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Abstract: The main objective of this article is to investigate the dynamical transition for a 3-
component Lotka-Volterra model with diffusion. Based on the spectral analysis, the principle of
exchange of stability conditions for eigenvalues is obtained. In addition, when 6, < i, the first
eigenvalues are complex, and we show that the system undergoes a continuous or jump transition. In
the small oscillation frequency limit, the transition is always continuous and the time periodic rolls are
stable after the transition. In the case where J, > ¢, the first eigenvalue is real. Generically, the first
eigenvalue is simple and all three types of transition are possible. In particular, the transition is mixed
if fQ e,fodx # 0, and is continuous or jump in the case where fQ eiodx = 0. In this case we also show
that the system bifurcates to two saddle points on § < §; as @ > 0, and bifurcates to two stable singular
points on & > &, as @ < 0 where § depends on the system parameters.
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1. Introduction

In this paper, we consider the following 3-component Lotka-Volterra model with diffusion
u;, = diAu + u(a; — byu — c;v —kiw),
v, = doAv + v(ap — cou — by — kow), (1.1)
w; = d3Aw + w(—r + a1 kiu + axkyv),

where u, v are the population densities of two competing prey and w is the population density of its
predator. The habitat Q c R” is a bounded domain with smooth boundary 0Q. r, a;, b;, ¢;, @;, ki(i = 1,2)
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and d;(j = 1,2, 3) are positive constants. a; and a, represent the intrinsic growth rate, b; and ¢;(i = 1,2)
represent the intra-specific and inter-specific competition rates of u and v, k; and k, are the predation
rate of w, @y and «;, are the transformation rate of predation, and r is the death rate of w. d,, d, and d;
are represent the diffusion rates of u, v and w respectively.

Here, we focus on the system (1.1) supplemented with the following initial condition:

u(x,0) =u’, v(x,0) =", w(x0)=wn’ (1.2)

and the Neumann boundary condition:

@
on

3 ov
s On

3 ow
s On

=0, (1.3)

0Q

where aa_n is the outward normal derivative on dQ2. The Neumann boundary condition in (1.3) was
interpreted as the condition that the system is self-contained with zero population flux across the
boundary.

For two species Lotka-Volterra (LV) systems, there has been largely discussed in the past several
decades. Kuto and Tsujikawa [1] considered a general stationary Lotka-Volterra competition model
with diffusion. They obtained the existence of nonconstant solutions by the Leray-Schauder degree
theory and derived a limiting system as diffusion of one of the species tending to infinity. Eilbeck et
al. [2] studied the two species Lotka-Volterra competition model and obtained the existence and non-
uniqueness of coexistence solutions for a wide range of parameters. Other results related to the two
species Lotka-Volterra competition model, we refer to other studies [3—6] and the references therein.

However, very little result is known about the three species Lotka-Volterra model. In general, three
species systems are very complicated even in the ordinary differential equations case. In recent years,
the three species Lotka-Volterra model with diffusion was studied by some investigators. Ni et al. [7]
considered the role of cross-diffusion in the 3 X 3 Lotka-Volterra competition model, and obtained the
existence of non-constant steady states created by cross-diffusion in 3 X 3 systems. In [8], Pang and
Wang studied a strongly coupled system of a two-predator-one-prey ecosystem, they demonstrated the
emergence of stationary patterns for this system, and showed that it is due to the cross diffusion that
arises naturally in the model. Moreover, Ali et al. [9] studied the prey-predator-top-predator system, in
addition, they point out that the system exhibits Bogdanov-Takens bifurcation, saddle-node bifurcation,
Hopf bifurcation for suitable choice of the relevant parameters. There are other related works on three
species model, see [10—17] and references therein.

Although considerable work has been done concerning three competition model and
two-predator-one-prey ecosystem, it is worth noting that it is interesting to investigate two prey and
one predator system. In some circumstances, predation may have a tendency to increase species
diversity in competitive communities, which is called predation mediated coexistence. For instance,
in [10], the authors considered the coexistence problem of two competing species mediated by the
presence of predator, and speculate that the possibility. Furthermore, Kan-on and Mimura [11] proved
the existence of stable spatially inhomogeneous positive stationary solutions of (1.1). In addition,
Yukio Kan-on [12] studied the positive stationary solutions by using the singular perturbation method
and the associated singular limit spectral analysis. Moreover, Wang [13] considered the strongly
coupled version of (1.1) and established the existence and non-existence of non-constant positive
solutions.
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Motivated by the above papers, what we are concerned in this paper is to describe the dynamic
stability and transition for the system (1.1). The technical method for the analysis is the dynamical
transition theory, which has been developed by Ma and Wang [18-20] and has been used to solve
many interesting mathematical and physical problems, see [21-26]. As is well known, for the system
(1.1), due to non-selfadjoint linear operator, the transition can be caused by real or complex eigenvalues
crossing the imaginary axis. Let 9y and ¢, be critical values given by (3.17) and (3.20). ¢, is derived
from AB — C = 0, which determine the signs of the eigenvalues of the linearized eigenvalue equations
(3.7). The same is 6;, which is derived from C, = 0. When 6, > ¢;, the first eigenvalue is real and
simple, and all three types of transition are possible depending on a non-dimensional number exactly
given in terms of the system parameters. In particular, the transition is mixed if fg e,fodx # 0, and in the
case where fg ezodx = 0 we show that the transition of the system is continuous as 6 < 0, and is jump
as @ > 0 where @ is defined in (4.43). when &, < &, the first eigenvalues are complex, and we show
that the system undergoes a continuous or jump transition. In the small oscillation frequency limit, the
transition is always continuous and the time periodic rolls are stable after the transition.

The rest of this paper is organized as follows. In Section 2, we present some preliminaries on
dynamical transition theory. Section 3 recapitulates (1) the nondimensional form and the nonnegative
basic states of the steady-state equations for the system (1.1), (2) an abstract form for (1.1), and (3)
linear theory and principle of exchange of stabilities(PES). The main theorems of this artical are stated
and proved in Section 4.

2. Preliminaries

In this section, we introduce the dynamical transition theory for nonlinear dissipative systems
developed by Ma and Wang [18-20], which provides the basic method for the following research of
this paper.

Let H and H; be two Hilbert spaces, Hy € H be a compact and dense inclusion. Consider the
following abstract nonlinear equation defined on H, given by

U= Ly+Gl,A)
dr > s 2.1
{X(O) = Xo. 1)

where y(¢) is an unknown function, L, : H; — H is a linear operator, and G : H; — H is a nonlinear
operator, A is the system parameter.

Assume that L, : H; — H is a parameterized linear completely continuous field depending
continuously on A. which satisfies

L, = —A + B is a sectorial operator,
A:Hy — H isalinear homeomorphism, 2.2)
B: Hy — H 1isacompact operator.

Furthermore, we assume that the nonlinear term G : H, — H(0 < o < 1) is a C" bounded operators
(r > 1) and depending continuously on A, where H,, is the fractional order space, and

G(x, D) = o(llxlla,)- (2.3)
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Hereafter, we always assume the conditions (2.2) and (2.3) hold true, which imply that the system
(2.1) has a dissipative structure.

At first, we recall the mathematical definition of transition for the system (2.1).
Definition 2.1. ( [20]) We say that the system (2.1) has a transition from (y, 1) = (0, Ay) at Ay if the
Jollowing two conditions hold true:

(1) if 1 < Ay, ¥ = 0is locally asymptotically stable for (2.1), and

(2) if 1 > Ao, there exists a neighborhood U C H of y = 0 independent of A, such that for any
Xo € U\ T, the solution y ,(t, xo) of (2.1) satisfies that

lim sup ”/Y/l(t’XO)”H 2 5(/1) > 09
o (2.4)
lim 6(1) > 0,
A— Ay
where I is the stable manifold of y = 0, with codim 'y > 1 in H for 1 > Ay.

Let the eigenvalues (counting multiplicity) of L, be given by {8;(1) € C|j = 1,2,---}, and let

>0, if 4> Ay,

ReB:(1)3 =0, ifd=41p, forany 1<i<m, (2.5)
<0, if A < Ay,

Refi(Ay) <0, forany j>m+ 1. (2.6)

The following theorem is a basic principle of transitions from equilibrium states, which provides
sufficient conditions and a basic classification for transitions of nonlinear dissipative systems. The
proof of this Lemma is given in Ma and Wang [19, 20].

Lemma 2.1. Let the conditions (2.5) and (2.6) hold true. Then the system (2.1) must have a transition
from (y, 1) = (0, Ay), and there is a neighborhood U C H of y = 0 such that the transition is one of the
following three types:

(1) Continuous transition: There exists an open and dense set U, c U such that for any x, € U, the
solution y (t, xo) of (2.1)satisfies

lim lim sup [[y1(z, xo)llz = 0.

/lﬁ/lo t—00

(2) Jump transition: For any Ay < A < Ay + & with some & > 0, there is an open and dense set U, C U
such that for any y, € U,,

lim sup ||y 1(z, xo)llg = 6 > 0, for some 6 > 0 is independent of A.

t—oo
(3) Mixed transition: For any dg < A < Ay + &€ with some € > 0, U can be decomposed into two open
sets Ut and U3 (U} not necessarily connected): U = U} + U3, U} N U; = 0, such that

lim Tim sup [y (7, xo)llz = O, Vxo € U7,
—A0 oo
lim sup |I/\//1(t’/\/0)||H >0> 09 VXO € U/l’

t—00

where U} and U3 are called metastable domain.
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3. Mathematical setting and linear problem

3.1. Mathematical setting

The forthcoming analysis is to formulate the evolution equations given in (1.1) using an abstract
functional setting that is standard in the framework of dynamic transitions.
First, we introduce a set of the following to nondimensionalize the system (1.1):

u—ﬂu' v—@v’ w—ﬂw’
by’ by ’ ki
by
x=1Ix, t= tQtl(to = ),
arkia

where the prime denotes nondimensionalized variables. Substituting these nondimensional variables
into (1.1) and neglecting the prime for all variables for convenience, we obtain

u, = eAu+au(l —u—av-—w),

v, = &AV + av(l — yu — v — kw), 3.1

w; = &Aw + w(—0 + u + qv),

here
dito  _ axcy
& =— ar=aly, a=-—,
[ a1b2
d>ty _ ac;
&=—FH, W=, Y=—,
[ azbl
dsty ; ak, arbiasks,
12 ’ ’ (lzkl ’ albzalkl ’

and the unknown functions are u, v, w > 0, Q C R" is a bounded domain, the parameters are positive
constants:
g(l1 <i<3), a, a, a, v, k, 0, q.

Furthermore, let
RY = {(x1, -, Xn) €RY|x; 2 0,1 < i <m},
/l = (815 &2, &3, C_ll, a29 a, 75 K, O, Q) € Rio
Then we define the following function spaces,

H=L*(Q),

H, = {x e HX(Q) g—X — 0 on ag},
n

where y = (u, v, w).
Define the operators L, = A, + Byand G, : H, — H by
A = (e1Au, &,Av, g3Aw),
By = (aju, axv, —ow),
G(y, ) = (—a,u® — a,auy — auw,

— ryyuv — GV — GrkVW, uw + qvw).
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Obviously, L, : H; — H is a parameterized linear completely continuous field depending continuously
on A, and G, : H; — H represents the nonlinear terms of the Eq (3.1).
Thus, the Eqs (3.1) with (1.2) and (1.3), take the following operator form:

dy
— =L + G, ), 32)
x(0) = ¢,

where A = (g1, &, &3,d1,d2, @, Y, K, T, q) € RI°.
On the other hand, we study the steady-state solutions for the system (3.1). It is easy to check that
the system (3.1) admits seven biologically realistic constant steady-state solutions:

o - g
‘PO = (03 05 O)T9 QDI = (05 59 %)Ta (102 = (0-9 0’ 1 - 0-)T9

1- 1-
03 = (——, — L 0, 0y =(1,0,00", @5 =(0,1,0), (3.3)
l-ay 1 —-ay
@6 = (Ug, vo, o),
where
—o(l —ak)—qgk—1)
Uy = ,
T gy -0 - -
k=1 +o(y -«
vy = ,
*T gy -0 - (1 -ax)
qy-1+o-qg+a-ocay
Wo =

q(y =) = (1 = ak)

Biologically, only positive solutions (#y > 0,vy > 0,wy > 0) are of interest in the competition of
biological population. Hence, we make the natural assumption: uy > 0,vy > 0, wy > 0.

In this paper, we mainly focus on the bifurcation and transition problem of (3.1) at the more general
positive steady-state solution ¢ in (3.3).

For this purpose, we take the translation

u=u"+uy, v=v"+vy, w=w"+wy, (3.4)
Omitting the primes, the system (3.1) with (1.2)—(1.3) becomes
U, = &1Au — ajuglt — a1V — ajugw
— alzﬂ —aiauy — auw,
V, = &AV — Gy yvolt — G VoV — ArKVoW 3.5

_ - 2 —
— QyYuv — apv° — Grkvw,

Wy = &3Aw + wou + gwov + uw + gvw,

with the initial-boundary conditions
u(x,0) = u’ — ug, v(x,0)= W - vo, w(x,0)= wo — Wo,
Ou|  dv| _ ow
anag_angg_ on

Then it suffices to study the bifurcation solution of (3.5) at the steady-state solution y = (0,0, 0)”.

3.6
o (3.6)
a0
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3.2. Linear theory and principle of exchange of stabilities (PES)

The linearized eigenvalue equations of (3.5) are given by

e1Au — ayupu — ayaugy — a;upw = B(Au,
e Av — aryyvou — axvyv — axkvow = (v, (3.7)

e3Aw + wou + gwov = B(D)w.

Let pr and ¢, be the kth eigenvalue and eigenvector of the Laplace operator A with the Neumann
boundary condition:

Aey = —prex, (o 2 0),

dey (3.8)
a2 =0
Let M, be the matrix given by
—&1Px — A1lUy —aauy —a Uy
M = —ayyVvo —&pr — Vo —@KVy |. (3.9)
Wo qwo —&30k

Thus, all eigenvalues (1) = Bi;(4) of (3.7) satisfy
M = Bi(Dmi, 1<i<3, k=1,2,---, (3.10)

where 7;; € R? is the eigenvector of M, corresponding to 3;;(1). Hence, the eigenvector i, of (3.7)
corresponding to B (A1) is

Yri(x) = nuer(x), k=1,2,---, 1<i<3, (3.11)

where ¢;(x) is as in (3.8).
In particular, p; = 0 and e, is a constant, and

—6_1114() —Ella’lxl() —6_1114()
M1 = —Elz’)/V() —(_12\/0 —leKV() . (312)
Wo qwo 0

By simple calculation, it is not difficult to find that the eigenvalues S(1) = B1;(A)(@ = 1, 2, 3) satisfy
the following equation:

B + AB1()* + BB1(D) + C = 0, (3.13)
where
A = avy + auy,
B = a,arugvy + ajugwy — a Gryugvy + arkqvowo, (314)
C = ayax(—ka —yqg + 1 + kq)ugvowy.
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It is known that all solutions of (3.13) have negative real parts if and only if
A>0, C>0, AB-C>0. (3.15)

If we suppose g(y — k) — (1 — ka) < 0 in (3.3), then, direct calculation indicates that these two
parameters A and C in (3.14) are positive

A>0, C>0. (3.16)

Note that

Br11(DB12(DB13(1) = =C <0,

which implies that all real eigenvalues of (3.12) do not change their signs, and at least one of these real
eigenvalues is negative.
In addition, let 6 = ay =

€162

and we can derive from AB — C = 0, the critical number

biby
Go=14+ C_ngqvéW() +_&%_L;éw02+ aijlf(KS’ + yq)uovow(). (3.17)
a\asupv;, + ajaxugvo
It is then clear that
<0 if 6 > 6y,
AB-C{ =0 if 6 =9, (3.18)
>0 if § < .

Next, we check the other eigenvalues S;;(4) with j = 1,2,3, k > 2. By calculation, the eigenvalues
Bii (D =1,2,3,k > 2) of (3.9) satisfy

Bii(A + ABii(A) + BiBij(D) + Ci = 0, (3.19)
where
Ar=A+ (&1 + &+ &3)ps,
B, = B+ (g185 + &85 + slsg)pi
+ (a1upgs + avo€3 + ArVo€ + A1U0EL) Pk,
C,=C+ 818283[)2 + (e1&830,v9 + 82836_11140)[)1%
+ a1ax(1 — O)ugvo&spr + a1ugWoerPx + ArKqVoWoE1 Pk
We introduce another critical number

3 2
C+ 110, + T20; + T30k

6p =min[l + — , (3.20)
pr#0 a|arUpVoE3Pk
where
T = &18283,
Ty = (8183420 + £28301Up), (3.21)

T3 = djUgWoE2 + ArKGVoWHE].

The following lemma characterizes the principle of exchange stability (PES) for the eigenvalue
Eq (3.7).
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Lemma 3.1. Assume that q(y — k) — (1 — ka) < 0, let 69 and 6, be the numbers given by (3.17) and
(3.20), then the eigenvalues Bi;(i = 1,2,3,k > 1) of L, satisfy the following properties:

(1) If 61 < 6o and ko be the integer that 6, in (3.20) reaches its minimum at py,, then By, is a real
eigenvalue of (3.7), and

>0 if 6> 6,

Br1(0)3 =0 if 6 =61, for pir = pi,:»
<0 l.f(5<61,

RepBii(61) < 0 Y(, j) # (ko, 1) with py = py,.

(2) If 61 > b, then B11(0) = B12(0) are a pair of complex eigenvalues of (3.7), and

>0 if 6> 6,
Ref11(0) = Ref12(6) § =0 if 6 = oo,
<0 lf 0 < 0o,

Rep;j(60) <0 V@, j) # (1,1),(1,2).

Proof. According to the assumption, C is positive. We see that

A = arvy + auo,

B = aja,uyvy + ajugwy — a1axayugvy + arkqvowy.
By the direct calculation, we can see that
Ay >0, AB,—Cr>0, Yk>2.
As 01 < 6y, we infer from (3.16) and (3.18) that
ReBj(61) <0, V1< j<3.
In addition, it is clear that there must exist a kj satisfying (3.20), furthermore,

<0 if § > 6,
Ci,(0)3 =0 if 6 =0y,
>0 if 6 <6y,

Ci(61) >0 forall k +# ko,

thus, assertion (1) is approved.

As 6, > 0y, through the analysis of above, we know that C;, > 0 at 6 = ¢, for all k > 2. Since
all real eigenvalues §;;(1 < j < 3) of (3.12) do not change their signs, and at least one of these real
eigenvalues is negative, so the condition (3.18) implies that there exists a pair of complex eigenvalues
B11 = P12 crossing the imaginary axis at § = &y. Then assertion (2) follows. The Lemma is proved.
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4. Main results and proofs

The following theorems will show the types of transition that the system (3.5) undergoes as the
bifurcation parameter ¢ crosses the critical value ¢, or ; basing on Lemma 3.1. Hereafter, we will give
different transition theorems basing on Lemma 3.1.

First, we consider the case that §y < ¢;.

4.1. Transitions from complex eigenvalues

By Lemma 3.1, as ¢y < ¢, the first critical eigenvalues will be a pair of complex numbers 5;; and
B12, the problem (3.5) undergoes a dynamic transition to a periodic solution from ¢,. To determine the
types of transition, we introduce a parameter by which is defined by (4.30) as follows:

1 2

bo= | - L_(AGF| + F3)E> + pab(F, + 3F3) + pF>E,)
ol ajiy
+ f)ﬂbl;c_lz(3E5F1 + E5F3 + E7F2) + al;(3F1E6 + F3E6 - FzEg
[ARZI0)

’A
- %Fz) + (BF; + F1)(E3E7 + ExEg) + Fo(ESEs — E2E6)]

ajity

2bb [p*w
ey %a(az(a + kwob) + qa)(Esna(mz + k173) — ELE>) (4.1)
Drayupl asu

170

P
— Woa6r(y + & + k&3) + ;—Moa&)(&fz(?’ +& +é3) + EIEZ)]

+

Dig .2y + &+ k&63) + (2 + k)]
a1l
PP -
(—==5b + ——a:E;7 + Esa)(@” + 2woabi + wib® (@ + b%)),
aluo aly

where

a1 updrvowo(q — @) (ke — 1) + A2(Aa — gwo) — qwi(@vokq + aju)
- ayuo(Aa — gwy)? ’

2 - -
_ 07gwy . aug + arvoak
Dy =| sty + & + xi) - L ap ML ]
aug Aa — gw
Do~ P Pwo bzaluo + ayvoak  G1UpA + GyVoWoKq
2T auol aug Aa — gwy up(Aa — gwy)
P 1
- a0y + @+ kDb - )|
ajuopgq q
2 _ _
+
SN T TY LS AT |
aiuy Lajug  Aa —gwy
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ajUgy + aVoak

Dy = o — o 91T~ axna(n2 + K173),
a — qwy
2 3
D> = LB + (a+woba),  Ey = L0,
1% a Uy
E, =aa+ Wob(flz + Bz), E; = _L(a + wobd)a,,
[ARZI0)
2
w
E4 = p_3 g(pzbz - qzaz)’
1%
Avok
Es =~ fﬂ — (Y& + &) + 260 + KES + EH)),
%9
PWo Ao + dxvoq , 5
E¢ = b + Aga),
= @l Aa—qw (o qa) (4.2)
VoK
Er = 2% (ymy + 2més + k(ais + 130)),
aluo
P wo @1 + arvoq
Eg = —— (—qa + AD),
ajuy Aa—qgwg
Fo= D, N 20*(Dy — D) _ p(Dy + Ds)
"TUA T AN+ 402 A2+ 4p2
P = D, +D; 4p* (D, + D3)  2p(Dy — D)
g A AA2 +4p2) A2+ 4p2
F. = Dy 2p*(Dy+ Dy)  p(D; + D3)
3= —+

A AAZ +4p?) A2 +4p?

Here A is as in (3.14), and a, b, a, b are as in (4.6) and (4.8).
Then, we have the following dynamic transition theorem.

Theorem 4.1. Consider by which is given by (4.1). Let 6g < 6. Assume q(y — k) — (1 — k) < 0 and
assume that the critical index are (k, j) = (1, 1) and (k, j) = (1,2), then the problem (3.5) undergoes a
transition to periodic solutions at 6 = 6y, and the following assertions holds true:

(1) If by < O, then the transition of (3.5) is continuous, and the system bifurcates to a periodic solution
on 6 > 8y, which is an attractor.

(2) If by > O, then the transition of (3.5) is jump, and the system bifurcates on 6 < 6y to a unique
unstable periodic orbit.

Proof. We shall prove the theorem in the following two steps.
Step 1. Calculate the critical eigenvectors.

By Lemma 3.1, at &, there is a pair of imaginary eigenvalues 8, = B1» = —ip of (3.7). Letz = £ +in
and z* = & + in" be the eigenvectors and conjugate eigenvectors of (3.7) corresponding to —ip, i.e. 7
and z* satisfy that

(M, +ip)z = 0,

(M; —ip)7" = 0. (4-3)

AIMS Mathematics Volume 6, Issue 5, 4345-4369.



4356

For z = (21, 22, z3), from the first equation of (4.3) we obtain

(g—a) - i_p—q]zl = [ —-q+ i’%]z@
ailg Wo

P
21 + 4 = —1—23.
Wo

Thus, we derive from (4.4) the eigenvectors z = & + in as follows:

§:(§1,§27§3):(17 — b——, —_—a),
auoq q atg
W
T] = (77177727 773) = (07 _La’ ?_Ob%
aly ailg

where

q= ajugwo(q — @) + pa

qzw(z) + 022
_ g*wo — aupa(q — @)

b
P + pa?

(4.4)

(4.5)

(4.6)

In the same fashion, we derive from the second equation of (4.3) the conjugate eigenvectors z* =

E +in* as

pB - leVoK

é‘:* = (é:f’é‘:;"f;) = ( ’ 1’ Zl)a

aiig

* * * * pa 7
77 = (771, ]729 n3) = (___7 Oa b)7
al

where

avo(1 — ak)gwy + p*a

Q
Il

PW2 + pra?
—ayvopa(l — ak) + pgwoy
Pw2 + pra? :

b
It is easy to show that

&€y =y = 20pp,
ajly

ENy = (1, E%) = —(La ' {)ﬂbz,).

ajug aiug

It is known that functions ¢/} + i/} given by

* 1 s s * *
* 1 sk sk * *
Yy = <n’n*>[<n,§ Y+ (',

AIMS Mathematics

4.7)

(4.8)

4.9)

(4.10)
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also satisfy the second equation of (4.3) with

&) =y #0,

. . “4.11)
(& ¥5) =n,¢7) =0.
On the other hand, we know that
Bz - (ip) - (=ip) = p*B13 = —C. (4.12)
In addition, because +ip are solutions of (3.13), and AB — C = 0 at 9, we deduce that
C
2
=B=—. 4.13
p I (4.13)
Then, we obtain
ﬁl?; =-A= —(C_IQVO + C_llbl()). (414)
From the equation
(M, - B13)¢ =0, (4.15)
we derive the eigenvector
{=(01,0,8)
_ ( a ugwo + arvoA Wo auopa + 6_12\/06]) (416)
7 @ug(Aa — gwy)’ aiuy Aa—gwy )
In the same fashion, from
(M} - B13)" =0, (4.17)
we derive the conjugate eigenvector of B3 as follows:
& =.6.8)
_ (C_IQVQW()KC[ + aupA augy + C_IQVOQ’K) (4.18)
\ Guug(Aa —gwy) © 0 Aa—qgwy [

Step 2. Derivation of evolution equation.
Let y € H be a solution of (3.5) expressed as

X =xé+yn+®(x,y), x,yeR!,

where ®(x, y) is the center manifold function of (3.5) at dy.
Based on the center manifold reduction, the reduced equations of (3.5) on the center manifold are
given by

d 1
= oyt (G + Y + D)),

dt &y (4.19)
dy _ 1 * .
&P l@(G()f +yn + @), 4),
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where G(y) = G(x, x) is the bilinear operator defined by

GOy x1) = (_i_lluluz - C_licmlvz __aIMIWZ’ (4.20)
— dyYuivy — doViVy — GoKViWa, UiWa + qviws),
for x = (u1,vi,w1), x1 = (U2, v2, w2) € Hj.
Now we are in position to solve the center manifold function ®(x,y). By the approximation
formula (B.4.1) in [20], the center manifold function O satisfy

D =D, + D, + Ds +0(2), (4.21)

where

(D) = —x*P,Gyy — xy(PyG1y + P2Gyy) — y* P2Goa,
(0 + 4p") 0Dy = 20°(x% = Y )P,G 1y + 4p°xy(P,G 13 + P2Gay)
+ 2027 = 2)P2Gaa, (4.22)
(6* +4p7) D3 = p(y* — X*)(P2G1y + P2Gay)
+ 2pxy(P2G 11 — P2Gy),

here P, : H — E, is the canonical projection, E; is the orthogonal complement of £, = span{¢, n},
and ¢ is the linearized operator of (3.5).

Remark 4.1. In (4.21), o(2) represent o(|(x, y)|*). hereafter, we make the following convention
o(m) = o(|x|") forx € R'near 0. (4.23)

Direct calculation shows that

¢, = Dy,
(Gi1,{") =Dy, (G2,{") = Do,
(G211, = D3, (G, ") =Dy

and Dy, D, D,, D3, D, are as in (4.2).
By (4.5), (4.18) and (4.20), it is clear that

PGy =(G11,{)¢ = D¢,
PGy = (G2, (") = D3¢,

i 4.24)
PGy, = <G21,§ >§ = D3/,
PyGyy =(Gn, ") = Dyl
Hence, @, ®,, 3 € span{{}, which implies
O; =M ®D; =-AD;. 4.25)
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We infer from (4.21)—(4.25) the center manifold function as follows:

_ i[(& N 20%(Dy — D) _ pDy + Ds)) )
Do\A T AT+ 407 | A2+ 4p2
N (Dz +D; 4p*(D, + D5) N 2p(D; - D4))
A AT+ 405 AT+ 4
(& N 20%(D; + Dy) N p(D, + D3)
A TAAT+ 4 T AT+ap

2|+ o
1 2 2
= D—(le + Fhrxy + F3y°) + 0(2),
0
where F, F», F are as in (4.2).

Inserting (4.26) into (4.19), by direct circulation, we have

d 1
T = oyt NG+ EM NG

dt
+ [(&, WG, € + (€, NG, 1)H]Y*
+ [(&,ENG1 + Go1, €)Y + (NG 12 + Gor, )] xy

1

+ (&, ENGE ) + G, &), §*>30<F1x3 + Fox’y + F3xy%)
1

+(ETNGE ) + G, 6), n*>50<F1 X+ Fax?y + F3xy?)
. 1

+(&,ENGm, O) + G(L, n),§*>D—0(F1x2y + Faxy’ + F3y°)

1
FENNGOO + G0 Py + Fay + F3y3>}

+ 0(3),

1 .
2 = pr+ ﬁ{[ NG EY + (6. E NG ]

+ [ = E NG, ) + (€, E NG, Y
+ [ = ETNG 1 + Ga, E) + (&, E WG + Gay, ) |xy

1

—(ETNGE O + G, f),f*>50<F1x3 + Fox’y + F3xy?)
1

(& ENGE, ) + G, &), n*>50<F1x3 + Fox’y + F3xy?)
1

—(ENNGM, ) + G, n>,§*>D—O<F1x2y + Foxy® + F3y°)

1
HEENG0) + GEn ) o (Fidy + o+ F3y3>}

+ 0(3),

where D? = (£,&)? + (£, 1°)>.

(4.26)

(4.27)

(4.28)
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In view of (4.9), Eqgs (4.27) and (4.28) become

dx 2 2
E = —py + axX” + axy + apy
+ azx + a21x2y + a1zxy2 + 6103)’3 + 0(3), (4.29)
4 .
d_)t) = px + byox® + b xy + b02y2
+ b30x3 + b21x2y + buxyz + b03y3 + 0(3),
where
1 p - P
ar) = ﬁ__bb[ - W()C_lgfz(’)’ + 62 + K‘fS) - _—6163],
ajlg ailp
1 o3 ~
am = —ﬁ%abb[az(a + kwob) + qal,
auy
1 oPwy - -
ap = _ﬁ[ - E5E2 + TuzbbazE4 - Eﬁab],
1%
F, p°A PWo = _ -
= - E, + bba,E; + Egab|,
aso D2Do[ 225" aug axE7 + Egab]
F o’ PWo & 7
= - E, + bba,Eq — Epab|,
aos DZDO[ szug 2 aito arLig 104 ]
1
by = ﬁ[ — E3é(y + & + k&) — E By,
1
by = ﬁ[ — Esny(ip2 + km3) + EL B>,
1 . P
bll = —[ - E5ab + _—E3E4 + E2E6]’
l)2 [2ARZ00)
F ’A .
by = Dz—;)o[ - ;7@ + EsE; — E>Eg,
1%
F S
b03 = ﬁ[ - %ab + E3Eq + EgElo],
0 1%0
F2 + F] F3 + F2
a = —da —d . a = —d —da 9
21 7 30 7 03 12 7 30 7 03
F> F, F; F,
byy = —=b3y + — b3, by = —b3zy + —bps.
21 7 30 7 03 12 7 30 7 03
The transition of (3.5)—(3.6) is determined by the sign of the following number; see [20],
2
by = 3(azo + bo3) + (arz + bay) + —(anbor — axoba)
P (4.30)

1
+ ;(Clnazo + ayiagy — b11by — b11bpy),

which is the same as that given by (4.1). From (4.1) and (4.2), it is easy to show that by < 0 in the limit
of small p. Thus the proof is complete.
Second, we consider the case that 8y > ¢;.
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4.2. Transitions from real eigenvalues

Thanks to Lemma 3.1, for §y > d;, the transition of the system (3.5) occurs at ¢;, which is from real
eigenvalues. The following theorems will show the types of transition that the system (3.5) undergoes
as the bifurcation parameter ¢ crosses the critical value ¢,

3 2
C + 110} + T2p; + T30k

6p =min[l + —
px#0 a1 aUpVoE3pPk

Let 6, achieve it minimum at py,, px, be the eigenvalues of (3.8), e, be the eigenvector of (3.8)
corresponding to pi,. Assume that By, is simple near ¢;. Hereafter, we will give different transition
theorems basing on the two cases about ey, .

First, we consider the case where

f e, dx # 0. 4.31)
Q
For simplicity, let

) Pkfgeiodx

_ , 4.32
O fg eiodx (432)

where

Py = a@lugwoa®c[augwoac + aayvowobd + wiab]
+ ayvowob?cd[yaugwoac + avowobd + kwiab] 433)

+ wgabze[aluowoac + gayvowobd],

O = [ — @iugwoa®c® — avowob*cd + w%abze],
and a, b, c,d, e in (4.33) are given by

a = (—&px, — axvo) + axvoPq,

b = (—&1px, — a1up)q + aupa,

¢ = &30Pk, + gwo, (4.34)
d = &3p1,8 + kwy,

e = (—82pk0 — C_IQVO) + drVoKQ.
Then, under the condition (4.31), we have the second dynamic transition theorem.

Theorem 4.2. Assume that q(y — k) — (1 — ka) < 0. Let 69 > 61. If 6 # 0O, then we have the following
assertions:

(1) The transition of (3.5) at 6 = 6, is mixed. More precisely, there exists a neighborhood U C H, of
X = 0 such that U is separated into two disjoint open sets U, and U, by the stable manifold I of
x = 0 satisfying

(@ U=U,+Uy+T,
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(b) the transition in U, is jump, and in U, is continuous.

(2) The system (3.5) bifurcates in U, to a unique singular point y on 6 > 6y, which is an attractor such
that for any initial value ¢ € U,,

Iirr(}o I (z, ) = xllg, = 0.

(3) The system (3.5) bifurcates on 6 < 8, to a unique saddle point .

(4) The bifurcated singular point y can be expressed as

Biot

7 Eery + 0(|Bro1l)s (4.35)

X=-
where 0 is as in (4.32) and € = (&1, &,,&3) are given by

&1 = augwol (=201, — A2v0) + @2voyq)[E3pK@ + gwo],
& = apvowo[(—&10k, — Q1U0)q + aruo|[E30x,Y + kW],

& = Wil (=201, — @2v0) + a2voyql[(—&104, — @11t0)q + @1up].

Proof. We shall prove the theorem in the following two steps.
Step 1. Calculate the critical eigenvectors and decompose space.
Let £ and £€* € R3 be the eigenvectors of M;, and M;, corresponding to B,1(61) = 0, i.e.

M€ =0, M; & =0,
where M, is the matrix (3.9) with k = k. It is easy to see that £ is as in (4.35), and

& =(£,8.8),
& = —[(=&201, — @2v0) + @2voyql[E308,@ + gWo,
& = —[(=e1pr, — @110)q + Grupa ][ 301, + gwo],

&= [(=&201, — G2v0) + @yvoka][(—&1pk, — G1uo)q + aupcr].

(4.36)

On the other hand, based on the spectral theory of linear completely continuous field, the spaces H
and H; can be decomposed into the following form:

H=E, &E,, H =E ®E,,

where E| = span{ée,}, E> = Ef Then near 6, the solution of the Eq (3.5) can be expressed as

3

X = xfeko +Z, 1= Z XojWhoj + Z ijl/’kj, (4.37)

3
j=2 k#ko,j=1

where xéey, € Ey, z € Es. Yyj(j = 1,2,3,k # ky) is the eigenvector corresponding to the eigenvalue

Byj-
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Thus, in the space E, the Eq (3.5) can be reduced to

. d
<&@fw@g§=<uum$q0+<wa€qy
= Bror(Eerg, £ ew)x + (G(y), Eer, ).

(4.38)

Note that (-, -) denotes the inner product in H.
Step 2. Derivation of evolution equation.

According to the condition (4.31), we do not need to consider the influence of the center manifold
function. That is to say, we let y = x&ey, in (4.38).

Hence, we derive the following reduced bifurcation equation

dx (G(xéey,), E ey,
—_ = X+ . 439
dt Pual ey, Eexy) (%39
For the operator G, we can derive that
G ,EF
< (Xfeko) f ek()) — sz n 0(2)
(&ey, Erex,)
where 6 is as in (4.32).
Thus, the Eq (4.39) can be rewritten as
dx 5
I = L1 X + 0x™ + 0(2). (4.40)

It is known that the transition of the Eq (3.5) and its local topological structure are determined
completely by (4.40). If 8 # 0, it is clear that (4.40) has exactly a bifurcated solution as follows:

x:_%$+mwmu (4.41)

Therefore,

Biot
0

X = ———&ex, + o(|Bry1D)
is the bifurcated singular point of (3.5).

Obviously, y is a locally asymptotically stable singular point on 6 > §;, which implies the problem
(3.5)—(3.6) has a continuous transition in U,. Meanwhile, the original equilibrium state loses its
stability and the problem (3.5)—(3.6) has a jump transition in U;. And ¥ is an unstable saddle point on
0 < 07 (see Figure 1). Thus, the Theorem is proved.
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0% L % 3% L 4
2 N < N Vi N
~ - d ~ -
X X=0 i’ X N X=0 -
N N A A

(1) (2)

Figure 1. If fQ ei’odx # 0, then the local topological structure of the transitions of (3.5) is :
(1) when 6 < 91, the system bifurcates from stable equilibrium point y = 0 to an unstable

saddle point y; (2) when ¢ > d;, the system bifurcates from y = O to a attractor jy.

In the following, we consider the case that
f e,fodx =0.
Q

Py
O j;) eiodx’

Let
0 =
here
P, = {[Za%uowoazcz + ajaravowoabced + a 1w(2)a2bc + Ez%yvowobzcd
+ wgabze] f ¢lei0dx + [@augwoa®c® + ayayyugwoabc?
Q
-2 2 — 2 42 2 12 2
+ 2a5vowob~cd + akwyab“c + gwyab“e] fgqﬁzekodx
+ [Zz%uowoazc2 + &%Kvowobzcd + ajugwoabce
+ qayvowob*de] f ¢3ei0dx},
Q
Oy 1s as in (4.33), ¢ = (¢, P2, ¢3) satisfies

Ly = —-G(&)ep,,

and the operators L and G are defined by

&1Au — ayupu — ajaugy — augw,
Lo =< e,Av — ayyvou — axvogv — axkvow,

e3Aw + wou + gwyv,

(4.42)

(4.43)

(4.44)

(4.45)
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— atugwoac(a, upwoac + aravowobd + wiab),
G(¢) = { — @vowobd(a,yupwoac + avowobd + kwgab),

wgab(aluowoac + arqvowobd).

Then we have the following theorem,

Theorem 4.3. Assume that g(y — k) — (1 — k) < 0. Let @ # 0 be the number given by (4.43), and
8o > 01. Then the transition of (3.5) at 6, is continuous as 0 < 0, and is jump as 6 > 0. Moreover, we
have the following assertions:

(1) When 6 > 0, the system (3.5) bifurcates from (y,0) = (0,9,) to two steady-state solutions y, and
X- ond < 0y, which are saddles, and no bifurcation solutions on 6 > 0.

(2) When 0 < 0, the system (3.5) bifurcates from (y,8) = (0,8,) to two steady-state solutions y . and
X- on 6 > 01, which are attractors, and no bifurcation solutions on 6 < ;.

(3) The bifurcated solutions y . can be expressed as

re= 4| ]ifeko + o(lBialb),

b
where € is as in (4.35), By,1 as in Lemma 3.1.

Proof. We shall prove the theorem in the following two steps.

Step 1.We deduce the evolution equation.
Space decomposition is the same as the step 1 in the proof of Theorem 4.2, so we omit it.
Analogously, in the space E, the Eq (3.5) can be reduced to

. d .
<§eko,f*eko>d—f = (Ls(). € er,) + (GO0 E ex,)
= Bio1{€er,s E e )X + (G (x), E ex,)-

(4.46)

Let
X = xée, + O(x), x€eR', (4.47)

and ®(x) is the center manifold function. To evaluate the last term in (4.46), we need to know the
center manifold function ® : E; — E,. Let ® = x*¢ = 0(2), then by the approximation formula of
center manifolds (see (A.10) in [27]), ¢ satisfies

L = —G(éey,) = —G(d)ep,. (4.48)
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Direct circulation to get
(G(xéey, + D), & ey)
= [ [-aiegia, + e, - aietee, + 000, + o,
Q

— a1 (xé e, + D) (xEzey, + D3)E er, — ary(x€iey, + O1)(xErex, + D2)Eex,
— Gy (xérer, + D)2 Exer, — Ark(xérey, + D) (xEsey, + D3)Eres,

+ (x&1 e, + O1)(xEsex, + D3)E5 e, + g(xErer, + Do) (xE3e4, + cbg)féeko]dx
=1 2ma - ot - s - awvents + 6] [ ol
[~ @] ~ a6 26 — axkteds + a6:61) [ dachd
F[-méié] ~ s + 66+ a6ati] [ dneh i+ o),

Hence, we have

(G(x€ey, + D), E e,

= 0x° 3), 4.4
(e Een) x+0l) (449)

where 6 is defined by (4.43).
Combining (4.46) and (4.49), we deduce that the following reduced bifurcation equation:
d ~
d—); = Bio1 X + 6x° + 0(3). (4.50)
Step 2. Bifurcation analysis.
Obviously, when 0 > 0, the Eq (4.50) bifurcates two saddle points on 6 < d;, and when 0 < 0, the
Eq (4.50) bifurcates two stable singular points on ¢ > ;. The bifurcated solutions can be expressed as

X = i[ - ﬁ’;”F + o([Biil).

It is known that the transition and local topological structure of Eq (3.5) are determined completely
by (4.50). Therefore,

ﬂko 1

xe=+| - ] Eery + 0B )

and

v = _[ ,Bkol

] Eey, + 0(|,8k01| )

are the bifurcated singular points of (3.5). The stability of y, and y_ are the same as that of x., see
Figure 2. The Theorem is proved.
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Jl \'4 Y ] J, v
ya N ya N N pa 5 p
~ rd ~ 7 rd
X- X=0 X+ X- h X:o/ X+
N N /F N N N

(1) (2)

Figure 2. If fg ezodx = 0, then the local topological structure of (3.5) is: (1) when 6 > 0,
0 < 01, the system bifurcates from an stable equilibrium point y = 0 to two saddle points y .
and y_; (2)when 0<0,8> 6y, the system bifurcates from an equilibrium point y = 0 to two
stable singular points y, and y_.

5. Conclusions

In this work, we study the dynamical transition for a 3-component Lotka-Volterra model with
diffusion from the perspective of dynamic transition recently developed by Ma and Wang [18-20]. By
using the Principle of Exchange of Stabilities condition for 3-component Lotka-Volterra model, we
note that the model produces stationary periodic in space patterns for 6 < min{dy, d;}, where dy and ¢,
are determined by parameters A = (g1,&,83,41,d2,Q,7,K0,q) € RI° However, when
0 > min{dy, 4}, i.e., the ratio of the inter-specific competition rates and the intra-specific rates are
greater than the specified value, the stability is broken. Then we obtained a few main characteristics
are as follows.

First, when 6y < 9, the first eigenvalues are complex, and we show that the system undergoes a
continuous or jump transition. In the small oscillation frequency limit, the transition is always
continuous and the time periodic rolls are stable after the transition. That provide some sufficient
conditions for the stable coexistence equilibrium and periodic solution.

Second, when 6, > ¢, it was demonstrated that chaotic coexistence bifurcates from the periodic
when fg ezodx + 0. If fQ eiodx = 0, we show that the permanent coexistence was existed for the
two-prey-one-predator model with intra-specific competition for predator.
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