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Abstract: Solutions of similarity-type for a nonlinear non-classical Stefan problem with temperature-
dependent thermal conductivity and a Robin boundary condition are obtained. The analysis of several
particular cases are given when the thermal conductivity L(f) and specific heat N(f) are linear in
temperature such that L(f) = @ + ¢ f with N(f) = 8 + v f. Existence of a similarity type solution also
obtained for the general problem by proving the lower and upper bounds of the solution.
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1. Introduction

In [1], the authors introduced the following Stefan problem which is governed by a non-classical
and nonlinear heat equation with heat source F, thermal coefficients which depend on the temperature
and a convective boundary condition at fixed face x = 0 (see also [2—4]):

p(Ne(TE = £ (KT)E) - FZ®).1), 0 < x < s(t), t >0,
k(TO,0) 52 = L(T0,0-T7), h>0,
T(s(t),1) = T, (1.1)
k(T(s(r),0) 522 = —pols'(0),
s(0) = 0,

where p(T'), c(T) and k(T') are the density of the material, its specific heat, and its thermal conductivity,
respectively; T, is the phase-change temperature, py > 0O its the constant density of mass at the melting
temperature; / > 0 is the latent heat of fusion by unity of mass and s(¢) is the position of phase change
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location. Also, F' depends on the evolution of the heat flux at the boundary x = 0 and assumed that

0T (0,1) Al A 9T(0,1)
ox ) i Ox
From the second equation in Pr.(1.1), we see that 7,(0, #) < 0. This can be physically justified since F

in this particular study represents a heat sink due to “melting ice/water phase change”.
To obtain a similarity solution, we introduce the new independent variable

F(Z(@),t) = F(Z(1),1) = F( , A>0. (1.2)

X
= 1.3
& SV (1.3)
and the dimension-free dependent variable, defined by
T(x,t)-T"
=7 - 1.4
f& = = (14)

In terms of these new variables, the problem takes the following nonlinear boundary value problem [1]

[LUAENS @] + 26N (fE))f () Af'(0), 0 <& <&,
L(fONf(0) = pf(o),

1.5
fE) = 1, (1)
f'&) = Mé,
where the nonlinear terms L(f(£)) and N(f(£)) are given by
k(T —T")f(E)+T") c((Tw =T +T")
L(f(€) = O nirey=* A (1.6)
0 PoCo
and
P L L T (1.7)
Pocoko ko kT,,S te
with Ste = M > 0 (Stefan number) and the system parameters ko, po, co and @y = Ko are the

PoCo
reference thermal conductivity, density of mass, specific heat and thermal diffusivity, respectively.

Recently, the authors [1] proved the existence and uniqueness of the similarity solution of Pr.(1.1)
under the restrictive Lipschitz conditions on the parameters and using techniques of functional analysis.

In this paper, explicit solutions of Pr.(1.1) are obtained when the thermal conductivity and specific
heat are linear in temperature. Also, existence solutions of similarity-type are proved for this non-
classical Stefan problem with nonlinear thermal conductivity and specific heat by using a technique
based on lower and upper bounds of the solution. Our approach is simpler than the approach used
in [1] and is more accessible to readers since it doesn’t assume Lipschitz conditions on the parameters
and doesn’t involve tools of functional analysis.

2. Linear conductivity

We consider the case where thermal conductivity and specific heat are linear in temperature [2—4].
This case has been largely discussed in the literature since it provides a good approximation of the
actual values for some material such as water (see for example [5-9]). We also assume that 7T is

continuous differentiable, which is a natural assumption.
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2.1. Case 1
Let
KT* | (T~ T* T,—T*
L) = T =T ve), Ny = P 4 2L ) &), @1
ko Co PoCo

Writing the nonlinear second-order ODE of Pr.(1.5) in a simple form

[(@+ SfENF @] +26B+ 7€) =Af(0), 0 <& <&, (2.2)

kT* PCT k(Tn=T") _ pc(Tn=T")
where a = W B= 0= = andy = v

Multiplying both sides of Eq (2.2) by 6y, we obtain

S [(ay + Sy fEV @] +2v£(B5 + Sy f)f(€) = Af (0)8y, 0 < & < &, (2.3)

or
[(ay + Sy fENF O] + 2%§(ﬁ5 +oyfEf' ) =Af'0)y, 0 <& <& (2.4)

Since ay = 86 = %‘% Then Eq (2.4) can be written as

[(a+bfENS (] + 2%5(61 +bfENS (&) =Af0)y, 0 <& <&, (2.5)

where a = ay and b = 6y.
By the change of variable

&) = (a+bFENF ). 2.6)
Eq (2.5) becomes
2(6) + 25£2(6) = AL O)y. 2.7)
The solution of this linear first-order equation is given by
2&) = AF Oe@ exp(-2€) + 20 exp (- 1&2). (2.8)

where (&) is the imaginary error function, that is ¢(¢) = fo"c exp (%tz) dt and z(0) can be determined by
using z(0) = (a + bf(0))f'(0) = y(a + 6f(0))f'(0) and the first initial condition of Pr.(1.5) from which
we can readily obtain

2(0) = ypf(0). (2.9)

Hence
26 = Af Opye(© exp (-2 + ypr@exp(-2£7). (2.10)
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From Eq (2.6), we have

(a+bf(&)) =2b f 2(t)dt + (a + bf(0))°. (2.11)

0

Substituting z(£) into this equation, we obtain

a+bf(E) = J2bAy £(0) f: o(t) exp (—%zZ) dt + 2bypf(0) \/g erf ( \/gg) +(a+bfO). (2.12)

Employing now the two boundary conditions of Pr.(1.5): (&) = 1 and f'(&y) = M&, to obtain

2(o) = (a+bf (&S (o) (2.13)
Thus, the condition on & is given by
(a+ BMEy = [Ayf O)¢ @) + ypfO)exp(-183). 2.14)

Thus

Theorem 2.1. The exact solution of Pr. (1.5) is given by

1 S o
f&e =1 szAyfxm f (1) exp (—%ﬂ)dt +2bypf(0) \ﬁ erf( \ﬁf) +(a+bfO)? - %2.15)
0 Y o) b

subject to the condition (2.14).

Remark 2.2. From f(¢) = T T it can be readily seen that O < f(0) < 1. Furthermore, for arbitrary

T,—T*% °
€ > 0, it can also be shown using classical chain rule on this relation with & = 3 \;‘@ that
2 Vaot
f(@ = T2 Vavien) > 0. (2.16)
This gives 0 < f'(0) = %@TX(O, t). Using the second equation in Pr.(1.1) we obtain 0 < f'(0) <
ki;g)f;). Therefore, from (2.14) we conclude that & > 0.
Consequently,

Theorem 2.3. The exact solution of the original Pr.(1.1) is given by

X

2 ot

subject to the condition (2.14) and the free boundary is given by s(t) = 2&y \aot.

T(X, t) = (Tm - T*)f(f’ é:O) + T*’ é: =

(2.17)
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2.2. Case 2

Another important case is L(f(£)) = 1 + 6f(£) and N(f(&€)) = 1 [1]. For this case Pr.(1.5) becomes

[(1+6£ENS @] +2£f()
(I+6/(0)f"(0) pf(Q0),

f(&o) 1,
&) = e

Af'(0), 0 <& <&,

(2.18)

A result on the existence and uniqueness of solution to the nonlinear boundary value problem Pr.(2.18)

when A = 0 was proved in [8], where the solution was treated as a Generalized Modified Error.

Writing the nonlinear ODE of Pr.(2.18) as

(L+6£ENL +f(£)) +26(1 +6f(£)) = Af'(0)5, 0 <€ <&,
The transformation u(¢) = (1 + 6 £(£))? leads to

’

W+ 262 Z 241008, 0 < £ < &
Vu
subject to the initial-boundary conditions
w'(0) = 2p(Vu(0) - 1),
ué) = (1+06)%
W) = e

2.2.1. Solutions

In the special case A = 0, Eq (2.20) is transformed to a homogeneous equation

’

u

u’ +2¢ =0, 0 <¢<é.
u
Consider the following transformation [9]
’ 5,:2
yv=&—, w=-2"—.
¢ Vi

Hence
d_W:d_W@:d_W u_’+xu_"_x(u_’)2 andd_wz_4i+ ZMIL'
dé dvdé dv\u u u
The substitution of these into (2.22) gives
dw (2 1
—v+1D)—=|--=
w=v+1) dv (V 2) W
The substitution y = w — v + 1 brings also Eq (2.25) to the Abel equation of the second kind

xXx» = @)y + ¥(v),

where

(D(v):(%—%) and‘{’(v):(g—z—%),

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

which is in general very difficult to handle. Since the explicit solution cannot be found, then we

estimate the solution by finding upper and lower bounds of u.
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2.2.2. Upper and lower bounds of the solution

If we assume that «’(¢) > 0 then

u(0) < u(é) < u&o), & € [0,&o]. (2.28)
So that
20§ _ 2W(E) _ %W (E) (229)
Vu(€)  Nu@  Vu(0)
From (2.22), we have
260 __ e 2 E)
<-u'(é) < (2.30)
G - S Ny
Thus
X _we 2% 2.31)
Vu©) — W@ T \fu&)
Integrating both sides of (2.31) from £ to &), we obtain
50 & 2 2
W EDe T VT <€) < ol (E)e e . (2.32)
Integrating again (2.32) from £ to &), we obtain
2 0 2 & 0o __ P2
u(o) — u'(fo)e% e VO dn < ué) < ué) —u'(E)e V@ [ e V@dn, (2.33)

¢ ¢

where u(&) = (1 +6)? and /(&) = 2.
The constants u(0) and «’(0) can be estimated from the mixed condition u’(0) = 2p( yu(0) — 1) and

(2.32) (or (2.33)) to find
4 .
4600 % e < u/(0) < _60 e w‘f*o (2.34)
Ste te
The case u'(£) < 0 follows in a similar fashion.
Based on this, and in view of the condition «’(0) = 2p( Vu(0) — 1), we have

Lemma24. [). IfA=0andu'(£) 20, & €[0,&], then there is at least one solution u(€) of Pr.(2.20)
and (2.21) such that

4606 B (0 2 4&,5 & (50 p
(1+6) - Sf—oem e FTdn < u(@) < (1 +6) — 20,15 f e o dn (2.35)
te £ Ste &

subject to the following conditions

&
4£46 7 _ 460
' (0) > f—em and i (0)e ‘5" %00 (2.36)
Ste S te
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2). If A=0and u'(¢£) <0, & € 10,&], then there is at least one solution u(¢) of Pr.(2.20) and (2.21)
such that
4606 & 4&y6 &2 0 2

¢ 0P o
(1+ (5)2 - Feﬁo‘s f €_md77 < I/l(f) <(1+ (5)2 - Fe Vu(0) e Vq”(o)dn (2.37)
¢ ¢ ¢ ¢

subject to the following conditions

2

£

408 & v, . 4&0
'0) < =—e™ and u'(0)e » "' > —=—.
u()_Stee and ' (0)e ~ Ste

(2.38)

3. Nonlinear conductivity

Let the thermal conductivity k(6) given by k(6) = (ap_f;g)z (see [10]) for a list of references that
considered this case.
Thus

KF@) _ poco
ko kolatbfE)

where a, b, k* are positive constants. Hence the nonlinear ODE of Pr.(1.5) can be written as

L(f(&) =

N(f(&) =k, (3.1)

LoCo ’ ' * g gt _ /
(mf (f)) +2K°Ef (&) =Af(0), 0 <& <& (3.2)
or in the equivalent form
(a+bf(&)\ , ,
ki (m) +2ké(a+bf(&) =Af'(0), 0 <& <&, (3.3)
where k; = pk(:)—cbo and k, = ’%.

The change of variable z(¢) = a + bf (&) leads to an equation of the form

7@\ , ,
ki (Z2é)) + 2k 7' (€) = Af(0), 0 < & < &. (3.4)
In turn, Eq (3.4) can be reduced, by the introduction of the new independent variable u(¢) = Tlg)’ where
u' (&) = —;L(?) and 7/(¢) = _ZZE?) to the following form
’” I/t/(é‘:) _ /
ki (€) + 2k2§M2(§) =-Af"(0), 0 < ¢ < é&. (3.5)
The case A = 0, brings Eq (3.5) to the simpler form
1’ k2 u
u' +2—=6—= =0, 0<é<é. (3.6)
kl l/l2
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3.1. Solutions

Consider now the following transformation

b= 5”;, we 2% (3.7)

A simple computation leads to

dw dwdv dw (u 7 u dw 3 u
om_armer _“er 2 d = = 42 4 4£7 7, 3.8
e " dvae v \u YU )an g- et 9

The substitution of these into (3.6) gives

(ki(v=1) = kaw) Z—v: + 2k1w(% - 1) =0. (3.9)

The following transformation y = w — v + 1 reduces Eq (3.9) into the known Abel equation of the
second kind (2.26), where ®(v) = k; — 2(% —Dand Y(v) = —Zkf@, which is in general very difficult
to handle. So that, we will find the lower and upper bounds of the solution u(x).

3.2. Upper and lower bounds of the solution

Proceeding as before, we obtain

Lemma 3.1. 7). Ifu'(¢) >0, & € [0,&] then there is at least one solution u(¢)) of Eq (3.6) subject to
(2.21) such that

ko

kpé? 0 ko 0 ko
(1+06) - ‘f—fe‘sew?m f e M0 dn < u(€) < (1+6)° - ‘f—ffewﬁﬂ f T dy  (3.10)
¢ 3

subject to the following conditions

kgl

ko2 S
u'(0) > 4&)66“‘?7;)”4 and u'(0)e UIE < 4‘2:05_
:; te :; te

(3.11)

2). If u'(¢) <0, € €[0,&] then there is at least one solution u(¢)) of Eq (3.6) subject to (2.21) such
that

k2n2

4&,5 k% £ 48,5 o 0 ko
(1+06) - 5—06"1(”‘”4 f e Lo dy < ué) < (1+6)° - %esz«n e heOdny  (3.12)
¢ ¢

te

subject to the following conditions

k&2

2 250
4¢,6 2% - 4&,6
é? kl(k%é;)14)4 > éfC

u'(0) < S—feeh(”‘”“ and u'(0)e 2 (3.13)
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4. The general case: L(f(¢)) and N(f(¢)) are nonlinear

Rewrite the general nonlinear equation

[LFE)F (©)] + 2EN(FE)f' () = Af(0), 0 < & < & (4.1)
in the form
o N(FO) , ,
L 2 L =Af0), 0 ) 4.2
[LFENF O] +2¢ ) [LUFENS ] = Af(0), 0< &< & (4.2)
Let F(&) = L(f(£))f(¢). Thus
, N(f(&)) )
F 2 F =Af'(0),0 . 473
&) + fL(f@) ©) =Af(0), 0<&<& (4.3)
Multiplying both sides of Eq (4.3) by exp (2 fo’f %dﬂ), we obtain
NG, )] ( f’ nN(f(1) )
F 2 =Af(0 dn]. 4.4
[ © exp( f i) JO)ex L 9
Thus
SN @) f ( nN(f(n)) )
F 2 0 d C, 4.5
©) eXp( f: L) ) fo o LGy 1) (43)

where C is a constant of integration and can be found from the condition F(0) = L(f(0))f"(0) = pf(0),
that is C = pf(0).
Hence f(£) can be immediately expressed by

(-2 "y n)

0 0 f\(exp
& = fO+pf© | T f(ﬂ))

| reexp(=2 [ i) “ ON(F(0))
+AS “”f: LU @) fo P (2f0 0G0 de)d“ - (49

If we assume that
O0< N, <N(f(m) <Nyand0< L, <L(f(n) < Ly. 4.7

Then a simple computation leads to

H nN(f()
o [ o5 )an< [ w2k ), L [ovlgor)n s
Ly 0 Ly, B 0 L(f(.u)) - L, 0 L

and
" Ny, ' *ON(f(9)) . Ny
exp|—6”|do < f ex (2 f do|do < f exp|—6"|d6, 4.9
I p(LM ) o PV e » L, 49
where fo'f exp (—f—ﬂ’:nz) dn = ‘/\’;Tﬂ erf ( L%f). Based on this and in view of the boundary conditions

f(&) = 1and f'(&) = M&y, we have
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Theorem 4.1. If the conditions (4.7) are satisfied, then there exists at least one solution f(&) of Pr.(1.5)

such that
Ni€) < f(©) < f2(§), 0 <& < &, (4.10)
where
H&) = f(0)+ pr(:) 2‘/\’;?_"; erf( \/‘/gg) + AJZ :,0) f exp (—f—;nz) fo " exp (]Z—Zez) dbdn (4.11)
and
€= 10+ pHO N g (Yr) AT [Ty (LB0) [Mexp (2 anay @12
subject to the following conditions
i) < (&) =1 < f2(&) (4.13)
and
fiE0) < f'(&) = Méo < fi(&o). (4.14)
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