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1. Introduction

In this paper, we consider the following parabolic problem with nonlocal nonlinearity:

@ —a (f |e(x, t)l"dx) Au= f(u), (x,)inQx(0,7),
ot Q

u(x,t) =0, (x,f)ondQx(0,T), (1.1)
u(x,0) = up(x), xinQ,

where Q ¢ RV (N > 1)is a ﬂlﬂicienﬂy regular domain, y € [l,+00), 0 < T < +oo,
a € C'([0, +00), [0, +0)), uy € C>**(Q), f € C'(R, R).
This type of problem was studied initially by Chipot and Lovat in [8], where they proposed the
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equation

U, —a (f u(z, t)dz) Au= f(x,1), inQx(0,T),
Q

ulx,t) =0, (x,H)onoQ x(0,7),
u(x,0) = up(x), xin Q

(1.2)

for modelling the density of a population, for example, of bacteria, subject to spreading and presented
the existence and uniqueness of a weak solution to this equation. Another interesting result was
obtained in [3] where Almeida, Antontsev and Duque considered the following problem

y
u; — (f u(z, t)dz) Au = f(x,1), inQx(0,T),
Q

u(x,t) =0, (x,r)ondQ x (0,7),
u(x,0) = up(x), xin

(1.3)

and proved the existence, uniqueness and asymptotic behaviour of the weak solutions. Note that f(x, f)
is independent on u in problem (1.2) and if a(t) = ¢, problem (1.1) can be changed into problem (1.3).
Therefore, problem (1.1) is a generalization of problem (1.2) and (1.3).

For f depending on the state u such as f(u) = ru(k — u) or f(u) = ru/(k + u), Ackleh and Ke [1]
studied the problem

! Au= f@), inQx(0,T),

. a(fQ u(z, t)dz) (1.4)
u(x,t) =0, ondQx(0,7), ’

u(x,0) = up(x), inQ,

u

proved the existence-uniqueness of a solution to this problem and gave some conditions for the
extinction in finite time and the persistence respectively. If the coefficient 1/a is an unbounded
function around the origin (e.g., a(u(,t)) = fQ u(x, t)dx), then a diffusion of this type could model a
population that is anxious to move quickly out of zones experiencing a sharp decrease in population
densities. For example, consider a population attempting to leave a spatial region due to a sudden
dangerous situation. The individuals in the population move randomly (due to lack of information) in
an attempt to leave the area. In this case, diffusion out of the region will increase as population
decreases due to a decrease in the interaction between individuals that hinders their movement out.
One can imagine such an occurrence related to an epidemic. The asymptotic behaviour of the
solutions as time tends to infinity was studied for nonlinear parabolic equations with two classes of
nonlocal terms or a non-autonomous sublinear terms also (see [6,30]).

We point out that there is only one unknown function in (1.1). In fact, there are many types of
species in some areas and then it is interesting to discuss nonlocal coupled systems. For examples,
in [4], Duque et al. presented some results on the existence, uniqueness of weak and strong global
in time solutions, polynomial and exponential decay and vanishing of the solutions in finite time.
In [19], Raposo et al. discussed the existence, uniqueness and asymptotic behavior of the solutions for
a nonlinear coupled system.

In this work, we present some conditions for reaction term f and diffusion coefficient a different
from most previous papers: (1) reaction term f may grow superlinearly or exponentially at +oo or be
lack of local Lipschiz continuity at 0; (2) diffusion coefficient a is unbounded and even grows
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exponentially at +co. This work is concerned with the proof of the existence, uniqueness and
asymptotic behavior of the solutions and extend some results in previous literature (see [1, 3,6, 8,30]).

The paper is organized as follows. In Section 2, according to the proof in [1], we consider a
generalized problem (2.1) of (1.1), transform (2.1) into (2.2) and show that the existence of solution
to (2.1) is equivalent to the existence of solution to (2.2). In Section 3, we define the sub-supersolution
pair for (3.1) which generalizes (2.2) and present the existence of solutions between the subsolution and
supersolution. Section 4 is devoted to the proof of the existence, uniqueness and long-time behavior
of solutions to (1.1) by using the method of sub-supersolution in Section 3. In Section 5, motivated
by the idea in [1], we develop a finite difference scheme to approximate the solution of some reaction-
diffusion equations. This scheme is then used to numerically study the long time behavior of the some
models. Some ideas in our paper come from [5,7,9,11-16,20,21,23-29] also.

2. Equivalence of some generalized system to (1.1)

Now we generalize (1.1) to the following problem

(;—L; —a (f |u(x, t)|7dx) Au = F(x,u), (x,1)inQ x (0,T),
Q
u(x,t) =0, (x,r)ondQx (0,7T),

u(x,0) = up(x), xin Q,

2.1

where Q C RY is a bounded domain with dQ € C***, uy € C***(Q), @ € (0,1), T < 400, y € [1, +0).
In order to consider (2.1), we consider the following problem

Mz = ! F(xu), (x.f)inQx(0,T),

a ( f lu(x, H)I’d )
a . u(x, X 2.2)
u(x,t) =0, (x,r)onoQ x(0,T),

u(x,0) = up(x), xin Q,

where a satisfies y
a € C\([0, +o0), R), inf_ar) = a(0) < gy > 0. 2.3)
tel0,+00

Theorem _2.1 Suppose that uy € C2+"(§), with uy # 0 and (2.3) holds. Then (2.1) has a solution
u(x, t) on [0, T ) if and only if that (2.2) has a solution v(x, t) on [0, Ty.x), where the relation between
Tmax and T ax 1S

_ Tmax 1 Tmax
Tax = f ds, Ty = f a( f lu(x, $)"dx)ds.
0 a( fg [v(x, $)[7dx) 0 Q

Proof. Sufficiency. Suppose that v is a solution of (2.2). Let 7(¢) be a solution to the following ordinary

differential equation
7)) =a vix, T’ dx), t >0,

7(0) = 0.
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Separating variables and integrating in # we get the following equation:

(1) 1 _
f ds=1t, t€[0,T )
o a(f, v(x, )Pdx)

Set

» 1
G¢) = ds, 0, Trax)-
© j: a(fQ [v(x, s)[7dx) s eel )

It can be easily shown that G is a C! diffeomorphism from [0, T,y ) onto [0, Tmax) and (2.3) implies
that (2.4) has a unique solution given by 7(f) = G~!(¢) on [0, T a)-
Now let
u(x, 1) = v(x, 7(1)), x € QX [0, Tya).

Then clearly u satisfies the following: u(x,0) = v(x, 7(0)) = uo(x) and u(x, t) is continuous for ¢ > 0,
continuously differentiable for # > 0. Furthermore, we have that

ulx,t)  wx,r) )
8t ar |r:T(t)T (t)

[—Av(x, T(1)) +

F(x,v(x,7(1))]a( f v(x, T(2)I")dx

Q

1
a( [, v(x, T(t)ldx)
=—a( | v(x,T))dx)Av(x,1(t)) + F(x,v(x, (1))

= —a(jQ lu(x, DY dx)Au(x, t) + F(x,u(x, 1)), (x,1) € Qx (0, Tmax).
Q

Hence, u is a local solution of Eq (2.1).
Necessity. Let u(x, t) be a solution to (2.1) and let G be the solution to the differential equation

1

, >0,
a( [, lu(x, G(s))Pdx) (2.5)
G(0) = 0.

G'(s) =

Separating variables and integrating in t we get the following equation:

G(1)
f a(f lu(x, s)"dx)ds = t, t € [0, Tmax)-
0 Q

Set

7(§) = f a( f u(x, $)P'dx)ds, t € [0, T max)-
0 Q
It can be easily shown that 7 is a C' diffeomorphism from [0, T max) 00t [0, Tnax) and (2.3) implies
that (2.5) has a unique solution given by G(¢) = 77!(¢) on [0, Tax)-

Set
v(x, 1) = u(x, G(1)), (x,1) € QX [0, Tax)-

AIMS Mathematics Volume 6, Issue 5, 5292-5315.



5296

We have that v(x,0) = u(x,0) = up(x), v(x, ) is continuous for ¢ > 0, continuously differentiable for
t > 0. Moreover,

v(x, 1) u(x,r) ,
o lr=nG (1)

ot
1
=[- (fl (x, GO dx)Au(x, G(1)) + F(x, u(x, G(1)]
“ " lx e (e, G
= (=Av(x, F(x,v(x,1)),t> 0.
(—Av(x, 1) + a(fg D) (x,v(x, 1), >
The proof is complete. O

Remark 2.1 Under the uniform Lipschitz continuity requirement on the functions F, condition (2.2)
ona and y > 1, Eq (2.2) has a unique mild solution (see [17,22]).

Remark 2.2 The idea of our theorem comes from Theorem 2.1 in [1]. But in our proof, it is not
necessary that F satisfies uniform Lipschitz continuity condition.

3. Sub-supersolution method

Let k > 0 be an integer, CX(Q) = {u : Q — R|D'u € C(Q), V¥ |I| < k} with the norm

il = > max |Du(x)l,

[s<k xeQ

CH*(Q) = {(u: Q - Rlu € CP(Q), H,(D*u) < +c0 Y |s| = k} with the norm

& = " max |D*u(x)| + )" Ho(D'w),

sl<k *€L [sI=k

where

|u(x) — u(y)|

Ho(u) = "
x,yeQ,x£y y

C(@T) ={u: @T — R|u is continuous on @T} with the norm

llull;, = max |u(x, 1),
O " (eneor

C“’%(ér) ={u: @T - Rlu € C(ET),H(L%(M) < 400} with the norm

[l = max |u(x, )] + Hys (1),
Or  (xne0;

and C****3(Qp) = {u : Qr - Rlu € C**(Qr), Hy,s (D Diu) < +00 ¥2r + |s| = 2k} with the norm

WS = > max ID[Du(x.0l+ Y Has(DiDjuw),
! 0<2r+[s|<2k (DELT 2r]sl=2k

where

lu(x, s) — u(y, 1)l
Hg s (u) = sup - -
x,yeQ,x#y,s,t€[0,T],s#t |x - yl( + |S - t|2
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For p > 1, let L,(€2) = {u : Q — R|u is measurable on  and fQ |u|Pdx < +o0} with norm

lul, = ( f |u<x)f’dx)p :
Q

W) = {u: Q = Rlu € L,(Q), D'u € L,(Q),|l| < k} with the norm

lulle, = (f IDluI”dX) :

[1<2

Let Or = Q% (0,T] and L,(Qr) = {u : Q — R|u is measurable on Q7 and fQT lulPdxdt < +o0} with the
norm
1
lellp.o, = (| lu(x)’dxdr)r,
Or

Wzk,k(QT) ={u: Qr > Rlu € L,(Qr),D:D'u € L,(Qr),2s + |[| < 2k} with the norm

1

»
2k /
%0, = ( lDfDqudedt) :
0<2s+l]<2k \W 9T

In this section, we generalize (2.2) to the following problem:

ou 1
T, A v b 9 2 i 9
o A1) = o e P ) F(x,t,u(x,1)), (x,7)inQr o

u(x,n) =0, (x,f)onoQx(0,T],
u(x,0) = up(x), xin Q,

where Q C RV is a bounded domain with Q € C2**, uy € C**(Q), @ € (0,1), T < +o0, Q7 =
Q x (0, T], v € (0,+00)and a : [0, +00) — (0, +0c0) is continuous with

inf a(r) > a(O) = ao > 0. (3.2)

t€[0,+00)

Definition 3.1 The pair functions « and wit_h a B € C(@T) N C*(Qr) are subsolution and
supersolution of (3.1) if a(x,t) < B(x, 1) for (x,t) € Qr and

60—6: - Aa(x,t) < min{ ! F(x t,a(x, 1)), 1( )F(x t,a(x, 1)}, (x,t)in Qr,

a(x, 1) <0, (x,t)on 8(2 x (0,T],
a(x,0) < up(x), xinQ,

and

0£ — AB(x,1) > max{ F(x t,B(x, 1), —F(x,t,B(x, 1))}, (x,t)in Qr,
ot bo( 1)

B(x,t) >0, (x,t)on 89 x (0, T],
B(x,0) > up(x), xin Q,
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where ay = a(0) and by(t) = sup a(s).
sel0, [, max{la(r.OLIBCO]Ydx]
For fixed 4 > 0, we list the following problem

@ — Au + /lu(_x) = h(X, l), (X, l) in QT’

0
u(tx, =0, xondQ, t e (0,T], (3.3)
u(x, 0) = ¢(x),

where Q € R" is a smooth bounded domain and give the deformation of Agmon-Douglas-Nirenberg
theorem for (3.3).
Lemma 3.1 (see [2], Agmon-Douglas-Nirenberg) If p > 1 and h € L(Q7), ¢ € Wg(Q), then (3.3)

has a unique solution u € Wﬁ’l(QT) such that

2
I, < Crlllillp.o; + lgll.p),

where Cy, C, are independent from u, h.

0 0
We define the unique solution u = (6_t — A+ )7 'hof (3.3) and obviously (& — A+ A)7is alinear
operator. In order to prove our theorem, we list the Embedding theorem.

Lemma 3.2 ( See [10, 18]))Suppose Qr € RN*! is a bounded domain with smooth boundary and
2p > N + 2. Then there exists a C(N + 2, p, Qr) > 0 such that

jufs? < CON +2. p. Qpllully,» ¥ 1 € W' (Qr).

)
p.0r’
where 0 < a < l—Nz—f.

Then we have the following main theorem.
Theorem 3.1 Suppose that F : Oy X R — R is a continuous function. Assume « and B are
the subsolution and supersolution of (3.1) respectively. Then problem (3.1) has at least one solution

u € CX(Qr) N C(Qy) such that, for all (x,1) € Oy,
a(x, 1) < u(x, 1) < B(x, 1).
Proof. For u € C(Qy), define
X tu(x, 1)) = a(x, 1) + (u(x, 1) — a(x, 0))* = (u(x, ) - B(x, )"
We will study the modified problem (1 > 0)

Ou(x, 1) F(x,t, x(x,t, u(x, 1))
— Au(x, Au(x, 1) =
g A S et o)
u(x,t) =0, (x,1)ondQ x (0,T],
u(x,0) = up(x), xin Q.

+ Ay (x, t,u(x, 1)), (x,t) € Or,
(3.4

Step 1. Every solution u(x, t) of (3.4_) satisfies a/(x, 1) < u(x,t) < B(x,1), x € @T.
We prove that a(x,) < u(x,t) on Q. Obviously, |y(x,t,u(x, )| < max{la(x,?)|,|B(x, )|}, which
implies that

ag < a( f (x, £, u(x, 1) dx) < by(1).
Q
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By contradiction, assume that a(xo, fo) — u(xo, fp) = max,cp,(a(x,1) — u(x,1)) = M > 0. Note that:
a(x,0) —u(x,0) < 0on Q, a(x, 1) —u(x,1) <0, (x,1) € AQ X (0, T1], there are two cases: (1) (xg,1) €
QAX0,7);,2Q)x0eQ tg=T

For the case (1), we have 0 < —A(a(xy, fo) — u(xo, ty)) and

together with the definition of subsolution a(x, t) implies

d(a(xo, 1) — u(xo, 1))
ot

l=, = 0, which

0 < —A(a(xo, to) — u(xo, 1))
oa(xg, 1)

61' |t=t0
li=ry — Ax (X0, to, u(xo, 1)) + Au(xo, to)

< min{ ! F(x t,a(x,1)), 1()F(x t,a(x, 1))} —
F(xo, 10, X (X0, fo, M(xo, 1)) c’)u(xo, )
a( [, W(x, 1, u(x, )P dx) ot
= min{a1 F(x, t, a(x, t)) ! F(x t,a(x, 1)} —
B F(xo,fo,a(xo, fo)) 3”(?60, )
a( [;, le(x. 1, u(x, t))|7dx) ot

< —A(a(xo, ty) — u(xo, 1))
<0.

aa’(X(), t)
Th:m

li=ry — Ax (X0, to, u(xo, 1)) + Au(xo, to)

This is a contradiction.

0 1) — .t
For the case (2), we have 0 < —A(a(xo, o) — u(xp, 1)) and (a(xo, 1) — u(xo, 1))

l=, = 0, which

ot
together with the definition of subsolution a(x, f) implies that
0 < —-Ala(xo, o) — u(xo, 1)) 5
o1 1 a(xp, )
< min{ - F(x. 6,003 0), 3= FO o 0)) = =2 2l

_a( fg i (x, 1, uCx, H)dx) F(x0, x(x0, 2o, u(x0, 1))

OO a0, u) + A 1)
= min(— ! a3, 0), 1( JFxnatn0) - aa(g;, t)|,:,0

(.X(), 0/(?50’ tO))

([, (1, u(x, 1)Pdx)

Ou(xo, t
+ (8;) )|;=;0 — Ax(xo, to, u(x0)) + Au(xo, fo, 1)
< —Aa(xg, tg) — u(xp, tp))
< 0.

This is a contradiction also.
Consequently, a/(x, 1) < u(x, t) for (¢, x) € Q.
A similar argument shows that S(x, ) > u(x, t) for (¢, x) € @T and we omit the proof.
Hence,
a(x, 1) < u(x, 1) < B(x, 1, (t,x)€ 0.
Step 2. Every solution of (3.4) is a solution of (3.1). From step 1, every solution of (3.4) is such
that: a(x, ) < u(x,t) < B(x, 1), which implies that

x(x, t,u(x, 1) = u(x, 1), F(x,t,x(x,t,u(x,t) = F(x, t,u(x, 1), (x,t)€ Qr,
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and u(x, t) is a solution of (3.1).
Step 3. The problem (3.4) has at least one solution.

Choose2p >N+2and0<a <1 - A;—;z and define an operator

N :C(Q7) = C(Qr) C L (Qr);u = F( x (o)

Since F is continuous, N : C (@T) — C(@T) is well defined, continuous and maps bounded sets to

1 —
< —, the operator N ju =

a( [, le(x, £, u(x, 0)lrdx) ~ ao

Nu is continuous, and maps bounded sets of C(@T) into bounded sets of C(@T) c

bounded sets. Since (3.2) is true, a is continuous and

1
a( o, leCxtu(x.0)7dx)

Ly(Oy). _ _ _
Now, for u € C(Q7), we define an operator A : C(Qr) — C(Qy) by

_ 0 _
Au) = (E — A+ D)7 \Nu+ A, ).

Now we show that A : C(Q;) — C(Q) is completely continuous.
(1) By the construction of y, we have, for every u € C(Qy),

F(x,t, x(x,t,u(x,1))

f( Jo b, 2, ux, 1))lvdx)

- - max |F(-x’ ta l/l)l + /lmaX{”a”@T, ||ﬁ”§T}’ V(.x, t) € QT»
ag (x,HeQr a(x,H)<u<p(x,1)

+ Ay (x, t, u(x))

which guarantees that there exists a K > 0 big enough such that Nyu + Ax(-,-,u) € B»(0, K) for all
u € C(Qr), where
B1y(0,R) = {u € L,(Op)lllullp.o, < K}

By Lemma 3.1, we have

— 0 = _
AW, =5 = A+ DT N+ WG, u)llyg, < CuK + lluoll,), Ve € CQr), (3.5)

which implies tha_t Z(C(@T)) is bgundid in Wi’l(QT). Now Lemma 3;2 guarantees that A(C (QT)) is
bounded in C"’%(QT)._Therefore, A(C(Qy)) is relatively compact in C(Q7).
(2) For uy, u; € C(Qr), by Lemma 3.1, one has

IAGu) = Ay, < CrlIN iy + Ax Gy r) = (Natg + G u2))lp.gr

which together the continuity of the operator Ny +Ay guarantees that A : C (Q7) — C(Qy) is continuous.
Consequently, A : C(Qr) — C(Qy) is completely continuous.
By (3.5) and Lemma 3.2, there exists a K; > 0 big enough such that

A(C(Qr)) € Bc(0, Ky),
where Bc(0, K,) = {u € C(Qp)|llull < K;}, which implies that

A(Bc(0, K1) € Be(0, K)y).
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The Schauder fixed point theorem guarantees that there exists a u € B¢(0, K;) such that
u=Au,

i.e., u is a solution of (3.4).
Consequently, the step 1 and step 2 guarantees that u in the step 3 is a solution of (3.1).
The proof is complete. O

Corollary 3.1 Assume that the conditions of Theorem 3.1 hold and F satisfies local lipschitz
condition. Then (3.1) has a unique solution u with

a(x, 1) < ulx,t) <B(x, 1), (x,1)eQx[0,T].

Proof. Assume that there is another solution u; with u;(x,7) # u(x,t). Then there is a #; > 0 with
u(x,ty) # ulx,ty). Let t, = inf{r < fluy(x,s) # u(x,s) for all s € [t,1)}. Since
u(x,0) = u(x,0) = up(x), we have t, > 0, ui(x,t,) = u(x,t,) and u;(x,t) # u(x,t) for all t € (z.,1].

. 1 . . . .
Since IR dx)F (x, t, u) 1s locally Lipschitz continuous,

— u= F
ot a( [, lu(x, Dlrdx)
u=0, xondQ, t > 1",
u(x,t.) = u(x,t.),

0 1
oA (xt,u), 1> 1,

has a unique solution. This is a contradiction. The proof is complete. m|
4. Results

In this section, using the method of sub-supersolution in above section, we consider the existence,
uniqueness and long time behavior of the solution for (1.1).

Now we list some results for a parabolic equation (see [18]) which will be used later. Assume that
u and u are the super-subsolutions to the following equation

—Au = f(x,u), xinQ,
u(x) = g(x), xon Q.

If u(x) < ¢(x) < u(x), x € Q, then uz and u, are the super-subsolutions to the following equation

% —Au = f(x,u), xinQ,
u(x,t) = g(x), (x,1) on dQ x [0, +c0), 4.1

u(x,0) = ¢(x), xe€ Q.
IffeC 1(5 X R), then (4.1) has a unique solution u(x, t) with
u(x) < V(x,t) <u(x,t) < U(x, t) < u(x),
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where V(x,1) = u,(x, 1) satisfies

% - Au = f(x,u), xin Q,
u(x, 1) = g(x), (x,1)ondQ x [0, +00),

u(x,0) = u(x), xe€Q
and U(x, 1) = uz(x, t) satisfies
0
M Au = f(x,u), xin Q,

ot
u(x,t) = g(x), (x,t)onodQ x [0, +00),

u(x,0) = u(x), xeQ.

Lemma 4.1 (see, [27]) V(x, t) is nondecreasing on [0, +°i) and U(x, t) is nonincreasing on [0, +o0).
Lemma 4.2 (see, [18,27]) Suppose u, v € C*'(Qr) N C(Qy) satisfying

d d
a—”t‘ — Au— F(x,u) > a—: —Av—F(x,v), xinQ, te(0,T]
u(x, ) > v(x, 1), (x,t)on St =90Q x (0,t],
u(x,0) > v(x,0), xin Q.
If (x,1) € Op, u, v € [m, M] and £ € C(Q x [m, MY), then
u(x, ) > v(x, 1), Y(x,1) € Q.
Moreover, if u(x,0) # v(x,0), x € Q, we have

u(x,t) > v(x,t), Y(x,t) € Or.

Let @, be the eigenfunction corresponding to the principle eigenvalue A; of

{—Au:/lu, xe 4.2)
ulao = 0.
It is found that A; > O,
Di(x) >0, [VOi(x)| >0, Vxe Q. 4.3)
According to Theorem 2.1, in order to study system (1.1), we only consider the following problem

M py= f@), (x,1)in Q x (0, +00),

1
a (fl (x,"d )
a , u(x, X (4.4)
u(x,t) =0, (x,t)ondQ X (0, +c0),

u(x,0) = up(x), xin Q,

where a satisfies (2.3) and u, € C2+“(§) with uy # 0.

Theorem 4.1 Suppose f € C'(R,R) with f(0) = f(1) = 0 and f(u) > O for all u € (0,1) and
f(u) < O foru > 1. Then, for any up(x) >% 0 with uy € C2+"(5), (1.1) has a unique nonnegative
solution u € C*(Q40) N C(0,,).

AIMS Mathematics Volume 6, Issue 5, 5292-5315.



5303

Proof. Since f € C'(R, R), (4.4) has a unique local solution v.
Step 1. We show that for any / > 0, zo > 0, the ordinary differential equation

dt

de_ %f(z),t >0,
z2(0) = zo

has a unique positive solution z(¢, zo) with

lim z(t,z9) = 1.
t—+00

(4.5)

(4.6)

In fact, since f € C!, (4.5) has a unique solution z(t, z9). Since f(1) = 0 and f € C', z(f) = 1 is the

_ 1

unique solution of % = 1f(2) across any (5, 1). If 1 > zo > 0, since f(u) > O for all u € (0, 1) and
f(u) < 0forall u > 1, then z(z, z9) is increasing and z(#, z9) < 1, which implies that thereisal > ¢ > 0

such that
lim z(t,zo) = c.
t—+00

Therefore, there is a {t,,} with lim 7, = +o0 such that

n—+oo

lim 7'(¢t,,z0) = O.

n—+oo

By 7/(t,, z0) = f(z(t., 20)), one has
0= nlier Z(ty, 20) = nlier f(z(ty, 20)) = f(o).

Hence,c =1, i.e.
lim z(t,z9) = 1,
t—+00

which guarantees that (4.6) is true. By a same proof, we get if zo > 1,
lim z(t,z9) = 1
t—+00

also.
Step 2. We establish the sub-supersolution pair for (4.4).
Choose M = max{2, max uy(x)}. (4.5) and (4.6) imply that

xeQ
dz 1
i mf(z),f> 0,
z0)=M

has a unique positive nonincreasing solution z(¢, M) with

M > z(t, M) > 1,¥t > 0and lim z(t, M) = 1.

t—+00
Let B(x,t) = z(t, M) and a(x, t) = 0. Set
bo(t) = sup a(s) = sup a(s) < a(M”|Q)),
s€[0, [, max{la(x.0)LBCx.0]}dx] s€[0, [}, max{0,|z(t.M)|}?dx]

4.7)

(4.8)
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which together with f(B(x, 1)) < 0 implies that

(M7|Q|)f('3(x ) = max{—f(ﬁ(x 0. f(ﬂ(x n)}. (4.9)

By (4.7)—-(4.9) and the definitions of a(x, ¢) and B(x, t), we have
(1) a(x, 1) < B(x,1), Y(x,1) € QX (0, +00);

(2)
(;—C: — Aa(x,t) = 0 = min{ f(a(x t)) f(a/(x )}, (x, 1) in Q X (0, +00),
a(x,t) =0, (x,1)on0Q X (O +00),
a(x,0) < up(x), xinQ
and

0
—ﬁ — AB(x,1) 2 max{—f(ﬁ(x 0. N7 )f(ﬁ(x D)}, (%, 1) in QX (0, +00),

,B(X 1) =z(t,M) >0, (x f) on 9Q x (0, +00),
B(x,0) = M > up(x), xin Q,

which imply that @ and 8 are subsolution and supersolution to (4.4).
Hence, Theorem 3.1 together with f € C! implies that (4.4) has a unique positive solution v such
that
0 = a(x, 1) < v(x,0) < B(x, 1) = 2(t, M), V(x,1) € QX [0, +00).

Step 3. We show that (1.1) has a unique solution u, (x, 1) € Q X [0, +00).
Since 0 < v(x,t) < M, one has qy < a(fQ [v(x, H)|"dx) < a(M”|Q]). Since T, = +o0 in Theorem 2.1,
one has

_ Tmax 1
Tax = f dt = +00.
o a(f, vx, 0 dx)
Let

1
G = t, 0, +c0
©= f: a(fQ [v(x, t)Ide) te [0, +e0)

and 7(f) = G71(¢), t € [0,+00). Then u(x,t) = v(x,7(¢)) is a unique nonnegative solution to (1.1) on
[0, +00).
The proof is complete. O

Corollary 4.1 Su[lpose the conditions of Theorem 4.1 hold. If there is a €y > 0 with uy(x) >
gop1(x) for all x € Q and f'(0) > a(M”|QDA (M = max{l, max uy(x)}), then the unique solution

x€Q
u € CHQr0) NC(Q,) of (1.1) satisfies

Iim u(x,t) = 1.

t—+00
Proof. Choose a € : 0 < € < min{1, &} small enough such that

f(s) _ aMIQ) + f7(0)

> > > Lia(M”1Q)), Vs € (0,¢],
s
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which implies

mf(s) > Ays, Vs e (0,¢l.

Let a1(x) = €¢(x). Then
mf(al(x)) > dia(x), ¥Yx e Q.
Hence, |
—Aa; = Liai(x) < mf(al(x)), xin Q,
a1(x) =0, xondQ.

Step 1. Problem

Oou .
E —Au = mf(u), (x,1)in Q X (0, +c0),

u=0, (x,t)on 9Q x (0, +c0),
u(x,0) = gpi1(x), xin Q

has a unique solution V(x, t) such that

(4.10)

lim V(x,1) = 1.

t—+o00

Let a1 (x,7) = a(x) and 81 (x, 1) = 1, ¥(x, 1) € Q X [0, +e0). Then
(1) a1(x) < Bi(x, 1), V(x,1) € Q X [0, +00);

(2)
o 1
% ~ A0 < —omes f@(s ), (50 in QX (0, +o0),
ay(x.0) = 0, (x,1) on dQ X (0, +o0),
a1(x,0) = gpi(x), xin Q
and

P 1 .
E - A,Bl(x, t) =0= mf(ﬁl(x, t)), (X, t) mn Q X (O, +OO),

Bi(x,t) =1>0, (x,1)ondQ x (0,+c0),

B1(x,0) =1 > epi(x), xinQ,
which imply that @, and B, are subsolution and supersolution to (4.10) also. Thus, (4.10) has a unique
positive solution V(x, t) such that

a () < V(x,0) <1, Y(x,1) € QX [0, +o0).

Choose an arbitrary xy € Q. Then there exists a B(xy,6) = {x € Q|lx — xo| <6} € Qand 7, > 0 such
that
V(x,t;) >0, Yx € B(xp,9).
Set 6o = min, g, 5 V(x, ;). Lemma 4.1 implies that V(x,7) in nondecreasing on [0, +0), which
guarantees that that V(x, ) > ¢ for all (x, 1) € dB(xy,0) X [t1, +0).
Let zp = dp and z(¢, d) is the unique solution of the ordinary differential equation

dr ~ a(M|Q))

de ;f(z),t >0,
Z(O) = 6().
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(4.5) and (4.6) guarantee that
lim z(t,69) = 1.
t—+00

Let Vi(x,t) = V(x,t+ 1), t > 0. We have

oV,

W—AW a0 |Q|)f( V) =

0z(t, 6 1 o
- Z(;t 0 Az(1,60) — mf(z(l, 80)), (x, 1) in B(xy, 8¢) X (0, +00),

Vl (-xa t) > Z(O’ 60) = 607 (X, t) on 8B(X(), 60) X (Oa +OO),
Vi(x,0) > z(0,6p), xin Q.

Lemma 4.2 implies that
Vl(-x’ t) = V(x’t + tl) 2 Z(ta 60)7 t>0

which together with V(x, ) < 1 guarantees that

lim V(x,1) = 1.

[—+00

Step 2. The unique solution v(x, f) of problem (4.4) satisfies that

lim v(x,1) = 1.

t—+00

Let asx(x,t) = V(x,t) and B,(x, 1) = B(x, 1), (x,1) € Q x [0, +0), where B(x, t) is the unique positive
solution of (4.7). Let

by(1) = sup a(s).
s€l0, fr, max{laz (xNL B2 (.01} dx]
Then
(D) az(x, 1) < Bao(x, 1), V(x, 1) € Q X (0, +00);
(2
Oy _ Aay(x, 1) = (@2(x, 1))
o as(x, (M7|Q|)f asr(x,
< min{— f(ay(x, 1)), — f(a2(x, 1))}, (x,1)in Q X (0, +00),
ag by (1)
a(x,1) =0, (x,1) on OQ % (0, +0),
ar(x,0) < up(x), xinQ
and
B>
e ABy(x, 1) (M7|Q|)f(’82(x 1)
> max{ aif(,Bg(x, 1)), 5 1( )f(Bz(x 1)}, (x,1)in Q X (0, +c0),
0
Ba(x,t) = z(t, M) > 0, (x,1) on 9Q X (0, +00),
Ba2(x,0) = M > up(x), xinQ,

which imply that @ and S are subsolution and supersolution to (4.4) also. The corollary 3.1 implies that

ar(x,t) <v(x, 1) < Ba(x, 1), (x,1) € Qx [0, +00).
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And so
lim v(x,1) = 1.

t—+0o

Step 3. We show that
lim u(x,t) = 1.

f—+00

According to the step 3 in the proof of Theorem 4.1, one knows that 7(f) = G~ (¢) exists on [0, +o0)
and

lim 7(¢) =
t—+00
Hence
lim u(x,t) = hm v(x, (1)) = 1.
t—+00
The proof is complete. m|

Theorem 4.2 Suppose f € C'(R,R) with £f(0) = 0, f'(0) < agd, and f(u)_z 0 for u € [0, +00).
Then, there exists a € > 0 such that for_ all 0 < uy < e¢i(x) with uy € C***(Q), (1.1) has a unique
nonnegative solution u € C*(Q.) N C(Q,.,) such that

lim u(x,t) =

t—+00

Proof. Since f(0) = 0 and f'(0) < apd;, there is a 4; > r > 0 and & > 0O such that

%<ao(/ﬁ—r) VO<n<e,

which guarantees that
1
—fp) < —-rny, VO<np<e 4.11)
ao

Let 0 < up(x) < g¢1(x), a(x,t) =0, B(x,t) = ge”"¢;(x) and

bo(?) = sup a(s).
s€[0, [}, max{la(x.0l|B(x.0)[}7dx]

Then, from (4.11), one has
(1) a(x, 1) < B(x,1), V(x,1) € QX (0, +00);

@)
f;_‘; ~ Aa(x, ) = 0 = min( f(a(x 0.~ f(a(x D), (5,0 in Q x (0, +00),
a(x,t) =0, (x,t)ondQ X (0 +00),
a(x,0) =0 < up(x), xin Q

and

0
5 — AB(x, 1) = (A = r)B(x, 1) = max({ f(ﬂ(x n), —f(ﬁ(x N}, (x, 1) in Q x (0, +00),

bo(2)
Bx,t) =0, (x,1) ondQ x (0, +c0),
B(x,0) > up(x), xin Q,
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which imply that @ and 3 are subsolution and supersolution to (4.5).
Now Theorem 3.1 guarantees that (4.5) has a unique solution v(x, f) such that

a(x, 1) < v(x, 1) < B(x, 1), V(x,1) € Qx[0,+c).

It is easy to see that
lim v(x,t) = 0.

t—+00

Since 0 < v(x, 1) < &, one has qp < a(fQ [v(x, H|"dx) < a(]Qle”). Since Ty = +00 in Theorem 2.1, one
has

_ Tmax 1
o= [ =
o a(f,v(x, ndx)

Let

» 1
G(&) = dt, 0, +00
© j: a( fg v(x, )7 dx) L 1€ [0, +0)

and 7(f) = G™1(¢), t € [0,+00). Then u(x,t) = v(x,7(¢)) is a unique nonnegative solution to (1.1) on
[0, +o0) and
lim u(x,t) = lim v(x, 7(¢)) = 0.
t—+00

—+00

The proof is complete. O

Next we consider another the special case of (1.1) for reaction function f = (Au® — u”), s € (0, 1)
and p > 1. According to theorem 2.1, we only consider the following system

P 1
Y Au= A’ —uP), (x,1)in Q X (0, +00),

a »
a(‘fg; lu(x, 1)| x) 4.12)
u(x,t) =0, (x,t)ondQ x (0, +c0),

u(x,0) = up(x), xinQ,

where s € (0,1) and p > 1.
Theorem 4.3 Suppose there exists a gy > 0 such that uy(x) > gypi(x). Then, for any A > 0, (1.1)
has at least one positive solution u € C*(Q.e) N C(Q, ).

Proof. For A > 0, choose M > 1 + % + max uo(x) such that
xeQ)

AM® — M? < Q.

Since s € (0, 1) and p > 1, we choose g > € > 0 small enough such that

4 [~ g7 (x) — P19 ()], xe Q. (4.13)

< —_—
a(M|Q))
Let u(x,t) = e¢1(x) and u(x, t) = M for all (x,1) € Q x [0, +0). Set

bo(1) = sup a(s) = a(M”|Q),

sef0, f;, max{luCen)l el da]
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which together (4.13) implies that
1 1
max{—[Au’ — u"], —[Au’ - u"]} <0,
do bo(®) (4.14)
min{—[Au’ — u’], —[Au’ — u’]} > L1e¢1(x).
a ~ T b T T

From (4.14), one has .
(1) u(x,t) < u(x,t) = M for all (x,1) € QX [0, +00);

(2)
ulx, 1) — Au(x,t) =0 > max{l[/lﬁs - u’], L[/lﬁs —-u")]}, (x,1)in Q x (0, +00),
ot ag bo(2)
u(x,t) >0, (x,1)ondQ x (0, +00),
u(x,0) > ¢(x), xin Q
and
Ou(x, 1)

— Au(x, 1) = L1&¢1(x) < min{ai[/lgs - u’], L[/ws —u”]}, (x,1)in Q X (0, +o0),
0

ot bo(r)"

u(x,t) =0, (x,1)ondQ x (0, +c0),
u(x,0) < ¢(x), xin €,

which imply that u(x, f) and u(x, t) are sub-super solutions to (4.12).
Theorem 3.1 guarantees that (4.12) has at least one positive solution v(x, f) such that

u(x,t) < v(x,t) <u(x, 1), Y(x,t) € Qx|[0,+c0).

Since 0 < v(x,t) < M, one has qy < a(fQ [v(x, H|"dx) < a(M”|Q]). Since Ty, = +o0 in Theorem 2.1,
one has

= +o00.

_ Tmax 1
T = f dr
o a([,v(x,nlvdx)
Let

1
G = dt, 0, +c0
© f a(fglv(x,t)Ide)t &[0, +e0)

and 7(t) = G71(¢), t € [0, +o0). Then u(x, ) = v(x, 7(¢)) is a nonnegative solution to (1.1) on [0, +co).
The proof is complete. O

Remark. The function f in the above theorem does not satisfy Lipschitz condition.
5. Some one-dimensional numerical experiments
In this section we consider the following case of Eq (1.1):

1
Uy — a( f w(x, t)dX) ey = Af (), (x, 1) in (0, 1) x (0, +00),
0

uO,)=u(l,t)=0, t€(0,7),
u(x,0) = up(x), xin [0, 1].

(5.1)
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To numerically solve this equation the following implicit backward finite difference approximation was
employed:

i_+l — N . Mi.+11 _ zui"i'l + ultll .
# —a(Z(ulj)"Ax) Al A)jc2 Pl Ay, j=1, N1,
=1
i=1,- K, (5.1
u€)+1:uil+1:0, i:l,"'7K9
u?:uo(xj), j=0,---,N,

where Ar = T /K = 0.0002, Ax = 1/N = 0.02, x;=jAx,j=0,1,---,N,and t; = iAt,i =0, 1, ---,
M. In (5.1), u’/ denotes the difference approximations of u(z;, x;). Using above scheme, we simulate
the solution of (5.1) under different f, a and A.

According to section 4, it is necessary to analyse the first eigenvalue and corresponding
eigenfunction of

{ _¢” = /l(b, X € (O’ 1)’ (52)

$(0) = ¢(1) = 0.

Obviously, 1; = 72 and ¢,(x) = sin(7x), x € [0, 1].

First, for Eq (5.1), leta(r) = 1+t,y =1, 4 =500, f(u) = u — u®. If the initial condition is given

o ) . _ 1 ron — 500 2
by uyp(x) = 2sin(zx), which satisfies that ){3(2)1’)1% uo(x) = 2 > 1 and DD f(0) = Tiaz > 7T, inour

numerical simulations, we present the result in Figure 1. If uo(x) = 0.5 sin(zrx) which satisfies that

_ 1 / _ 500 2 : : :
)21[8,)1(] up(x) = 0.5 < 1 and ) 0 = 5 = > 7, inour numerical simulations, we present the

result in Figure 2. The simulations indicate Corollary 4.1 is in agreement with the numerical results
presented in Figure 1. Note f is independent on u in problem (1.2) and (1.3) and f(x) = u — u° in this
example, which illustrates that our results improve these ones in [3, 8].

Second, for Eq (5.1),leta(t) =1+¢t,y=1,4="7.1f f(u) = " — 1 and the initial condition is given
by uy(x) = 0.5 sin(zrx), which satisfies that a‘—o f'(0) = 7 < %, in our numerical simulations, we present
the result in Figure 3. If f(u) = u + 1’ and uy(x) = 0.2 sin(rx) which satisfies that % f(0)=7<n% in
our numerical simulations, we present the result in Figure 4.

The simulations indicate Theorem 4.2 is in agreement with the numerical results presented in
Figure 2. In these examples, f(u) = ¢ — 1 or f(u) = u + u’, which are different from f(u) = ru(k — u)
or f(u) = ru/(k + u)in [1].
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Figure 1. Solution to (5.1) with a(f) = 1 +t,y = 1, 1 = 500, f(u) = u—u?, up(x) = 2 sin(rx).

Figure 2. Solution to (5.1) with a(f) = 1+t,y = 1, 1 = 500, f(u) = u—u?, up(x) = 0.5 sin(rx).
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0.5

0.4 4

Figure 3. Solution to (5.1) with a(t) = 1 +¢, ¥y = 1, 4 = 7, up(x) = 0.5sin(rx) and
f(u)=¢€"—1.

0.2 ~

0.15 4

Figure 4. Solution to (5.1) with a(t) = 1 +¢, ¥y = 1, 4 = 7, up(x) = 0.2sin(mrx) and
fu) =u+u’.

Finally, for Eq (5.1), leta(t) =1+t y=1,s5= %, p =3, f(u) = v’ — u” and uy(x) = 1.5 sin(mrx). If
Ay = 50, in our numerical simulations, we present the results in Figure 5. If 4; = 100, in our numerical
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simulations, we present the results in Figure 6. The simulations indicate Theorem 4.5 is in agreement
with the numerical results presented in Figure 3.

1.5~

Figure 5. Solution to (5.1) fora(t) = 1 +¢t,y =1, s =
uo(x) = 1.5sin(nx), 4; = 50.

7p=37f(u)=us_upand

=

1.5~

Figure 6. Solution to (5.1) fora(t) = 1 +¢t,y =1, s =
uo(x) = 1.5sin(mx), 4, = 100.

7p=37f(u)=us_upand

=
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6. Conclusions

This paper studies on a parabolic equation with nonlocal diffusion. Using the sub-supersolution
method, we prove the existence, uniqueness and long-time behavior of positive solutions. Under the
suitable cases for one-dimensional equations, we plotted 3D simulations of the the solutions. From
these Figures 1-6, it may be observed that solutions to the studied nonlinear model show the estimated
solution propagations.
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