AIMS Mathematics, 6(5): 4614-4637.
ATIMS Mathematics DOI:10.3934/math. 2021272
% , Received: 22 December 2020
o Accepted: 04 February 2021
http://www.aimspress.com/journal/Math Published: 24 February 2021

Research article

Existence of solutions for modified Kirchhoff-type equation without the
Ambrosetti-Rabinowitz condition

Zhongxiang Wang' and Gao Jia>*

! Business School, University of Shanghai for Science and Technology, Shanghai, 200093, China
2 College of Science, University of Shanghai for Science and Technology, Shanghai, 200093, China

* Correspondence: Email: ga0jia89 @ 163.com; Tel: +862165691506.

Abstract: This paper is devoted to studying a class of modified Kirchhoff-type equations
~(a+b f VuPdx)Au + V(x)u - uh@?®) = f(x,u), inR’,
R3

where a > 0,b > 0 are two constants and V : R* — R is a potential function. The existence of non-
trivial solution to the above problem is obtained by the perturbation methods. Moreover, when u > 0
and f(x,u) = f(u), under suitable hypotheses on V(x) and f(u), we obtain the existence of a positive
ground state solution by using a monotonicity trick and a new version of global compactness lemma.
The character of this work is that for f(u) ~ |u|’~>u we prove the existence of a positive ground state
solution in the case where p € (2, 3], which has few results for the modified Kirchhoff equation. Hence
our results improve and extend the existence results in the related literatures.
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1. Introduction

In the first part of this paper, we are dedicated to studying the following modified Kirchhoff-type
problem with general nonlinearity:

—~ (a +b f |Vu|2dx) Au — ulu® + V(x)u = f(x,u), x € R?, (1.1)
R3

where a > 0, b > 0 are two constants and V : R* — R is a potential function satisfying:
(V): V(x) € CR?), Vp := infz V(x) > 0. Furthermore, for any M > 0, there is r > 0 such that B,(y)
x€R’


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2021272

4615

centered at y with radius r satisfying
meas {x € B,(y) : V(x) < M} — 0, as |y| = oo. (1.2)

In addition, we suppose that the function f(x, t) verifies:

(f0): f € CR® XR,R), |f(x,0)] < C; (1 +]elP~") for some C; > 0 and p € (4,12);

(f2): f(x,t) = o(t) uniformly in x as t — O;

(f3): F(x,1)/t* — oo uniformly in x as || — co, where F(x,1) = fot f(x, s)ds;

(fs): t = f(x,1)/£ is positive for t # 0, strictly decreasing on (—oo, 0) and strictly increasing on (0, co).
Clearly, (f;) and (f>) show that for any & > 0, there exists C, > 0 such that

|f(x, )] < elt] + C,Jt)’~" forall t € R and x € R’ (1.3)

And (f>) and (f3) tell that
f(x, )t > 4F(x,t) >0, fort # 0, (1.4)

which is weaker than the following Ambrosetti-Rabinowitz type condition:
! 1
0< F(x,0t) := f f(x,s)ds < —tf(x,t), where y > 4. (A-R)
0 Y

As is well known, the (A-R) condition is very useful in verifying the Palais-Smale condition for
the energy functional associated problem (1.1). This is very much crucial in the applications of critical
point theory. However, although (A-R) is a quite natural condition, it is somewhat restrictive and
eliminates many nonlinearities. For example, the function

[l = Plog(1 + 1))

does not satisfy (A—R) condition for any y > 4. But it satisfies our conditions (f1) — (f4). For this
reason, there have been efforts to remove (A—R) condition. For an overview of the relevant literature
in this direction, we refer to the pioneering papers [1-6].

Problem (1.1) is a nonlocal problem due to the presence of the term fR3 [Vul>’dx, and this fact
indicates that (1.1) is not a pointwise identity. Moreover, problem (1.1) involves the quasilinear term
uA(u?), whose natural energy functional is not well defined in H'(R*) N D'?(R?) and variational
methods cannot be used directly. These cause some mathematical difficulties, and in the meantime
make the study of such a problem more interesting.

Some interesting results by variational methods can be found in [7-9] for Kirchhoff-type problem.
Especially, in recent paper [10], Li and Ye studied the following problem:

- (a +b fR3 IVulzdx) Au+ V(X)u = [ulPu, in R3,
(K)
ue H'(R?), u>0, in R3,

where p € (3,6). And they proved problem (K) has a positive ground state solution by using a
monotonicity trick and a new version of global compactness lemma.
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Thereafter, Guo [11] generalized the result in [10] to the following Kirchhoff-type problem with
general nonlinearity

—(a+b L, IVuPdx) Au+ V(x)u = fu), in R,
(K1)
e H'®R).

Guo proved problem (K1) also has a positive ground state solution by using the similar way. But
applying Guo’s result to problem (K), the condition 3 < p < 6 in [10] can be weakened to 2 < p < 6.

And two years later, Tang and Chen in [12] have obtained a ground state solution of
Nehari-Pohozaev type for problem (K1) by using a more direct approach than [10, 11]. Moreover,
Tang and Chen in [12] found that it does not seems to be sufficient to prove the inequality ¢, < m, for
A € [6,1] in Lemma 3.3 of [11]. Then by referring to [12], we correct this problem in the following
Lemma 5.11 of the present paper.

In more recent paper [13], under more general assumptions on V(x) than [10-12], He, Qin and
Tang have proved the existence of ground state solutions for problem (K1) by using variational
method and some new analytical techniques. Moreover, under general assumptions on the
nonlinearity f(u), He, Qin and Wu in [14] have obtained the existence of positive solution for problem
(KT) by using property of the Pohozaev identity and some delicate analysis.

When a = 1 and b = 0, (1.1) is reduced to the well known modified nonlinear Schrodinger
equation

—Au + V(X)u — uAu® = h(x,u), x € R". (1.5)

Solutions of equation (1.5) are standing waves of the following quasilinear Schrodinger equation of
the form:

iy, + Ay — VW + kA (e () o (191?) v + g(x.9) = 0, x e RY, (1.6)

where V(x) is a given potential, k is a real constant, @ and g are real functions. The quasilinear
Schrodinger Eq (1.6) is derived as models of several physical phenomena, such as [15-17]. In [18],
Poppenberg firstly began with the studies for Eq (1.6) in mathematics. For Eq (1.5) , there are several
common ways to prove existence results, such as, the existence of a positive ground state solution has
been studied in [19,20] by using a constrained minimization argument; the problem is transformed to
a semilinear one in [21,22] by a change of variables (dual approach); Nehari method is used to get the
existence results of ground state solutions in [23]. Especially, in [24], the following problem:

- Z?jzl D; (aj(x, u)D,-u) + % Z?’:] Dija;j(x,u)DjuDu = h(x,u), in Q,

u=0, on 0Q

was studied via a perturbation method, where Q c R" is a bounded smooth domain.
Very recently, Huang and Jia in [25] studied the following autonomous modified Kirchhoft-type
equation:

1
- (1 +b f |Vu|2dx) Au+u-— Eumﬂ = ulP~u, x e RY, (1.7)
R3
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where b > 0, p > 1. For p € (1,2] U [12, o), depending on the deduction of some suitable Pohozaev
identity, they obtained the nonexistence result for Eq (1.7). And for p € (3,4], they proved that the
existence of ground state solution for Eq (1.7) by using the Nehari-Pohozaev manifold. But for
p € (2,3], they didn’t give the existence of ground state solution for Eq (1.7). We refine the result in
this paper.

We point out that f(x,7) is C' with respect to t and f(x,?) satisfies the Ambrosetti-Rabinowitz
condition are very crucial in some related literatures. Since f(x,?) is not assumed to be differentiable
in ¢, the Nehari manifold of the corresponding Euler-Lagrange functional is not a C' functional. And
if f(x,7) dose not satisfy the Ambrosetti-Rabinowitz condition, the boundedness of Palais-Smale
sequence (or minimizing sequence) seems hard to prove. In this case, their arguments become invalid.
The first part of this paper intends to deal with the existence of non-trivial solution to problem (1.1)
by the perturbation methods when f(x,7) is C' in ¢ and (A-R) condition are not established.

Now, we give our first main theorem as follows:

Theorem 1.1. If (V) and (fy) — (f4) hold, then problem (1.1) has a nontrivial solution.

Remark 1.1. The condition (V) was firstly introduced by Bartsch and Wang [26] to guarantee the
compactness of embeddings of the work space. The condition (V) can be replaced by one of the
following conditions:

(V)): V(x) € C(R?), meas{x € R : V(x) < M} < oo for any M > 0;

(V2): V(x) € C(R?), V(x) is coercive, i.e., lim V(x) = co.

|x| >0
Remark 1.2. Even though the condition (V) is critical to the proof of the compactness of the

minimizing sequence for the energy functional, the existence result can also be obtained when V is a
periodic potential because of the concentration-compactness principle.

Suppose that problem (1.1) has a periodic potential V and V satisfies

(V'): V(x) € CR3) is 1-periodic in x; for 1 <i <3,V := inf3 V(x) > 0,
xeR

and f(x, ) satisfies
(f): fx,0) € CR3 x R,R), f(x,1) is 1-periodic in x; for i = 1,2,3 and |f(x,1)| < C, (1 + |t|1"1) for
some C, > 0 and p € (4, 12).

Our second main result is
Theorem 1.2. Suppose (V'), ( 1) and (f2) — (f4) hold. Then equation (1.1) has a nontrivial solution.

In the last part of our paper, we are absorbed in the following modified Kirchhoff-type equations
with general nonlinearity:

- (a +b fR3 IVulzdx) Au — uAu? + V(x)u = f(u), in R3,
(1.8)
uek, u>0, in R,

where a > 0,b > 0, E is defined at the beginning of Section 5 and V(x) satisfies:
(V¥): V e C'(R* R) and there exists a positive constant A < a such that

A
(VV(x),x)| < — for all x € R*\{0},
2|x[?
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where(-, -) is the usual inner product in R3;
(V3): there exists a positive constant V., such that for all x € R3,
0<Vx) < llirlninf V() := Vo < +00.
[y|—+00
Moreover, we assume that the function f(s) € C' (R*, R) verifies:
(f): f(s) =o(s)as s — 07
(f): lim L& =0;
§—+oco0 *
(f3): lim G +00;

§—+00
(f): @ is strictly increasing in (0, +00).
Since we are only interested in positive solutions, we define f(s) = 0 for s < 0.

Remark 1.3. There are a number of functions which satisfy (V}) — (V7). For example, V(x) = V, —
m, where 0 < A < min{2a, 8V} is a constant. Moreover, by Lemma 5.1 mentioned later, we know

that |£(s)| < &(s| + |s|'") + C|s|P~! for every £ > 0 and p € (2, 12).
The last main result is given below:
Theorem 1.3. If (V)= (V3) and (f])—(f;) hold, then problem (1.8) has a positive ground state solution.

In order to prove Theorem 1.3, we need to overcome several difficulties. First, since the
Ambrosetti-Rabinowitz condition or 4-superlinearity does not hold, for 2 < p < 12, it is difficult to
get the boundedness of any (PS) sequence even if a (PS) sequence has been obtained. To overcome
this difficulty, inspired by [27, 28], we use an indirect approach developed by Jeanjean. Second, the
usual Nehari manifold is not suitable because it is difficult to prove the boundedness of the
minimizing sequence. So we follow [29] to take the minimum on a new manifold, which is obtained
by combining the Nehari manifold and the corresponding Pohozaev type identity. Third, since the
Sobolev embedding Hy(R?) < LY(R?) for ¢ € [2,2*) is not compact, it seems to be hard to get a
critical point of the corresponding functional from the bounded (PS) sequence. To solve this
difficulty, we need to establish a version of global compactness lemma [10].

Remark 1.4. In Theorem 1.3, we especially give the existence result for the case where p € (2,3],
which has few results for this modified Kirchhoff problems and can be viewed as a partial extension of
a main result in [10,30], which dealt with the cases of p € (3,6) and p € (4,2 X 2%), respectively.

This paper is organized as follows. In Section 2, we describe the related mathematical tools.
Theorem 1.1 and Theorem 1.2 are proved in Section 3 and in Section 4, respectively. In Section 5 we
give the proof of Theorem 1.3.

In the whole paper, C;, C, and C;, always express distinct constants.

2. Preliminaries

1
Let LP(R?) be the usual Lebesgue space with the norm ||ul|, = ( fR3 |u|”dx)". And H'(R?) is the
12
completion of Ci*(R?) with respect to the norm [lully = ( fR3 (IVuI2 + uz) dx) 2 Moreover, D'2(R?) is
12
the completion of C3(R*) with the norm ul|pr> = ([, |Vuldx) o
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In order to deal with the perturbation functional 7, (see Eq (2.3)), the work space E is defined by
E = WH®RY) N Hy(R?),

where

HyRY) := {u € H'(R) : f V(x)uldx < +oo}
R3

12
|, = (f (IVLtI2 + V(x)uz) dx)
R3

and W'*(R?) endowed with the norm

1/4
llullw = (f (Vul* + u4)dx) :
R3

Moreover, when V(x) = 1, we define

12
||u||H—(f Vul + 1) ) |
R3

1/2
2 2
lall = (lelly + Mell,) -

Notice that the embedding from H},(R?) into L*(R?) is compact ( [26]). Thus, by applying the
interpolation inequality, we get that the embedding from E into L*(R?) for 2 < s < 12 is compact.
A function u € E is called a weak solution of problem (1.1), if for all ¢ € E, there holds

endowed with the norm

The norm of E is denoted by

(a+b f |Vuldx) f VuVedx +2 f (IVulup + > VuVep)dx
R3 R3 R3

+ f V(x)updx — f Jfx, wedx =0
R3 R3

which is formally associated to the energy functional given by

b 2 1
I =2 f Vuldx + ~( f VuPdx) + = f V(xuldx + f WA Vuldx — f FGx,wydx, (2.2)
2 R3 4 R3 2 R3 RS R3

for u € E, where F(x,u) = fou f(x, s)ds.
Remind that ng u?|Vul*dx is not convex and well-defined in H},(R?), we need to take a perturbation
functional of (2.2) given by

2.1

L(u) = % f (IVu|4 + u4)dx + I(w). (2.3)

R3
From condition (V), (1.3) and (1.4), it is normal to verify that I, € C'(E,R) and

I (w), @) =2 f (IVul’VuVe +1'g)dx+ (a+b | [VuPdx) f VuVedx
R3 R3 R3 (2 4)

+ 2f (|Vu|2u<,0 + MZVMV(,O)dX + f V(X)updx — f f(x, wypdx, forall p € E.
R3 R3

R3
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3. Proof of Theorem 1.1

First of all, let us briefly describe the proof of Theorem 1.1. We first discuss the properties of the
perturbed family of functionals 7, on the Nehari manifold

Ny ={ue E\{0}: (I}(w),uy = 0}.

Then we prove that I,(u;) = infy, I, is achieved. Moreover, since the Nehari manifold N, is not a
C'-manifold, we use the general Nehari theory in [31] to prove that the minimizer u, is a critical point
of I,. Finally, solutions of problem (1.1) can be obtained as limits of critical points of /.

Lemma 3.1. Assume (V) and (f1) — (f4) hold. Then, for A € (0, 1], we get the following results:
(1) For u € E \ {0}, there exists a unique t, = t(u) > 0 such that m(u) := t,u € N, and

L(m(u)) = max I (tw);

(2) For all u € N, there exists ag > 0 such that ||ullw > o,
(3) There exists p > 0 such that c .= inf [, > i?flﬂ >0, where S, :={u € E : |[ul| = p};

N, A P

(4) If V c E \ {0} is a compact subset, there exists R > 0 such that I, < 0 on ‘W \ Bg(0), where
W ={R'u:ucV.

Proof. (1) For any u € E \ {0}, we define a function h,(t) = I(tu) for t € (0, ), i.e.,

ha(1) Mf(w [+ ut)d +’2f(|v P+ Voou)d +bt4(f|v Pdx)
u =— u u X - ajvu X)u X — u X
4 R3 2 R3 4 R3

+t4f u2|Vu|2dx—f F(x, tu)dx.
R3 R3

And since the Sobolev embedding E < L*(R?) for s € [2, 12] is continuous, combined with (1.3), for
t > 0 and small £ > O one has

3.1

art £ LIVul bt! 27\
hult) == Ilulfy, + minfa, 1 ||u||HV+t VuPdx+—=( | 1Vd dx)
R3

8t2
Iul

At
>—||ullw+mln{a 1} IIMIIHV CstP||ull,

where the constant C; is independent of ¢. Since u # 0 and p > 4, then for # > 0 small enough, we
deduce h,(r) > 0.
On the other hand, noticing that [fu(x)| — oo if u(x) # 0 and t — oo, by (f3) and Fatou’s lemma, we

get
4 2

Af
(1) < TIIMIIW + max{a, 1) IIMIIHV + Catully, + Cst*|lullzy,

F(x,tu
_t4f (4)4d—> —00, as t — oo.
R3 |tl/l|
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Hence, h,(t) has a positive maximum and there exists a ¢, = #(«) > O such that #/(7,) = 0 and t,u € N,.
Next, we prove the uniqueness of 7,. To this aim, we may suppose that there exists 7, > 0 with
t, # t, such that 4/ () = 0. Then we obtain

1 2 ,
Al + —(a f Vuldx + f V(udx) + b f Vuldx) +4 f PVuldx = f SR
() Jps R R R r (u)?

This together with

1 2 1,
Allully + —(a f VulPdx + f VuPdx) + b f VuPdx) +4 f WV uPdx = f SO0 )
(tu)? R3 R3 R3 R? e (L)’

implies that

1 1 2 2 _ f(x’ t;ktu) _ f(-x’ tuu) 4
((r;;)z - (r»z) (“ fR Vuldax+ fR Vi d") - fR ( Cap () )” @

which contradicts with (f3).
(2) By u € N; and (1.3), for € > 0 small enough, one has

Ce
0> Allull?, + min{a, ful, - = f ulPdx — = f |ulPdx
Y2 e P Jr3
L.
> Allully, + 5 min{a, Dllullz, = Cellully,
> Allullyy = Collully,

which implies that there exists a constant @ > 0 such that ||u|ly > a¢ > O for all u € N,.
(3) For some p > 0 and u € E \ {0} with [|u|]| < p, there exists C > 0 such that

f ul*|Vul*dx < Cp*.
R3

By (V), (f1), (f>) and the Sobolev inequality, without loss of generality, we take p < 1 small enough
Vo

and e = 7 min{a, 1}, then

A 1 b 2
Li(u) 2—||u||év + — min{a, 1}”””%# + —(f |Vu|2dx) + f u?|Vul*dx
R3 R3

2 4
-¢ f lul*dx - C, f |ul"*dx
R3 R3
P 1 :
> |lully, + 7 minfa, WHlullyy, + f W |VulPdx — C; ( f u2|Vu|2dx) (3.2)
R3 R3

A I .

>~ lully, + I min{a, 1}|lull7,
1

= min{4, a, 1}ull*,

whenever ||u|| < p. For any u € N,, Lemma 3.1-(1) implies that

Li(u) = max 1,(tu). (3.3)
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Take s > 0 with su € §,. It follows from (3.2) and (3.3) that
. I . 4
L(u) > I)(su) > me L) > 3 min{4, a, 1}p" > 0.

Therefore

c:=inf I >inf I, > 0.
N Sp

(4) Arguing by contradiction, then there must exist u, € V and v, = t,u, such that I;(v,) > O for all
n and t, — oo as n — oco. Without loss of generality, we may assume that ||u,|| = 1 for every u, € V.
Up to a subsequence, there exists u € E with [|u|| = 1 such that u,, — u strongly in E. Since |v,(x)| = oo
if u(x) # 0, by (f3) and Fatou’s lemma, then

F(x,vy) 4
—4undx — 00, @S N — ©0,
R3 Vn

which implies that

I/l(vn)
0<
[Ivall*

_ LA, 4 a 2 1 2 b 2 .\ 2 2
_W(lev”||W+5fRs Vv, dx+§fR3 V(x)vndx+Z( vl dx) + | vlVuldx

F
_ f (x7 vn)l/lid.x
R Vi

F(x,v,)
<Cs - ;nuidx—>—ooasn—>oo,
R3 Vn

This is a contradiction. O

Now we are ready to study the minimizing sequence for 7, on N,.

Lemma 3.2. For fixed A € (0, 1], let {u,} C N, be a minimizing sequence for I,. Then {u,} is bounded
in E. Moreover, passing to a subsequence there exists u € E(u # 0) such that u,, — u in E.

Proof. Let {u,} C N, be a minimizing sequence of I,, i.e.,

Li(u,) — ¢ := i/{(lfl/l and (I (uy), u,) = 0. (3.4)
A
From (3.4), we have

1
¢+o(l) = Liun) = 7 <Ly (tn), tn)

1 1
=2V Pdx+ - f V(x)uldx + f — £ )ty — F(x, 1) | dx
4 R3 4 R3 R3 4

. 2
> — min{a, 1}||u,|l, -

4
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Thus, we deduce {||u,||x,} 1s bounded.
Next, we need to prove that {||u,|lw} is also bounded. By contradiction, if {u,} is unbounded in
WH(RY), setting w, = [lu,ll) u,, we have

w, — w weakly in WHR?), w, » w strongly in LP(R?), w, —> wa.e.onx € R>.

The proof is divided into two cases as follows:
Case 1: w = 0. From Lemma 3.1-(1), we see
I(u,) = max I,(tu,).
teR*
For any m > 0 and setting v, = (8m)'/*w,, since v, — 0 strongly in L”(R?), we deduce from (1.3) that

lim F(x,v,)dx = 0. 3.5

n—oo R3
So for n large enough, (8m)"/*|u,ll;; € (0,1), and

Ly(up) 213(vy)

2 Il (f IVunlzdx)2 | IV, Pdx
=2Am + 2m)"? min{a, 1} ——== + 2bm + 8m f F(x,v,)dx
R

[ [T [

>Am + o(1).
That is, for fixed 4 > 0, from the arbitrariness of m, we get I,(u,) — oco. This contradicts with
Li(u,) > c>0.
Case 2: w # 0. Due to w # 0, the set ® = {x € R : w(x) # 0} has a positive Lebesgue measure.
For x € ®, we have |u,(x)|] — oo. This together with condition (f3), implies

F(x, un(x))
| ()1

It follows from 7,(u,) — c, (f3), Sobolev inequality and Fatou’s Lemma that

—3 ( f Vi, |>dx + f V(x)uzdx) b ( f \Y u|2dx)2
4 2||un||4 ! R? 1178 !
+ » 1”4 f un|Vu,,|2dx— » 1||4 f F(x,u,)dx
1 F(x, u,(x)) 4

<7+ Cg—(f fwo) P —lw,(0l"dx

A F(x,u,
<—+Cy— f wlwn(x)l4dx — —00, asn — oo,
4 w#0 |un(x)|

where Cy is a constant independent on 7. This is impossible.
In both cases, we all get a contradiction. Therefore, {u,} is bounded in W'#(R?). It follows that {u,}

lw, () = o0 asn — .

¢+ o(1)

[
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is bounded in E, so u, — u weakly in E after passing to a subsequence. If u = 0, for n large enough
and u, € N, we see as in (3.5) that

c+1>Lu,) = Li(su,) > Cs* — f F(x, su,)dx — Cyos*
R3
4
for all s > 0, where Cy = ﬁ (11}\1{C ||u||W) > 0. It is a contradiction. Hence u # 0.
UEN
Since the embedding H%,(R*g) — LP(R%) is compact for each p € [2,12), similar to Lemma 2.2
in [30], it is well known that u,, — u strongly in E. O

Lemma 3.3. For fixed A € (0, 1], there exists u € N, such that I,(u) = i/{(lf 1.

Proof. Let {u,} C N, be a minimizing sequence of I,, then {u,} is bounded in E by lemma 3.2. Thus,
up to a subsequence there exists u € E(u # 0) such that u, — wu in E and I'(«) = 0. It follows that
u € N,. Thus, I,(u) > ¢ > 0. In order to complete the proof, it suffices to show that I;(u) < c. Indeed,
from (1.4), Fatou’s lemma and the weakly lower semi-continuity of norm, we have

1
c+o(l) = I(u,) - Z(’i(un), Un)

1 1
> a |Vu,1|2dx + - f V(x)lun|2dx + f —f(x, u)u, — F(x,u,)|dx
4 3 4 R3 R3 4

R?
>4 f \VulPdx + ! f V(O)lul*dx + f (1 FCx, wu — F(x, u)) dx + o(1)
4 R3 4 R3 R3 4
= L(u) + o(1).

The proof is completed. O
Let S be the unit sphere in E. Define a mapping m(w) : S — N, and a functional Jy(w) : § - R

by
m(w) = ty,w and Jy(w) := L(m(w)),

where 7, is as shown in Lemma 3.1-(1). As Proposition 2.9 and Corollary 2.10 in [31], the following
proposition is a consequence of Lemma 3.1 and the above observation.

Proposition 3.1. Assume (V) and (f1) — (f4) hold. For fixed A € (0, 1], then
(1) J, € C'(S,R), and
(Ji(w), 2) = Im(w)IKI(m(w)), 2)

foranyzeT,S ={veE:{(v,w)=0,YVweS}

(2) {w,} is a Palais-Smale sequence for J, if and only if {m(w,)} is a Palais-Smale sequence for I,;

(3) w € S is a critical point of J, if and only if m(w) € N is a critical point of I,. Moreover, the
corresponding critical values of J,, I, coincide and c = irslf Jy= 12}C 1.

Finally, for the proof of Theorem 1.1, we need to introduce the following result.
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Lemma 3.4. Assume the conditions (V) and (f,) — (f4) hold. Let {A4,} C (0, 1] be such that A,, — 0. Let
{u,} C E be a sequence of critical points of I, with I, (u,) < C for some constant C independent of n.
Then, passing to a subsequence, we have u, — u in Hy(R®), u,Vu, — uVu in L*(R?), 4, fR3 (qu,,I4 +
ufl) dx — 0, I, (u,) = I(u) and w is a critical point of I.

Proof. First, similar to Lemma 3.2, we can get {u,} is bounded in E. Then, this together with Theorem
3.1 in [30] can complete the proof. O

Proof of Theorem 1.1 Let {w,} C S be a minimizing sequence for J,. As is mentioned above, we
may assume J'(w,) — 0 and J,(w,) — c by Ekeland’s variational principle. From Proposition 3.1-(2),
for u, = m(w,) we have I;(u,) — c and I’(u,) — 0. Therefore, {u,} is a minimizing sequence for I; on
N, and from Lemma 3.3 there exists a minimizer u of I;|y,. Then m™'(«) € S is a minimizer of J, and
a critical point of J,, thus by Proposition 3.1-(3) u is a critical point of /,, as required.

Let4; € (0,1] with A; — Oasi — oo. Let {u;} C E be a sequence of critical points of I, with I (u;) =
¢y, < C. According to Lemma 3.4, there exists a critical point u of I such that u € Hy(R*) N L™(R?).
In the following, we will show that u is a non-trivial critical point of /. Considering (L, (i), wi) = 0, it
follows from Sobolev inequality, interpolation inequality, and Young’s inequality that

2
0 = Alluilly, +a f \Vul*dx + f V(x)u?dx+b( f |Vul~|2dx) +4 f w7 |Vudx — f FOx, up)udx
R3 R3 R3 R3 R3

C,
> min{a, 1}|[ull7, +4 f BIVuPdx - = f |u;[*dx — —= f |u;|Pd x
Y R3 2 Jgs P Jr3

| 2 4
z5 min{a, Wullz, + Crillull, — Crallill}

4
> Culluill, = Crolluilly,

Cu

c)!/9. Recall that u; — w strongly in L(R?) for 4 < p < 12. Therefore, we

which implies [[u;]], > (
see thatu # 0.

4. Proof of Theorem 1.2

The proof of Theorem 1.2 is similar to that made in Section 3. From Lemmas 3.1 and 3.2, it is
clear that the functional 7, on N, has a bounded minimizing sequence {u,}. But we cannot ensure this
sequence to be convergent in E* := W'*(R?) n H'(R?), which endowed with the norm

il = (1l + )"
Thus, we need to study some compact properties of the minimizing sequence for I, on the Nehari
manifold N}, where
N ={ue E"\ {0} : (I}(w), uy = 0}.
Firstly, we have the following result due to P.L.. Lions ( [32]):
Lemma 4.1. Let r > 0. If {u,} is bounded in E* and

lim supf lu,|>dx = 0,
B(y)

n—e0 g3

we have u,, — 0 strongly in L*(R?) for any s € (2,12).
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Next, we are going to discuss the minimizing sequence for I; on N7.

Lemma 4.2. Let {u,} C N} be a minimizing sequence for I,. Then {u,} is bounded in E*. Moreover,
after a suitable Z*-translation, passing to a subsequence there exists u € N such that u, — u and
I,(u) = inf I,.
@) = inf

Proof. Set c = 1/{(1f I,. Remind that {«,} is bounded by Lemma 3.2, u, — u weakly in E* after passing
A
to a subsequence. If

lim sup f |un*dx = 0,
n—eo B.(y)

yeR3

then u,, — 0 strongly in L*(R?) for any s € (2, 12) due to Lemma 4.1. Then, by (1.3) it is easy to see
that

f J O u)undx = o(|unllw).
R3

Therefore,

o (lunllg) = Iy (un), uy)

2
= Alluylly, +a f Vut, [ dox + f V(x)urdx + b( f |Vun|2dx)
R3 R3 R3

+4 f UV, | dx — f F(x, up)updx
R3 R3

4
> Alunllyy = o(llunllw),

which implies ||u,|lw — 0. This contradicts with Lemma 3.1-(2). Hence, there exist r,6 > 0 and a
sequence {y,} C R? such that

lim jun[Pdx 2 6 > 0,

" I By ()
where we may assume y, € Z>. Due to the invariance of I, on N under translations, {y,} is bounded
in Z*. Hence, passing to a subsequence we imply u, — u # 0 weakly in E* and I,(u) = 0. It follows
that u € N3, and then I,(u) > ¢ > 0.

From (1.4), Fatou’s lemma and the weakly lower semi-continuity of norm, we have

1
¢+o(1) = Liun) = 7L (tn), )

1 1

> —min{a, 1}llu,|l7 +f (6 w)uy — F(x, u,) | dx
4 v R3 4
| ) 1

> —min{a, 1}||ull;, + —f(x,wu— F(x,u)|dx+ o(1)
4 v R3 4

= Li(u) + o(1),

which implies 7,(«) < c. This completes the proof. O

Proof of Theorem 1.2 Combining Lemma 4.2 and the methods in proving Theorem 1.1, we can
prove that the conclusion of Theorem 1.2 is true.
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5. Proof of Theorem 1.3

In this section, we firstly need to consider the associated “limit problem” of (1.8):

- (a +b fR3 IVulzdx) Au — uAu? + Vou = f(u), inR>,
5.1
uckE, u>0, in R3,

where a > 0,b > 0, V., is defined as shown in (V7).
Since problem (5.1) involves the quasilinear term uA(u#?) and the nonlocal term, its natural energy
functional is not well defined in H‘l,(R3). To solve this difficulty, we set

E = {u € Hy(R%) : f W |VulPdx < +oo} = {u Tut e H},(R3)}.
R3

In addition, for cogvenience, we make use of the following notations:
o H'(R) = {u: u € E,u(x) = u(lx))};
o P := {u € Elu > 0} denotes the positive cone of E and P, = P\{0};
oyt = max{u, 0} and u~ = minfu, O};
e For any u € E\{0}, u, is defined as

(o, t=0,
Ltt(x) = { \/;l/t (%)’ t>0. (52)

Now we give some preliminary results as follows.

Lemma 5.1. Assume f € C'(R*,R) satisfies ( 1) = (fy), then
(i) For every € > 0 and p € (2,12), there is C, > 0 such that

FOI < alsl +1sI') + Celsl™;
(ii) F(s) > 0,sf(s) > 2F(s) and sf'(s) > f(s)if s > 0.
Proof. It is easy to get the results by direct calculation, so we omit the proof. O

Lemma 5.2. (Pohozaev identity, [33]) Assume that (f]) — (f;) hold. If u € E is a weak solution to
equation (5.1), then the following Pohozaev identity holds:

3 b ’
P(u) :== f VuPdx + = f VeoluPdx + f VuPdx) + f W |Vufdx -3 f F(wdx = 0. (5.3)
2 R3 2 R3 2 R3 R3 R3

Proof. The proof is standard, so we omit it. O

Lemma 5.3. Assume that (f) holds. Then the functional

1 b 2
Iy_(u) ;:g f 3 |Vu|2dx+§ f 3 leulzderZ( f 3 |Vu|2dx) + f 3 u|Vul*dx — f 3 F(u)dx
R R R R R

is not bounded from below.
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Proof. For any u € P,, we obtain

1 b 2
Iy (u) :%zz f VuPd+ 5t f ValuPdx + 7 ( f 3 |vu|2dx)
R R R

F(Vt
+7 f W\ Vuldx - t* f (V) u’dx
S B (Viu)?

By (f3), it is clear that Iy, (1) — —oco as t — +oo. O

(5.4)

Lemma 5.4. Let Cy3,Cy4, C5 be positive constants and u € P.. If f € C! satisfies ( S = (f;), then the
Jfunction

n(t) = Ci3t? + Cut® + Cyst* = 1 f F(Ntuwydx fort>0

R

has a unique positive critical point which corresponds to its maximum.
Proof. The conclusion is easily obtained by elementary calculation. O

Now set
M= {u € E\{O}Iu eP,,Gu) = %(Iéw(u), u) + P(u) = 0} ,

where P(u) is given by (5.3). Then, by direct calculation we have

2
Gw)=a | |[Vuldx+2 f leulzdx+b( |vu|2dx) +3 f | Vuldx
R3 R3 R3 R3

—3f F(u)dx—lff(u)udx
R3 2 Jgs

_dly, ()
dt

Lemma 5.5. For any u € P,, there exists a unique t > 0 such that ur € M. Moreover, Iy_(u) =
max Iy (u,).
>0

t:1.

Proof. Foranyu € P, andt > 0, lety(¢) := Iy_(u,;). By Lemma 5.4, y(f) has a unique critical point7> 0
corresponding to its maximum, i.e., y(f) = max y(t) and ¥'(r) = 0. It follows that G(up) = ty'(r) = 0.
1>

Thus, u; € M. O
We define
7 = }]rel;f max Iy, (n(®)), 2z = ler}Df max Iy, (u(x)),
and
zz = inf Iy_(u), o= inf Iy _(u),
uemM ueHR3HNM

where u,(x) is given by (5.2) and

I = {n € C([0. 11, EY(0) = 0. Iy, (1)) < 0,7(1) # 0} .
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Lemma5.6. 7, =2, =23 =24 > 0.

Proof. We divide the proof into the following three steps: N
Step 1. z3 > 0. For any u € M, by Lemma 5.1-(i), the continuous embedding E — L*(R?) for
s € [2,12) and Sobolev inequality, we get

Iy (u) =max Iy_(u,)
>0

1 b ?
>27 f Vuldx + 1 f VeolulPdx + —r* f Vuldx) +7 f W [Vuldx - f F(Vtu)dx
2 R3 2 R3 4 R3 R3 R3
1
27 f Vuldx + =1 f Veoluldx + 7 f WPIVuPdx
2 R3 2 R3 R3

E E 6+p
-7 f ulPdx — =1 | |uldx - Cot > f lulPdx,
2 R3 12 R3 R3

where C, > 0 is a constant depending on &. Since u # 0 and p > 2, then for &, > 0 small enough, we
deduce Iy_(u) > 0. Furthermore, we get z3 > 0.

Step 2. z; = 2o = z3. The proof is similar to the argument of Nehari manifold method in [34]. One
can make obvious modification by Lemma 5.4 and 5.5.

Step 3. z;3 = z4. Since equation (5.1) is autonomous, the proof is standard by Schwartz symmetric
arrangement. O

In the following discussion, for convenience, we set 7 = z;(= 2o = 23 = 24).
Lemma 5.7. If z is attained at some u € M, then u is a critical point of Iy in E.
Proof. Since this proof is analogous to the proof of Lemma 2.7 in [11], we omit it. m|
Lemma 5.8. Assume (f]") — (f;) hold. Then problem (5.1) has a positive ground state solution.

Proof. From Lemma 5.6 and Lemma 5.7, we only need to prove that z is achieved for some u €
H®R*) N M.
Letting {u,} ¢ H'(R?) N M be a minimizing sequence of Iy_, then we have
1
l+z> IV‘>o (u,) = IVw (u,) — ZG ()
= - |Vu,|” dx + - u,|Vu,|"dx — = [2F (u,) — f (u,) u,] dx,
4 Jgs 4 Jgs 8 Jrs

for n large enough. Therefore, {||Vun||§} and {llV(uﬁ)H%} are bounded. In the following we prove {||Mn||%}
is also bounded. By u,, € M and Lemma 5.1-(ii) we obtain

2 f Veo lut|* dx
R3
1 2
:3f F(un)dx+—f f(un)u,,dx—af |Vun|2dx—b(f |Vu,,|2dx) —3f W\ Vu,|*dx
R3 2 R3 R3 R3 R3

2 12
< (llwall3 + lualli3) + Cellulle + Ci.
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where g € (2, 12). According to the interpolation and Sobolev inequalities, we have

9 (1-6) 9 2 452
lealld < Ntall3 NetallTy ™ < Cralluan I3 NIV @I,
where (l] = g + 11;29. Noting g6 < 2, by Young’s inequality, we derive for some C > 0
2 -
, =
Collunlly < ellunlly + CAIV@)I, ™

Hence we obtain {llunllg} is also bounded if we pick € = %Vw. Therefore, {u,} is bounded in E.
Recall the compact embedding H!(R?) < LP(R?) for p € (2,12). Thus, going if necessary to a
subsequence, we may assume that there exists a function u € E such that

u, > u in H'R?),
u, > u in L'R3), Vs € (2,12),

u, - u ae. on R

It is easy to check u™ # 0 and G(u) < 0. By Lemma 5.5, u,, € M forsome 0 < 7, < 1. If , € (0, 1), one
can easily verify Iy_ (u,,) < z. Hence £y = 1 and z is attained at some u € M.

The strong maximum principle and standard argument [35] imply that u(x) is positive for all x € R>.
Therefore, u is a positive ground state solution of problem (5.1). O

So far, we have proved that the associated “limit problem” of (1.8) has a ground state solution. Next,
on this basis, we are going to prove Theorem 1.3.

Since V is not a constant, that is to say, problem (1.8) is no longer autonomous, the method to
prove Lemma 5.8 cannot be applied. Moreover, due to the lack of the variant Ambrosetti-Rabinowitz
condition, we could not obtain the boundedness of any (PS). sequence. In order to overcome this
difficulty, we make use of the monotone method due to L. Jeanjean.

Proposition 5.1. ( [36], Theorem 1.1) Let (E, [| - IIHV) be a Banach space and T C R* be an interval.
Consider a family of C' functionals on E of the form

D,(u) =Auw) — AB(u), YA€T,

with B(u) > 0 and either A(u) — +oco or B(u) — +oo as ||ully, — +co. Assume that there are two
points vy, v, € E such that

¢, = inf max @, (y(?)) > max{D, (v;), D, (v)}, VA eT,
yel te[0,1]

where N
I' = {y € C(10. 11. E)y(0) = vi.¥(1) = v
Then, for almost every A € T, there is a bounded (PS )., sequence in E.

_ Letting T = [6, 1], where 6 € (0, 1) is a positive constant, we investigate a family of functionals on
E with the following form

1 b g
Iy () =5 f 3 (a|Vu|2 + V(x)|u|2)dx *+7 ( f 3 |Vu|2dx) + f 3 W |Vul*dx — A f 3 F(u)dx, YA € [6,1].
R R R R
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Then let Iy, (1) = A(u) — AB(u), where

1 b 2

Alw) = = f (a|Vu|2 + V(x)|u|2)dx + - ( f |Vu|2dx) + f u?|Vul*dx,

2 R3 4 R3 R3

and
B(u) = f F(u)dx.
R3

It is easy to see that A(u) — oo as ||ul|y, — oo and B(u) > 0.

Lemma 5.9. Under the assumptions of Theorem 1.3 we have

(i) there exists v € E\{O} such that Iy,(v) < 0 for all A € [6, 1],

(ii) c; = inﬁ I’I%(é)li(] Ly (y(2)) > max {Iy(0), Iy,(v)} for all A € [, 1], where
vel t€[0,

I ={y € C(0, 11, E)ly(0) = 0,y(1) = v}.

Proof. (i)Forany A € [0,1],t>0and u € P,, we get

ar? t* bt 2
Iy (uy) < 1y, 5 (u;) =—f |VulPdx + —f VoolulPdx + — f IVul>dx
’ : 2 s 2 4

R3

+ 7 f PVuldx — 5t f FVW) o
® (Vi

Then by (f;), we infer that there exists £ > 0 such that Iy, (u,) < Iy_s (u,) <O0.
(ii) Depending on Lemma 5.1-(i), for € > 0 small enough and p € (2, 12), there exists C, > 0 such
that

1
Iya(u) > = minfa, 1}|jull, + f W} |VulPdx — f F(u)dx
’ 2 v R3 R3

1 : 2 2 12

> — min{a, 1}|lul?,, + u VuPdx— | |e(luP + ') + Co ul? | dx
2 v R3
1

> minfa, 1lulfy, - f Jul” dx.

Then by standard argument there exists » > 0 such that

b= inf Iv/l(lxl) >0= IVA(O) > IVA(V)

[letl gy, =
and hence c; > max {Iy,(0), Iy, (4,)} . Then the conclusion follows with v = u,. O

Lemma 5.10. ( [36], Lemma 2.3) Under the assumptions of Proposition 5.1, the map A — c, is
non-increasing and left continuous.

By Lemma 5.8, we infer that for any A € [, 1], the “limit problem” of the following type:

— (a +b fquIzdx) Au+ Vou — Aw?)u = Af(u), in R3,
(5.5
ueE, u>0, in R3
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has a positive ground state solution in E. Thus we further derive that for any A € [0, 1], there exists
uy € My :={u € Elu # 0,G,(u) = 0]
such that u,(x) > 0 forall x e R?, I}, () = 0and

Iy, (u)) =my := if}vf[ Ivm,/l(u), (5.6)
ueMy

2
G,(u) =a f |Vul?dx + 2 f Vw|u|2dx+b( f |Vu|2dx)
R3 R3 R3 (5.7)

A
+3 f W Vuldx - 32 f F(u)dx - = f uf(u)dx.
R3 R3 2 R3

Lemma 5.11. Suppose that (V}) — (V3), (f) — (f]) hold and V(x) # V.. Then there exists 1e€[s1)
such that ¢, < m, for any A € [A,1].

where

Proof. First of all, for convenience, we set Iy, (u) = Iy;(u), my = m; and ¢, = ¢; when 4 = 1.
And let u,,u; be the minimizer of Iy,, Iy, respectively. By Lemma 5.3, we see that there exists
K > 0 independent of A such that y,,((#;)x) < O for all 4 € [4,1]. Moreover, It is easy to see that
Iy, ((uy),) is continuous on ¢ € [0, o). Hence for any 4 € [d, 1), we can choose #, € (0, K) such that
Iy, ((ul)u) = trer[loa?] Iy ((u1),). Note that Iy ((u;);) — —oo as t — oo, thus there exists Ky > 0 such that

Iys ((u1)) < vy (1) = 1, Vi = K.
By the definition of ¢#,, one has

Ty () < Iy () < Iya () < Tys (Gu),, ), YA€ 16,10,
Then the above two inequalities implies #; < K, for A4 € [9, 1]. Let By = ﬂi%fl ] t. If By = 0, then by
€lo,

contradiction, there exists a sequence {4,} C [0, 1] such that 4, — 4y € [6,1] and ¢,, — 0. It follows
that
0<cr <y, <Dy, ((u)y,, ) = o(1),
which implies 5y > 0. Thus
0<Bo<ty <Ky, Vaelol1].
Let
By min [ [V — V(sx)]uy* dx

0 go<s<Ty

A= o, 1—
e ZKSfR3 (Ké/zul)dx

Then 6 < A < 1. From the definition of A and 0 < 8y < t;, < K, for YA € [6, 1], we have

my>my =1y () > Iy ((ul)u)

l‘4
= Iy ((u),,) = (1= Dr3 fR F (0w )dx+ 2 f [Vee = V (020)] ir dx

>cA—(1—/1)K3f F(K”zul)dx+— min f [Veo = V(sx)] |y * dx
R3

2 Bo<s<To
>c,;, VAe [/_1, 1].
O
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Next, we will introduce the following global compactness lemma, which is used for proving that
the functional Iy, satisfies (PS )., condition for all A € [4, 1].

Lemma 5.12. Suppose that (V}) — (V) and (f7) — (f;) hq_{d. Forc > 0and A € [0,1], let {u,} C E be
a bounded (PS). sequence for Iy,. Then there exists vy € E and A € R such that J{,’ 1 (o) =0, where

a + bA?

1
Tya(u) = f |Vu|2dx+5 f (V@lul® + 20ul|Vul) dx - 2 f F(u)dx. (5.8)
R3 R3 R3

Moreover, there exists a finite (possibly empty) set {vy,...,v;} C E of nontrivial solutions for
—(a+bA%) Au + Veou = A@P)u = Af(w), (5.9)

and {y’,‘l} cR3fork=1,...,1suchthat

yﬁ — 090, yﬁ—yﬁ, — oo, k#k',n — oo,
bA* l
¢+ o = Jya(v) + ZJVM,/I i),
k=1
i
un—vo—ka(-—yﬁ) — 0,
k=1 Hy

!
A% = IVwol + ) IV,
=1
Proof. The proof is analogous to Lemma 5.3 in [10]. Here we only point out the difference. Since f

satisfies (f]) — (f;), for u, — uin E, we have

) = f @, —u) — fu) in E,

where E’ is the conjugate space of E. Moreover, by referring to Lemma 3.4-(12) in [23], we can get

f i |* |V, |*dx — f lu, — ul’|Vu, — Vuldx — f lul*|Vul?dx.
R3 R3 R3

Then the rest proof can be derived by obvious modification from line to line. O

Lemma 5.13. Suppose that (V) — (V) and (f]) — (f;) holé For 1 € [A, 1], let {u,} C E be a bounded
(PS)., sequence of Iy,. Then there exists a nontrivial u, € E such that

u, > u, inE.

Proof. According to Lemma 5.12 and referring to the proof of Lemma 3.5 in [10], we can easily
complete this proof. So we omit the detailed proof. O

In order to prove that the problem (1.8) has a positive ground state solution, we define

m = ir{\llf Iy(u),
where X := {u € E\(0} : I;,(u) = 0},
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Lemma 5.14. X # 0.

Proof. Depending on Lemma 5.9 and Proposition 5.1, we see for almost everywhere 4 € (4, 1], there
exists a bounded sequence {u,} C E such that

Iya(uy) — ca Iy, (uy) = 0.

It follows from Lemma 5.13 that Iy, has a nontrivial critical point u, € E and Iy, (uy) = c,.

Based on the above discussion, there exists a sequence {1,} C [4, 1] with A4, — 1~ and an associated
sequence {u, } C E such that Iy, (ua,) = ca,» Iy (1) =0,

Next, we prove that {u, } is bounded in E. By (V}) and Hardy inequality, using the proof of Lemma
5.8, we can refer that {|[Vu,,|l,} and {|[u, ||,} are bounded. Thus, {u,,} is bounded in E.

Since 14, — 17, we claim that {u, } is a (PS),, sequence of Iy, = Iy;. Indeed, by Lemma 5.10 we
obtain that

lim IV,l (l/tﬂn) = lim (IV,/ln (u/ln) + (/1;1 - 1)f F(u/l,,)dx) = lim Ca, = Ci,
n—oo n— oo R3 n—oo

and for all ¢ € H'(R*)\{0},

I, (ua,), @
M < lim L |4, = 1] f3 (|“/l| +Cis |”An|11)dx”90”*’ =0.
R

n—eo Il oo lolly

Hencg {u,,} is a bounded (PS),., sequence of Iy. Then by Lemma 5.13, Iy has a nontrivial critical point
MOEEandlv(uo):cl.Thus,/\’i(b. O

Proof of Theorem 1.3 Firstly, in order to get a nontrivial (PS),, sequence, we need to prove m > 0.

For all u € X, we have ([{,(u),u) = 0. Thus by standard argument we see ||ul|z, > & for some
positive constant £. On the other hand, the Pohozaev identity (5.3) holds, i.e., Py(u) = 0. Now by
Lemma 5.1-(i1) we can get

Iy(u) = Iy(u) - é [<I},(u), u) + 2Py (u)] > }La f |Vul*dx — % fR 3 (VV(x), x) u*dx.

Then from (V7) and Hardy inequality, we infer

Iy(u) = Co f |Vul?dx.
R3

Therefore, we obtain m > 0.

In the following let us rule out m = 0. By contradiction, let {«,} be a (PS), sequence of Iy. Then it
is easy to show that 11_>r£1o |l ll 7, = O, which contradicts with [|u,||y, > & > 0 for all n € N.

Next, we may assnume that there exists a sequence {u,} C P, satisfying I, (u,) = 0 and Iy (u,) — m.
Similar to the argument in the proofs of Lemma 5.14, we can conclude that {u,} is a bounded (PS),,
sequence of /. Then by Lemma 5.13 and strong maximal principle, there exists a function u € E such
that

Iy(u) =m, I,(u)=0 and u(x) >0 for all x € R’.

So u is a positive ground state solution for problem (1.8). The proof is completed.
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