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1. Introduction

This paper is mainly concerned with the existence of the least energy sign-changing solutions for
the following nonlocal elliptic equations

—Lxu=u* 2u+Af(x,u) inQ,

u=0 in R"\Q, 1.1y

where Ly is the integro-differential operator defined as follows:
1
Lu(x) =5 f (u(x +y) +u(x —y) = 2u(x)Kydy,  xeR",
RN
here K : R¥\{0} — (0, +o0) is a function with the properties that

(K,) mK € L'(R"), where m(x) = min{|x|?, 1};
(K,) there existy > 0 and s € (0, 1) such that K(x) > y|x|"V*29 for any x € RV \ {0}.
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And A is a positive real parameter, the nonlinear term f satisfies the following conditions:

(fi) f: QxR — Risa Carathédory function, and there exist C > 0 and g € (2,2") such that
f(x, ) < CA+ 197", ae. xeQ, teR;

(f2) lim 52 = 0 uniformly in x € Q;

(f3) @ is strictly increasing in [t| > O for a.e. x € Q.
As an example for f we can take the function f(x,t) = eM|f|92g, with x € Q, t € R and g € (2,2%).

A typical model for K is given by the singular kernel K(x) = |x|"¥*>% which coincides with the
fractional Laplace operator —(—A)* of the following fractional Laplacian equations

(=2)u = uf u+Af(x,u) inQ,

u=0 in R"\Q, (1.2)

where

—(=A)"u(x) = %fRN ulx +5) +|§|(;c+;y) — 2u(x)dy, xeRY,

where A is a positive real parameter.

In problem (1.1) and problem (1.2), the set Q ¢ R¥(N > 2s) is an open bounded with Lipschitz
boundary and 2* := NZ_AQS is the fractional critical Sobolev exponent.

The operator (—A)* can be seen as the infinitesimal generators of Lévy stable diffusion Processes,
see [1] for example. It is easy to see that the integro-differential operator L is a generalization of the
fractional Laplace operator —(—A)°.  Elliptic equations involving nonlocal integro-differential
operators appear frequently in many different areas of research and find many applications in
engineering and finance, including statistical mechanics, fluid flow, pricing of financial instruments,
and portfolio optimization, see [2—4]. In the past few years, a great deal of attention has been devoted
to nonlocal operators of elliptic type, both for their interesting theoretical structure and in view of
concrete applications, see [5—12] and the references therein. By minimax method, invariant sets of
descending flow method or constrained minimization method, many authors obtained the existence
results of sign-changing solutions of some nonlinear elliptic equations, see [13-20]. To show their
results, the authors always assumed the nonlinearity f(x,?) is subcritical and/or f(x,1) satisfies (AR)
condition and/or f(x,t) is differentiable with respect to . The existence of nontrivial solutions,
positive solutions, negative solutions and sign-changing solutions, for nonlocal elliptic problem (1.1)
has been investigated by using variational method, fixed point index theory and critical point
theorems, see [2—4,12,20].

Motivated by the papers mentioned above, the main purpose of this paper is to establish the
existence of sign-changing solution for problem (1.1) and problem (1.2) under much weaker
conditions.

We define the sets X and E as

X={ulu: RY — R, uloe LXQ) and (u(x) — u(y)) VK(x — y) € L2R* \ 0) },

and
E={glgeXandg=0ae inR"\Q},
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where u | represents the restriction to Q of function u(x), O = (RY \ Q) x (R \ Q).
We note that E is non-empty and

o= [, lst) ~ gOIPKCx = yydady) (1.3)
R2N
is a norm on E, equivalent to the standard one (see [2,3]). Also, (E, || - ||) is a Hilbert space and
(u, v) = f (u(x) —u®)(v(x) — v(y)K(x — y)dxdy, Yu, veE. (1.4)
R2N

For any A > 0 fixed, we define the the energy functional J, : £ — R by
1 ) 1 o
Ja(u) = 5 u(x) —u(WIK(x — y)dxdy — - | ux)|"dx—-A | F(x,u(x)dx, ueE. (1.5)
2 R2N 2* Q Q
Under the condition (f;), by standard argument, it is easy to obtain that J, € C'(E,R) and

(Jiw),v) = (u(x) = u(y))(v(x) = v(y)K(x — y)dxdy

R2N

- f Iu(x)lz*_zu(x)v(x)dx -1 f f(x,u(x))v(x)dx, u,veE. (1.6)
0 Q

It is easy to see that foru € E

leall® = N1 + NI ~ f (u* (0w () + u” (u DK (x = y)dxdy = [lu* | + [lu” |, (1.7)
R2N

Ja(uw) = Jau™) + Jau™) - f 2N(bt*(x)u‘(y) +u (X)u" () K(x — y)dxdy,

R

and

(o), u™)y =T u"), u”) - f W (u™(y) + u”(u” (1)K (x - y)dxdy.
R2V

Obviously, the critical points of , are equivalent to the weak solutions of problem (1.1).
Furthermore, if u € E is a solutions of (1.1) and u* # 0 in RY, then u is a sign-changing solution
of (1.1), where u*(x) := max{u(x), 0}, u (x) := min{u(x), 0}.

Lemma 1.1 [2] The embedding E — L”(RY) is continuous if v € [1,2*] and compact if v € [1,2%),
where u € L”(RY) means u = 0 a.e. in RV\Q.

The main results of this paper are the following theorems:

Theorem 1.1 Let K : RM\{0} — (0, +c0) be a function satisfying (K;) — (K,) and assume that f
satisfies (f1) — (f3). Then, there exists A, > 0 such that for each 4 > A, problem (1.1) admits a least
energy sign-changing solution.

Theorem 1.2 Assume that f satisfies (f;) — (f3). Then, there exists 4 > 0 such that for each 1 > A%,
problem (1.2) admits a least energy sign-changing solution.
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2. Preliminaries

In this section we collect some preliminary lemmas which will be used in the next section to
prove the existence of sign-changing solutions of problem (1.1) and problem (1.2).
Let

M:={ueE: u* +0and (J)(uw),u") = (T (u),u) =0}

Lemma 2.1 If u € E with ™ # 0, then there exists a pair (#;, s;) of positive numbers such that
tut+su” e M.
Proof. For given u € E with u™ # 0, let g,,, h, : (0, +00) X (0, +00) — R be two functions defined by

gu(t,s) =Pl = st | @t (u(y) + u (Dut (v)K(x — y)dxdy
-7 fQ lu|* dx — /lfgf(x, tut)tutdx,
h(t,s) = s*|u”|]* = st fRzN(W(X)M*(y) +u (u* (y)K(x = y)dxdy
—s% fQ lu | dx — A fQ f(x, su™)su"dx.
It is obvious that g,(t,s) = (J(tu™ + su™),tu"), h,(t,s) = (I (tu* + su~), su”) and g,, h, are both
continuous in (0, +00) X (0, +00).
From (f}) and (f>), for any & > 0, there exists 6(¢) > 0 such that for a.e. x € Q and any t € R

If(x, 0] < elt] + 81", |F(x,0)| < elt* + 8(e)|t]4. 2.1

For ¢ = % in (2.1), there exists ¢; > 0 such that

2
If(x, )] < ﬁm ot aexeQ, teR, (2.2)

e e ) -uG)PK (x-y)daxdy
where A, = Mlef%l\%} T Cordx
Dirichlet boundary data. By using lemma 1.1 and (2.2), we have

is the first eigenvalue of the operator —Lx with homogeneous

2
. . t . .
gu(t,s) > Pllu’|P - 7 f u* dx — ﬂff(x, tu )t dx > Ellbﬁll2 — oo |lut|P = Acst||u” ||
Q Q
Since 2 < g < 2, we can obtain that there exists r; > 0 small enough such that g,(z, s) > 0 for all s >

0, t € (0, r{]. Similarly there exists r, > 0 small enough such that 4,(¢, s) > 0 forall > 0, s € (0, r>].
By (f1)—(f3) and the second integral mean value theorem, we easily deduce that

1
Ef(x, Nt — F(x,t) is strictly increasing in |t| > 0 for a.e. x € Q. (2.3)
and
1
Ef(x, Ht— F(x,t) >0, F(x,t) >0, a.e. x € Q,t € R\{0}. 2.4)
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So we are

gu(t,s) < PP = st Loyt um(y) + u (u* ())K(x = y)dxdy
-1 fg lut | dx — —o0, ast — +oo,

since 2* > 2. Therefore, there exists R; > 0 sufficiently large such that g,(z,s) < O forall s > 0, 7 €
[R;, +00), and Similarly we can find R, > O such that A,(¢,s) < O forall t > 0, s € [R;, +00). By
applying Miranda’s Theorem, there exist , > 0, s, > 0 such that g,(¢;, s)) = 0 = h,(t), 52), i.e., Lu™ +
sau” € M.

Lemma 2.2 If u € M, then

ou(t,s) < ¢,(1,1) = T (w), forallt,s>0with(t,s)# (1,1),

where ¢,(t, s) := J(tu™ + su™), (t,5) € Ri := [0, +00) X [0, +00).
Proof. Since u € M, then (7 (u), u*) = 0, that is

) = f W (O () + 1t 0K Cx — y)dxdy = f W dx+ A f Forutytdx,
R2N Q Q

™ |)? - f W u ) + u (ut () K(x — y)dxdy = f lu|¥ dx + A f f(x, u)u"dx.
R2N Q Q

From the definition of ¢,(t, s), it follows that (7, 5) is a critical point of ¢,(t, s) if and only if fu™ + 5u~
is a weak solution of (1.1).
Let ¢, s > 0, then, by (1.5) and (2.4) we have ¢,(0,0) = 0 and

o.(t,s) = %Ilnfr +su”|? - zi fQ [tut + su~|* dx — /lfg F(x,tu® + su™)dx
< Sl 1P + S|P = st Lo, (Ou () + - (u* (0K (x = y)dxdy

i +2 s -2
—5 Jo P dx - 5 [l dx.

Without loss of generality, we can suppose that # > s > 0. Thus we can get that

2., 2 z
Bult.5) < — [t + | - f (" (O () + - (O ODK (x = y)dxdy] = o f 't dx
R2N Q
that is,
22
(fzu(_i’sz) < %[”u+”2 " ”u—llz _ LZN(M+(X)M—@) + u—(x)u+(y))K(x—y)dxdy] — 2t > fg;|u+|2*dx.

Since 2* > 2, we can infer that ' l)ilm ¢.(t, s) = —co. By using the continuity of ¢, we can deduce the
t,8)|—+00

existence of (7, §) € R? that is a global maximum point of ¢,, i.e., ¢,(f, ) = max ou(t, $).
(t,5)€R%

Now we prove that 7, § > 0. Suppose by contradiction that § = 0. But it is obvious that

Guli.s) = Sl = 5 et dx - 4 f, Fx fu)dx
=7 [ G (=) + (U (K (x = y)dey
+%||bt_||2 - % fQ lu™|* dx — /lfg F(x, su™)dx

AIMS Mathematics Volume 6, Issue 5, 5028-5039.



5033

is an increasing function with respect to s if s is small enough, then the pair (7,0) is not a global
maximum point of ¢, in R2, so § > 0. Similarly we can prove that 7 > 0.
Next, we prove that 7, § < 1. Since (¢,)/(7, §) = (¢,).(7, §) = 0, we have

Pl - f W () + - (D (K (x - y)dxdy = P f

Q

lut | dx + A f f(x, fut)iutdx,
Q

| - 75 f (ur(Xu~ () + u-(u" ()K(x — y)dxdy = § f lu | dx+ A f f(x, Su”)Su"dx.
R2N Q Q

Assume that 7 > §, we have

PllutIP = 2 ot (u () + u (ut (0))K (x = y)dacdy

> {7 fQ lu? dx + /lfgf(x, futtudx. 25

Since (J(u),u*) = 0, that is

) - f W (O () + - (D (K (x — y)dxdy = f WP dx+ A f Fonutytdx,
R2N Q Q

which together with (2.5) gives

0 > (fZ*—Z_ 1)f|u+|2*dx+/lf{f(-)i’tu+) f(x u ) ( )de
Q Q ur

tu*

By (f3) we can infer that 7 < 1, and § < 7 < 1.
Finally we prove that ¢,(7, §) < ¢,(1, 1) if (7, §) € [0, 1] x [0, 1]\ {(1, 1)}. By the definition of ¢, and
the above conclusions we have

¢u(7,8) =Tt + Sum) = Ta(fu* + Su™) — (T4 (Fu* + Su”), fu* + Su”)

= (3 -2 [P dx+ (G - )8 [ luwFdx
+/1£2 %f(x, i‘u+)fu+ - F(x, fu"')dx + /lﬁz %f(x, Su”)sSu” — F(x, Su™)dx

l——)fglu |2 dx+ (3 - 3) Jo u ¥ dx
+/lfQ 2f(x uHut — F(x, u*)dx+/lfQ 2f(x u ) u — F(x,u")dx

= (% — ZL*)‘L‘)WlZ*dx_f_/lL%f(x’u)u—F(X,M)d-x

= Ja(w) — (T w),u) = Ta(u) = ¢u(1,1).
For fixed 4 > 0,let C; := in/\f4 J1(u), then we have the following results.
Lemma 2.3 C, > 0 and there exists D > 0 such that ||u*|| > D for all u € M.
Proof. (1) For w € E\{0}, by using (2.2) and Lemmal.1, we have

1 *
Ja(w) = lewllz — cyllwl” = Acsllw]l”.
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It follows from 2 < g < 2* that insf Ja(w) > 0 for sufficiently small p > 0, where S, :={u € E : ||ul| =
weS,

p}-
For each u € M, there is t; > 0 such that fju € §,. By Lemma 2.1 and Lemma 2.2, we have

J.w) =Tt +u)= max J,(tu™ + su”)

(1,8)eR2
> Natu +tu) = Ja(tu) > JgSf Ja(w).
P

Hence, C, = in/\f/(jﬁ(u) > in;f Ji(w) > 0.
(2) For each u € M, we have (J(u),u™) = 0, so

WHURBRTDE f 2N(Lf(X)u_(y) +u” (Du" (M)K(x = y)dxdy < 0,

R

which together with (2.2) and Lemma 1.1 gives
l#I? < [ P dx + A [ F(x, u®)dx < collu®|P + Hu#|P + cqllu=[19.

Then, |lut||> < cgllu®||’", where r = g if |[u®]] < 1 or r = 2* if |Ju*|| > 1. Since r > 2 we have what
we need.
Lemma 2.4 There exists A, > 0 such that for 1 > A,

S
0<C,< N(Sm%,

where S g is the best fractional critical Sobolev constant, namely

Jeal®

B0 [full3,”

(2.6)

Proof. By Lemma 2.1, for each 4 > 0 and u € E with u*™ # 0, there exists a pair (¢,, s,) of positive
numbers such that z,u™ + s,u” € M. Namely

Bl 1P = 1asa ot (u= () + w0t ()K (x = y)dxdy

= 2 [P dx+ A [ fOx, )t dx, 2.7)

Sl =ty foon (U () + u ()t ()K (x = y)dxdy

=57 fQ lu[*dx + A fQ f(x, su”)sudx. (2.8)

By using (2.4), we have

e |1* - f—j f (u* (™ () + u”(u* K (x = y)dxdy > 13 7 f ' dx,
R2N

Q

IP =2 [ @ ur o) + T O)K x— yddy = 53 f P dx,
Q

Sy JRr2N
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which imply that {z,} and {s,} are bounded. Then, for the sequence A, — o0 as n — oo, there exist
to > 0, so > O such that ¢, — #, and 5,, — so. If we assume that 7, > 0, it follows from (2.4) that

lim ti f lut|? dx + /lnff(x, L U, U dx = 400,
n—-oo Q Q
which leads to a contradiction with (2.7). Thus, #, = 0. Similarly we can deduce that s, = 0. Namely,
lim f; = lim s, =0. (2.9
A—+o00 A—+0

By (1.5), (2.4) and Lemma 2.3, for C, we have that choosing u € E with u* # 0,
0<Ca<Jatau" + su”) < %IIW+ + s |P < %(ullu*ll + sallu” ).
By (2.9), it is easy to see that there exists 4. > 0 such that for 4 > 1., 0<Cy < (S K)%.
3. Proofs of the main results

Proof of Theorem 1.1 For any fixed 4 > A,, by Lemma 2.4, 7, is bounded below over M. By
Ekeland’s variational principle, there exists {w,} C M such that

Jalwa) = C, € (0, %(Sm”s), T(wn) = 0. 3.1)

Similar to the proof of Proposition 2 in [4], one can prove that {w,} is bounded in E. By (1.7), {w;} and
{w, } are both bounded in E. we can assume that

wE—=w* inE, wf > wrin 'RY) 2<v<29), whx) - wH(x) ae. inR". (3.2)

+

We can claim that w; — w* in E. In the following, by contradiction, we assume that w; -» w* or
w, » win E. Let vy := w; —w™, then it follows from the Brezis-lieb theorem that

Qvy) = Cy— Ja(w), Q) -0,

where v, = v +v,, w=w" +w” and Qu) = jllull® - fQ lu|* dx. Since Q (v¥) — 0, we can get that
IVEI? + o(1) = fQ VE[*'dx = ||vE|l3.. On the other hand, it follows from (2.6) that

Sklvill. < Vil +o(1) = il +o(1) or  Sklv, I < v, I +o(1) = [Iv, I3 + o(1),
which further implies
V7B = (S +o(1) o IIvlly: = (S)% +o(D).
Similar to the proof of Proposition 2 in [4], we can deduce that 7 ,(w) > 0. Thus,

Ci+o(l) 2Ci+o(l)-T,w) =Q(v,) = QW)+ Q(Vv,)
=(3—3) Vi dx+ G = $) [ ViPdx = 2(S )7 +o(1),
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which contradicts with C; < $(S K)%. Hence we have w; — w* in E. Therefore, by Lemma 1.1,
we have

Iw, Il = Iw™ll, fIW,flz*dx%flwilz*dx, ff(x,Wf,)Wf,)dx%ff(x,wi)wi)dx (3.3)
Q Q Q Q

By Lemma 2.3, [|w;|| = D > 0, so [[w*|| > D and w* # 0. Thus w = w* + w™ is sign-changing. From
Lemma 2.1, there exist ¢, s > O such that

(JHaw™ +sw),tw™)y =0, (Jw" +sw),sw)=0 (3.4)
and tw* + sw™ € M. Since {w,} C M, we have (J(w,), w;) = 0, by (3.2) and (3.3), we have
(Tiw),w*) =0, (Jy(w),w)=0. (3.5

By putting together (3.4) and (3.5), and arguing as in the proof of Lemma 3.2 we can deduce that
t,s < 1.
Since tw* + sw™ € M, w, € M, from (2.3), (3.1), (3.4) and ¢, s € (0, 1] we can obtain that

Cy <9J.w* +sw7) = J0ewt + sw™) — %(jﬁ(tw* + swo), twt + swT)

= (3= 2 [P dx+ (= )5 [ P dx
+2 [ 3f e, twhw® — F(x, tw")dx + A [ 3 f(x, sw™)sw™ — F(x, sw™)dx

2 2 2 2*

<G =3 JyW Fdx+ (GG - 5) [, WP dx
+1 fg %f(x, whwt — F(x,wHdx + A fQ %f(x, wow — F(x,w )dx

= lim{(3 - ) [ Wil dx+ (G - 3) [, w,1* dx
+A [ LG wpws = Feowidx + 4 [ 3 fGewiw, = F(x, wy)dx)
= Him (T3 w,) = 5T 500, W)} = lim T0w,) = €.
Therefore, we have proved that J,(tw* + sw™) = Cpandr = s = 1, thatis, w = w* + w~ € M and
j,l(W+ + W_) = C/l.
Finally we prove that w is a critical point of J,; for 4 > A.. If w is not a critical point of J, for
A > A,, then there are a¢ < 0 and vy € E such that (J(w), vo) = 2a,. So there is ¢ € (0, %) such that

(THaw™ + sw™ + €evy), vo) < ay, Vs, e)efts,e): t—1+|s—11<6 0<e<6}. (3.6

Let D := {(t,s) € R?>: |t—1]| <6, |s — 1] < 6}. Choosing a continuous functionp : D — [0, 1] such
that

A~

5
Lo ifle-1<Jand]s- 1] <

)

(3.7)

N>

0
0, iflt—llzzorls—llz
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Let Q(t, s) := tw* + sw™ + n(t, s)vo and

H(t, 5) := (T3(Q(, ), [Q(t, )]7), (T(Q(t, ), [Qt, 9)]7), ¥ (2, 5) € D.

Then Q € C(D,E) and H € C(D,R*>). If |t —=1| = Sor|s— 1| = 6, n(t,s) = 0, then H(t,s) =
(T5w™ + swo), tw™), (T w™ + sw™), sw™)) # (0,0) in view of (¢, 5) # (1,1). As a consequence,
the Brouwer’s degree deg(H, int(D), (0, 0)) is well defined. By using the homotopy invariance and the
normalization, we have deg(H, int(D), (0,0)) = 1. Thus there exists a pair (¢, 5) € int(D) such that
H(t,5) = (0,0), so Q(,5) € Mand J,(Q(t,5)) = C,.

On the other hand, from (3.6) and (3.7) we have

JaQ0(t,5) =T,(tw" +5w7) + fol (J5aw™ + sw™ + 8on(t, 5)vo), on(t, $)vodb) (3.8)
< Ja@wt + swo) + on(t, 5ay. '

If 7 or 5 is not equal to 1, By using Lemma 2.2, the term on the right-hand is strictly less than C,. If
t=35=1,byn(5) =1and @y < 0, we also have a contradiction. Thus, w is a sign-changing of (1.1)
for A > A..

Proof of Theorem 1.2 We take K(x) = |x|"¥*29, then it is obvious that K(x) satisfies the conditions
(K1), (K3) and problem (1.1) turns into problem (1.2). By using Lemma 5 in [2], we can obtain that
E C H(RM). Thus, the assertion of Theorem 1.2 follows from Theorem 1.1.

4. Conclusions

We have established the existence theorems of sign-changing solution for problem (1.1) and
problem (1.2) under much weaker conditions (Theorem 1.1 and Theorem 1.2). In comparison with
previous works, this paper has several new features. Firstly, we consider the more general nonlinear
term without (AR) condition. Secondly, the nonlinear term involves critical growth. Thirdly, we do
not require the continuous differentiability of the nonlinear term with respect to the second argument.
Finally, the existence of a least energy sign-changing solution is obtained by using constrained
minimization method and topological degree theory. Therefore the previous related results in [19, 20]
are improved and generalized. There have been no previous studies considering the existence of
sign-changing solutions for problem (1.1) and problem (1.2) involving critical growth to the best of
our knowledge.
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