1.7). However, expressions for Cauchy
and their generalized numbers cannot be included because they do not contain the factorial elements,
as seen in (1.13). Universal Bernoulli numbers were studied in [1] and [8], and particularly, some
universal Kummer congruences were established in [1] and [8].

In this paper, we introduce the hypergeometric Cauchy numbers of higher grade that are introduced
as generalizations of both hypergeometric Cauchy numbers and the classical Cauchy numbers. We
give several expressions and identities.

2. Hypergeometric Cauchy numbers of higher grade

For N > 1 and n > 0, define hypergeometric Cauchy numbers V](\f)n .

(j=0,1) of grade r by

Zv@ LA 1N+1-N+1+1-(—z)’ - 2.1
4 Nnr ’_ 2 1 ) }"’ ]"’ 9 .

where ,F(a, b; c; 7) is the Gauss hypergeometric function, defined by

) () 7"
2Fi(a,b;c;2) = Z (a)(c)((n)) !’
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From the definition, V('i) = 0 (mod r) unless n = 0 (mod r). Whenr = 1 and j = 0 in (2.1),
= V(O) o1 are the hypergeometnc Cauchy numbers in (1.11). When N = 1,r=1and j = 01in (2.1),

Cp = Vﬁ),z’l are the classical Cauchy numbers in (1.12).
We can write (2.1) as

F (1,N+ INT1+ 1;(—t)r)
r r

= COONYD o _ 3 CEDN+ D) 2.2)
=0

rN+rn+j rN+rn+j

n=1

The definition (2.1) with (2.2) may be obvious or artificial for the readers with different
backgrounds. However, our initial motivations were from Combinatorics, in particular, graph theory.
In 1989, Cameron [5] considered the operator A defined on the set of sequences of non-negative
integers as follows: for x = {x,},>; and z = {z,},>1, set Ax = z, where

00 00 -1
1+ Z 2,0 = (1 _ Z x,,t") . 2.3)
n=1

n=1

Cameron’s operators deal with only nonnegative integers, but the operators can be used extensively for
rational numbers. In the sense of Cameron’s operator A, we have the following relation.

JED N+ DY Vi
rN+rm+j - (rn)!

This relation is interchangeable in the sense of determinants too. See Section 5 about Trudi’s formula.

We have the following recurrence relation.
Proposition 1. For N > 0 and j =0, 1, we have

o _ N\ CDTemeN + ) VO
N.rn,r e (rN + rn—rk + j)(rk)! Norker

(n>1)

)]
with VNOr = 1.

Proof. By (2.1), we get

[Se]

COON+D |y
r ‘]]
Z rN+rl+j Z Nornr (pp)!

=1 n=0
_ Z yo inzll D" N+ )V, ”
s N’”’(rn)' — (rN + rn —rk + j)(rk)!

Comparing the coeflicient on both sides, we obtain

vy (1N + HVy,.,

N,rn,r
(rn)! Z (rN + rn—rk + j)(rk)!

=0 (n>1).
O
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We have an explicit expression of VI(V,)nr

Theorem 1. Let j =0, 1. Forn > 1,

. L B (rN + )t
V(J) =(rn y _1 n—k .
Ny = (711) ;( ) ; Z; (rN +riy + j)---(rN + rig + )
i 21

Proof. The proof is done by induction on n. From Proposition 1 withn =1,

OB _ r!(rN + j) Vo = r!(rN + j)
Ner YN+ j+r M yN+ j+r

This matches the result when n = 1. Assume that the result is valid up to n — 1. Then by Proposition 1

Vs _ 2 (D" ON + ) Vi,
(rn)! — rN+m—rl+j (rl)!
!

n—1 . .
O EDEON + ) Ik (rN + )
_Z rN+rn—rl+jZ(_1) Z (rN +riy+ j)---(rN + rig + J)

=1 k=1 P ———
i senig 21
N =D"YrN + j)
rN+rm+j
n—1 n—1 . )
— Z(_l)n—k—l Z (rN + j) Z (rN + j)¥
= s rN+rm—rl+j S (rN +riy + j)--- (rN + rig + )
i semig 21
N ~D)"YrN + j)
rN+rn+j
n n—1 . e
_ Z(_l)n—k Z ’N + ] Z (rN + j!
k=2 S TN +m— rl+ ] P (rN+riy+j)---(rN +rig_1 + )
i seenig_ 21
L CUeN +))
rN+rn+j
_ i(_l)n_k 3 (rN + )"
e WA, (PN + iy + )+ (PN + rig + )
i] i 21
=D)"'N + j) )
— (m—-1=10)
(rN +rn+j)
— ZH:(_I)n—k Z (I’N+ ])k
k=1 iy tig=n (”N+”i1+j)'--(rN+rik+j)'
i] i 21

O

There is an alternative form of V,(\{Zl . by using binomial coeflicients. The proof is similar to that of
Theorem 1 and is omitted.
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Theorem 2. Forn > 1,

7)) e N+ )Y
Vs = (rn)'Z( D ( ) Z N i+ ) (PN +rig + )

i+t
[ lk>0

3. Determinantal expressions

In this section, we shall show an expression of hypergeometric Cauchy numbers of higher grade in
terms of determinants. This result is a generalization of those of the hypergeometric and the classical
Cauchy numbers. For simplification of determinant expressions, we use the Jordan matrix

00 - 00
10 - 00
j=lo1 - 00
00 -+ 10

JV is the identity matrix and J7 is the transpose matrix of J.

Z rN +j e
r(N+k)+] ’

Proof. For simplicity, put VN,n = VI(Vj;)n,r /n!. Then, we shall prove that for any n > 1

rN + j el
+ .
Zr(N+k)+]

When n = 1, (3.1) is valid because by Theorem 1 we get

Theorem 3. Forn > 1,

V(] )

Nyngr —

=(@rn)!|J

Vm = 3.1)

- rN +j

Nr =N+ jH+r’
Assume that (3.1) is valid up to n — 1. Notice that by Proposition 1, we have

n—1 .

(=1 1N + )=

VN,rn = J VN,rk .
k:O rN+rn—rk+j

Thus, by expanding the right-hand side of (3.1) along the first row, it is equal to

rN+j

rN+j+2r 1 0
rN+j rN+j

. rN+j+3r rN+j+r
rN+j — ! i
N+ j+ VN,rn—r_ : : . 1 0
r Jrr rN+j rN+j N+
rN+rn+j—r  rN+rn+j=3r rN+j+r

rN+j rN+j rN+j rN+j

rN+rn+j rN+rn+ j=2r rN+j+2r  rN+j+r
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. . rN+j
_ INVJ = IN +j ‘7 1| N 1
- " xr . _VYNrm-r— —2 Nyn=2r 2+ (_ ) rN+j rN+j
rN + JrT rN + Jter rN+rn+j rN+j+r

S (1NN + = v
rN+rm—rk+j Nork = Y Nom -

k=0

O

Remark. When r = 1 and j = 0, the determinant expression in Theorem 3 is reduced to that in (1.13)
for the hypergeometric Cauchy numbers cy, = V(O) When N = 1,r = 1 and j = 0, we have a

determinant expression of the Cauchy numbers ¢, = V(O) 1 ([6, p.50]).
4. Incomplete hypergeometric Cauchy numbers of higher grade

As applications or variations to generalize the hypergeometric numbers V](\{;)W of higher grade, we
shall introduce two kinds of incomplete hypergeometric Cauchy numbers of higher grade. Similar but
slightly different kinds of incomplete numbers are considered in [10, 12, 14, 17]. In addition, similar
techniques can be found in [24] and later cited in [7]. For j = 0,1 and n > m > 1, define the restricted

hypergeometric Cauchy numbers VI(\{)n ..<m Of grade r by
N (=D'(rN +))
V(]) — rl 4.1
; Nonrsmp | ( Z rN +rl+j (4.1)
and the associated hypergeometric Cauchy numbers V](ij] s Of grade r by
N (=D'(rN + )
V(J) R rl . 42
nz:(; Norzmp | [ Z; rN +rl+j 4.2)
When m — oo in (4.1) and m = 1 in (4.2), Vl(j)n .= VI(VJLKOO V](j)nr>1 are the original hypergeometric

Cauchy numbers of grade r, defined in (2.1) with (2.2). Hence, both incomplete numbers are reduced
to the hypergeometric Cauchy numbers too.
Notice that V,(\ffl r<m V,(\,J)nwm =Ounlessn =0 (mod r).

The restricted and associated hypergeometric Cauchy numbers satisfy the following recurrence
relations.

Proposition 2. For j =0, 1, we have

n-1 (=1 rn)!(rN + j) Yo

N,rn,r,<m om0 (I”N +rmn—rk+ ])(l”k)' N,rk,r,<m (I’l )
with V%Km =1, and
n-m n—k—1 .
v (-1 (rm)!(rN + J) ()
\% >
Nrn r>m Z (I’N +rn—rk+ ])(rk)' N,rk,r,>m (n m)
with Vl(vj)0 om = land VI(\{)rr>m = VI(\{)r(m Darsm = 0

AIMS Mathematics Volume 6, Issue 7, 6630-6646.



6638

Proof. First, we shall prove the relation for the restricted hypergeometric Cauchy numbers. By the
definition (4.1), we get

S (DN + ) [ o) 1"
1+ v
Z rN +rl+ j Z Normrsm (pp)|

=0
-1 (_1)n—k(rN + J)V(])

N,rk,r,<m rp

(rN + rn —rk + j)(rk)!

B

S

& £

(J)
Z Nrnr<m(rn)| + Z

n=1 k=max{n—m,0}

[

Comparing the coefficient on both sides, we obtain the first identity.
Next, we prove the relation for the associated hypergeometric Cauchy numbers. By the definition
(4.2), we get

(o)

DN+ Y (S "
§ > Vi
* PN +rl+ ) Nz ()|

I=m n=0
0 o o n-m 1)n—k(rN+ ])V(j)r o
I e
T2 (1)) (rN +rn —rk + j)(rk)!

Comparing the coefficient on both sides, we obtain the desired result. O

The restricted and associated hypergeometric Cauchy numbers have the following expressions in
terms of determinants. From the expression of Theorem 3, all the elements change to 0 in more
diagonal directed bands.

Theorem 4. For integers n and m withn > m > 1, we have

; rN + j _
V(J) — 1J + k 1
N,rn,r,<m (rn) Z F(N'i‘k) + _]
and
; N+ j
v _ 1y r Jk1]
N,rn,r,>m (I”I/l) Z I"(N + k) + ]

Proof. First, we shall prove the first expression for the restricted hypergeometric Cauchy numbers. For

simplicity, put VN’m,Sm = Vl(\]j)rn . </ (rm)! and prove that forn > m > 1

JT+Zm:—rN+j 7

& r(N +k) + j *3)

VN,rn,Sm =

When n = m, we have FVN,,m,Sm = Verm, and the result reduces to Theorem 3. Assume that (4.3) is valid
up to n — 1. If n > 2m, then the determinant on the right-hand side of (4.3) is equal to

VN,rn—r,Sm(rN + ]) _ VN,rn—Zr,Sm(rN + ]) +
rN+j+r rN + j+2r
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rN+j
rN+rm+j 1 O
O I’N+j
rN+r+j
+ (=Dt ;
( ) rN+j
rN+rm+j
1
rN+j . rN+j
rN+rm+j rN+r+j
_ VN,rn—r,Sm(rN + ,]) _ VN,rn—Zr,gm(rN + ]) + + (_l)m_l VN,m—rm,gm(rN + ,])
rN+r+j rN +2r+j rN+rm+j

= VN,rn,Sm .

If m < n < 2m, then the determinant on the right-hand side of (4.3) is equal to

FVVI(\;;)rn—r,Sm(rN + J) _ VI(VJ;)rn—Zr,Sm(rN + -])
rN+r+j rN +2r+j
rN+j
P m— 1 0
rN.+j rN.+j
+ (_1)m—n—1 rN+rm+j rN+2rm—rn+j
0
: 1
rN+j rN+j
0 rN+rm]+j T T rN+—ri]
_ VN,rn—r,Sm(rN + ]) _ VN,rn—Zr,Sm(rN + ]) I (_l)n—m—l VN,,m,gm(rN + ])
B rN+r+j rN+2r+j rN+rm—-rm+j
_ VN,rn—r,Sm(rN + ]) _ VN,rn—Qr,Sm(rN + .]) +oeeet (_l)m_l VN,rn—rm,Sm(rN + .])
rN+r+j rN +2r+j rN+rm+j
= VN,rn,Sm .

Next, we prove the second expression for the associated hypergeometric Cauchy numbers. For
SimpliCity, PUt VN,rn,Zm = VN,rn,r,Zm/(rn)! and we pI'OVC that

~ o N+
V rn,zm = JT + Jk ! . 4.4
Moo= Zr(N+k)+j (4

k=m

If m < n < 2m, the determinant on the right-hand side of (4.4) is equal to

0 1 0
: 0
0
) vy 0
PN+j
rN+rntj 0
m—1
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0
_ (1)) rN +j 0 . _ -1y rN +j
rN +rn+ j 0 rN+rm+j
0 0 1

Since only the term for £ = 0 does not vanish in the second relation of Proposition 2, we have

Vi = (17T

rN+rm+j

If n > 2m, the determinant on the right-hand side of (4.4) is equal to

rN+j 1 0
rN+rm+j
0
(_l)m—l 0
rN+j - 0
rN+rm+j
rN+j r[\;+j rN+j o --- 0
rN+rn+j W RN W o0
n—2m+1 m—1
v )
— (_l)m—l N,rn—rm,zm(rN + J)
rN +rm+ j
N | 0
rN+rm+r+j
0
+(-1" 0 |
rN+j . 0
rN+rm+j
Gy s N+ 0 0
rN+rn+j r(N+n—m—1)+j TN 20
n-=2m m—1
Vin-man™N + 1 Vi, (N + )
— (_l)m—l N,rn—rm,>m J (_ m U Nor(nem—1),2m J
rN+rm+ j rN+r(m+1)+j
v .
4ot (_1)"_m+1 VN,rm,Zm(rN +J)

N+ j
+ (_l)n—m+l(_1)m r -]

P - N

& D" Vyom(N + )
= - Z ; = VN,rn,Zm .
Pt r(N+n—k)+j

Here, we used the second relation of Proposition 2 again.

There exist explicit expressions for both incomplete Cauchy numbers.
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Theorem 5. Forn,m > 1,

n ) (rN + j)f
V(J) — ! 1" k .
N,rn,r,<m = (rn) ;( ) Z (rN+ri1+j)"‘(’”N+Vik+j)

i +etip=n
I<iy,.ip<m

Forn,m > 1,

N + )t
v v 1)y * (r :
Nonzm = (rm)! Z( ) Z (rN +riy + j)--- (PN + rig + )

i+t =n
] i 2m

Proof. First, we shall prove the first expression for the restricted hypergeometric Cauchy numbers.
When n < m, the proof is similar to that of Proposition 1. Note that in the proof of Proposition 1,
1<n-Il=i<n-k+1<n.
Letn > m + 1. By the first relation of Proposition 2
V(j) n-1 (_1)n—l—1(rN+])V(])

N,rn,r,<m — Z N,rl,r,<m
(rn)! . (rN +rn—rl+ j)(rD)!

n—1 n—I— .
_ (=D)L N + ) < Z( 1y Z (rN + j*
rN+rn—rl+j el (rN +riy + j)--- (rN + rig + )
1<i] i<

I=n—m

n—1

_Z( 1y I(TN+J)Z (rN + j)*

IN+rn—rl+j 4 (rN+riy+j)---(rN + rig + j)

=1 iptetig=l
1<iyyig<m

n—-m—1

o (1)"*N + ) (rN + )
" Z rN+rn—rl+]Z( bf Z (rN +riy + j)---(rN + rip + j)

I=1 i +eetip =l
1<iyosig<m

n—1 n—1
l)n —k-1
k=1 I=k

N+ j 3 (rN + )
rN+rm—rl+j (rN +riy+ j)---(rN + rip + j)

M

i +eetig =l
|<l] Lig<m

m -m—1 . .
_ rN + j (rN + )t
+ —1)"*
Z( ) ;rN+rn—rl+] Z (rN+riy+j)---(rN + rig + j)

i +eetig=l
1<iy,.. tk<m

rN + j Z (rN + j)<!
rN+rmn—rl+j (rN+riy+j)---(rN +rig_1 + )

I
~
—_
N’
i
=

k=2 I=k—1 iptetipop =l

Igil ,...,ik_| <m
n—-m—1

n—m o }"N+j (rN+j)k_l
+ _lnkl
kzzzl( : Zl rN+rn—rl+j Z (PN +riy + j) - (PN + rigy + )

I=k— i+t =l
lsil ,...,ik,l <m

_ Zn: - n-1

k=n—-m+1

rN + j Z (rN + j)&!
rN+m—rl+j (rN+riy+j)---(rN +rig_1 + J)

~

=k—1 iy +tig_ =l

IS0 iy <m
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et Zl D) e
= A rN+rm—rl+j WS (rN +riy+ j)---(rN +rig_y + j)
I<iy,ip_1<m

By putting iy = n—/, in the firstterm by n—1 > [ > k—1 > n—m, in the second term by n—1 > [ > n—m,
we have
1<n-Il=i,<m.

Therefore,

V;\{)m,rém — i (_l)n_k Z (I"N+ ])k
(rn)! (rN +riy + j)---(rN + rip + j)

k=n-m+1 i +etig=n
1<iy,sip<m

R (rN + j)t
+;(_1) Z (rN +riy + j) - (PN + rig + J)

i)+ tig=n
1<iy i <m

N, gk (rN + j)¥
_;( D Z (rN +riy+j)---(rN + rig + j)

i +etig=n
I<iy,....ig<m

Note that the expression vanishes for k = 1 as n > m.
Next, we prove the second expression for the associated hypergeometric Cauchy numbers. Since
the set
(G, ..+ -+ =n, i1,...,05 >m}

is empty forn = 1,...,m — 1, we have VI(VJ;)r,r,Zm = ... = Vl(\f;)rm_r,r’m = 0. For n = m, by the second
expression of Theorem 4
0 1
() _ !
= (rm)!
N,rm,r,>m ( ) 0 1
rN+j
A o 0
N + j 1" YrN + j
— (rm)!(_l)m—l r J _ ( ) (7' _])

rN+rm+j_ rN+rm+j

which matches the result for n = m. Assume that the result is valid up to n — 1(> m). Then by the
second relation of Proposition 2

VN,rn,r,Zm _ f (_l)n_l_l(rN + .]) V(j)
(rn)! “ (rN +rn —rl + j)(rD)! Nrl,rzm

_(=D"'rN+ )
 rN+rm +j

/

< DN+ ) Ik (rN + j)*
" Z(_l) Z (rN + ri;

~ rN+rm—rl+j & W + )~ (rN +rip + j)

il,A.,,ikzm
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_EDION+ )

rN+rn+j
+Z( 1)nklnm rN+.] Z (rN+.])k
s rN+rn—rl+]l+ - (rN+riy+ j)---(rN +rip + j)
ll 1k>m
_(=D)"'N + )
~ rN+rm +j
n—-m+1 n—m . o~ f—
+ Z_F (_1)n—k Z }"N+] Z (VN+])k 1
k=2 I=k-1 rN trn— rl + '] iy +etip_y =l (rN + ril + ]) e (rN + rik—l + ])
] i Zm
_(=D"'rN+ )
 IN+rm+j
n—m+1 (]’N+j)k
+ 1)+
Z =D 11+szn (rN +riy + j)---(rN + rig + j)
l| 1k>m
(k=n-1
n—m+1 .
:Z-f( l)nk Z (rN+J)k
W (rN+riy+ j)---(rN +rip + j)
i i Zm
— i(_l)n—k Z (}”N+j)k
— S, N i+ ) (PN + rig + ) '
i1 seesig2m

Notethatiy =n—I>masl<n—-m. As1 <m <n-1, we have m(n —m + 2) > n, so the set

{G1, iy + -+ i =mn, B,..., 0 > m)
isempty forn—-m+2 <k <n. O
5. Applications by Trudi’s formula

We shall use Trudi’s formula to obtain different explicit expressions and inversion relations for the

numbers V(j) Denote the multinomial coefficients by (”+ ””) = (”t:r,—:t,)'

Lemma 1. For a positive integer n, we have

a ao 0

ar a
H+---+1, PR
: N N Z ( (—ap)" ™" hala} - dl
: : , _ H,..., 1,
1420+ +nt,=n
ap-1 e dr Ao
a, ap-1 " a a
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This relation is known as Trudi’s formula [21, Vol.3, p.214],[23] and the case ay = 1 of this formula
is known as Brioschi’s formula [4],[21, Vol.3, pp.208-209].

In addition, there exists the following inversion formula (see, e.g., [17]), which is based upon the
relation

D) FaDn -k =0 (n>1)

k=0

or Cameron’s operator in (2.3).

Lemma 2. For the sequence {a,},> defined by ay = 1 and

D(1) 1 a1
n = D(.2) , we have D(n) = a.z
: . . 1 S |
D) --- DQR) D(1) o, -+ @

From Trudi’s formula, it is possible to give the combinatorial expression
Hh+---+1, PR
= ), ( | )(—1)" "D D(2)” -+ D)
H,..., 1,
12t ++nt,=n

By applying these lemmas to Theorem 4, we obtain explicit expressions for the incomplete
hypergeometric Cauchy numbers of higher grade defined in (4.1) and (4.2).

Theorem 6. Forn > m > 1, we have

, H+-+1t, N + i 13| N + i tm
VI(Vj,)rn,r,Sm = (I"I’l)' Z ( 1 )(_1)n—t1—---—t,,, (¥) .. (#)

PP U { PRRRPY 7 rN+j+r rN+rm+ j
and
(J) _ ‘ tm + tm+1 + R + tn
VN,rn,r,Zm - (rn) ( tot t
Mty +(m+ Dty ++nt,=n ms Emtls e e e tn

rN+j " rN + j N+ G\
rN+rm+j] \rN+rm+ j+r rN+rm+j|

X (_l)n_lrn_tm+1_"'_[)1 (

As a special case of Theorem 6, we can obtain the expressions for the original hypergeometric
Cauchy numbers.

Corollary 1. Forn > 1, we have

: fo+ -+, o N+ " rN+j \"
vY = (rn)! —1yrhh .
Wmr = (1) Z ( (ST )( ) (rN+j+r) rN +rn+j

1 +2t+-+nt,=n
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By applying the inversion relation in Lemma 2 to Theorem 3, we have the following.
Theorem 7. Let j =0,1. Forn > 1, we have
n (])

Z Nkrr kl
(ki”)' '

k=

rN+j
rN+rn+j

In this sense, we have the inversion relation of Corollary 1 too.

Corollary 2. Forn > 1, we have
. V(]) h V(]) In
rN + J _ Z H+- ( l)n PR— N,r,r . N,rn,r
rN+rn+j A\, r! rn)! | -
120+ +nt,=n

6. Conclusions

In this paper, we proposed one type of generalizations of the classical Cauchy numbers and
hypergeometric Cauchy numbers. Many other generalizations are known, but the focus of this paper
is on the determinant, which originated in Glaisher and others. Similar determinants have been dealt
with by Brioshi, Trudi and others, but have long been forgotten. A similar generalization attempt,
made by the first author of this paper with Barman in 2019, has proposed generalized numbers
including the classical Bernoulli numbers, hypergeometric Bernoulli numbers, Euler numbers,
hypergeometric Euler numbers, and so on. However, classical Cauchy numbers and hypergeometric
Cauchy numbers cannot be included in the generalization by Barman et al., and this is achieved in this
paper. The background and motivation for generalization is Cameron’s operator, which is related to
graph theory. There, only integers were targeted, but in this paper, we extended this to rational
numbers and applied it.
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