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1. Introduction

The accoplishment of warped product manifolds came into existent after the study of Bishop and
O’Neill [1] on the manifolds of negative curvature. Examining the fact that a Riemannian product of
manifolds can not have negative curvature, they constructed the model of warped product manifolds
for the class of manifolds of negative (or non positive) curvature which is defined as follows:

Let (Ui, g1) and (U,, g>) be two Riemannian manifolds with Riemannian metrics g; and g
respectively and ¢ be a positive differentiable function on U,. If & : U; x U, — U; and
n : U x U, — U, are the projection maps given by &(p,q) = p and n(p,q) = ¢q for every
(p,q) € Uy X U, then the warped product manifold is the product manifold U, X U, equipped with
the Riemannian structure such that

Vi, Vo) = g1(E V1, EVa) + (€ 0 1) g2 Vi, . Vo),
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for all V|, V, € TU. The function v is called the warping function of the warped product manifold. If
the warping function is constant, then the warped product is trivial i.e., simply Riemannian product.
On the basis of the fact that warped product manifolds admit a number of applications in Physics and
theory of relativity [2], this has been a topic of extensive research. Warped products provide many
fundamental solutions to Einstein field equations [2]. The concept of modelling of space-time near
black holes adopts the idea of warped product manifolds [3]. Schwartzschild space-time is an example
of warped product U X, K?, where the base U = R X R* is a half plane » > 0 and the fibre K? is
the unit sphere. Under certain conditions, the Schwartzchild space-time becomes the black hole. A
cosmological model to represent the universe as a space-time known as Robertson-Walker model is a
warped product [4].

In [1] authors have studied some fundamental features of warped product manifolds. An extrinsic
study on warped product submanifolds of the kachler manifolds was performed by B. Y. Chen ( [5,6]).
Since then, many geometers have explored warped product manifolds in different settings like almost
complex and almost contact manifolds and various existence results have been investigated (see the
survey article [7]).

In 1999, Chen [8] discovered a relationship between Ricci curvature and squared mean curvature
vector for an arbitrary Riemannian manifold. On the line of Chen a series of articles have been appeared
to formulate the relationship between Ricci curvature and squared mean curvature in the setting of
some important structures on Riemannian manifolds (see [9—14]). Recently, Mustafa et al. [15] proved
a relationship between Ricci curvature and squared mean curvature for warped product submanifolds
of a semi-slant submanifold of Kenmotsu space forms.

In this paper, our aim is to obtain a relationship between Ricci curvature and squared mean curvature
for biwarped product submanifolds in the setting of complex space forms.

2. Preliminaries

Let U be an almost Hermitian manifold with an almost complex structure J and a Hermitian metric
g, ie., J? = =1 and g(JV,,JV,) = g(V,,V,), for all vector fields V,,V, on U. If J is parallel with
respect to the Levi-Civita connection D on U, that mean

(Dy,J)V, =0, 2.1)

for all V{,V, € TU, then (U, J, g, D) is called a Kaehler manifold. A Kaehler manifold U is called a
complex space form if it has constant holomorphic sectional curvature denoted by U(c). The curvature
tensor of the complex space form U(c) is given by

_ c
RV, V3, V5, Vy) :Z[g(Vz, V3)g(Vi, Va) — g(V1, V3)g(Va, V) + g(V1, JV3)g(J V2, Vy)
—8(Va, JV3)g(JV1,Vs) +28(V1,JV2)g(J V3, Vi),

(2.2)

for any Vi,Vo, V3,V € TU.

Let U be an n—dimensional Riemannian manifold isometrically immersed in a m—dimensional
Riemannian manifold U. Then the Gauss and Weingarten formulas are DV, Vo = Dy, Vo + h(V,V3)
and Dvl.f = —AV| + D‘l,l.f respectively, for all V|,V, € TU and ¢ € T+U. Where D is the induced
Levi-civita connection on U, € is a vector field normal to U, & is the second fundamental form of U,
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D+ is the normal connection in the normal bundle 7+U and A; is the shape operator of the second
fundamental form. The second fundamental form % and the shape operator are associated by the
following formula

g(h(Vy, V), &) = g(Ag-'Vl, Va). (2.3)
The equation of Gauss is given by

R(Vy, Va, V3, Vi) = R(Vy, Va, Vi, Vi) + g(h(V1, V), h(Va, V3)) = g(h(Vy, V3), i(Va, V), 2.4)

for all Vi, V5, V3, V4 € TU. Where, R and R are the curvature tensors of U and U respectively.
Forany Ve TU and N € T+U, JV; and JN can be decomposed as follows

JVi=PVi+ FV, (25)

and
JN =tN + fN, (2.6)
where PV, (resp. tN) is the tangential and F'V; (resp. fN) is the normal component of JV; ( resp. JN).
For any orthonormal basis {ey, e, . .., e} of the tangent space T, U, the mean curvature vector H(x)

and its squared norm are defined as follows

1< <
H@) =~ hene). IHIP =5 ) (e e). hiej.e)). 2.7)
i=1

ij=1

where k is the dimension of U. If & = 0 then the submanifold is said to be totally geodesic and minimal
if H=0.1If h(Vy,V,) = g(Vy, Vo)H for all Vi, V, € TU, then U is called totally umbilical.
The scalar curvature of U is denoted by 7(U) and is defined as

7(U) = Z Kpgs (28)

1<p<g<m

where &,, = k(e, A ¢,) and m is the dimension of the Riemannian manifold M. Throughout this study,
we shall use the equivalent version of the above equation, which is given by

20)= ). Ry (2.9)

1<p<g<m

In a similar way, the scalar curvature 7(L,) of a L—plane is given by

)= ). Ry (2.10)
1<p<g<m

Let {ey, ..., e} be an orthonormal basis of the tangent space 7.U and if e, belongs to the orthonormal

basis {41, .. .e,} of the normal space T+U, then we have
i, = ghiepe,).e,) @.11)

and .
IAlI* = Z g(h(ep, e,), hiey, e,)). (2.12)
=1

AIMS Mathematics Volume 6, Issue 5, 5256-5274.



5259

Let k,, and k,, be the sectional curvatures of the plane sections spanned by e, and e, at x in the
submanifold U* and in the Riemannian space form U"(c), respectively. Thus by Gauss equation, we
have

Kpg = Ropg + D (Wl = (B )P, (2.13)
r=k+1
The global tensor field for orthonormal frame of vector field {ey, ..., e;} on U* is defined as
k
T(V1, Vo) = ) {e(R(ei, V)Vs, ), (2.14)

i=1

for all V,,V, € T, U*. The above tensor is called the Ricci tensor. If we fix a distinct vector e, from

{e1, ..., ex) on UK, which is governed by y. Then the Ricci curvature is defined by
k
R(y) = > k(e, Aey). (2.15)
b

For a smooth function ¢ on a Riemannian manifold U with Riemannian metric g, the gradient of ¢ is
denoted by V¢ and is defined as

gVy,Uy) = Uy, (2.16)

forall U; e TU.
Let the dimension of U is k and {ey, e, ..., e;} be a basis of TU. Then as a result of (2.16), we get

k

Vg1 = )" (eiw))’. (2.17)

i=1
The Laplacian of y is defined by

k

Ay = Y ((Veedy - eieap). (2.18)

i=1
3. Biwarped product submanifolds of a Kaehler manifold

B. Y. Chen and F. Dillen [16] generalize the definition of warped product submanifold to multiply
warped product manifolds as follows.

Let {U;}, i = 1,2,...,k be Riemannian manifolds with respective Riemannian metrics {g;}i=12.. .«

and {};=2 3.« are positive valued functions on U;. Then the product manifold U = U; X U, X - - - X Uy,
endowed with the Riemannian metric g given by

k
g =hi(g)+ D (W0 h)hi(2)
i=2

is called multiply warped product manifold and denoted by U = U; X5 U, X --- Xy U where
hi(i =1,2,...,k) are the projection maps of U onto U, respectively. The functions f; are known as the
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warping functions [16]. If the warping functions are constants, the warped product is simply
Riemannian product of manifolds. As a paricular case of multiply warped product manifolds, we can
define biwarped product manifolds for i = 3. For i = 2, multiply warped product manifold reduces to
single warped product manifold. Consider the biwarped product manifold U = Uy X5 U; Xy, U, with
the Levi-civita connection of U; for i = 0,1,2. Now, we have the following result for biwarped
product submanifold.

Lemma 3.1. [17] Let U = Uy Xy, Uy Xy, U, be a biwarped product manifold. Then we have
Dy, V, = Dy, V, = Vi(Inf)V, (3.1

forVieTUyand V, € TU,, fori = 1,2.

Recently, H. M. Tastan [18] studied biwarped submanifolds in the Kaehler manifolds and this was
followed by M. A. Khan and K. Khan [19]. Basically, M. A. Khan and K. Khan explored biwarped
product submnaifolds of the type U = Ur Xy, U, Xy, Uy in the setting of complex space forms. Where
Ur, U, and U, are the invarianat, totally real and pointwise slant submanifolds respectively.
Throughout this study we consider k—dimensional biwarped product submanifold
U = U; ks 5 Uk2 X Uk‘ of a complex space form, where ki, k, k3 are the dimensions of the invariant,
totally real and pointwise slant submanifolds. If U = {0} then the biwarped product submanifold
becomes the CR-warped product submanifold. Similarly, if Uﬁz = {0} then the biwarped product
submanifold reduced to pointwise semi-slant warped product submanifold.

For a biwarped product submanifold U* = Uk1 x5 U X, U, * of a Riemannian manifold from Eq
(3.5) of [16] one can conclude the following result

k1 ko ki k3

Af2 Af3 Z Z k(e;, ej) + Z Z k(e;, ey). 3.2)

i=1 j=1 i=1 k=1
Now, we have the following initial result.

Lemma 3.2. Let U* = U; ki pUT k2 % s U, % be a biwarped product submanifold isometrically immersed
in a Kaehler manifold U. Then

(i) g(h(Vi, V1), FV3) =0
(ii) g(h(V1,V2),JV4) =0
(iii) g(h(JV,,JV1),N) = —g(h(V{, V1), N),

forany V|,V, € TU’;I, V, € TUﬁz, Vs € TU;<3 and N belongs to invariant subbundle of T+ U.
Proof. By using Gauss and Weingarten formulae in Eq (2.1), we have
DV]PV3 + h(V],PVg) —AFV3V1 + DJ‘}IFV3 + JDVI Vi + DV3JV1 + Jh(V], Vz) =0

taking inner product with V, and using 3.1, we get the required result. In a similar way, we can prove
the part (i1).
To prove (iii), for any V,; € TUr we have

DVIJVI = JDVlvl,
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using Gauss formula and (2.1), we get
Dy, JVi + h(JVy, V1) = JDy, Vi + Jh(Vy, V1),
taking inner product with JN, above equation yields
gh(JVy, V1), JN) = g(h(Vy, V1), N), (3.3)
interchanging V; by JV; the above equation gives
gh(JVy,Vy),JN) = —g(h(JV},JV)), N). (3.4)

From (3.3) and (3.4), we get the required result. O

Definition 3.1. The warped product U, X, U, X, U3 isometrically immersed in a Riemannian manifold
U is called U; totally geodesic if the partial second fundamental form /; vanishes identically. It is called
U;-minimal if the partial mean curvature vector H' becomes zero for i = 1,2, 3.

Assumme that the distributions corresponding to the submanifolds U;‘, Uﬁz and U§3 are S, S+ and
S respectively. From the Lemma 3.2 it is evident that the isometric immersion U;‘ X, U* x f U?
into a Kaehler manifold is D— minimal. The § — minimality property provides us a useful relationship
between the biwarped product submanifold US x,, U x, Ué“ and the equation of Gauss.

Let {ei,...,epep1 = Jei, ... e, = Jep,€p 4155 €0, €41 = el,...,ek2+q = el epge1 = edtl =
secOPe!, ... e -2 = €° = secOPe’} be a local orthonormal frame of vector fields on the biwarped
product submanifold U? X U'f X Ug* such that the set {ey,...,ep, e, = Jei,...,e, = Jep}is
tangent to U’}‘, the set {ex,+1, ..., €, } 1s tangent to Uﬁz and the set {ex,41,. .., €rugs - - - ek} is tangent to
U19‘3. Moreover, {e.1 = Jex 41, Cksky, = J€hy, Chiky41 = CSC OFe', ..., Ciiky; = CSCOFeE!, e ifyifyr1 =
e',..., e, = &) is abasis for the normal bundle 7+U, such that the sets {e;.; = Jer 115 - ke, = Jeg,}
is tangent to JS*, {exs1 = cscOFe!, ..., er, = cscOFel} is tangent to FS? and {e', ..., '} is tangent
to the complementary invariant subbundle ¢ with even dimension /.

From Lemma 3.2, it is easy to conclude that

m

ki
D7) shterne)).e) =0. 3.5)

r=k+1i,j=1

Thus it follows that the trace of 4 due to U? becomes zero. Hence in view of the Definition 3.1, we
obtain the following important result.

Theorem 3.3. Let U* = U ’}‘ XU ’f XpU 53 be a biwarped product submanifold isometrically immersed
in a Kaehler manifold. Then U* is S — minimal.

So, it is easy to conclude the following

m

1
”H”2 - ﬁ Z (hl};1+lk1+l LI h/izkz Tt hl};k)z’ (36)

r=k+1

where ||H||? is the squared mean curvature.
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4. Ricci curvature for biwarped product submanifold

In this section, we investigate Ricci curvature in terms of the squared norm of mean curvature and
the warping functions as follows.

Theorem 4.1. Let U* = U ? XU If X, U]f be a biwarped product submanifold isometrically immersed
in a complex space form U(c). Then for each orthogonal unit vector field y € T, U, either tangent to
Ul}l, Uﬁz or U{f, we have

(1) The Ricci curvature satisfy the following inequalities

(i) If x is tangent to U;l, then

1 kAf, kAfs ¢ 1

—K|H||> > R = Z(k = kiky — koks — kiks — =). 4.1

1 [[H|I” > R(y) + I3 + 7 +4( 152 2K3 1K3 2) 4.1)
(ii) If x is tangent to U?, then

1 koA ks A

—KH|? = R(y) + = f, BAS Sk = kiky — koks — kyks + 1), (4.2)

4 h f 4

(iii) y is tangent to U*, then
X 8

1 Af kA
Zk2||H||2 > R(y) + 2 fo BAS g(k — kiky — koks — kiks

N 4.3)

3
+1- ECOSZ 0).

(2) If H(x) = 0, then each point x € U* there is a unit vector field y which satisfies the equality case
of (1) if and only if U* is mixed totally geodesic and x lies in the relative null space N at x.
(3) For the equality case we have

(a) The equality case of (4.1) holds identically for all unit vector fields tangent to U? at each
x € U* if and only if U* is mixed totally geodesic and S —totally geodesic biwarped product
submanifold in U™(c).

(b) The equality case of (4.2) holds identically for all unit vector fields tangent to Uﬁz at each
x € U* if and only if U is mixed totally geodesic and either U* is S*- totally geodesic
biwarped product or U* is a S+ totally umbilical in $™(c) with dim S+ = 2.

(c) The equality case of (4.3) holds identically for all unit vector fields tangent to U§3 at each
x € UX if and only if U is mixed totally geodesic and either U* is S°- totally geodesic
biwarped product submanifold or U* is a S? totally umbilical in U™(c) with dim S% = 2.

(d) The equality case of (1) holds identically for all unit tangent vectors to U* at each x € U* if
and only if either U* is totally geodesic submanifold or U* is a mixed totally geodesic totally
umbilical and S — totally geodesic submanifold with dim Uy =2 and dim U, = 2

where ki, ky, and k3 are the dimensions of U;' , Uﬁz, and Ul(f respectively.

Proof. Suppose that U* = U? X, U’f X Ué‘} be a biwarped product submanifold of a complex space
form. From Gauss equation, we have

K| H|? = 27U + ||hl)? - 27(UY). (4.4)
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Let {ey,..., ek, €k +15---5€k,--.e) be alocal orthonormal frame of vector fields on U* such that
{e1,..., e} are tangent to U?, {€k,+1, ..., e} are tangent to Uﬁz and {ey,+1, ..., e} are tangent to US’.
So, the unit tangent vector y = e4 € {ey, ..., e¢;} can be expanded (4.4) as follows

1 m
KIH|* = 27(U") + *3 Z T A Tt IV R (/S
r=k+

Z Hh; = 27(U"). (4.5)

r=k+1 1<i#j<k
The above expression can be written as follows

m

1
RIHIP = 20U + 5 D AL+ iy, + o+ )

r=k+1

@y = (B 4 )2 Y (H)

r=k+1 1<i<j<k

rr k
Z Wi = 27(U").
r=k+1 1<i<j<k
i, j#A

In view of the Lemma 3.2, the preceding expression takes the form

1 m
RIHI = 20U + 5 Z (R gy + oo g oo+ B
r=k+
2 r%l(ZhAA (hk]+lk]+l t. h/rczkz tooot hlrd())z (46)
+2 Z DLWy -2 Z D k= 22U,
r=k+1 1<i<j<k r=k+1 1<i<j<k
i,j£A

Considering unit tangent vector y = e4, we have three choices y is either tangent to the base manifold
U'}l or to the fibers U** and U’;‘.

Case 1: If y is tangent to U'}‘, then we need to choose a unit vector field from {ey, ..., e }. Let y = e;.
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Then from (2.14) and (3.5) we have

1 « koA
RIHIP 2R00+ 5 0 iy + o B+ e+ B+ szz
r=k+1

k3Af3 . .
+3 Z QI = (B gy + - Hgy + -+ 1)

f3 r=k+1

i Z D Ul = ()

r=k+1 1<a<B<k;

* i DL =)

r=k+1 k1 +1<p<q<k;

+ i D, ULk, =)

r=k+1 ky+1<s<t<k

L3S wr- S S )

r=k+1 1<i<j<k r=k+1 2<i<j<k
—2HU)+ Y Klepe)) + T(UY) + T(UR) + (U,
2<i< j<k

Putting Vi, V4 = e; and V,, V3 = e; in the formula (2.2), we have

2HU) = g[k(k — 1) + 3k; + 3ks cos? 6]

D kene) = %[(k — 1)(k —2) + 3(k; — 1) + 3k3 cos> 0]

2<i<j<k

HUS) = g[kl(kl — 1) +3k]
T(UR) = %[kz(kz —1)]

HUS) = %[k3(k3 — 1) + 3ks cos? 4],

4.7)

4.8)
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Using these values in (4.7), we get

K| HI* =R(x) + k2||H|| +— Z(Zh — (B opyr + -+ )

r=k+1
ki

| kA kAf u
2f2 383 ZZZ(k

r=k+1 i=1 /k1+1

m ky k m
r\2 ror
D IIDNATS W
r=k+1 i=1 k=kp+1 r=k+1 =2
m ki ko m ki n
rr rr
>, PIRLEDIDIPILL
r=k+1 i=2 j=k;+ r=k+1 i=2 n=ky+1

1
+ —(k — k1ky — koks — ksk; — E)

A0

In view of Lemma 3.1

m_ k m
Z Zhﬁhép = Z (hql)2

r=k+1 =2 r=k+1
m ky k m n
r,r r1.r r r
D IDNDI D WIACS W W
r=k+1 i=2  j=k;+1 n=kp+1 r=k+1 j=k;+1

Utilizing in (4.9), we have

1 1 N r r r
RUHIP 2R0) + SKHIP + 5 3 @k = (g + o+ i)Y

r=k+1
ki

kAf kAf -
2f2 3 3 ZZZUZ

r=k+1 i=1 j=k;+1

k ki k
Dt - Z(h§1)2+z > ik,

+1 i=1 k=ky+1 r=k+1 i=1 j=k1+1

ki
+

r

M= <

1]
>~

c 1
€k = kky — ok — skt — =).
+ 4(k kiky — koks — ksk; 2)

The third term on the right hand side can be written as

5 Z QA = By + 7+ By + oo+ B)

r=k+1
=2 Z(h’l) + k2||H||2 2 Z Z 1\

r=k+1 r=k+1 j=k+1

+ Zhh

n=kp+1

4.9)

(4.10)

(4.11)
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Combining above two expressions, we have

SRIHIP 2R00) + Sy, Z s

r=k+1 r=k+1 j=ki+1
r r\2
t5 Z M pgar + 0 F Mgy + 0+ 1)
r=k+1 (4.12)

N i Z Z ) szfz k32f3

r=k+1 i=1 j=k;+1
+ Z(k - k1k2 - k2k3 - k3k1 - 5)

Or equivalently

k2||H|| 2R(0) + Z (2H5y = (g + oo+ gy + oo+ 1))

r=k+1

i koAfy  ksA
DI I 2f2f2+ 3f3f3 @.13)

c 1
+ é_l(k — kiky — koks — ksky — 5),

which gives the inequality (i) of (1).
Case 2. If y is tangent to U’f, we chose the unit vector from {e,+1,...,€}. Suppose y = e,, then
from (4.6), we deduce

ko A
KRIHI? >R(y) + = Z(hkl+]kl+]+ R A ) S
r=k+1 f
szf3 . . r
Z (B gy -+ Py + -+ ) = 205 )°
r=k+1
- Z D Uk = G+ Y T (= ()Y
r=k+1 1<a<f<k; r=k+1 k1 +1<s<t<ky (4.14)
Y W U Y ()P
r=k+1 ky+1<p<q<k r=k+1 1<i<j<k
- Z D W) =27 U+ Y Keie)
r=k+1 1<i<j<k 1<i<j<k
i,jikz i,j;tkz

+7(Uy) + 72U + T(Uy).
From (2.2) by putting V;, V4 = ¢; and V,, V3 = ¢, one can compute
> keie)) = %[(k — 1)(k = 2) + 3k; + 3k; cos? 6]
1<i<j<k

i,j#ko
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HUY) = %[kmkl — 1)+ 3k]
T(UR) = %[/Q(kz —1)]

HUY) = %[k3(k3 — 1) + 3k; cos? ],

Using these values together with (4.8) in (4.14) and applying similar techniques as in Case 1, we obtain

KIHI* 2R(x) + = Z (M apyr + o Py + 0+ ) — 2hlr<2k2))2

r=k+1
R 22 225 S )
2 r=kt1 1<i<j<k

+ Z Z P Mg + Z B, ] (4.15)

r=k+1 t=k;+1 1= k2+1

m  k ko—1
Z [ D) iy + Z hoH ]
r=1 i=1 j=k+1 n=ky+1

+ Z(k - k1k2 — k2k3 - k3k1 + 1)

By the Lemma 3.1, one can conclude

i Z W+ Z W] =

r=1 i=1 j=ki+1 n=ky+1

The second and seventh terms on right hand side of (4.15) can be solved as follows

5 Z (g + 0+ Hg) = 2h, ) + Z [ Z Py Mg + Z Pt i}

r=k+1 r=k+1 t=k;+1 I=ky+1
—_ r
=5 Z (Bipaipan + o+ 1 )* +2 Z (i)’
r=k+1 r=k+1
R IDIHRD WD WD (4.16)
r=k+1 j=k;+1 r=k+1 t=k;+1 r=k+1
1 m
— r
=5 Z (Bipigyan + o+ ) + Z (B’
r=k+1 r=k+1
m k
r r
I I
r=k+1 j=k;+1
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Utilizing these two values in (4.15), we arrive

m k
k2||H||2 >R(y) + Z(hkm) = >0 D Mk,

r=k+1 r=k+1 i=ky+1

LIS 1 kA ksAfs
(g + o+ )+ SEIHIP + —— +
2 r;1 k|+1k|+1 k 2 f2 f3

+Zmlz Z(hr) + (k kiky — kaks — ksky + 1).

r=k+1 i=1 j=ki+1

(4.17)

By using similar steps as in Case 1, the above inequality can be written as

k2||H|| >R(y) + 7 Z @hjgy = B sipgar + - + WY
r=k+1 (4.18)
kA kA c
+ 2f2f2 + 3f3f3 + 0= kiky = koks = Kiks + 1).
The last inequality leads to inequality (i7) of (1).
Case 3. If y is tangent to U®, then we choose the unit vector field from {€k,+1, - - -, ex}. Suppose the
vector y is e;. Then from (4.6)

koA
KRIHIP 2R(y) + = Z(hkl+,kl+]+ /Ry A Lt zfzfz
r=k+1

k3Af‘3 r r r
7 t5 Z (B sy -+ Py + -+ Tg) = 2
r=k+1

* Z D Uk = G+ > T (= ()Y

r=k+1 1<a<B<k r=k+1 ki +1<s<t<k, 4.19)
+ Z Z (B hL, — (B )% + Z Z ()’

r=k+1 ky+1<p<q<k r=k+1 1<i<j<k
= > DL W =2+ Y Kene))

r=k+1 1<i<j<k-1 1<i<j<k-1

+ 72Uy + 72U + T(U).
From (2.2), one can compute

D Keie)) = %[(k— 1)(k = 2) + 3k; + 3(ks — 1) cos> 6]

I<i<j<k—1
HUY) = g[klaq — 1) + 3k

T(UR) = %[kz(kz —1)]
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HUY) = §[1<3(1c3 — 1) + 3k; cos? ],

By usage of these values together with (4.8) in (4.19) and analogous to case 1 and case 2, we obtain

K| H|* >R(y) + k2||H|| += Z (Mgrpyer - Mgy oo+ hg) = 2)°

r=k+1
kaAfr  k3Afs r\2
h'.
* f2 * f3 +r§11<iz<;<k( U) (420)
) Zhh ZZthlh;]
r=k+1 g=k1+1 r=k+1 i=1 j=k;+1

3
+ %(k ~ kiky =~ ko = kiks + 1= 5 cos? 6).

On applying the Lemma 3.1, it is easy to verify

i Z D, Hili=0. 4.21)

Using in (4.20), we obtain

K2\ H|P> >R(y) + k2||H|| +— Z((hlele bR e L) = 200

r=k+1
N koA f szf% Z Z ) Z Z HH, (4.22)
f f r=k+1 1<i<j<k r=k+1 g=ki +1

3
+ %(k ~ kiky = ks — kiks + 1= 5 cos? 6).

The third and seventh terms on the right hand side of (4.22) in a similar way as in case 1 and case 2
can be simplified as

m k-1
2 Z (Mg ¥+ gy + 77+ + i) = 2k + Z Z hihgq
r=k+1 r=k+1 g=k;+1
= - Z By iy + oo By + oo+ B 4 ()P (4.23)
r=k+1 r=k+1
Z H I
r=k+1 j=k;+1

By combining (4.22) and (4.23) and using similar techniques as used in case 1 and case 2, we can
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derive

m

1 1 r r r
ZkZHHH2 > R(y) + 1 Z Chy — (M qgyer + 00 + )

r=k+1

koA fo N ksAf3
f VE

3
-3 cos’ 6).

+

# 20— ks = ok = Kk + 1 (4.24)

The last inequality leads to inequality (7ii) in (1).

Next, we explore the equality cases of (1). First, we redefine the notion of the relative null space N,
of the submanifold U* in the complex space form U™(c) at any point x € U¥, the relative null space
was defined by B. Y. Chen [8], as follows

N, ={V, e T,U* : h(V,, V) = 0,YV, € T, U"}.

For A € {1,...,k} aunit vector field e, tangent to U* at x satisfies the equality sign of (4.1) identically

if and only if
ki k k n k
D D) D =060 Y)Y iy = 0Gi) Wy = Y I, (4.25)
=1 g=ki+1 b=1 4-1 g=ki+1

holds for r € {k+1,...m}, which implies that U* is mixed totally geodesic biwarped product
submanifold. Combining statements (i) and (iii) with the fact that U* is biwarped product
submanifold, we get that the unit vector field y = e4 belongs to the relative null space N,. The
converse is trivial, this proves statement (2).

For a biwarped product submanifold, the equality sign of (4.1) holds identically for all unit tangent
vector belong to Uy at x if and only if

k

ki k k ki
DD > Wy =0 Gi) Y > hhy =0 Gid) 2K, = >y, (4.26)

p=1 g=ki+1 b= 4-1 q=k +1
where p € {1,...,k;} and r € {k+ 1,...,m}. Since U* is biwarped product submanifold, the third
condition implies that h;p =0, pe{l,..., k). Using this in the condition (ii), we conclude that U*
is § —totally geodesic biwarped product submanifold in U"(c) and mixed totally geodesicness follows
from the condition (i). Which proves (a) in the statement (3).

For a biwarped product submanifold, the equality sign of (4.2) holds identically for all unit tangent
vector fields tangent to U, at x if and only if

k

ki n k ky
DD D =060 Y > hyy =0Gi) 2 = > M, (4.27)

=1 g=ki+1 b=1 A=ki+1 g=ky +1
b#A
suchthat K € {k; + 1,...,ky}and r € {k + 1,...,m}. From the condition (iii) two cases emerge, that
is
B, =0, VLelky+1,....,ky} and re{k+1,....m} or dim U, =2. (4.28)
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If the first case of (4.27) satisfies, then by virtue of condition (ii), it is easy to conclude that U* is
a S+— totally geodesic biwarped product submanifold in U™(c). This is the first case of part (b) of
statement (3).

For a biwarped product submanifold, the equality sign of (4.3) holds identically for all unit tangent
vector fields tangent to U 53 at x if and only if

k1 k n k3 n
) D My =000 ), D Wy =062k, = ) b, 429)
p=1 g=ki+1 b=1 A=ky+1 g=k +1
b#A
suchthat Le {k,+1,...,k}and r € {k+ 1,...,m}. From the condition (iii) two cases arise, that is
hy, =0, VLe{ky+1,...,n} and re{k+1,...,m} or dim Uy = 2. (4.30)

If the first case of (4.29) satisfies, then by virtue of condition (ii), it is easy to conclude that U* is a S/~
totally geodesic biwarped product submanifold in U™(c). This is the first case of part (c) of statement
(3).

For the other case, assume that U* is not S%—totally geodesic biwarped product submanifold and
dim U, = 2. Then condition (ii) of (4.29) implies that U* is §— totally umbilical biwarped product
submanifold in U(c), which is second case of this part. This verifies part (c) of (3).

To prove (d) using parts (a), (b) and (c) of (3), we combine (4.26), (4.27) and (4.29). For the first case
of this part, assume that dimU, # 2 and dimU, # 2. Since from parts (a), (b) and (c) of statement (3) we
conclude that U* is S —totally geodesic, S*— totally geodesic and S?— totally geodesic submanifolds
in U™(c). Hence U* is a totally geodesic submanifold in U™ (c).

For another case, suppose that first case does not satisfy. Then parts (@), (b) and (c) provide that U* is
mixed totally geodesic and S — totally geodesic submanifold of U™ (c) with dimU, = 2 and dimU, = 2.
From the conditions (b) and (c) it follows that U* is S*+— and D?—totally umbilical biwarped product
submanifolds and from (a) it is S —totally geodesic, which is part (d). This proves the theorem. m|

If Uﬁz = {0}, then the biwarped product submanifold becomes the Point wise semi-slant warped
product submanifold that is U* = U'}l X, U]9‘3. Now, we have the following corollary which can be
deduced from the Theorem 4.2.

Corollary 4.2. Let U+ = U;‘ X, U§3 be a pointwise semi-slant warped product submanifold
isometrically immersed in a complex space form U(c). Then for each orthogonal unit vector field
x € T\ U, either tangent to U];] or Ug3, we have

(1) The Ricci curvature satisfy the following inequalities

(i) If x is tangent to U;‘, then

1 k3Af7, C 1
—K*||H|* > R 2 4 —(k—kiks — =). 4.31
4||||_0()+f3+4( 132) 4.31)
(ii) y is tangent to U, then
1 kA 3
—KHI? = R(y) + = f3 + f(k —kiks + 1 = = cos?6). (4.32)
4 fs 4 2
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(2) If H(x) = 0, then each point x € U* there is a unit vector field y which satisfies the equality case
of (1) if and only if U* is mixed totally geodesic and y lies in the relative null space N at x.
(3) For the equality case we have

(a) The equality case of (4.31) holds identically for all unit vector fields tangent to Ur at each
x € U* if and only if U* is mixed totally geodesic and S —totally geodesic point wise semi
slant warped product submanifold in U™(c).

(b) The equality case of (4.32) holds identically for all unit vector fields tangent to U§3 at each
x € U* if and only if S is mixed totally geodesic and either U* is D°- totally geodesic point
wise semi slant warped product submanifold or U* is a S totally umbilical in U™(c) with
dim S% = 2.

(c) The equality case of (1) holds identically for all unit tangent vectors to U* at each x € U* if
and only if either U* is totally geodesic submanifold or U* is a mixed totally geodesic totally
umbilical and S — totally geodesic submanifold with dim Uy = 2.

where ki and k; are the dimensions of U? and U§3 respectively.

Now, we have another case that is if U§3 = {0} then the biwarped product submanifold becomes the
CR-warped product submanifold. In this case we have the following corollary.

Corollary 4.3. Let U* = U?‘ X, Uﬁz be a CR-warped product submanifold isometrically immersed in
a complex space form U™(c). Then for each orthogonal unit vector field y € T, U, either tangent to U?
or Uﬁz , we have
(1) The Ricci curvature satisfy the following inequalities
(i) If x is tangent to U/}‘, then
UAfh
f2

| B c 1
- > —(k — kiky — =). .
7 XIHI" = RO + + 7k —kiky = ) (4.33)

(ii) If x is tangent to Uﬁz, then

koA fo
f
(2) If H(x) = 0, then each point x € U there is a unit vector field y which satisfies the equality case

of (1) if and only if U* is mixed totally geodesic and x lies in the relative null space N at x.
(3) For the equality case we have

1
Zk2||H||2 > R(y) + + g(k —kiky + 1). (4.34)

(a) The equality case of (4.33) holds identically for all unit vector fields tangent to Ur at each
x € UXifand only if U* is mixed totally geodesic and S —totally geodesic CR-warped product
submanifold in U™(c).

(b) The equality case of (4.34) holds identically for all unit vector fields tangent to Uﬁz at each
x € U* if and only if U is mixed totally geodesic and either U* is S*- totally geodesic
biwarped product or U* is a S+ totally umbilical in U"(c) with dim S+ = 2.

(c) The equality case of (1) holds identically for all unit tangent vectors to U* at each x € U* if
and only if either U is totally geodesic submanifold or U* is a mixed totally geodesic totally
umbilical and S — totally geodesic submanifold with dim U, = 2.

where ki and k, are the dimensions of U? and Uﬁz respectively.
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