AIMS Mathematics, 6(6): 5465-5478.
ATIMS Mathematics DOI: 10.3934/math.2021323
% : Received: 05 October 2020
o Accepted: 12 March 2021
http://www.aimspress.com/journal/Math Published: 16 March 2021

Research article

Fixed point theorems for generalized a-y/-contractive mappings in extended
b-metric spaces with applications

Afrah A. N. Abdou*and Maryam F. S. Alasmari
Department of Mathematics, Faculty of Sciences, University of Jeddah, Jeddah 21589, Saudi Arabia
* Correspondence: Email: aabdou@uj.edu.sa.

Abstract: In this paper, we introduce a new concept of locally a-y-contractive mapping, generalized
a — Y rational contraction and establish fixed point theorems for such mappings in the setting of
extended b-metric space. Our main results extend and improve some results given by some authors.
We also provide a non trivial example to show the validity of our main results. As an application, we
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endowed with a graph.
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1. Introduction

One of the most important results in fixed point theory which is well-known as Banach’s fixed point
theorem or Banach contraction principle [1]. This principle guarantees the existence and uniqueness
of fixed points of certain self-mappings of metric spaces, and provides a constructive method to find
those fixed points. The Banach contraction principle was also used to establish the existence of a
unique solution for a nonlinear integral equation. For instance, it has been utilized to find the existence
of solutions of nonlinear Volterra integral equations, nonlinear integro-differential equations in Banach
spaces and to demonstrate the convergence of algorithms in computational mathematics. Due to its
significance and usefulness for mathematical theory, it has turn into an exceptionally well known tool
in solving existence problems in numerous directions. Many researchers have established different
theorems to extend, unify and generalized Banach’s theorem by defining a variety of contractive type
conditions for self and non-self mappings on metric spaces.

On the other hand, in 1989, Bakhtin [2] introduced the concept of a b-metric space and proved some
fixed point theorems for some contractive mappings in b-metric spaces. In 1993, Czerwik [3] extended
the results of b-metric spaces. Recently, many research [4—6] was conducted on b-metric space under
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different contraction conditions. The notion of extended b-metric space has been introduced recently
by Kamran et al [7]. For more details in this direction, we refer the readers to [8—14] On the other
hand, Samet et al. [15] introduced a new concept of a-iy-contractive mappings and establish various
fixed point theorems in complete metric spaces. Recently, Shatanawi et al. [18] utilized the notion of
a-y-contractive mappings in extended b-metric spaces and proved a fixed point theorem to generalize
the main result of Kamran et al [7]. In this paper, we will define the notion of locally a-iy-contractive
mappings in the setting of extended b-metric space and obtain some new fixed point results.

2. Preliminaries

Czerwik [3] introduced the notion of b-metric space in this way.

Definition 1. (see [3]) Let X be a non empty set and s > 1 be a given real number. A function
dy:XxX— [0, 00) is called b-metric if it satisfies the following properties for each x,y,z €X.
(b1) dy(x,y) = 0 if and only if x=y;
(b2) dy(x,y) = dp(y, x);
(b3) dp(x,y) < sldp(x,2) + dp(2,y)].

Then (X, dy) is called a b-metric space with coefficient s.

Kamran et al [7] defined extended b-metric space to generalize b-metric space as follows:

Definition 2.  (see [7])Let X be a non-empty set and 60 :XXX— [1,00). A function dy:XxXX—
[0, 00) is called an extended b-metric if for all x,y, z €X, it satisfies:
(dol) do(x,y) =0 ifand only if x =y,
(do2) dy(x,y) = dy(y, x),
(dp3) dy(x,2) < 0(x, 2)[do(x,y) + dy(y, 2)]-
The pair (X, dy) is called an extended b-metric space.
For x e Xand € > 0, B(x,€) = {y € X:dy(x,7) < €} is a closed ball in extended b-metric space (X, dp).

Example 3.  Consider the set X= {—1, 1,2}, define the function 8 on XxX to be the function
0(x,y) = |x| + |y|. We define the function dy(x,y) as follows:
dg(2,2) = do(1,1) = dy(—1,-1) = 0,dy(1,2) = % = do(2,1) and dy(1,—-1) = do(—1,1) = dy(2,-1) =
dy(—1,2) = % Then it is clear that dy(x,y) satisfies the first two conditions of Definition 2. We need to

verify the last condition:

a1, =~ < 3| e Mo a0 20d0, 1) + do=1,2))
2 37 3]

dl-D =~ < 2| Mo a0, —0ay1,2) + do2 -1
3 2" 3]

dg(—1,2):% <3 %+% = 0(=1,2)[dg(=1, 1) + dy(1,2)]

Therefore, dyo(x,y) satisfies the last condition of the definition and hence (X, dy) is an extended b-metric
space.
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The concepts of convergence, Cauchy sequence and completeness can easily be extended to the
case of an extended b-metric space.

Definition 4. (see [7]) Let (X, dy) be an extended b-metric space.

(i) A sequence {x,} in X is said to converge to x € X, if for every € > 0 there exists N = N(e) € N
such that dy(x,, x) < €, for all n > N. In this case, we write lim,_,, x,, = x and x is called the limit point
of sequence x,,. In extended b-metric space, the limit of a convergent sequence is unique.

(i1) A sequence {x,} in X is said to be 6 Cauchy, if for every € > 0 there exists N = N(€) € N such
that dy(x,,, x,,) < €, for all m,n > N.

Definition 5. (see [7]) An extended b-metric space (X, dy) is complete if every Cauchy sequence in
X is convergent.

Note that, in general a b-metric is not a continuous functional and thus so is an extended b-metric.
In this paper,we have give some new notions of locally a-y-contractive mapping and generalized a — ¢
rational contraction of Dass and Gupta [17] type in the context of complete extended b-metric spaces
and investigate some existence and uniqueness fixed point theorems.

3. Main results

In 2012, Samet et al. [15] introduced the concept of @-admissible mapping and @ — y¥-contractive
mapping in complete metric space as follows:

Definition 6.  (see [15]) Let [J be a self-mapping on X and a :XXX— [0, +c0) be a function. We
say that [J is an a-admissible mapping if

ax, )21l = a(Ix,Jy)>1 Vx,yeX

Let ¥ denote the set of all functions ¢ : [0, c0) — [0, c0) such that
(1) ¢ is nondecreasing,

(2) i Y'(t) < +oo for all ¢ > 0, where ¢ is the n-th composition of .
n=1

Lemma 7. If ¢ € Y, then y(t) < t, for all t € (0, +00).

Definition 8. (see [15]) A be a self-mapping J on metric space (X,d) is said to be a — -
contractive mapping if there exist a :XxXX— [0, +o0) and € ¥ such that

a(x, AT x, Jy) < ¢ (d(x,y))
Vx,y € X.

Later on, Samet [16] extended this concept of @ — y/-contractive mapping to the context of h-metric
space and obtained some generalized fixed point results. Samet [16] also defined a — ¢ rational
contraction in the setting of b-metric space by using rational expression of Dass and Gupta [17] type
in his contraction.

Very recently, Shatanawi et al. [18] utilized the notion of @ — -contractive mapping in extended
b-metric space in this way:
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Definition 9. (see [18]) Let X be a set and 6 XxXX— [l,+c0) be a mapping. A function

W i [0,00) — [0,00) is said to be an extended comparison function if it satisfies the following
conditions:

(1) ¥ is nondecreasing,

(2) 2 ") [16(xi, xp) < +00, any sequence {x,},. , in X, for all t > 0 and m € N where y" is the
n=1 i=0

n-th iterate of .

The set of all extended comparison functions is denoted by Yy. Note that if y € Yy, then we have

>, Y (t) < +oo, since

n=1

i (o) ﬁ 0 (xi, Xim) = i (@),
n=1 i=0 n=1

for all t > 0. Hence, by Lemma 7, we have y(t) < t. Also, note that the family Yy is a non-empty set,
as it can be shown in the following examples.

Example 10.  Consider the extended b-metric space (X,dy) that was defined in Example 3. Define
the mapping y(t) = 4, where A < 1. Note that 6(x, y) < 4. Then we have

A

"t
A" = A"
4n

v |0 x <
i=0
Therefore,

i (D) ﬁ 0 (x;, xXp) < i A"t < o0,
n=1 i=0 n=1

Definition 11. Let (X,dy) be an extended b-metric space and A C X. A mapping J :X—X is said to
be locally a-y-contractive mapping if there exists a :XxX— [0, o) such that

a(x, )do(T x, Ty) < Y(dy(x,y)) (3.1)
Vx,y € A.

Theorem 12. Let (X,dy) be a complete extended b-metric space such that dy is continuous

functional, xy € X, r > 0 and let J :X—X be a locally a-y-contractive mapping. Suppose that the
following conditions hold:

(i) 9 is a-admissible;

(ii) for such xy € X, a(xg, I xo) = 1;

(iii)

) ¥ oo, Txo) | [ 6 j) < (3.2)

J

i=0 k=0

(iv) J is continuous or a(x,, x) > 1 for a sequence {x,} in B(xy, r) such that a(x,, X,+1) > 1 forn e N
and x, = xas n — +oo.

Then [ has a fixed point in B(x, r).

Moreover, for all x,y € B(xy, 1), there exists z € B(xy, r) such that a(x,z) > 1 and a(y,z) > 1. Then the
fixed point is unique.
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Proof. Let xy € X such that a(xy, T xo) > 1. Define a sequence {x,}in X by x, = J"xo = Jx,-1 Vne€
N. Assume that x,, = x,,,; for some ny € N, we get x,, = J x,, and the proof is completed. Now, we
suppose that x,, # x,,,; Vn € N. Since J is a-admissible, we have

a(xg, x1) = a(xo, I x0) 2 1 = a(J x0, T x01) = a(x1, x2) > 1.

By induction, we get
a’(-xna -xn+1) > 1

Vn € N. First, we show that x,, € B(xo, r) for all n € N. Using inequality (3.2), we have

dy(x0, I x0) < do(x0, T x0)0 (X0, x1) < 1.

It follows that x; € B(xo,r). Let x, x3,..,x; € B(xo,r) for some j € N. Since J is a locally a-y-
contractive mapping, so

IA

df)(xja Xj+1) a’(xj—l’xj)da(xjaxjﬂ)

a(x;1, x))dg(J xj-1,T x})
Y(dy(xj-1, X))

Y(a(xj—p, xj—1)dp(xj-1, X))
Ya(xjo, xj-)do( T Xj-2, T xj-1))

YA (do(xj-2, Xj-1))

IAIA

IA

IA

U (dp(x0, x1)). (3.3)

Now

IA

0(xo, xj+1)dg(x0, x1) + 0(x0, Xj41)0(x1, X4 1)dg( X1, X2)
+ooo + (X0, X 1)O(X1, Xji1) -+ 00X, Xjp1)dp(Xj, Xji1)
0(x0, X j+1)dg( X0, X1) + O(x0, X41)0(x1, X1 )WY (do(X0, X1))
Fooe + O0(x0, Xj41)0(X1, Xj31) - - - (X, Xj1 W (do(x0, X1))

dg(xo, Xj+1)

IA

j L

- Z W' (dg(x0, T X0)) ]—[ 0 (Xk’ xf+1)
i=0 k=0
r.

<

Thus x;.; € B(xo, r). Hence x, € B(xo, r) for all n € N. Now for x,, x,+1 € B(xo,r), we have

A

d@(xn» xn+1) = Cy(xn—l 5 xn)d()(xn’ xn+1)

(Xp-1, X0)dg(T Xn-1, T Xp)

AIMS Mathematics Volume 6, Issue 6, 5465-5478.



5470

IA

Y(dp(Xn-1, X))

Y(a(Xp-2, Xp-1)do(Xn-1, Xn))
Y(a(xn-2, Xn-1)do(T Xn-2, T Xn-1))
WP (d(Xn-2, %11)

IA

IA

IA

Y (dy(xo, X1)). (3.4)

Now for any m,n € N with m > n, we have

d&(xn, -xm) < e(xn, xm)[dB(xm xn+l) + dB(an s xm)]
= H(Xna -xm)dé)(xn, xn+1) + Q(Xn’ xm)dO(xn+1 s xm)
< Q(Xn, xm)de(xm xn+1) + Q(Xna -xm)e(xn+1 ’ xm)[da(xn+l ’ xn+2) + d@(xn+2a xm)]
< e(xn, xm)wn(de(an X1 )) + H(Xn, Xm)e(xm_l, Xm)L//nH(de(Xo, X1 )) t ...
+ G(Xrt, -xm)e(xn+1 5 xm)g(xn+2a -xm)---e(-xm—Z’ xm)g(xm—l ’ xm)l//m_l (de(xo, X1 ))
m—1 j
= > oo, x0) | ] 0k %)
j:n i=n
m—1 . Jj n—1 . Jj
= > oo, x) | | 0 x) = > 07 (o, x0) | | 0 )
j=1 i=n j=1 i=n
= Sm—l - Sn—l
m-1 .
where S - = Y, ¥/ (dp(x0, x1)) [T._, 6(xi, Xn). Since, ¢ € Wy, so
j=1

lim [Sm_1 - Sn—l] =0.

n,m— oo

Therefore, the sequence {x,} ., is a Cauchy sequence. The completeness of the space (X, dj) implies
that the sequence is convergent to a point x* € X, that is, lim,_,. x, = x*. Now, we show that x* is a
fixed point for J. Since J is continuous, we have lim,,_,., S x, = Jx* and so Jx* = x*. Now as
lim,_,., x, = x*, so by the second part of assumption (iv), we have a(x,, x*) > 1 for all » € N and

do(Xp+1, T X°) do(T x,, T X*)
(X, X)do(T X, TX7)

Y(do(x, X7))

IA I

IA

Letting n — +o00, since i is continuous at ¢ = 0, we obtain dy(x*, Jx*) = 0, that is, x* = Jx". The last
assumption of the theorem implies that a(u,z) > 1 and a(v,z) > 1. Since J is a-admissible, we have
a(J"u; J"2) = a(u, 9J"z) > 1 and a(J"v; I"z) = a(v,J"z) > 1, for all n € N. Using (3.1), we get
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do(Ju, T(T"'2))
a(u, I ' 2)dg(Tu, T (T '2))
W(dy(u, T '2))

dy(u, J"2)

IA

IA

IA

" (dp(u, 2))

Since ¢ € s, the sequence { ¥"(dy(u, 7))} converges to 0. Therefore, J"z converges to u. Similarly,
we can show that 7"z converges to v. The uniqueness of the limit implies that u = v. O

In Theorem 12, if we put a(x,y) = 1, then we obtain the following result.

Corollary 13. Let (X,dy) be a complete extended b-metric space such that dy is continuous
functional, xo € X, r > 0 and let J :X—X be a mapping satisfying the following conditions:
(i) there exists ¥ € Ws such that

do(Tx,Ty) < Y(dp(x,y)) Y x,y € B(xo, 1),
(ii) for such xy € X such that

J i
' (dg(x0, T x0)) n Q(Xk, Xj+1) <r,
i=0 k=0
(iii) J is continuous.

Then J has a unique fixed point in B(xg, r).

If we put ¥(r) = At, where 0 < A < 1, in Theorem 12, we get the following result.

Corollary 14. Let (X,dy) be a complete extended b-metric space such that dy is continuous
functional, xy € X, r > 0 and let J :X—X be a mapping satisfying the following conditions:
(i) there exists A € [0, 1) such that

a(x,Y)do(J x,Jy) < Ady(x,y) VY x,y € B(xo, 1),

(ii) for any sequence {x,} | in B(xo, r) and x € B(xo,r), we have

i A" ﬁ 0 (x;, x) < 400,

n=1 i=0
(ii)J is a- admissible;
(iv) for such xy € X, a(xy, Tx9) = 1;

(v)
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(vi) J is continuous or a(x,, x) > 1 for a sequence {x,} in B(xy, r) such that a(x,, x,.1) > 1 forn € N
and x, = x asn — +oo,

Then J has a fixed point in B(xg,r).

Moreover, for all x,y € B(xy, r), there exists z € B(xo, r) such that a(x,z) > 1 and a(y,z) > 1. Then the
fixed point is unique.

Example 15. Let the set X= [0, o). Define dy:XxX— [0, 00) and 0 :XxX— [1, o) as:
dy(x,y) = (x—=y)%, 6(x,y) =x+y + 2. Then dy is a complete extended b-metric on X. Define J :X—X by
Jx= 5 VxeX and a :XxX— R such that

1 if x,yel0,1],
a(x,y) = {O otherwise.

Considering, xo = % x| = é % then B(xo, r) =10, 1] and y(t) = é Clearly T is an a-y-Contractive
mapping,
1 1 1
dg(xo, —— ===
o(x0, T X0) = A

Zw (de(xo,jxo))n Noxj) = ¢ Z . ﬂ (moxim) = 525 = > < 2.

We prove the condition of our theorem 12 are satisfied for x,y € B(xy, r). We suppose that x =y,

a(x, x)dg(J x, Tx) =0 < Y(dy(x,x) =¢(0)=0 Vx € B(xy, ).

Now, we suppose that x < y. Then,

1 1
ax, V)dg( T x, Ty) = 7 (x = < 3= )* < Y(dy(x,y))

Thus, J satisfies the conditions in Theorem 12 and hence it has a unique fixed point x = 0 € B(x, r).

Now we define a notion of generalized a-y-rational contraction of Dass and Gupta [17] and
establish some fixed point results in the setting of complete extended b-metric space.

Definition 16. Let (X,dy) be an extended b-metric space and J X—X is said to be generalized
a-y-rational contraction if there exists a :XxX— [0, oo) such that

[1+dy(x, Tx)]do(y, Ty) do(x ))
1+ do(x, y) G0l Y

a(x, Y)do(Tx,Jy) <y (max { (3.5

Vx,y e X

Theorem 17. Let (X,dy) be a complete extended b-metric space such that dy is continuous functional
and let J :X—X be generalized a-y-rational contraction. Suppose that the following conditions hold:
(i) J is a-admissible;

(ii) A xg € X such that a(xy, S x9) > 1,
(iii) J is continuous or a(x,, x) > 1 for a sequence {x,} in X such that a(x,, x,+1) > 1 for n € N and
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X, = xXasn — +oo.

Then J has a fixed point in X.

Moreover, for all x,y € X, there exists 7 € X such that a(x,z) > 1 and a(y, z) > 1. Then the fixed point
is unique.

Proof. Let xiy € X such that a(xy, J xo) > 1. Define a sequence {x,} in X by x, = J"xo = I x,-1 Vne
N. Assume that x,, = x,,,; for some ny € N, we get x,,, = J x,, and the proof is completed. Now, we
suppose that x,, # x,.1 ¥Yn € N. This implies that dy(x,, x,+1) > 0. The second condition of the Theorem
implies that a(J xo, J x1) = a(x;, x) > 1. So by induction on n, we have a(x,, x,;;) > 1 forall n € N.
Now we apply the contractive condition 3.5. As 7 is a generalized a-y-rational contraction, so

IA

a’(xn—l B xn)dﬁ(xn > Xn+1 )

= a/(xn—l, xn)de(jxn—lajxn)
< l,b (max { [1 + d@(xn—l’ jxn—l)] d@(xn’ jxn) i dg(xn_l, xn)})

I+ de(xn—b xn)
_ [1 + d@(-xn—l’ xn)] df)(xna xn+l)
= Y (max { Tt o) s dog(Xp-1, Xn)})
= W (max {dé)(xm xn+1)7 dé)(xn—la xn)}) .

dH(-xna xn+l)

If max {dﬁ(-xna Xn+1 )’ dH(-xn—l s xn)} = d@(xn’ Xn+1 )’ then

d@(xm xn+1) < lﬁ (dO(Xm xn+l)) < dﬁ(-xna xn+1)

which is a contradiction. Thus max {dy(x;,,, X,+1), do(x,—1, X,)} = dp(x,-1, x,,). Hence

do(Xn, Xni1) < Y (do(Xn-1, Xn)) (3.6)

Similarly

IA

(Xp-25 Xn-1)dp(Xp-1, Xp)

= a(Xp-2, Xp-1)do(T X2, T Xn-1)

< y[max [1 + do(xp-2, T Xp-2)1 do(Xp-1, T Xn-1)

B I+ dH(-xn—Z’ xn—l)

— ',b max [1 + d&(xn—Za xn—l)] de(xn—l’ Xn)
1+ d@(xn—b xn—l)

= '70 (maX {dé)(-xn—l s )Cn), dH(-xn—Za Xn-1 )})

d@(xn—l ’ xn)

s dg(Xp—2, xn—l)})

> dﬁ(xn—Za Xn—1 )})

If w (max {de(xn—la xn), d&(xn—Za xn—l)}) = d@(xn—l ’ xn)a then

d@(xn—l’ xn) < w (dO(-xn—l’ xn)) < df)(xn—la -xn)

which is a contradiction. Thus
"/’ (max {dG(xn—l , xn)a dG(xn—Za xn—l)}) = dﬂ(xn—Z’ xn—l)~ Hence

do(Xp-1, Xn) < Y (dp(Xp—2, X4-1)) 3.7
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Thus by (3.6), (3.7) and induction, we have

IA

lﬁ (de(xn—la xn))
l/’ (de(xn—z, xn—l))

d@(xn’ Xn+1 )

IA

IA

IA

" (dy(x0, X1))

for all n € N. Now for any m,n € N with m > n, we have

do(Xn, Xpm) < 00, X)) do(Xns Xni1) + do(Xps1, X))
= 00, Xp)dg(Xns Xps1) + (X, X)) do(Xps 15 Xin)
< 00X, Xi)do(Xns Xn1) + O(Xs Xin)O(Xs 15 X)) [do(Xn15 Xn42) + do(Xns2s Xim)]
< 00, X)W (do(X0, X1)) + (X0, X011, X)W (do(x0, X1)) + ...
+ 000 X)X 1> Xn)O X125 X 0(Xin—2, X)Xt X" (X0, X1))

m

-1 j
D doxo, x0) | ] 0k, %)

~
_ =

J n—1 J
= ! (dy(x0, 1)) ]—[ O(x;, Xm) — Z W’ (dy(x0, x1)) l_[ O(xi, X))

=

3

—_

]_
= Sm—l - Sn—l

m—1 ,
where S,,_1 = 3 ¥/ (dy(x0, X1)) ]_[{:n 0(x;, xp,). Since, ¥ € Yy, so lim,, 0[S -1 =S »-1] = 0. Therefore,

=1
the sequence {an}fl":] is a Cauchy sequence. The completeness of the space (X, dy) implies that the
sequence is convergent to a point x* € X. Now, we show that x* is a fixed point for J. Since 7 is
continuous, we have lim,,_,., x, = 9 x* and so Jx* = x*.

Now as lim,_,. x, = x*, so by the second part of assumption (iv), we have a(x,,x") > 1 foralln € N

and

do(Xp41, jx*)

do(T x,, T x7)
a(x,, x)dg(T x,, T X*)

w(max{[l + dp(x, Txp)] de(X*,JX*)’de(xmx*)})

1 + dg(x,, x*)

IA

IA

Letting n — +o00, since ¥ is continuous at ¢t = 0, we obtain dy(x*, Jx*) = 0, that is, x* = Jx*.Suppose
that J has two fixed points u,v € X.The last assumption of the theorem implies that @(u,z) > 1 and
a(v,z) > 1. Since J is a-admissible, we have a(9"u; J"z) = a(u, J"z) > 1 and a(J"v; T"z) =
a(v,J"z) > 1, for all n € N. Using (3.5), we get

dou, J"2) = do( T, T(IT"'2))
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IA

a(u, T 2)do(Tu, J(T" '2))
o [max [ L+ o T d( T2, T (T 12)
1+ dg(bt, jn—lz)

IA

, do(u, J"HZ)}) :

If

max 4 LUt e Tu)l do(T R VIVERS9)
1+ dy(u, J"'2)

_ 1+ do(u, T do( T2, T (T '2))
- 1+ dy(u, J"'2)

s do(u, I "_12)}

then

n-1 n—1
d@(u,jnZ) < '7[/ ( [1 + dg(u, ju)] dg( Z, j( Z))) .

1+ dy(u, I '2)
Taking the limit as n — oo, we get J"z — u. Similarly, if

n-1 n-1
max{[l + de(u,{it)c]iie;(f(]n_]z;;‘f(j Z)),dg(l/l,jnlz)} I
Then

do(u, T"2) < ¢ (do(ut, T"'2))
Taking the limit as n — oo, we get J"z — u. Similarly, we can show that "z converges to v. The
uniqueness of the limit implies that u = v. O

In Theorem 17, if we put a(x,y) = 1, then we obtain the following result.

Corollary 18. Let (X,dy) be a complete extended b-metric space such that dy is continuous
functional and let J :X—X be a continuous self mapping such that

[1+ do(x, TX)do(y, Ty) dy(x.)
1 +dy(x,y) ARGV ]

do(Tx,Ty) < ¢ (maX {
Then J has a unique fixed point in X.
4. Fixed point theorem for graphic contraction

In 2008, Jachymski [19] introduced the notion of Banach G-contraction to generalize Banach
contraction principle in the context of metric space. Very recently, Chifu [20] introduced Banach
graphic contraction in the setting of extended b-metric space and obtained fixed and common fixed
point theorems. Now we derive a fixed point theorem as an application of our result. Throughout this
paper, we denote (X, dy) as extended b-metric space and A the diagonal of the Cartesian product
X x X. Consider a directed graph G such that the set V(G) of its vertices coincides with X, and the set
E(G) of its edges contains all loops, i.e., E(G) 2 A. We assume G has no parallel edges, so we can
identify G with the pair (V(G), E(G)). Moreover, we may treat G as a weighted graph (see [19]) by
assigning to each edge the distance between its vertices. If x and y are vertices in a graph G, then a
path in G from x to y of length N (N € N) is a sequence {x,-}?i o of N + 1 vertices such that
X0 = x, xy =yand (x,-1,x,) € E(G) fori =1, ..., N. A graph G is connected if there is a path between
any two vertices. G is weakly connected if G is connected(see for details [21-23]).
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Definition 19. [20] A mapping J :X—X is a Banach graphic contraction or simply graphic
contraction if J preserves edges of G, i.e.,

Vx,y € X((x,y) € E(G) = (Ix,Ty) € E(G))
and J decreases weights of edges of G in the following way:
A1 e [0,1),Vx,y € X((x,y) € E(G) = dy(T x,Ty) < Ady(x,y)).
Theorem 20. Let (X,dy) be a complete extended b-metric space endowed with a graph G such that
dy is continuous functional and let J :X—X be a continuous self mapping such that

Suppose the following assertions hold:

(i) Vx,y € X, (x,y)€ E(G) =(T x, T y)€ E(G),
(i1) there exists xo € X such that (xy, I x9)€ E(G),
(ii1) there exists Y€ ¥y such that

A T2, T) < w(max{[l + do(x, T x)] dy(y, Jy)’de(x’ y)})

1 +dy(x,y)
for all x,y € X

(iv) (x,, x)e E(G) for a sequence {x,} in X such that (x,, x,.1)€ E(G) for all ne N and x, — x as
n — +oo.

Then J has a fixed point.
Proof. Define a : X> — [0, +00) by

1if (x,y) € E(G)
0, otherwise.

me={

First we prove that J is @-admissible mapping. Let a(x,y) > 1, then (x,y) € E(G). From (i), we have
(Ix,Jy) € E(G), that is, (T x,Jy) = 1. Thus J is a-admissible mapping. From (ii), there exists
Xo € X such that (xo, T xo)€ E(G), that is, a(xy, I x0)=> 1. If (x,y)e E(G), then a(x,y) = 1. Thus from
(i11), we have

a(x, V)de(Tx,Ty) = do(Tx,Ty)
[1 + dp(x, T )] dp(y, Ty)
< b d b
< oman { TR
Condition (iv) implies condition (ii) of Theorem 17. Hence, all conditions of Theorem 17 are satisfied
and 7 has a fixed point. O

5. Conclusions

In this paper, we have introduced some notions to study the existence and uniqueness of fixed
points for locally a-y-contractive mapping and generalized « — ¢ rational contraction in the context
of complete extended b-metric spaces. The obtained results improved and unified some of the results
in the literature. We also have provided an example to support the new theorem. Our results are new
and significantly contribute to the existing literature in the fixed point theory. In this area, our future
work will focus on studying the fixed points of multi-valued and fuzzy mappings in extended b-metric
spaces, with fractional differential inclusion problems as applications.

AIMS Mathematics Volume 6, Issue 6, 5465-5478.



5477

Contflict of interest

The authors declares that they have no competing interests.

References

1.

10.

11.

12.

13.

14.

15.

16.

S. Banach, Sur les operations dans les ensembles et leur application aux equation sitegrales,
Fundam. Math., 3 (1922), 133-18]1.

A. Bakhtin, The contraction mapping principle in almost metric spaces, Funct. Anal., Gos. Ped.
Inst. Unianowsk, 30 (1989), 26-37.

S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ. Ostra., 1 (1993),
5-11.

W. Shatanawi, A. Pitea, R. Lazovic, Contraction conditions using comparison functions on b-metric
spaces, Fixed Point Theory Appl., 2014 (2014), 1-11.

T. Kamran, M. Postolache, M. U. Ali, Q. Kiran, Feng and Liu type F-contraction in b-metric spaces
with application to integral equations, J. Math. Anal., 7 (2016), 18-27.

M. A. Kutbi, E. Karapinar, J. Ahmad, A. Azam, Some fixed point results for multi-valued mappings
in b-metric spaces, J. Inequal. Appl., 2014 (2014), 126.

T. Kamran, M. Samreen, Q. UL Ain, A generalization of b-metric space and some fixed point
theorems, Mathematics, 5 (2017), 19.

S. K. Panda, A. Tassaddiq, R. P. Agarwal, A new approach to the solution of non-linear integral
equations via various Fg -contractions, Symmetry, 11 (2019), 206.

N. Mlaiki, H. Aydi, N. Souayah, T. Abdeljawad, Controlled Metric Type Spaces and the Related
Contraction Principle, Mathematics, 6 (2018), 194.

J. Ahmad, A. E. Al-Mazrooei, On Fixed Point Results in Controlled Metric Spaces, J. Funct.
Spaces, 2020 (2020), 1-7.

J. Ahmad, N. Hussain, A. Azam, M. Arshad, Common fixed point results in complex valued metric
space with applications to system of integral equations, J. Nonlinear Convex A., 16 (2015), 855—
871.

A. Azam, N. Mehmood, J. Ahmad, S. Radenovi¢, Multivalued fixed point theorems in cone b-
metric spaces, J. Inequal. Appl., 582 (2013), 1-9.

N. Hussain, J. Ahmad, New Suzuki-Berinde type fixed point results, Carpathian J. Math., 33
(2017), 59-72.

A. Petrusel, G. Petrusel, Fixed point results for multi-valued locally contractive operators, Appl.
Set-Valued Anal. Optim., 2 (2020), 175-181.

B. Samet, C. Vetro, P. Vetro, Fixed point theorems for a-y-contractive type mappings, Nonlinear
Anal., 75 (2012), 2154-2165.

B. Samet, The class of (a,)-type contractions in b-metric spaces and fixed point theorems, Fixed
Point Theory Appl., 2015 (2015), 1-17.

AIMS Mathematics Volume 6, Issue 6, 5465-5478.



5478

17.

18.

19.

20.

21.

22.

23.

@ AIMS Press

BK. Dass, S. Gupta, An extension of Banach contraction principle through rational expressions,
Indian J. Pure Appl. Math., 6 (1975), 1455-1458.

W. Shatanawi, K. Abodayeh, A. Mukheimer, Some Fixed Point Theorems in Extended b-Metric
Spaces, U.P.B. Sci. Bull., Series A, 80 (2018), 71-78.

J. Jachymski, The contraction principle for mappings on a metric space with a graph, Proc. Amer.
Math. Soc., 136 (2008), 1359-1373.

C. Chifu, Common fixed point results in extended b-metric spaces endowed with a directed graph,
Results in Nonlinear Analysis, 2 (2019), 18-24

F. Bojor, Fixed point theorems for Reich type contraction on metric spaces with a graph, Nonlinear
Anal., 75 (2012), 3895-3901.

R. Espnola, W. A. Kirk, Fixed point theorems in R-trees with applications to graph theory, Topo.
Appl., 153 (2006), 1046—-1055.

N. Hussain, S. Al-Mezel, P. Salimi, Fixed points for y-graphic contractions with application to
integral equations, Abstr. Appl. Anal., 2013 (2013), 1-11.

©2021 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 6, Issue 6, 5465-5478.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	 Main results
	Fixed point theorem for graphic contraction
	Conclusions

