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Abstract: We present four versions of Egoroff’s theorems for measurable closed-valued multifunctions
on non-additive measure spaces. The conditions provided for each of these four versions are not only
sufficient, but also necessary. In our discussions the continuity of non-additive measures is not required.
The previous related results are improved and generalized.
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1. Introduction

The Egoroff theorem, the well-known convergence theorem in real analysis theory, describes
the relationship between the convergence almost everywhere and almost uniform for real-valued
measurable functions sequence ([3]). In [16] the convergence of a sequence of measurable closed-
valued multifunctions (i.e., random sets) on o-additive measure spaces (in particular, probability measure
spaces) were discussed and a version of Egoroff’s theorem for closed-valued measurable multifunctions
was shown.

This important convergence theorem has been widely extended in non-additive measure theory
(see [4,5,9-12,14,19]. The Egoroff theorem for closed-valued measurable multifunctions, which was
established in [16], was generalized from o-additive measures space to non-additive measure spaces
(see [8,11,14]). However, in these discussion the continuity and autocontinuity of non-additive measures
are required.

In this short paper we further investigate the (pseudo-)convergence almost everywhere and (pseudo-
)almost uniform of a sequence of random sets on non-additive measure spaces. By means of the
condition |E] and condition [E] (see [9]) of non-additive measures, we show four versions of the Egoroft
theorem — one standard version and three pseudo-versions — for random sets sequence on general
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non-additive measure spaces. The necessary and sufficient conditions are respectively presented for
these results to remain valid for non-additive measures. The non-additive measures we considered are
not necessarily continuous, and thus the previous related results ([11]) are improved and generalized.

2. Preliminaries

Let (Q2, A) be a measurable space, i.e.,  is a nonempty set and A is a o-algebra of subsets of Q.
We consider R¢, the d-dimensional Euclidean (linear) space with Euclidean norm || - ||. Let O, ¥ and K
denote the classes of all open, closed and compact sets in R?, respectively, and B(R?) denote the Borel
o-algebra on R, i.e., it is the smallest o-algebra containing O. For x € R and E c R?, the distance from
the point x to the subset E is defined by p(x, E) = inf{||x —y|| : y € E}. Let B(x, €) and B(x, €) denote the
open ball and closed ball of radius € and center x € R?, respectively, i.e., B(x,€) = {y € R? : ||lx—y|| < €}
and B(x,e) = {y e R : ||x — y|| < €.

2.1. Random sets

We recall the basic definitions dealing with set-valued maps [1], also called multifunctions, or
multi-valued mapping. Let us consider a set-valued map I' : Q — P(RY) (the power set of R?); its
effective domain is dom(I') = {w € Q : I'(w) # 0}. We denote I'"/(F) £ {w € Q : T(w) N F # 0}, where
F € P(RY). The set-valued mapping I is said to be closed-valued, if its values are closed subsets of R¢,
re,': Q — F. A closed-valued mapping I" is measurable (with respect to A), if for all closed subset
F of R4, T-1(F) € A (see [1,16]).

A measurable closed-valued mapping I is called a random set (with respect to ‘A). Let R[] denote
the class of all random sets defined on  (with respect to (A).

2.2. Convergence of sequence of closed sets

Definition 2.1. ( [1,16]) Let C € ¥,(Cp)pen C ¥. If limsup,_,., C, = liminf,_, C, = C, then C is

A

called to be the set limit of the sequence (C,),en, denoted by lim,_,., C,, = C, where limsup,_,  C, =
{x € RY : liminf,_, p(x,C,) = 0} and liminf,_,. C, 2 {x € RY : lim,_, p(x, C,) = O}.

For given € > 0 and A C R, let €A denote an open e-neighborhood of the set A defined as follows: if
A is nonempty then €A = {x € R? : p(x,A) < €} and €@ = R? \ B(0, 1/¢).

Proposition 2.1. ( [16]) Let C € F,(C,)nen C F. Then the following four conditions are equivalent:
(l) limn—)oo Cn =C;
(ii) forall € > 0, lim,_.[(C \ €C,) U (C, \ €C)] = 0;
(iii) for each € > 0 and each K € K, there exists n(e, K) such that for all n > n(e, K)
[(C\eCh) U(C,\eO)]NK =0
(iv) for each € > 0,r > 0 and x € R?, there corresponds n(e, r, x) such that for all n > n(e, r, x)

[(C\ eC,) U (C,\ eC)IN B(x,r) = 0.
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2.3. Non-additive measures

A set function A : A — [0, +o0] is called a non-additive measure on (Q, A), if it satisfies the
following two conditions:

() A0)=0; (vanishing at Q)

(2) Forany E,E, € A, E; C E, implies A(Ey) < A(E,). (monotonicity)

A non-additive measure is also known as “capacity”, “fuzzy measure”, “monotone measure” or
“nonlinear probability”, etc. For more information concerning non-additive measures, we recommend
[2,13,15,17,19].

Let M denote the set of all non-additive measures defined on (Q, A).

Let 1 € M. Ais said to be continuous from below [3], if lim,_,., A(L,) = A(L) whenever L, / L;
continuous from above [3], if lim,_,, A(U,) = A(U) whenever U, N, U and there exists n, with
AU,,) < +00; continuous, if A is continuous both from below and from above; strongly order continuous
[7,9], if lim,,_,., A(A,) = 0 whenever A, \, A and A(A) = 0.

For a non-additive measure A € M with A(2) < +co, the non-additive measure A, defined by

AA) = AQ) - AQ\A), Ac A,
is called the conjugate of A (the conjugate A is also called the dual of ).
3. Egoroft’s theorems for random sets on monotone measure spaces

Given 1 € M. LetI' € R[Q], T))qen € R[Q], A € A. The following concepts come from [16] (see
also [11]). We say that

(1a) (I',)nen converges to I' almost everywhere on Q (with respect to A), if there exists Ey € A, such
that A(Ey) = 0 and for every w € Q\ Ey, lim,_,, [',(w) = I'(w) (in the sense of Definition 2.1, the same
below), write T, — T'[A];

(1b) (I'y)nen converges to I' pseudo-almost everywhere on Q (with respect to A1), if there exists
Fy € A, such that A(Q \ Fy) = A(Q) and for every w € Q\ Fy, lim, o, [(w) = ['(w), write T, s I'[aj;

(2) (I')uen converges uniformly to I' on A, denoted by I, ﬂ) I on A, if for any € > 0 and any
compact subset K of R, there exists some positive integer n(e, K), such that (AZ!(K)) N A = 0 whenever
n > n(e, K), where

AL K) 2w e Q: [(T,\ el) U\ el)](w) N K # 0); 3.1)

(2a) (I'y)nen converges almost uniformly to I' on Q (with respect to 1), denoted by I, N I'[A], if for
any 0 > 0, there exists As C A such that T, ﬂ ["'on As and u(Q\ As) < 6;

(2b) (I'))nen converges pseudo-almost uniformly to T on Q) (with respect to 1), denoted by I, s
I'[A], if there i8S {F,,,} e € A such that lim,,,.c A(Q\ F},) = A(Q), and [, ﬂ FonQ\F,(m=1,2,...).

We recall the condition [E] of non-additive measures, which plays an important role in generalizing
the Egoroff theorem from classical measure theory to non-additive measure theory ( [6,9]).
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Definition 3.1. Let 1 € M. If for every double sequence (P,(;"))(m,n)eNxN C A satisfying the condition:
foranym = 1,2,..., P N\, P™ (n — oo) with A(\J;>, P™) = 0, there are increasing sequences
(n))ien and (m;);en of natural numbers, such that

+00
lim A({ JPU)=0 (resp. lim /lQ\ P(’”' = AQ) ). (3.2)

k—+0c0 \ k—+00

then we say that A fulfils condition [E] (resp. condition [E]).

Proposition 3.1. ( [6,12]) Let A € M.

(1) If A is finite (i.e., A(Q) < o) and continuous, then it fulfils condition [E].

(2) If A fulfils condition [E], then it is strongly order continuous (i.e., lim,_, ., A(A,)) = 0 whenever
A, \y Awith A(A) =0).

3.1. The standard version of Egoroff’s theorem for random sets

In [6] (see also [9]) it was shown that Egoroff’s theorem for real-valued measurable functions holds
in the case of monotone measures if and only if the monotone measures fulfill condition [E] (or Egoroff
condition, see [12]). Now we show a version of the Egoroff theorem for random sets sequence on
non-additive measure spaces. It only concerns convergence a.e. and convergence a.u., and we refer to it
as the standard-form of Egoroff’s theorem (for random sets on non-additive measure spaces).

Theorem 3.1. Let A € M. Then the following are equivalent:
(i) A fulfils condition |E] (or Egoroff condition);
(ii) for all (I'y)en € R[Q] and all T € R[], we have

I, 5T = T, -5 T4 (3.3)

Proof. (i) = (ii) Let Qy = {w € Q : lim, [',(w) # I'(w)}. Since T, AN I'[1], we have A(Qy) = 0
and I',, converges to I" everywhere on Q \ €.
Denote
W,(e, r, x) = {w eQ:[(T,\eD)U T\ el)(w) N B(x,r) # (Z)}.

Form,k=1,2,...,let E(k) Usneon Wm(k, k,0), then E( ) is decreasing in m for each fixed k.

Denote E® = Mzt E,(,]f), k = 1,2,.... From Proposition 2.1, it is not difficult to verify that
U2, E® = Q. Therefore A(;2, E®) = 0. Thus the double sequence (E%)umianar C A satisfies the
condition: for any fixed k = 1,2,...,as m — oo,

E® N E® and A( [j E®) =0.
k=1

By using the condition [E], we get increasing sequences (m;);cn and (k;);en, such that

lim /l E(k' =

Jjo+oo
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For any 6 > 0, we take jj such that

U E(k’

i=jo

LetAs = Q — U™ ES, then A; € A and

=Jo

AQ - Ag) =1 UE(")

i=jo

In the following we prove that (I',),c converges to I on As uniformly.
Noting that

[ee)

A5:ﬂﬂ{we9 [(r\ DUy F)](w)mB(Ok)— }

1=Jo n=m;
then for any i > jy, we have
As C ﬂ{weg [ r)u(r\ F)](w)ﬂB(O k) = }
1.e.,

As C {a) €Q: [(r,, \ %r) U\ %r,,)](w) N B0, k) = 0}

whenever n > m;. Therefore
1 1 —
{a) cQ: [(r,, \ZDUT) EF”)](“’) N B0, k;) # 0} NAs=0

whenever n > m;, i.e., W,,(3,k,0) N A; = 0 whenever n > m;.
On the other hand, for any € > 0 and any compact subset K of RY, we take iy such that iy > jj,
1/ki, < € and K C B(0, k;,). Take n(e, K) = m;,. Then as n > n(e, K),

{a) €Q: |\ kimr) U (T \ kiior,,)](w) N B0, k;,) # (2)} NA; = 0.
Noting that
[(rn \ kir) u(ry %Fn)](w) NBO, k) > [(r \er)u(ry an)](w) Nk,
we have
{weQ: [T\ eD) U\ el)]w) N K # (D}ﬂA5 =0
whenever n > n(e, K). That is, (Agn1 (K)) N As = 0 whenever n > n(e, K). This shows I, N I'[A1].

(ii) = (i) Considering the singleton-valued functions, it is similar to the proof of Theorem 1
in [6]. O
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As a direct consequence of Theorem 3.1 and Proposition 3.1(1), we obtain the following result. It is
a version of Egoroff’s theorem of sequence of random sets for continuous non-additive measures.

Corollary 3.1. Let A be a continuous non-additive measure on (Q, A) and A(Q) < oo. Then, for all
T)nen C R[Q] and all T € R[Q],

=51 = T, =514 (3.4)

Remark 3.1. A non-additive measure A is called null-additive [13,19], if A(P U Q) = A(P) whenever
P,QO € Aand A(Q) = 0. In [11] the above Corollary 3.1 was obtained under the assumption of
null-additivity of non-additive measures. In fact, the condition of null-additivity can be abandoned.

A non-additive measure A is called to have property (S), if for any (A,),en With lim,,_,,,A(A,) = 0,
there exists a subsequence (A,,)ien Of (A,)qen such that A (N2, U, Ay) = 0 (see [13,18]). If A is strong
order continuous and has property (S), then A fulfils the condition [E] (see [6,7]). Thus, as a special
result of Theorem 3.1, we obtain following corollary:

Corollary 3.2. (Liet al. [8, Theorem 1]) Let A € M. If A is strongly order continuous and has property
(S), then the formula (3.3) holds for all (I',),en C R[Q] and all T € R[Q].

From Proposition 3.1(2) we get a necessary condition of the validity of formula (3.3).

Corollary 3.3. Let A € M. Iffor all (I',),en C R[Q] and all T € R[Q],
I, 5T = T, =514, (3.5)
then A is strongly order continuous.

3.2. The pseudo-versions of Egoroff’s theorems for random sets

Since non-additive measures lose additivity, the two concepts of almost everywhere convergence
and almost uniform convergence have so-called “pseudo-" variants, respectively: “pseudo-almost
everywhere convergence” and “pseudo-almost uniform convergence” ( [19]). Thus, Egoroft’s theorem
is divided into four different forms in the case of non-additive measures (see [9, 19]). As we have stated,
the above Theorem 3.1, which only concerns convergence a.e. and convergence a.u., is referred to as
the standard-version of Egoroff’s theorem. In the following we show other three pseudo-versions of
Egoroff’s theorem for random sets on finite non-additive measure spaces. They were established in the
context of (pseudo-)convergence.

Theorem 3.2. Let 1 € M and A(QQ) < co. Then,
(1) forall (I'),en C R[Q] and all T € R[Q],

L,y = 0,25 (3.6)

if and only if A fulfils condition [E].
(2) forall (I')nen C RIQ] and all T € R[],
p.a.u.

I, 5T = T, — I1] (3.7)
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if and only if A fulfils condition [E].
(3) forall (I'),en C R[Q] and all T € R[Q],

251 = T, <51 (3.8)
if and only if A fulfils condition [E].
Proof. 1t is similar to the proof of Theorem 3.1. O

Remark 3.2. Recently, Li et al. ( [10]) established the generalized Egoroff theorem (for real-valued
measurable functions sequence) concerning a pair of non-additive measures by using type E of absolute
continuity for non-additive measures. Similarly, the generalized Egoroff theorem in [10] can be extended
to the cases relating to the sequence of random sets (i.e., measurable closed-valued mappings) in the
framework involving a pair of non-additive measures.

4. Conclusions

We have shown four versions of Egoroff’s theorem for measurable closed-valued multifunctions (i.e.,
random sets) sequence on general non-additive measure spaces (Theorem 3.1 and Theorem 3.2(1),(2)
and (3)). As we have seen, the necessary and sufficient conditions under which these four kinds of
Egoroff’s theorem remain valid for non-additive measures are respectively presented. In our discussion
the condition [E] and condition [E] of non-additive measures play important roles and the continuity of
non-additive measures is not required. Therefore the previous related results in [8, 11] are improved and
generalized.
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