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Abstract: In recent times, Takahashi has introduced von Neumann-Jordan type constants C_.,(X). In
the present manuscript, we establish a novel geometric constant C_(a, X) in a Banach space X. Next,
it is shown that % + 4%2‘2 < C_o(a,X) < 1forall a > 0. Further, between the generalized James constant
J(a, X) and C_.(a, X), a relationship is investigated. For uniform normal structure, a few sufficient
conditions were established. Finally, we investigate some relations between the two constants N(X)
and C_,(a, X).
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1. Introduction

In the current decade, numerous geometric constants have been investigated for a Banach space X.
Particular attention was given to the two constants; the von Neumann-Jordan constant Cy;(X) and J(X)
(the James constant), where the results are rigorously investigated and analyzed. For a Banach space
X, several studies on the James constant J(X) and also on the von Neumann-Jordan constant Cy;(X)
have been conducted by Gao [10, 11], Yang and Wang [22], and Kato, Maligranda, and Takahashi
[16, 17]. Interested readers in this field are advised to see the work presented in [3, 9, 12, 13, 18] and
the references mentioned therein.

The remaining work is organized as follows. To provide a base for the study, some definitions and
related results are presented in Section 2. In the subsequent section, the association of C_(a, X) with
other constants as well as its equivalent forms are considered. Further, by applying the ultraproduct
techniques and using coeflicients in C_(a, X), we obtained sufficient criteria for uniform normal-
structure of Banach spaces. Finally, in the last Section 4, a relation between the two constants N(X)
and C_.(a, X) is presented.


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2021370

6310

2. Preliminaries

A Banach space X is said to be uniformly non-square whenever there exists a constant o € (0, 1) in

such a way that for each x,y € Sy either m <l-ocor @ < 1 — 0. Similarly, the constant

J(X) = sup{min{[[x + yl|, |Ix = yll} : X,y € Sx},

is known as the James constant of the space X or the non-square constant.
In 1937, Clarkson [5] defined the von Neumann-Jordan constant Cy;(X) of the form

lIx + ylI> + |Ix — yII?
: X,y € X, not both zero ;.
2 (11> + llyll*)

In the following, we will present some properties about von Neumann-Jordan constant (see [15, 16]):

Cni(X) = sup{

(i) The constant Cy;(X) lies between 1 and 2 inclusively and Cy;(X) = 1 if and only if X is a Hilbert
space;
(i1) X is uniformly non-square if and only if Cn;(X) < 2;
(iif) Cny (X*) = Cry(X).
The generalisation of the von Neumann-Jordan constant of X can be written as (see [8])

2 2
X + +|X—Z

I 2}’” ||2 ||2 : X,Yy,z € X not all zero,

2([x[[* + [lyll* + ||zl

Cni(a, X) = SUP{

and allx]| > Ily - z||}.

Some of its properties are:

(i) 2> Cny(a, X) > 1 + 7% whenever a > 0 and for a > 2, Cxy(a, X) = 2;

(i) For a Hilbert space X, Cny(a, X) = 3% + 1;

+a
(i1i1)) Cyy(a, X) 1s a continuous function of the argument a.

The constant Jx,(7) of James type was introduced by Takahashi in [21] as a generalization of the James
constant J(X). For 7 > 0 and —oo < f < oo, the constant Jx,(7) can be defined as

Jx(t) = sup {M(|Ix = 7yll, lIx + 7yl}) : X,y € Sx}.

It is interesting to notice that

M(a,b) :

a+b
2
M_(a,b) := tl_l)r_lgo M,(a, b) = min{a, b},

1/t
) (—oo <t < o0, and t # 0),

Mo(a, b) := lim Mi(a,b) = Vab,
—

where a and b are positive numbers.
Let —oo < ¢ < oo, then the modulus C,(X) of von Neumann-Jordan type could be defined as follows:

J3 (D)

We refer the readers to see [21] and [23] for background on C,(X).

:O<T<1}.
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Definition 2.1. [21] Let us assume a Banach space X, then the constant C_.,(X) can be expressed as
X + I lIx =yl
IXIP + Iyl 111 + [Iyll?

To introduce the geometric theory, Brodskii and Milman [4] in 1948 has presented the following
important concept:

Co(X) = sup{min{ } X,y € X, (%,y) % (0, 0)}.

Definition 2.2. If for each closed convex and bounded non-singleton set K (being a subset of a Banach
space X) r(K) < diam(K), then the space is said to have normal structure. Here, r(K) := inf{sup{||x —
yll : y € K} : x € K} and diam(K) := sup{|[x — y|| : X,y € K} are the Chebyshev radius and the usual
diameter of K, respectively.

Similarly, if every weakly convex and compact set K C X (consist of at least two members) has
normal structure, then the space X is believed to have weak normal structure. Generally, normal
structure playing a key role in finding the fixed points of nonexpansive mappings, for an instant
see [20]. To be more specific, for reflexive Banach spaces having normal structure, the fixed point
theorem for nonexpansive mappings holds.

Let us consider a Banach space X and a filter ¥ on N. A sequence {x,,} of the space X will converge
to x with respect to the filter, that is li;_n x; = X, if forevery U of x, {i e N : x; € U} € ¥. If afilter is

maximal with respect to sets inclusion then such filter ¢4 on N is said to be an ultrafilter. If an ultrafilter
is of the type {A € N : iy € A} for a fixed i in N then it is called trivial and nontrivial in other cases.
Assume that /,(X) stand for the product space I1,,x||X]|| and having the norm ||(X,,)|| := sup,,o [IX,l| < 0.
It is to be noted that whenever U is nontrivial, then one can embed isometrically X into X. It is also
worthy to notice that for a super-reflexive space X (i.e., X+ = (f)*), X has normal structure of uniform
type if X has normal structure and conversely (see [14]). The subsequent definition is presented for our
future needs.

Definition 2.3. [2] Let us assume that # is a Banach space property, then one can say that a Banach
space X has the property super-% if every Banach space finitely representable in X has the property .

In the following assertion, we will state a stronger result about the heredity (properties of spaces
which transfer to their subspaces naturally) of a property .

Corollary 2.0.1. [2] Assume that % is a Banach space heredity property. Then a Banach space X has
super-% if and only if every ultrapower X of X has P.

Theorem 2.1. [2] Every Banach space X with super-normal structure has uniform normal structure.

3. The C_..(a, X) constant

We introduce a new constant based on the James constant and C_,,(X). In the rest of the work,
we will take into account Banach spaces having at least dimension of 2. The results will become more
clear with the help of the following concept:

Definition 3.1. Consider a Banach space X, then one can express C_.(a, X) as: fora > 0,
lIx + ylI* lIx — z|I*
2011 + Nyl + 11zl 21xI? + [yl + [|zI?

C_(a,X) = sup{min{ } ' X, ¥,z € X,
O < |IXIl + Iyl + llzIl and allx]| > |ly — ZII}.
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In the following, we will collect some important properties being hold by this novel constant.
Remark. In a Banach space X, we have
(i) C-l0,X) = LC_(X);
(i1) C_w(a, X) is an increasing function for a > 0;
(iii) The function C_(a, X) is continuous for a > 0.
The following proposition establishes another form of C_.(a, X):
Proposition 1. For a Banach space X and a > 0, we have
lIx + yIP lIx =zl
201 + Nyl + 11zI2” 211112 + [yll* + lizIl?

C_o(a,X)= sup{min{ } 1 X,Y,Z € By,

0<HMH4WW+Mm2mdMRH>Hy—ﬂ&

lIx + ylI> Ix = 7|
201 + Nyl + 11zIP™ 21112 + [yl + lizIl*

:sup{min{ }:x,y,zeBX,

of which at least one must be a member of Sx and al|x|| > ||y — Z||}.

Proposition 2. If X is a Banach space, then

D) 3+ 75 <Cw@X) <1, Ya>0;

4+a?
(i1) C_o(a,X) = 1 whenever a > 2.

Proof. (i) First of all, we need to prove the inequality lying to the left. For this, letting x € Sx and
assume y = —z = §X, clearly we have y — z = ax, we get

C_w(a’X»mm{ lIx + yIP , lIx — z|? }
20112 + [yl + Nlzl2” 211 + [lyl? + ||zI
:min{ (1 + 9] (1 + 9H?x]1? }

20XIP + 2 - (SONXIP 21X + 2 - (4)II]?

(1+97? (1+97° }
21+2) 201+

L, 22 1 Za}
2 4+a* 2 4+a2)

Next, we show that C_.(a, X) < 1. Applying the usual inequality of triangles, we have

= min{

= min{

{ lIx + yII Ix = zII° }< lIx + yIP? + lIx = 2|
2012 + 112 + 1zIP™ 212 + Iyl + 1212 ]~ 411 + 201yl + 2llz]?
< 2P + 21yl + 2l + 2zl
x> + 2yl + 2llzl?
<MRW+ﬂWW+ﬂMV:
AIxIP + 20yl* + 20zl

whence C_..(a,X) < 1.
(i1) It is to be noted that the developed function a — % + 4%;2 is increasing on [0, 2] strictly and the
function attain 2 (being its maximum) at @ = 2. This fact suggest that C_,(a, X) = 1 foralla >2. m
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Example 3.1. (Day-James [, — [; space) Consider X = R? be equipped with the norm defined by
lIxIly 1f0> X1 Xa.
By taking x = (1,1),y = (0,1) and z = (-1, 0), we have ||x + y|| = 2, |[x — z|]| = 2, ||z|| = 1. Thus

. lIx + yIP [Ix = 7|
1= mln{ } C_(a,X) <
20 + [yl + N1zl 211 + llyll* + llzI[?

whence C_.(a,X) = 1, where a > 1.

Example 3.2. (Day-James I, — [; space) Assume that X = R? and the norm is defined of the form

< Il 0 <xixe
Il 0> xix

By choosing x = (%, —%), y=(0,1)and z = (1,0). Hence, |[x +y|| = 2, [[x — z|| = 2, ||z|]| = 1. Thus

. lIx + yIP [Ix - z|?
1= mln{ } C_(a,X) <
20 + [yl + N1zl 211 + llyll> + llzI[2

whence C_.(a,X) = 1, where a > 2.
Theorem 3.3. Whenever H is a Hilbert space, C_..(a, H) = Tos ,2].

Proof. Let a is from the interval [0, 2] and x(# 0),y,z € H and lly =zl = t||x|| for arbitrary ¢ € [0, a].
Then

: { lIx + ylI> Ix — 2| }< [Ix + yIP +1Ix — 2|
2012 + 112 + 12U 212 + Iyl + 1212 ]~ 4111 + 201yl + 21z
gmmW+wa+nm2+mw—zwm
x> + 21yl + 2l

e 21x|1*
+ 2 2 2
<2 Ax[1* + [ly + z|I* + [ly — z|
1 N 21|1x|[?
<3 4Ix|[* +[ly -zl

_1+ 2t

2 4472
1 N 2a

T2 4+a?

Hence, by Proposition 2, C_,(a, H) = % 4?;2- [ |

Definition 3.2. [6] The modulus of convexity of a Banach space X is defined as
+
aﬂdzhﬁb—”izqwaeSmIM—W:E} 0<e<?.

In the following, we intend to present a relationship between the two constants; the modulus of
convexity ox(-) and C_.(-, X).
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Theorem 3.4. Assume a Banach space X, € € [0,2],and 0 < B. If C_(8, X) < 316(;—6';)2, then ox(¢) > 0.

Proof. Contrary to the conclusion, we supposed that ox(€) = 0. Thus, there exist Xx,,,y, € Sx in such a
way that ||x, — y,|| = € V n € N and lim ||x,, + y,|| = 2. Set z, = y, — 8X,. So for all n € N, we obtain

BXn = Yn = Zp, Iyn = BXull = l1z,ll < 1+ and [|x,, — z,|| > [IIx, = yall = [IBX4lll = |€ = Bl. Therefore, we have
—_ B2 _nR
-8 Y -8 |
3+ (1+p)? 3+(1+pB)? 3+ (1+p)?
2
o Xn + Yn 1%, — >
< 11m1nfm1n{ ; > > ; > 2}
e 2UXull” + |Yal| + 1Zall” 21Xall” + |[yn]| + 1zl
le — BI*
<C_oo(B,X) < ———.
6. %) 3+(1+p)?

Corollary 3.4.1. If C_,(0,X) < % for all € € [0, 2], then ox(€) > 0 whenever X is a Banach space.

In the below Proposition, we will develop a relationship between the constant Cyj(a, X) and
C_o(a, X).
Proposition 3. In a Banach space X, the following holds

2C_(a,X) < Cny(a, X).

Proof. Consider the general points X, y, z from the space X, then we have

. { I + ylI? lIx — z||* } oy [IX + yII* + IIx = 2|
5 X o
201 + My l1> + 1zl 200112 + [yl + Nz 2 2101 + llyll* + [|zI?

1
< 5C0n(a, X),

which guarantees that the inequality holds true. [
In article [7], the authors consider the constant J(a, X) defined as follows

J(a,X) =sup{llx —z|| AlIx +y|| : allx|]| = |ly — z|| and X, y, z € Bx}.

The following result is rather well-known.

Lemma 3.5. [7] For a Banach space X and 0 < a < 2, if Cyj(a, X) = 2, then there exist sequences
{x,},{yn}, and {z,} in Bx which satisfies

(i) All of the sequences ||x,ll, |[v.l|, |lz.|| converge to 1;
(i1) |Ix, — z,|| and ||x,, + y,|| tend to 2;
(1) ||yn = Za|| < @|X4ll, ¥ 1.

Proposition 4. If X is a Banach space and a lies in the interval [0, 2], then we have the following
equivalent statements:

(1) Con(a,X) = 1;
(i1) Cny(a,X) = 2;

AIMS Mathematics Volume 6, Issue 6, 6309-6321.



6315

(1) J(a,X) = 2.

Proof. (i) & (ii): If Cnj(a, X) = 2, then Lemma 3.5 suggest that there exist sequences {X,}, {y.}, {z,} in
S x holding ||x,, — z,ll, [|x, + yull = 2 as well as |[y, — z,|| < al|x,|| for each n. Thus, C_.(a, X) = 1. The
converse part can be easily proved with the help of Proposition 3.
(i1) & (ii1): From Corollary 3.4 in [7]. [ |
Next, we prove the following theorem.

Theorem 3.6. In a Banach space X, C_(a, X) > 1+ for all @ € (0, 1] if and only if J(1, X) = 2.

2+2a?

Proof. As the function C_,(a, X) is a continuous one, SO

. . (1+a)
C_(1,X)=lmC_.(a,X) >1 =
(1, X) = lim C_w(a, X) lim =——"5
Thus we have C_,, (1, X) = 1. From Proposition 4, and hence J(1, X) = 2.
For the second part of the proof, assume J(1, X) = 2. By Proposition 4 and Lemma 3.5, there must
exist sequences {x,}, {y.},{z,} in S x which obey ||x,, — z,l|, |[X, + y.|| = 2 and ||y, — z,|| < 1 for each n.
Thus, |lay, — az,|| < a, ¥ n. Next, take into account the inequalities

<l+a

Xn T Yan Yn = aya|| < ||ay:1 + Xp

and
- ”Zn - aZn” + ”Xn - Zn” < ”Xn - aZn” < 1+ a.

Hence

lim ||ayn +X,/l=14+a, lim|x,—az,|=1+a.
n— o0 n—oo

Combining all of the above concerned relations

{ llay, + Xal |1, = az,|? } _(+ay

C_o(a,X) = lim min , = .
2/I%,11> + llayall® + llaz,l?” 20X, + llayal* + llaz,l? 2+ 2a?

n—o0

For proving our main result, we need to prove the following most important proposition.
Proposition 5. C_.(a,X) = C_oo(a,jf).
Proof. Obviously, C_.(a, )?) > C_o(a, X). We only have to prove that C_Oo(a,)?) < C_s(a, X). For this

purpose, consider oo > 0, a from the interval [0, a] and the points X, y, Z (not zeros collectively) from
the space X for which the relation ||y — Z|| = «||%|| holds. Whenever X = 0, then

- a2 . a2 T ST |

. X+ X - 1]x+ +||x - 1
( B S ~J<5”~ﬂ W3 L e
XN+ 190+ 207 210001 + 191 + 121 201X + 1910 + 11

For the case of ¥ # 0, we will choose € > 0 in such a way that € < o|X]|. As ||X|| = li(Lrln [|x,|| and

{ 1% + 3117 1% — 2| }
m

~112 ~112 =12’ ~12 =112 =112
2UXI + 1917 + 11217 24011 + 115117 + 112]

Ix + ylIP? Ix — 2| }

= limmin{
U 20112 + Iyl + 1zIP™ 201 + llyll> + [lzIl?

= 11(Lr[nc,,,

AIMS Mathematics Volume 6, Issue 6, 6309-6321.
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which suggest that £ := {n e N : |c, — c| < 0 and ||y, — z,|| < al||x,|| + € < (@ + 0)||X,||} belongs to U.
Particularly, noticing that x,, # O for every n € E, there exists n such that

[1Xn + yall* X — Zul? }
201xall? + llyall? + 1Zal?" 201%0l? + [lynl? + 1zall?
<C_(a+0,X)+0.

c<min{

Hence, the conclusion follows from the arbitrariness of o~ and from the continuity of C_ (-, X). This
completes the proof. [ |
We begin by starting a lemma which will be our main tool.

Lemma 3.7. [8] Assume a Banach space X without weak normal structure, then for any 0 < € < 1 and
every % < r < 1, then there exists x; € S x as well as X,, X3 in 7S y which satisfies

() x—x3=ax; with|la—r| < ¢,
1) [lx; — x> 1 - &,

(i) [l + xol > (1 + 1) — &, llxs + (=x)ll > Br - 1) - &.

Theorem 3.8. If ,
3r—1 1
C_o(r,X) < ;(;—-i-rz)’ for some r € (5’ 1],
then the Banach space X has uniform normal structure.

Proof. The theorem will be proved if we show that the underlying conditions ensuring that X
has normal structure. Because, Proposition 5 will guarantees that X has also normal structure and
ultimately X has super-normal structure by virtue of Corollary 2.0.1, and finally with the help of
Theorem 2.1, we can say that X has uniform normal structure.

_1)2 . .
Whenever C_..(r, X) < ;LB), we could observe that X is uniformly non-square and as a result,
the space is reflexive. Generally in such cases, both the weak normal and normal structures coincide.

Thus, we only need to prove that X has weak normal structure.

. . _1)2
As C_u(+, X) is continuous, s0 C_. (', X) < (;(LB)
number m such that r + (%) < r’. Contrary to the conclusion, we supposed that X does not have weak
normal structure. Then, by Lemma 3.7 there exists sequences {x,,} in S x and {y,}, {z,} from S x in such

a way that for every n € N,

for some ' > r. Next, we choose a natural

Xy, = Y — Z, with |a, — r| < ,
n+m

1 2 2
n—n2>(1——) n+n2>(1+ - )
X, = ¥all — X, + yall r——J.

and

e =zl > (Br =1 = — )2.

n+m

It is worthy to notice that a, = |ly, — z,|| < == +r <r+ L <r, and

liminf |[x, + y, 2> (r+ 1) and 3r — 1% < liminf [|x, — z,| .
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Thus
2 2 2
QBr-1) . . Xpn + Yn X, = Zal|
11 By <11nm_)glfm1n{ , 5 > ) 2 2}
(L+r7 2{Xall” + ||¥u|| + l1zall™ 21%all” + {[ya|| + ||zl
< C_o(r,X)
Br-1)>°
< —.
2(1+7r?)
A contradiction was raised due to our wrong supposition and hence X has weak normal structure as
desired. [

4. The coefficients N(X) and C_.,(a, X) and normal structure

If A is a non-empty bounded subset of a Banach space X, then the number
r(A) = inf{sup||lx —y|| : x € A}

is said to be the Chebyshev radius of A or Chebyshev radius with respect to A. Similarly, by Z(A) we
mean the set of all those elements x of A for which the infimum could be attained and in certain cases,
it may be empty as well. The set Z(A) is known as Chebyshev center with respect to A. If

r(A) < diamA

holds true for each convex bounded set A(C X) having diam A greater than zero, then the Banach space
X will have normal structure. The normal structure coeflicient (denoted by N(X)) for a space X can be
expressed as

N(X) = inf {diamA }

r(A)
where this infimum is taken all over the convex bounded closed sets A C X with diam A > 0. Clearly,
2 > N(X) > 1 and the Banach space X is said to have uniform normal structure whenever N(X) > 1.
We refer the reader to [1] and [19] for background on N(X).

We begin by stating a theorem from [19] which will be our main tool.

Theorem 4.1. Let us assume a non-empty convex and compact subset C of a finite-dimensional space
X and x(y be a member of C. If xy € Z(C), then there must exist points x;,--- ,X, € C, functionals

n
X}, *,X;, € Sy, and non-negative scalars Ay, - - , 4, such that Z A; =1, and
i=1

X; (X0 = x;) = r(C) = [Ixo — xill
fori=1,2,3,--- ,nand
0< Z AiX; (X — Xp)
i=1

foreach x € C.

By following the ideas in [19] and [22], it is handy to prove Theorem 4.2.

AIMS Mathematics Volume 6, Issue 6, 6309-6321.
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Theorem 4.2. If X is a nontrivial Banach space with the constant N(X), then for every a, we have

max, f(r)
Ve@n <N

(a+1)
207 + 1y’

with
fr)=

where r belongs to the interval [a, 1] and 1 > a > 0.

Proof. Case 1. If C_..(a, X) = 1, then one can notice that

0y may DGy
a7 TR A ) a1 2(R2 4 1)

Hence 1 > w/?ax,(f(xri’ and by using 1 < N(X), we can write N(X) > 1/% with r € [a, 1].

Case 2. If C_.(a,X) < 1, then the underlying space is uniformly non-square and thus reflexive.
Further, we shall assume that C is a convex hull such that diamC = d and r(C) = 1. Also, we
can write sup{|[x]| : x € C} = 1 and so by Proposition 4.1 we could have points x;,--- , X,, norm-1
functionals x},x5,--- ,x; and non-negative real numbers A;,---, 4, in such a way that )", 4, = 1,
x|l = x/(=x;) = 1fori = 1,2,---,nand 0 < Y7, Ax(x;) for j = 1,2,---,n. Further, for any
r € [a, 1], we can set

1 X (r — a)x; + ax; o
Xij = E(Xz’ -X;), VYij= 71, Zij = g for i,j=1,2,...,n
Clearly, 1 > [Ix;jll,7 > llyijll.7 > llzijll, and allx; |l = |ly;; — zill. Next, we obtain the following
estimates:
= 2
Z Aid; ||Xi,j + Yi,j”
ij=1

Za Zﬂ (x (xej + is))

S Sl e o)

_ (r ;21)2 . 2(rd; D ; ﬁjgaix; (x;)
() 2 b )

j=1 i=1

S (r+1)>°
d?

for any r € [a, 1]
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and

n
2
E A |xij = 2.

ij=1

Zﬂ Zﬁ (0= 2)))
B l+a l+a-r , 2
= Zﬂjz/li( 7 + 7 xj(x,-))

(1+a)2 2(1+a)(1+a—r)
7 7 Z Z/lx(x,

— Jj=1
l+a-r)? <
S S )
12
> (a 22 ) for any r € [a, 1].

Ultimately, there exists i and j such that

1 2
2,||Xi,j_zi,j|| > %

min{ | |X,-, j

From the definition of the C_.(a, X) constant, we could say

boeslls bo-oll), ey
= ’
2l + ol <l 3D

4> . |max, f (r)’
C_o(a,X)
and r is again from the interval [a, 1].

As set C is arbitrary, thus we have the required result. [

C_(a,X) > {

which implies

Acknowledgments

The authors express their gratitude to the anonymous reviewers and editor for their careful reading
of the manuscript and for many valuable remarks and suggestions.

This work was supported by the National Natural Science Foundation of China (11971493) and
(12071491).

Conflict of interest

The authors declare that there is no conflict of interest regarding this manuscript.

AIMS Mathematics Volume 6, Issue 6, 6309-6321.



6320

References

1.

10.

11

12.

13.

14.

15.

16.

17.

18.

19.

D. Amir, On Jung’s constant and related constants in normed linear spaces, Pac. J. Math., 118
(1985), 1-15.

A. G. Aksoy, M. A. Khamsi, Nonstandard methods in fixed point theory, Spinger-Verlag,
Heidelberg, 1990.

J. Alonso, P. Martin, P. Papini, Wheeling around von Neumann-Jordan constant in Banach spaces,
Stud. Math., 188 (2008), 135-150.

M. S. Brodskii, D. P. Milman, On the center of a convex Set, Dokl. Akad. Nauk SSSR(N.S.), 59
(1948), 837-840.

J. A. Clarkson, The von Neumann—Jordan constant for the Lebesgue space, Ann. of Math., 38
(1937), 114-115.

J. A. Clarkson, Uniformly convex spaces, 7. Am. Math. Soc., 40 (1936), 396—414.

S. Dhompongsa, A. Kaewkhao, S. Tasena, On a generalized James constant, J. Math. Anal. Appl.,
285 (2003), 419-435.

S. Dhompongsa , P. Piraisangjun, S. Saejung, Generalized Jordan-von Neumann constants and
uniform normal structure, B. Aust. Math. Soc., 67 (2003), 225-240.

M. Dinarvand, On a generalized geometric constant and sufficient conditions for normal structure
in Banach spaces, Acta Math. Sci., 37 (2017), 1209-1220.

J. Gao, On some geometric parameters in Banach spaces, J. Math. Anal. Appl., 1 (2007), 114-122.

.J. Gao, K. S. Lau, On two classes of Banach spaces with uniform normal structure, Stud. Math.,

99 (1991), 41-56.

J. Gao, Research on normal structure in a Banach space via some parameters in its dual space,
Commun. Korean Math. Soc., 34 (2019), 465-475.

A. Jiménez-Melado, E. Llorens-Fuster, S. Saejung, The von Neumann-Jordan constant, weak
orthogonality and normal structure in Banach spaces, P. Am. Math. Soc., 134 (2006), 355-364.

M. A. Khamsi, Uniform smoothness implies super-normal structure property, Nonlinear Anal., 19
(1992), 1063-1069.

M. Kato, Y. Takahashi, On the von Neumann—Jordan constant for Banach spaces, P. Am. Math.
Soc., 125 (1997), 1055-1062.

M. Kato, L. Maligranda, Y. Takahashi, On James Jordan—von Neumann constants and the normal
structure coeflicient of Banach spaces, Stud. Math., 144 (2001), 275-295.

M. Kato, L. Maligranda, Y. Takahashi, Von Neumann—Jordan constant and some geometrical
constants of Banach spaces (Nonlinear Analysis and Convex Analysis, Research Institute for
Mathematical Sciences, 1031 (1998), 68-74.

N. Komuro, K. Saito, R. Tanaka, On the class of Banach spaces with James constant \2, Math.
Nachr., 289 (2016), 1005-1020.

S. Prus, M. Szczepanik, New coeflicients related to uniform normal structure, J. Nonlinear Convex
A., 2 (2001), 203-216.

AIMS Mathematics Volume 6, Issue 6, 6309-6321.



6321

20. S. Prus, Geometrical background of metric fixed point theory, in: W.A.Kirk, B. Sims(Eds.),
Handbook of Metric Fixed Point Theory, (2001), 93—132. Springer, Dordrecht. ).

21. Y. Takahashi, Some geometric constants of Banach spaces—a unified approach, Banach and
Function Spaces II, eds. M. Kato and L. Maligranda, Yokohama Publishers, Yokohama, (2008),
191-220.

22. C. Yang, F. Wang, On estimates of the generalized Jordan-von Neumann constant of Banach
spaces, Journal of Inequalities in Pure and Applied Mathematics, 7 (2006), 1-5.

23. Z. Zuo, C. Tang, On James and Jordan von-Neumann type constants and the normal structure in
Banach spaces, Topol. Method. Nonl. An., 49 (2017), 615-623.

©2021 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 6, Issue 6, 6309-6321.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	The C-(a,X) constant
	The coefficients N(X) and C-(a,X) and normal structure

