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1. Introduction and main results

In this paper, we are devoted to studying the existence and multiplicity of solutions for the following
Schrodinger equation with a sublinear nonlinearity,

— Au+ V(x)u = K(x)f(u), ¥Yx € RY, (1.1)

where N > 3, V is sign-changing, K is positive and f € C(R). We remove the coercive condition usually
imposed on V(x) and obtain the existence of at least one or infinitely many small energy solutions to
(1.1) for sublinear nonlinearities K(x)f(u).

As mentioned in [1, 10, 12], this type of equations is essentially related to seeking for the standing
waves (t, x) = e"“'u(x) for the time-dependent Schrddinger equation,

0¥ = —A¥ + Ux)¥ — g(x, V), x e R", 1t e R, (1.2)

where the potential V is given by V(x) = U(x) — w. Hence V may be indefinite in sign for large
w(see [1,23)).
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Much attention has been paid on the following equation,
—Au+V(X)u= f(x,u), xeRY, N >3, (1.3)

involving a continuous term V(x). We refer, for instance, to [2-8, 11, 14, 15, 17-20, 22, 23] and the
references therein. It is known to all that the main difficulty in dealing with problem (1.3) arises from
the lack of the compactness of Sobolev embeddings, which prevents from checking directly that the
energy functional associated with (1.3) satisfies the PS-condition.

To obtain the compactness in RY, some feasible methods are provided in the existing papers. For
example, Bartsch, Pankov and Wang [6] have studied a class of Schrodinger equations, where V(x) is
continuous function verifying the following conditions,

(vy) essinf V(x) > 0;

(vo) for any M > 0, there exists xy such that lim,_,., meas({x € RN :|x —y| < xo, V(x) < M}) =0,
where meas devotes the Lebesgue measure on RY. Under conditions (v;) and (v,), the compactness
of Sobolev embedding can be recovered. With the assumptions (v;) and (v,), equation (1.3) has been
investigated by the variational methods by [6] and some other authors.

In [22], the authors studied a class of sublinear Schrédinger equations, where f(x, u) = &(x)|ul*u
with 1 < u < 2 and &(x) : R¥Y — R being a positive continuous function. Under conditions (v;) and
(v2), they established a theorem on the existence of infinitely many small energy solutions.

The results of [22] were improved in the recent paper [7], where they improved the results of [22]
by removing assumption (v,) and relaxing the assumptions on f(x, ). By using the genus properties in
critical point theory, they established some existence criteria to guarantee that the problem has at least
one or infinitely many nontrivial solutions.

In [8], for problem (1.3), Cheng and Wu studied a sublinear problem and used conditions on V(x)
below:

(V1) V € C(R") is bounded below;

(V2) for every M > 0, meas {x : V(x) < M} < co.

Under some additional conditions of f, two theorems are obtained in [8]. One theorem states that
equation (1.3) possesses at least one nontrivial solution. By using a variant fountain theorem, they
obtained the existence of infinitely many small energy solutions in another theorem.

Bao and Han [4] also considered a nonlinear sublinear Schrédinger equation,

— Au+ V(x)u = a(x)uf 2u, Vx e R", (1.4)

where V(x) € L*(RY) is sign-changing and a(x) € L*(R"Y) with a(x) > 0 a.e. in R". Under some
conditions on V(x) and by using bounded domain approximation technique, infinitely many small
energy solutions are obtained.

In those above papers, (v;), (V2) or the coercive condition on V plays an important role in obtaining
the compact embedding. In this paper, we remove the coercive condition of V(x) and also weaken the
conditions on f.

We remark that there have been many interesting results for the similar sublinear problems (1.1) but
on bounded domains Q ¢ RY. We refer to [13] for some results for p—Laplacian equation problems
and the references therein.

Before stating our main results, we make some assumptions, where V*(x) = max{V(x),0}, V™ (x) =
max{—V(x), 0}.
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(K)) K(x) > 0, ¥x € RY and K(x) € L°(RY).
(V1) V = V* — V-, where V* € LI(RY,R), V- € L* RV, R).

Q= {xeRY V(x) <0} #0,

meas{) > 0 and there exists a large constant R, such that V(x) > 0 for a.e. |x| > Ry.
(V) There exists a constant 179 > 1 such that

fon IVuPdx + [, V*uPdx

m:= inf > 1.
ueH' (RM)\(0) fRN V-u?dx

(KV) ﬁ e L=(RM).
(f1) f € C(R) and there exist constants 71, 7, € (1,2) with 7; < 7, such that

0< f(wu < |ul™ + |ul™ forall u € R.

(f2) F(u) > Clu|™, Yu € R, where C is some positive constant, F(u) = fou f(T)dr.

Remark 1.1. Conditions similar to (V,) can be found in [9] and [16]. By condition (V) and the
Holder and Sobolev inequalities,

Jow IVul? + VF (0)luldx N Jon IVulPdx

fRN V=(x)|u|2dx B |V‘|%|u|§*
2
g Jon IVulPdx (15)
SUV-ly [y IVulPdx
S
V-l
where S is the best constant for the Sobolev embedding of D'?(RY) — L*>(R) and 2* = % It
implies that iflV‘I% < S, then pu; > ﬁ > 1. Hence, (V) is satisfied for V(x) with sufficiently small
Vol 2
By (V,) and a simple calculation,
2 o2 2 2 M —1 2 12
[Vul + V' 0|ul"dx > |Vul|” + Viu|"dx > ( [Vul|” + V7 |ul dx). (1.6)
RN RN 770 RN

More details on condition (V,) can be found in [9].

Theorem 1.2. Assume that conditions (K;), (Vi), (V2), (KV), (f1) and (f,) hold. Then Eq (1.1)
possesses at least one nontrivial solution.

Theorem 1.3. Assume that conditions (K;), (Vi), (V2), (KV), (fi) and (f>) hold. Moreover, f(u) =
—f(—u), Yu € R. Then equation (1.1) possesses infinitely many small energy solutions.
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We emphasize that the conditions on V(x) in this paper are essentially different from those in [8]
and [22]. In fact, we are dealing with the vanishing potentials V(x). As far as we know, for problem
(1.1) with sublinearity, few works in this case seem to have appeared in the literature. Since V(x) is
sign-changing and vanishing, it seems not to be obvious from the literature to obtain the compactness
suitable to deal with the problem. By proving a Hardy-type inequality, which extends the results
in [1], we can obtain the needed compactness. Our theorems also extend the results in [8,22] and our
hypotheses on nonlinearities are more general.

The paper is organized as follows. In Section 2, we introduce the variational setting and state some
preliminary results which will be needed later. In Section 3, the proofs of our main results are given.

2. Variational setting

In this paper, we define
E={ueD?®R"): f V(0 dx < oo.
RN
We know E is a separable Hilbert space with the inner product

(u,v) = f (Vu Vv + V+(x)u(x)v(x))dx
RN

and the norm ||u|| = (u, u)%. Let L?((RN ) be the weighted space of measurable functions u : R¥Y — R
satisfying

1
lulk g = [fN K(x)Iulqu]q < +o00.
R

Denote L/(RY) with
1
uly = [ | luldx]" < +eo,
RN
where 1 < g < +00. And set
lulleo = ess sup |u(x)|, ue L°RY).

xRN

It is well known that the embedding E ¢ L*(RV)(2 < s < 2*) is continuous.
Now we give a Hardy-type inequality which extends the one in [1] and is suitable for dealing with

our sublinear problems. Before stating the result, we recall condition (A),
(A)if {A,} c RY is a sequence of Borel sets such that |A,| < R for some R > 0 and all n, then

lim K(x)dx = 0, uniformly in n € N. 2.1
=% J A,NB(0)

As stated in [1], if K € L'(RY \B,(0)) for some p > 0, we know that K satisfies condition (A).

Lemma 2.1. Suppose that (K,), (Vi) and (KV) hold. Then E is compactly embedded in L;((RN ) for
re(1,2].
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Proof. By (V) and noticing that V* € L!, for any & > 0, we can choose R, > R such that

f V(x)dx = f VH(x)dx < .
RN\ Bg, RN\Bg,

Fixed 1 < r < 2. For given ¢, there are 0 < Tg < T, and C, > O such that, for a.e. |x| > R,,

K@)lsl” < Ca(V()lsl + IsI”) + CoK(x)xqo.r s>, Vs € R,

Hence,
f K(x)|ul"dx
B, (0)
SCe(f V(x)|uldx + f |u|2*a’x) + CETEZ* f K(x)dx, Yu € E,
B (0) B (0) ANBg_(0)
where

A={xeRY: T <|ux) < T}

If {v,} is a sequence such that v, — v in E, then there is M > 0 such that

f (Vv > + V() )dx < M?
RN

and
f [val> dx < M?, ¥n € N.
RN

f vl dx < M?
B

L.
Re

It follows that

and

R

1 1
f V)|, ldx < [ f V+(x)|vn|2dx]2[ f V+(x)]2 < Me.
B, (0) N By (0)

Thus, by (V;), (2.7) and (2.8), we obtain that

f V(X)|v,ldx + f v, > dx
B}, (0) B}, (0)

=f VE(x)|vuldx + f [val*> dx < Me + M>.
By (0) B, (0)

By (2.2) and (KV), we have

K
f K(x)dx = f W o < € f V(x)dx < Ce.
RN\ Bg, RN\ Bg, V(x) RN\ Bg,

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)
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Furthermore, set
A, ={xeR: Tg < (X)) < Tel.

By (2.6),
(T 1A, < f P dx < MP. ¥ € N,
An

that is,

sup|A,| < 4oo.
neN

Therefore, by (2.1), (2.10) and (2.13), there is a constant R, > 0 such that

e
K(x)dx < ——, foralln e N.
fAnr\Bfkg(O) C.T?

&€t e

Hence, for R. = max{R., R.}, (2.4), (2.9) and (2.14) lead to

K(x0)lv,|"dx
B, (0)

<Cs f V()valdx + f va*) + C.T7 f K(x)dx
B;eg 0) B%E 0) Ay ﬁB;’{9 0)

<Csf f V() |valdx + f val*) + C.TZ f K(x)dx
B, (0) B, (0) AuNBg (0)

<Ce(Me + M*) +¢e< Ce, ¥n e N.

Furthermore, for that £ > 0 and large n, it is easy to obtain that
f K)(v,|" = vNdx < e.
By, (0)
Therefore, from (2.15) and (2.16), we obtain that
| f KMl = v
RN

- f KOl = v + | f KO (vl = I )dx
B (0) B, (0)

< KOlval” = "dx + f K(x)|v,/"dx < Ce,

By, (0) B, (0)
which completes the proof.

Lemma 2.2. (Lemma 2.13 [21]) Let V(x) € L%(Q) and suppose that u, — u in E. Then

fV_(x)lu,,Izdx—>fV_(x)Iulzdx.
Q Q

2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Lemma 2.3. Suppose that (K,), (Vy) and (KV ) hold. Then the functional J : E — R defined by

Jw) = ||u|| . f V- (O)lul*dx - f K(x)F(u)dx (2.19)
is well defined and belongs to C Y(E,R). Moreover
(T (), vy =<u,v)y — f V- (x)uvdx — f K(x)f(u)vdx. (2.20)
RN RN

Proof. By (V) and Lemma 2.13 in [21], we know fRN V=(x)lul*dx is well defined for u € E. By virtue
of (f1),

|[F(u)| < Clul™ + Clu|™. (2.21)

Hence, by Lemma 2.1, we get
f K()|F(u)|ldx < Cf (K(x)|u|™ + K(x)|u|™)dx < Cllul|™ + Cllul|™, (2.22)
R¥ RN

which means that 7 is well defined for u € E.

By a direct computation, it is not difficult to prove that (2.20) holds. Furthermore, by a standard
argument, we obtain that the critical points of J in E are solutions of problem (1.1).

Finally, we will show that J”(u) is weakly continuous, that is, if #, — u in E, then

(I () =T (w),v) = 0, Vv € E. (2.23)
Arguing directly, by u, — u in E, choose a subsequence {u,} of {u,} such that
Uy (x) > u(x) ae.in RY and Qy(x) € LL(RY), where
1
Q1(x) = (T2l () = u(x)P)”.
It is clear that

KO ) ~ F00P 2K\t )P + 1)
2
=t Z (KOO, P70 + KOl )

i=1
2
; KMty — 1+ uP ™D + K(@)lu ™) 224

2
Zcm Kty = P70 + K (o))
:

<> CE)[K0QI ™" (x) + Kol ™V,
i=1
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erte 0,(x) = Y2 . C(r)| K®QT ™ (x)+ K(x)ul*™~D]. By (V1) and (KV), we obtain that K € L'(R").
By - > l'and 5— > 1, one has

Qz(x)dx

= Z C(T’)f K)QX™ () + K(oluPe D |dx
2
= Z C(Ti)f K(T,-—l)+(2—ri)(x)Q%(n—1)dx + Z C(Ti)f K(T,-—l)+(2—r,»)(x)|u|2(ri_1)dx

C(T, f K(x)Qldx) ( f K(x)dx +ZC(T, f K(x)uzdx f K(x)dx o

cllos™( fR ) K(x)dx) + Ll 5™ fR ) K(x)dx)z_”] < 0.

IA

(2.25)
This together with Lebesgue’s Dominated Convergence Theorem implies that
fim [ KGOlfw) - faofdr =0, 2.26)
Therefore, for any v € E,
(I () = T W), v)
=y — u,v) — fRN V() — wvdx — fRN KQOLf () — f(u)lva’X‘
<luty = u, V)] + fR VIOl = wpdx + C( fR K@)\, - FaPdz) v
—0, as n — oo.
Hence, J”(u) is weakly continuous in E. The proof is complete. O

Definition 2.4. (PS condition) Let E be a Banach space, ¢ € R and J € C'(E,R). The function J is
said to satisfy the (PS).-condition on E if any (PS).-sequence {u,} such that

Jw,) —c and J'(u,) = 0, asn — oo

has a strongly convergent subsequence in E.

Let {e;} be an orthonormal basis of the Hilbert space E and define X; = Re;, Y = _69 X, Zy = gk X;.
J= =
For the statement of Dual Fountain Theorem, we need the following condition. More details can be
found in [21].
(A1) A compact group G acts isometrically on the Hilbert space E = @jeN X, the spaces X; are

invariant and there exists a finite dimensional space V such that, for every j € N, X; = V and the action
of G on V is admissible.
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Lemma 2.5. (Theorem 3.18 in [21] Dual Fountain Theorem, Bartsch-Willem, 1995) Assume that
condition (A,) holds and let J € C'(E,R) be an invariant functional. If. there exist two sequences
0 < re <pr = 0as k - oo and the following conditions (Dy)—(Dy) hold, then J has a sequence of
negative critical values converging to 0, where

(D) ap := inf  J(u) >0;

u€Zy,|lull=px

(Dy) by = max Jw) <0;
ucyy,||u||=ri

(D3)di:= inf  J(u) — 0ask — oo;
ueZy,|lull<pk

(Dy) for every c € [dy,0), J satisfies the (PS); condition, that is, every sequence u,; € E satisfying
ty, € Y, T (un)) = € Ty, () = 0.1 — o0

contains a subsequence converging to a critical point of J.

3. Proof of theorems

Lemma 3.1. Assume that conditions (K;), (V1), (V»), (KV) and (f;) hold. Then the functional [ is

coercive and bounded below on E.

Proof. 1t is obvious to obtain that

j(u)=l||u||2—lf V_(X)Iulzdx—f K(x)F(u)dx
2 2 RN RN

3.1
-1
> Lo P = clull™ = clull™.
0
Since 71, T, € (1, 2), the above inequality implies that 7 is coercive and bounded below on E. O

By Lemma 3.1 and Ekeland’s variational method, there exists a minimizing sequence {u,} such that
I (u,) - i%fj and 9" (u,) = 0, as n — .

By Lemma 3.1, it is clear that the minimizing sequence {u,} is bounded in E.

Lemma 3.2. Assume that conditions (K;), (Vi), (V2), (KV) and (f) hold. Then there exists a strong
convergent subsequence of the minimizing sequence {u,}.

Proof. By Lemma 3.1, the minimizing sequence {u,} is bounded. Passing to a subsequence, one has

U, = uin £,
u, > uin L2(RY), (3.2)
u,(x) = u(x) a.e.in RV.

By a direct computation, we derive that

i, — ull* =(T" () = T (w), u, — u) + f V= (0)lu, — uldx
RN (3.3)
+ fR . K(x)(f (un) = f(u)(u, — u)dx.
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By Lemma 2.2, fRN V= (x)|u, — ul*dx — 0. It is obvious that (T (u,) — I’ (u), u, — u) — 0. Thus, it is
enough to show

f KQ)(f(up) = f))(un —u)dx — 0, as n — co.
RN

We can see that

' f K(X)(f(un)—f(u))(un—u)dx'

RN

= fR KO )ty = 1)+ KO flu)(at, — ) (3.4)

< f (KGOVf )ty = w)] + K ()| f )1ty — 1))l

RN

SmceZT’+ +3l =1, i=1,2, we have

fR KON ) = w)ldx
(3.5)

_Ti

2
f KON lutal™ ™" + i)ty = w)ldx < Z f K(x)dx) a5 ity = ulga.

This together with (3.2), for large n, we obtain that fRN K(x)|f(u,)(u, — u)| < Ce. Similarly, for that &
and large n, fRN K(x)|f(u)(u, — u)ldx < & . The proof is complete. O

Proof of Theorem 1.2. Assume that conditions (K), (V;), (V»), (KV), (f1) and (f>) hold. Then the
limit u, of the minimizing sequence {u,} is nontrivial.

Proof. We will argue directly. First, we take a subspace E of E with dimE < co. By Lemma 2.1 and a
similar discussion to the proof of Lemma 2.4 in Zhang and Wang [22](see (5) of Lemma 3.1 in [20]),
there exists a constant ¥ > 0 such that

meas{x : K(x)lu(x)|" > «llul", Y u € E} > «. (3.6)

We consider the sets A = {x : K(x)F(u) > «|jul|”", u € E} and Q = {x : K()|u(x)|"* > «lul|", u € E}.
By (f;), we obtain that Q c A. Hence, meas(A) > meas(Q2) > «. Then for any fixed u € E\{0} and
s > 0, it follows from (f>) that

T (su) s% ||sull® - f K(x)F(su)dx

RN

1
Ellsull —fkllsull“dx
A (3.7

1
<3 lIsull® — || sul"meas(A)

1
2 2 2
SES lloel|~ — k=™ [ua]|"

Since 1 < 71 < 2, J(su) < 0 for s sufficient small and u € E\{0}. Since 7 is coercive and by Lemma
3.2, we obtain that

T (wo) = inf T(w) <0,
which implies that uy # 0. O
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Now, we show that the energy functional J has the geometric properties in Lemma 2.5 under the
conditions of Theorem 1.3.

Lemma 3.3. Assume that conditions (K), (Vi), (V2), (KV), (fi) and (f>) hold. Moreover, f(u) =
—f(—u),Yu € R. Then there exists a sequence 0 < p; (or — 0 as k — o) such that

a,:= inf  J(u)>0.

ueZy,|\ull=px

Proof. By (V,) and (f;), we obtain that

1
I (u) —||u|| -3 f V= (x)lul*dx - f K(x)F (u)dx
RY RY (3.8)

- 2
2—||u|| —cluly,, —clulg. .

Let
Bir, = sup |ulg,, i=1,2, Yk e N.

u€”Zy,|lull=1

Based on Lemma 3.8 in [21] and Lemmas 2.1, B, — 0,i = 1,2, as k — co. We have that

Ty 21— r Ll = B2 Il = B ull™ = ||u||2(’7°2 — B Ml = B Jull>?). (3.9)
0

2-11 2-11 1
Choose |jul| = pr = (UO 1)2 g [SCﬁk - (,7;731)2”2 (SCIBk Tz)z T2]2 "', By the definition of py, a direct
computation implies

— cﬁkr o — 1
G ;,lTlp;l ? = 21 T 2-19 < (310)

s s -8
7701[ ﬁkﬂ (770 1) i (8’8sz) 2] "

and

T Cﬁk‘r o — 1
Brpp = p — e < . (3.11)

(Uo 1)2 ) [SC’Ble (770 1)2_T2 (8 ﬁsz)2 TZ]Z_TI

Then, we get

-1,1 1 no—1
T1-2 o2 27 0 2

> 0. 3.12
ﬁkﬁpk c,Bszpk ) pk ) (2 ) : Ok ( )

o
> 2
T = pi( -
Thus, for every k, u € Z; and ||u|| = px, we have a; > 0. Since By r,, Brr, = 0 as k — oo, it follows that
pr — 0ask — oo, i

Lemma 3.4. Assume that conditions (Ky), (Vi), (V»), (KV), (f1) and (f>) hold. Moreover, f(u) =
—f(—u),Yu € R. Then there exists a sequence r; ,0 < ry < py, ry, = 0 as k — oo such that

by:= max 9J(u)<0.

ueYy,|lull=ry
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Proof. Noticing that Y} is of finite dimension for each & € N. By a similar discussion to the proof of
Theorem 1.2, it follows from (f1) and (f>) that

T <=l - f KWF(wdx
2 .

1
Sillullz—fkllullndx
A (3.13)

1 2 2
<—=|lull” = «||ul|™
2|| I ||

=l (5 0P = #2).

. . -
Choosing lull := rx = min{(«*)>, 1p;}, we obtain 0 < r, < pg and 1 lulP™ — k* = =1k < 0 for

|lue,|| = ri. Hence, for each k, we have b, < 0. This completes the proof. O

Lemma 3.5. Assume that conditions (K;), (V), (V2), (KV), (f1) and (f>) hold. Moreover, f(u) =
—f(—u),Yu € R. Then it holds that

di:= inf Jw) —>0ask— oo.

UEZp,||ull<pk
Proof. For u € Zy, ||ull < pi, we derive that

1

I (u) Sl |l —f K(x)F(u)dx < 1IIMII2 < =p;. (3.14)
2 e 2 2

On the other hand, by (3.9), we obtain that

j(u):llluﬂz—l f V uldx — f K(x)F(u)dx
2 RN RN

2
2"02;01 il = B2 ™ = B2, lull™ (3.15)
2 = B Py~ Bpi
Since B, — 0, Brr, = 0 and py — 0 as k — oo, it follows from (3.14) and (3.15) that
d, = uezki,lnlufnsm Jw) > 0ask — oo,
This proof is complete. O

Proof of Theorem 1.3. We just need to prove the (PS); condition. Consider a sequence {u, } such
that

n] — 00, unj € Yn_/a

T (@) > ¢, T'ly, (1) = 0.

For the proof of boundedness of {u,,}, arguing indirectly, ||u, | — +oco, as n; — +oo. It follows that
Iy, (un;) — O, that is,

no— 1
o

l/ln./.

f < f Vit > + V(0)luy, Pdx = f K(x) f (uty, Juty dx (3.16)
- . in
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and for 1 < 1 < 75 < 2, we derive that

v

m-1 _ Jon KO f it dx o e, + T I,

2 2
Mo

Un; Un;

Gl + Clla™ - € c
- =

(3.17)

]

2-1 2-1)

u,. . .
nj nj nj

as j — oo, which is contradiction. Therefore, we derive that {u;} is bounded in E.

Since {u,;} is bounded in E, by Lemma 2.1, we get that the sequence {u,;} has strong convergent
subsequence in E. Passing to a sequence, we suppose that u,, — u; in E. Thus, by Lemma 2.5, for
each k, {u;} is a critical point of J and ' (u;) — 0, as k — oo. Hence, (1.1) possesses infinitely many
small energy solutions. The proof of Theorem 1.3 is complete. m|
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