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1. Introduction

Since the first personal computer came out in 1980, computers gradually appeared in our daily life.
In 1995, the emergence of the Internet further promoted the computers into all fields of production
and living. By June 2020, China’s Internet users had reached 940 million, an increase of 36.25
million compared with March 2020, and the Internet penetration rate reached 67.0%, an increase of
2.5 percentage points compared with March 2020 [1]. Computer network is a sharp double-edged
sword, bringing conveniences as well as disasters. In October 2019, a total of 44.23 million new
viruses was found in the National Computer Virus Emergency Response Center and 218.04 million
computers were infected, which was 1.78% higher than that in September, and the main transmission
channels were “phishing”, “webpage pegging” and loopholes [2]. The propagation of computer virus
has become more rapid and harmful, posing serious changes. In the early October 2019, Demant,
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economic loss of more than 95 million dollars. Fractional derivative equations are often used to study
the dynamic behavior of systems, which can help us understand the evolution law of the system [3—
6]. Consequently, it is of great practical significance to analyze the propagation of computer virus to
protect computers against viruses by use fractional derivative equations.

Some mathematical models, which characterized the spread of computer viruses over the internet,
were proposed to help us study the problem quantitatively. There are many similarities between
computer virus and biological virus, such as infectivity, destructiveness, variability and so on. Based
on these similarities, J. O. Kephart and S. R. White applied the mathematical models of epidemics
to the computer virus propagation model creatively [7]. On this foundation, many computer virus
models have been established [8—10]. Singh et al. [11] considered a fractional epidemiological SIR
model with an arbitrary order derivative having nonsingular kernel, and discussed the existence of the
solution. Considering that the recovered nodes may become susceptible again once some new viruses
appear or the known computer viruses mutate, Chen et al. [12] presented a new SIRS model. But they
all assumed the infection rate in models is bilinear. But in fact, this situation is not the case. In most
realistic situations, the bilinear infection rate is always impossible to achieve due to the increase of the
susceptible computers and infectious computers. In view of the nonlinear infection rate, both of the
inhibition effect owing to the uncertain behavior of susceptible computers and the crowding effect of
infectious computers are considered at the same time.

Considering that the network topology in the proliferation of virus may lead to nonlinear infection
rate, MadhuSudanan et al. [13] formulated a computer viruses model with nonlinear infection rate and
incubation period delay:

L0 = (1-pb-FEZED —dS @) + 6R(),
W= A - dra I, (1.1)
% = pb+yI(t) — (d + 6R(),

where S (7), I(t), R(t) represent the number of susceptible computers, infected computers and recovered
computers at time ¢, respectively. The meanings of all the parameters in system (1.1) can be referred
to [13].

Quarantine strategy generally refers to the control of individuals with abnormal performance, so
as to prevent others from being infected by viruses. Quarantine strategy is an important measure for
the treatment of infectious diseases. It can not only conduct centralized management and treatment
for infected individuals, but also effectively control the source of infection and greatly reduce the
number of contacts. Later, inspired by the biological infectious disease model, many scholars applied
the quarantine strategy to the research of computer virus model, and put forward a series of models
accordingly [14, 15]. Hence, quarantine strategy should be introduced into the computer virus model.
The effect of Anti-virus can protect recovered computers from the known viruses, however, as time
goes on, Anti-virus may lose function as a result of the emergence of new viruses and the variation
of known viruses, and the update speed of anti-virus software is always slower than that of new virus.
So it needs a short time before entering susceptible state, called the temporary immune time delay.
Considering the effect of quarantine strategy and the existence of temporary immune time delay, we
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investigate a new SIQRS computer virus model with two delays:

BO = (1 - pb - BET) g5 (1) + 5R(t - 1),

4o = Bl _(d+a+y +9)I0), )
WO = eIt~ (n +d + ) Q).

RO~ ph 4+ yI(t) + nO) — dR(E) — 6R(t — T2),

where Q(¢) is the number of quarantine computers at time ¢; «; is the death rate of infected computers
due to virus; @, is the death rate of quarantine computers due to virus; & is the quarantine rate of infected
computers; 1 is the recovered rate of the quarantine computers; 7, is the incubation period delay; 7, is
the temporary immune time delay before the recovered computers come into the susceptible status.

2. Local asymptotic stability of the virus-free equilibrium

When the system (1.2) reaches the virus-free equilibrium, there is no virus, namely /; = 0. Let us
equate system (1.2) to be zero, we can obtain:

* BS o1y *
5RO+(1—p)b—rﬁS°6—dSO = 0,
S*I* .
f+gS03 —d+a+vy+ 8)10 = 0, 2.1)
ely —(n+d+ a)Q, = 0,
vI; + nQy + pb — (d + 6)R; = 0,

Then, then system (1.2) has a virus-free equilibrium Ej(S g, 15, Q. R;). Here,

g b + bd(1 — p)
0 dd+6)
I = 0,
0, = 0,

. pb

R: = .

0 d+6

The basic regeneration number is the critical threshold to determine whether there is a virus in
system (1.2). According to the way in [16], it is easy to obtain the basic regeneration number of system

(1.2). Let X = (I, S, Q,R)T, then system (1.2) can be equivalent to % = F —V, where

fi—ls d+ o 257 + )
P 0 V= —-(I=pb+ {5 +dS +6R
0 n+d+ay)Q — el
0 dR + 6R —nQ —yI — pb
The infected compartment is I, giving m = 1, then the Jacobian matrixes of F and V at

Ey(S: I, O3 Ry are

1+0S

F':( B ),V’:(d+ozl+17+y).
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Then .
A+oSHd+ar+y+e)

Ry (2.2)

If Ry < 1, then system (1.2) has a virus-free equilibrium Ej(S, 15, Qp, R;). The Jacobian matrix of
system (1.2) at E3(S, I, Op. Rp) 18

—d _15283* 0 0
0
BS;
0 £ —-n+d+ ay) 0
0 0% n —(d +96)

The corresponding characteristic equation becomes

BSq

A+ d)( -
(4 +d) 1+08;

+d+a+y+e)A+d+n+a)(1+d+06)=0. (2.3)

Then the eigenvalues of Eq.(2.3) are

A1 = =d<0,

BS;
A = - (d 0,
5 1+0'SS d+a+y+e)<
Az = —(d+n+ay) <0,
Ay = —(d+(5)<0,

So, when all the eigenvalues are less than zero, the virus-free equilibrium of system (1.2) is locally
stable according to Routh-Hurwitz criteria.

3. Local asymptotic stability of the virus-existence equilibrium and the occurrence of Hopf
bifurcation

_ BS; . . . g
If Ry = ToSD@rams > 1, then system (1.2) has a unique virus-existence equilibrium

E*(S*,I*, 0", R*). Here,

d+a+vy+e¢

ST = ,
B-—od+a+y+e)
o (d+0)dS* —(d+ )1 —-pb-3dpb
B k1+57—k2 ’
£
* — —I*’
Q 7]+d+(1’2
R pb+ vyl + nQ"
d+96 ’
where
15}
o o= o1
n+d+a;
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6 +d)BS*

k .
2 1+0S*

The linearized part of system (1.2) is

where

6% = S@O+mpSE—71) + mpl(t —71) + nuR(@ — 1),
% = mZIS(t—Tl)+1221(t)+m22](t—7'1)’
WO = Inl(r) + 1:000),
EO = Ipl(1) + 1 0(1) + LuR() + naR(t = 1),
Br BS*
l = _d, P —— = -, = 6,
11 miy (1+O’S*)2 12 l+o0S* nig
Bl BS*
= T o2’ =——lp=-d+a +y+e),
! (1+0S5%)? =T s d+art+y+e)
l32 = &, 133 = —(7] +d+ Clz), l42 =7, 143 =n, 144 — —d,l’l44 — —(5,

From the system (3.1), we can obtain that

where

Xo()

X1 ()

X ()

X3()

X4()

Xs()

Xo(D) + X;(De™ +  Xp(D)e ™™ + X;3(2)e M T1H™)
+ X4(/l)e—2/l‘r2 + XS(/l)e—/l(2‘rl+‘rz) =0,

X+ P (=l = by — By — L) + Pl + Ll + Lylyg + bolss + bolyg + I33las)

+A(=lilnlss — liholas — Lilsslas — Dolsslas) + Liloolzslys,

/13(—’7111 —my) + /12(111"122 + lbomyy + lizmyy + lzmys + Lygmyy + liymy)
+A(=l33laama — Liylagmay — lylssmys — Lzlagmyy — bplagmyy — bolzzmyy)
+lonl3slaamp + Inlszlagmyy,

—ngq > + P(liinas + bonaa + lsnag) + A(=li1lonag — liilssnag — bolysnag)
+l11l22133044,

D2(my gy + mapnay) + A(=lymonag — bymyyngy — lzmyngg — lsmanag
+lpomaingg) + (Lilsampnag + bolssmyingg + Iplyzsmoingg — l3lypmynyy),
/12(m11m22 + mpmay) + A(=lzmyimy — lyymyimy — lizmiamyy — lygmiamay)
+l33laamiymay + l33lamiomyy,

A(=my1mypngy — MMy nag) + l3mymoanag + l33mioma nyg.

Case 1. 7 = 7, = 0, Eq (3.2) becomes

D+ Xo2 + XT2 + XpA+ Xy =0,

where Xl.j(i =0,1,2,3,4,5;j=0,1,2,3,4) represents the coefficient of A/ in X;(1).

AIMS Mathematics

3.1

(3.2)

(3.3)

Volume 6, Issue 4, 4083—-4104.



4088

Lemma 1 [13]. According to Routh-Hurwitz criteria, when Ry, > 1, the virus-existence equilibrium
E*(S*,I", Q", R") is locally asymptotically stable.

Case 2. 7| > 0, 7, = 0. Then, Eq (3.2) becomes
[Xo(D) + Xo(D] + [X1(D) + X3(D]e ™™ + [Xa(D) + Xs(D]e™>™ = 0. (3.4

Taking A = iw; into Eq (3.4) and separating the real and imaginary parts, we obtain

A1 coSTiw) + Ay sSInTywy + By = —Az; sin 21jw; + A4 €08 2T w1,
3.5
AscosTiwy — Aqp SInTiw + By = —Az; €08 211w — Agg SIin 27 w4,
with
_ 0 2 2 0 2 2
A = Xl —X1w1+X3—X3a)1,
1 33 1
Ay = Xla)l —Xlwl +X3a)1,
A31 = Xia)l +X51(U1,
_ v2,2 0 0
Ay = Xjwi-X; — XS,
_ 4 2 2 0 2 2 0
R 3.3 33 1
By = Xyw, - Xjw| - X;w] - X,wy,

Because cos? Tjw; + sin’ Tyjw; = 1, sinTjw; = £4/1 — cos? 7yw;.
(1) If sintyw; = /1 — cos? T w;, after calculation, we have

A%l +A§1 + B%l + B%l _Agl —Ail + 2(AllB]1 +A21321)COS T1W1

+2(B11A21 — A]]Bg]) \/1 — cos? Tiw; = 0. (36)

Let fi(w;) = cos 1w, and we suppose that (G1): fi(w;) = cos 71w, has at least a positive root w1,
which makes Eq (3.6) true. Thus,

p_ |l -
it = o X [arccos(fi(wi) + 2irl,i = 01,2, (3.7)

2) If sinTyw; = —+/1 — cos? 7w, after calculation, we have
A + A5 + B, + B3, — A3, — A3, + 2(A11By) + Ay By)) cos Tw;
+2(A11321 - AZIBII) \/1 — cos? TiW = 0. (38)

Let g;(w;) = cos T1w1, and we suppose that (G,): g1(w;) = cos Tw; has at least a positive root wy,,
which makes Eq (3.8) true. Thus,

; 1
7)) = —— x [arccos(g1 (ia) + 2], i = 0,1,2,+ . (3.9)

12

Define
710 = min{r\}, 7\0},i=0,1,2,- -, (3.10)
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where T(l? and T(li; are defined by Eq (3.7) and Eq (3.9), respectively.

Multiplying '™ on both sides of Eq (3.4), and then after deriving from 7 to A, we can get

[ da ]‘1 X + X1 + (XD + X5(D] + [X(D) + Xi(D]e™™ 1 3.11)
dr,l —A[Xo(A) + Xo(D]e ™ + A[X4(A) + X5(2) et A '
According to the Hopf bifurcation theorem [17], if the surmise (G3): Re[al/l/dﬁ];l]:T10 # 0 1is

true, the virus-existence equilibrium E*(S*, I*, Q*, R*) is locally asymptotically stable. So, we have
Theorem 1.

Theorem 1. For system (1.2), when Ry > 1 and the conditions (G;)-(G3) hold, then E*(S*, I, Q*, R") is
locally asymptotically stable when 7, € [0, 719); there is a Hopf bifurcation at E*(S*, I*, Q*, R*) when
71 = T1o0-

Case 3. 7, =0, 7, > 0. Then Eq (3.2) becomes

[Xo(D) + X1(A) + Xa(D)] + [X2() + X3() + Xs(D]e™ ™ = 0, (3.12)

Substituting A = iw, into Eq (3.12), we obtain

Cll COS Trwy + C21 sin Trw, = Dy,
. (3.13)
Cy1 cosTowy — Cyy SInTrw, = Doy,
with
Ci = —-Xw;+ X5+ X3+ X! - Xjw3,
Cy = —ngg + Xéa)g + X;(.Uz + X;a)z,
D = Xjw; + Xjw; + X;jw; — wy — Xy — XV - XY,
Dy = Xpw; + Xiwi — Xgw, — X{wsy — X,
Squaring both sides of two equations in Eq (3.13), and adding them up, we obtain
2 2 2 2
Ci, +C5, =Dy, + D;3,. (3.14)

We suppose that (G4): Eq (3.14) has at least one positive real root wyy. Then, from Eq (3.13), we
derive

; 1 C.Dy + Cy1D
T(Zl) = — x| arccos = ;1 él 2L 4 2in , (3.15)
W20 G+ G,
wherei =0,1,2,---.
Define
Ty = min{r),i = 0,1,2,---}, (3.16)

and 7 is defined by Eq (3.15).
Taking the derivative of A with respect to 7, we obtain

da ]—1 X +X +X, X,+X,+X, 1 .
- — + S - = .
dT2 /l[X() + X1 + X4] /l[Xz + X3 + X5] A )
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Thus, it is easy to obtain the expression of Re[d/l/drz];;:TzO. According to the Hopf bifurcation
theorem [17], if the hypothesis (Gs): Re[d/l/a’rz];zl:m # 0 is true, the virus-existence equilibrium

E*(S*,I", O",R") is locally asymptotically stable. In conclusion, Theorem 2 can be obtained.
Theorem 2. For system (1.2), when Ry > 1 and the conditions (G4)-(Gs) hold, then E*(S*, I*, O*,R*) is
locally asymptotically stable when 7, € [0, 75); there is a Hopf bifurcation at E*(S*, I, Q*, R*) when
Ty = T9o0.

Case 4. 7y = 7, = 7,. Then Eq (3.2) becomes

Xo() + [X1 (D) + Xo(D]e™™ + [X3(D) + Xa(D]e ™ + X5()e™ 3 =0, (3.18)
Multiplying '™ on both sides of Eq (3.18), then we obtain
Xo(De'™ + [X1() + Xo (D] + [X3() + Xa(D]e™™ + Xs(De ™ =0, (3.19)

Substituting A = iw; into Eq (3.19), we obtain

A, cos T.w3 + Ay sin T.W3 = —A32 sin 2’1'*0.)3 + A4y COS 2T * w3,
. . (3.20)
A, COST,w3 — A SINT * w3 = —A3p COS 2T * w3 — Ay SIn 27, w3,
with
3.3 1 1 1
A12 = X0w3 - X0w3 - X3w3 - X4a)3,
_ 4 2. 2 2 2 2. 2 0 0 0
’ _ 4 2 2 2 2 2,2 0 0 0
1
A = X5w3,
0
Ap = -X§,
_ 2 2 0 2,2 0
B _ X3 3 X3 3 Xl Xl

Squaring both sides of two equations in Eq (3.20), and adding them up, we obtain

(A12 COS T w3 + Ar sin T.W3 + B]2)2 + (Alzz CcoST.w3 — A sin T.W3 + 322)2
_ 2 2
= AL +AL.(321)

Because cos? T.ws + sin’ T.ws = 1, sinT.ws = /1 — cos? T.ws.
(1) If sint,wz = /1 — cos? T,.ws, after calculation, we have

A%Z + A%Z + B%z + B%Z - A%Z - A4212 + 2(A]2A22 +AppBpy + AZZBIZ) COS T.Ww3

+2(A,22322 - A,22A12 - A]QBZQ) 1 — cos? T W3 = 0. (322)

Let f,(w;) = cos T.w3, and we suppose that (Gg): f>(w3) = cos T.w3 has at least a positive root wsq,
which makes Eq (3.22) true. Thus,

x1

; 1
79 = o X [arccos(fr(w31)) + 2in],i =0,1,2,--- . (3.23)
31
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(2) If sin T,w3 = —4/1 — cos? T,.ws, after calculation, we have

A%Z + A%Z + B%Z + Bgz - A%Z - A4212 + 2(A12A22 + A12312 + AzzB]z) COS T.Ww3

_Z(A/22B22 — A£2A12 - A]szz) 1 — cos? T3 = 0. (324)

Let g>(w3) = cos T.ws3, and we suppose that (G7): g2(w3) = cos T.w; has at least a positive root ws;,
which makes Eq (3.24) true. Thus,

; 1 .
i; = on X [arccos(ga(wsp)) + 2in],i =0,1,2,--- . (3.25)

.
Define o
7,0 = min{t"),79},i=0,1,2,- -, (3.26)

where T(*il) and ng are defined by Eq (3.23) and Eq (3.25), respectively.
Then after deriving from 7 to A, we can get

Xp(De'™ + [X) (D) + Xp(D] + [X5(D) + X,(D]e™ + Xi(De ™™ 1,

) - = 327
—AXo(Det™ + A[X3(A) + Xa(D)]e 1 + 24X5(1)e 247 1 (3.27)

da ]—1
dr,

Based on the Hopf bifurcation theorem [17], if the surmise (Gg): Re[al/l/dT*];j:T*0 # 0 1s true, the
virus-existence equilibrium E*(S*, I*, Q*, R*) is locally asymptotically stable. Therefore, Theorem 3
can be obtained.

Theorem 3. For system (1.2), when Ry, > 1 and the conditions (G¢)-(Gg) hold, then E*(S*, I*, O, R")
is locally asymptotically stable when 7, € [0, 7.¢); there is a Hopf bifurcation at E*(S*, I, Q*, R*) when
Te = Tx0-

Case 5. 7, > 0, 7, € (0,75). For convenience, let w, be equal to w;. Then, this case is similar as in
Case 2.

[Xo() + X1 (D) + X4(D] + [X1(D) + X3(D]e ™™ + [X4(D) + X5(D)]e ™ = 0. (3.28)
A13C08 T1.wy + Ag3 SINT1.wy + Biz = —As3 Sin 27 .04 + A4z €08 271,04,
{ Ap3 COS T1.wy — A13SINT1.w4 + Boy = —A33 €08 271,y — Agz SIN 27,0, (5:29)
with
A = X - Xjwi + X) - X303,
Ay = Xiws— Xfwi + X31w4,
Ay = X,wu+ Xiws,
Az = Xjwi—Xi-Xs,
By = wj—Xwi+X)-Xw;+ XD,
By = Xyw, - X w, — X0, — Xyws,

Because cos? 71wy + sin’ 71wy = 1, sin T,y = £ /1 — cos? T1.ws.
(1) If sin T4 = /1 — cos? 1y.ws, after calculation, we have

2 2 2 2 2 2
A13 + A23 + B13 + 323 — A33 - A43 + 2(A13313 + A23Bz3)COS T1:W4
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+2(B13Ay; — A13By3) V1 — cos? T4 = 0. (3.30)

Let f3(w4) = cos Ty.w4, and we suppose that (Go): f3(w4) = cos Ti.w4 has at least a positive root
wy1, which makes Eq (3.30) true. Thus,

@)
11

1
= — X [arccos(f3(w41)) + 2in],i =0,1,2,--- . (3.31)
Wy

(2) If sinTj.w4 = — /1 — cos? 7},.wa, after calculation, we have

2 2 2 2 2 2

+2(A]3B23 — A»nB3) \/1 — cos? T1.ws = 0. (332)

Let g3(w4) = cos Ty.wy, and we suppose that (Gyp): g3(w4) = cos T1.w4 has at least a positive root
w4y, which makes Eq (3.32) true. Thus,

; 1
= o X [arccos(gs(wi)) +2iml.i = 0.1,2,--. (3.33)
Define . .
Tro = minfry), 7, )i = 0,1,2,--- (3.34)
where 7(12 , and 7(122 are defined by Eq (3.31) and Eq (3.33), respectively. Multiplying e*™* on both sides

of Eq (3.28), and then after deriving from 7 to A, we can get

di1 X))+ X(D)e'™ + [X[(D) + X5(D] + [X,(D) + Xi(D]e™™ 1y, (3.35)
dri.] —A[Xo(D) + Xo(D)]e 11+ + A[X4(A) + X5(2)]et A '
According to the Hopf bifurcation theorem [17], if the surmise (Gq;): Re[d/l/al‘rl*];ll*zm0 # 01is

true, the virus-existence equilibrium E*(S*, I, O, R*) is locally asymptotically stable. Thus, we have
Theorem 4.

Theorem 4. For system (1.2), when Ry > 1 and the conditions (Gy)-(G;) hold, then E*(S*, I*, Q*,R")
is locally asymptotically stable when 7y, € [0, 71.0); there is a Hopf bifurcation at E*(S*, I, O*, R*)
when 71, = T1.0.

Case 6. 71 € [0,719), T2 > 0. Assume that A = iws is the root of Eq (3.2). For convenience, let ws be
equal to w,. Then, this case is similar as in Case 3. Then we can get

[Xo(D) + X1 (D) + Xa(D)] + [X2(D) + X3(A) + X5(D]e™™ =0, (3.36)

Substituting A = iws into Eq.(3.36), we obtain

(3.37)

C12 COS T w5 + C22 Sil’sz*a)5 = Dlz,
C22 COS Tp..5 — C]2 sin TrWs5 = D22,

with
Cn = —Xjws+X)+X;+X? - X;03,

AIMS Mathematics Volume 6, Issue 4, 4083—-4104.
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Cy = —Xga)g + X21w5 + X§w5 + X51w5,
D = Xows+Xjwi+ Xws — wi - X - X) - XY,
3.3 3 3 1 1 1

Squaring both sides of two equations in Eq.(3.37), and adding them up, we obtain
Ct, +C3, = D, + D3, (3.38)

We suppose that (G1,): Eq (3.38) has at least one positive real root wsy. Then, from Eq (3.36), we
derive

; 1 CisDyz + Ci3D
7(22 = — x| arccos =2 ;3 123 B+ 2ir , (3.39)
Wso Ch+ G5
wherei =0,1,2,---.
Define
Ty = min{ry), 1 = 0,1,2,- -}, (3.40)

and 7\ is defined by Eq (3.39).
Taking the derivative of A with respect to 7, we obtain

[da]—l__xg)+x;+xg X, + X+ X, 1,
)

+ -, 3.41)
[XO + X1 + X4] /l[Xz + X3 + X5] A

de*

-1 . .
m=m- Based on the Hopf bifurcation

# 01s true. In conclusion, Theorem 5 can

Thus, it is easy to obtain the expression of Re[dA/d1;.]
theorem [17], when the hypothesis (G3): Re[dA/dT.
be gotten.

Theorem 5. For system (1.2), when Ry, > 1 and the conditions (G,)-(G3) hold, then E*(S*, I*, O, R")
is locally asymptotically stable when 7;. € [0, 72.0); there is a Hopf bifurcation at E*(S*, I*, Q*, R")
when T2x = T240-

-1
]T 2+=T240

4. Direction and stability of Hopf bifurcation

Center manifold theory is one of the important theories for studying Hopf bifurcation. Considering
this idea, in this section, we use the method in [18,19] to study direction and stability of Hopf
bifurcation of system (1.2). We assume that 75 < 7], where 75 € (0,72). Let 7 = 7] + w(w € R),
X1 =S (T1t), x2 = I(111), x5 = Q(111), x4 = R(t1t). System (1.2) becomes

X(t) = Lo(xo) + F(w, x1), 4.1)

where y(t) = (x1, X2, X3, x4) € C = C([-1,0],RY and L,: C — R* and F: R x C — R* are defined as

*

* ’ , TZ ’
Log = (7 + w)(L ¢(0) + M 90( - ;) +N 90(—1)), 4.2)
1
and
F(w’ QD) = (TT + w)[FlaFZaOa O]T9 (43)
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with
111 0 0 0 0 nip 0 0 0 0 0 nig
; 0 122 0 0 ; msq moy 0 0 , 0 0 0 0
L_O L a3 O’M_O 0 OO’N_OOO 0y
0 142 l43 l44 0 0 0 0 0 0 0 N44
and
Fi = higi(0)p(0) + h12¢%(0) + h13¢%(0)992(0) + h1490?(0) +oee,
Fy = hugi(0)9a(0) + haopt(0) + hazet(0)p2(0) + hogepi(0) + -«
. B oo 208l 208 _ 60°BI*
! I+0S92 7 (A+089 " " A+ 7 (A+08H¥
, B 208I* 208I* 602BI*
21 =

Q1082 2T U108 27 U105 7 U ro5)

According to Riesz representation theorem, there exists n(¢, @) and ¥ € [—1, 0) such that

0
Lop = f dn(, @)e(1F). (4.4)

1

In fact, we choose
(rj+@)( L' +M +N), 9=0,

T+ @M +N), 9 e[-2,0),
n(, @) = : 4.5

@+ DN, de(-1,-2),
1

0, 9=-1.
with ¢(1#) is the Dirac delta function.
For ¢ € C([-1,0], R*), define

dg(9)
o —1=<9<0,

[° dn, e, =0,

A(@)yp = {

and
0, -1<9<0,

R =
(@ { F(m,p), ©=0.

Then system (1.2) is equivalent to

x (@) = A(@)x; + R(@)y;. (4.6)

For ¢ € C'([0, 11, (R*)"), define

—%, 0<s<l,
AW =1 "
[ dn"(s,00(=s5), s=0,
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and the bilinear inner form for A(0) and A*

0 3

Wop) = 5090~ [ [ 5= o 47
9=—1 J¢=0
where 1(9) = n(:3,0).

Let u(9) = (1, up, uz, ug)" e 11" and u*(s) = D(1, u5, w5, u)"€™1¢1°. Based on definitions of A(0) and
A*(0), one can obtain

mﬂe—i‘r*{w’;
W = — —itTtw?t’
1(1)1 — 122 — Mpre 171
P lous
3 = T 7
la)’{ — 133 ’
_ Lipur + lyzus
u4 - . —itrw*?
l(,L)1 — l44 — Nyq€ 271
;o= la)T + 1
2 mZIeiT’fw’l‘ ?
*
o= — 143’/[2
’ iTiw + 133
. N4
Uy = = iThw* cx
l44 + npye 27 + 1wy
Then, we have
D = [1+ l/tzljt; + l/t3ljt§ + l/t4ljt:; + TTeillell/tz(mlz + I’I’lggljt;)

+71e " N imy ity + T Y ug(nyg + n44ﬁj)]_1.

Next, g20, 11, &0z and g»; can be obtained with aid of the method in [20]:

g0 = 21\Dlhyiuy + hip + ity (hayuz + hao)],
gu = 7Dl (uy + ip) + 2h1p + Wyho (u + ity) + 2hit5)],
g0 = 27\D[hyity + hyp + Wyho ity + hooils)],

gy = 27’;D[h11(uzwﬂ)(0) ; %Wg(?(omz + WO0) + %Wg(?(m)
+hia(W2(0) + W (0)) + hisQua + 1) + 3hy4
+iha (W1 O + WO + W20 + %ng)m))
Fhoiiy(WO(0) + W) + hon(Quy + 1) + 3h24],

with

lgzou(*o)eh»[w»{g . 1802tt0) 1o

- 3 — +P1821T1w119,
7wy T Wy

Wy() =
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_1811”(0) e i8111(0) omimwi?

WU(@) = P— + Pz.
T W 7w
Py and P, can be computed by
i _ —itw? 0 _ —ithw] -1 P(])
11 mippe 11 npye 1
—my eIl I 0 0 Py
0 -3 I, 0 0
0 —ly —Is3 Ly 0
_1 1
Ly +myy mp 0 ni4 P
moq 122 + myy 0 0 P(22)
P, =- X
0 l32 l33 0 O
0 L Lz laa + nay 0
where
I, = 2iwy—-1 - my e e,
l;z = 21(1)1< - 122 - nge_”T“’T,
l§3 = 21(,4)1< - 133,
124 = 2l(1)T - l44 - 7’1446_”;0)1,
and
1
Pﬁ) = hyjuy + hya,
2
P(l "= hyus + o,
1 _
P(z) = h(uy + it2) + 2hy,
2 _
P(Z) = hy(uy + tip) + 2hy;.
Then, we can obtain
. | |2
C(0) = ZT{—MT(gngzo = 2lgul* - g‘;—z) + &
_ _ Re{Ci(0)}
H2 = TRefrp

(4.8)
B2 = 2Re{C(0)},

_ Im{C1(O)}HpaIm{d’ (1)}
Tiw]

I, = ;
Thus, we have Theorem 6 about the Hopf bifurcation at 7.

Theorem 6. For system (1.2), the following results hold. If i, > 0 (1, < 0), then the Hopf bifurcation

is supercritical (subcritical); If 8, < 0 (8, > 0), then the bifurcating periodic solutions are stable

(unstable); If T, > 0 (T, < 0), then the period of the bifurcating periodic solutions increase (decrease).

AIMS Mathematics Volume 6, Issue 4, 4083—-4104.



4097

5. Numerical simulations

In order to identify the correctness of above results, some parameters are used to numerical
simulations. The values of all parameters are shown in Table 1.

Table 1. Estimation for values of the parameters.

Parameter Value Source

b 1 [13]

p 0.9 [13]

B 0.65 [13]

o 0.4 [13]

d 0.1 assumed
) 0.7 [13]

f> 0.14 assumed
0% 0.3 [13]

n 0.1 assumed
a 0.1 assumed
%) 0.18 assumed

Then, system (1.2) takes the form

SO =] - W) _ 0 15(7) +0.7R( - 7o),

iy  _  0.65S(t—tI(t-T1)

G T T homstem s~ 0.641(), .
o)  _ .
L0 = 0.141(t) - 0.480(1),

RO = 0.9+0.10() + 0.31(F) — 0.7R(t — 72) — 0.1R(?),

dt

from which we can obtain Ry = 1.98 > 1 and E*(1.6244,2.0598,0.7739,2.0011).

To verify Theorem 1, we use Matlab software and obtain w,y = 0.0786 and 7,y = 9.3985. Figure 1
shows that system (5.1) is locally asymptotically stable when 7, € [0,70), 72 = O and a Hopf
bifurcation arises when 7, = 79. After that, from Figure 2, system (5.1) becomes unstable when
T1 > T10-

In the same way, we apply Matlab software to verify Theorem 2. Then, we obtain w,y = 0.3307 and
Ty0 = 2.2352. From Figure 3, system (5.1) is locally asymptotically stable when 7; = 0, 7, € [0, 72),
and a Hopf bifurcation arises when 7, = 759. Otherwise, system (5.1) becomes unstable when 7, > 7,
in Figure 4.

A short calculation revealed that w3y = 0.3833 and 7., = 1.9282. Afterwards, Figure 5 shows
that system (5.1) is locally asymptotically stable when 7, = 7, € [0, 7.9), and it can be seen a Hopf
bifurcation when 7; = 7, = 7,. Figure 6 shows that system (5.1) becomes unstable when 7, = 7, > 7.o.

It is easy to obtain w4y = 0.0710 and 71,9 = 10.4056. When 7, € [0, 71.0), T2 € [0, T29), system (1.2)
is locally asymptotically stable, and system (5.1) undergoes a Hopf bifurcation when 7; = 7,9. Once
Ty > Ti.0, System (5.1) becomes unstable. The corresponding simulations are shown in Figure 7 and
Figure 8.
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Figure 1. Evolutions of S, I, Q, R for 7; = 7.2010 < 7y of system (5.1) versus time t.
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Figure 2. Evolutions of S, I, Q, R for 7; = 11.9806 > 7, of system (5.1) versus time t.
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Figure 3. Evolutions of S, I, Q, R for 7, = 2.0803 < 7, of system (5.1) versus time t.
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Figure 4. Evolutions of S, I, Q, R for 7, = 2.4012 > 7, of system (5.1) versus time t.
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Figure 5. Evolutions of S, I, Q, R for 7y = 7, = 1.8457 < 1,4 of system (5.1) versus time t.
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Figure 6. Evolutions of S, I, Q, R for 7y = 7, = 1.9796 > 71, of system (5.1) versus time t.
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Figure 7. Evolutions of S, I, Q, R for 7; = 8.8464 < 11,9, T2 = 1.5764 € [0, T5) of system
(5.1) versus time t.
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Figure 8. Evolutions of S, I, Q, R for 7 = 12.7054 > 11,9, 72 = 1.5764 € [0, T59) of system
(5.1) versus time t.

Through simple calculation, wsy = 0.3971 and 7.0 = 1.8612 can be got. As Figure 9 shows, system
(5.1) is locally asymptotically stable when 7, € [0, 119), 72 € [0, T2.0) and a Hopf bifurcation arises

when 7, = 7,.0. And we can see that system (5.1) becomes unstable when 7, > 7,,¢ in Figure 10.
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Figure 9. Evolutions of S, I, Q, R for 7; = 8.7421 € [0, 119), 72 = 1.3413 < 75,9 of system
(5.1) versus time t.
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Figure 10. Evolutions of S, I, Q, R for 7; = 8.7421 € [0, 71¢), 72 = 1.9735 > 13,9 of system
(5.1) versus time t.
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6. Conclusions

In this paper, we propose a novel Susceptible-Infected-Quarantined-Recovered (SIQRS) computer
virus propagation model with quarantine strategy based on the model formulated in [13]. We consider
not only incubation period delay, but also temporary immunization time delay when we observe the
dynamics of the SIQRS model. The local stability of the virus-free equilibrium and the virus-existent
equilibrium also has been discussed. Furthermore, we analyze the local stability and Hopf bifurcation
under another five cases with different delays. If 7 is less than the key value, system (1.2) is local
stable; otherwise, there is a Hopf bifurcation. Then, we determine the direction of Hopf bifurcation and
the stability of bifurcating periodic solutions by using the normal form and center manifold theorem.
Ultimately, some numerical simulations are used to prove the validity of the theoretical results.

Compared with the model in [13], our novel model consider quarantine strategy , which is used to
the prevention and cure of computer virus, so our model is closer to the actual situation. Furthermore,
incubation period is one of the significant characteristics of computer virus, and it is very important
to take the latency delay into account. Nowadays, antivirus software, which enable computers to
gain temporary immunity, plays a very important role in the defense of computer virus. Temporary
immunity delay is a common phenomena in real life. In our SIQRS model, the above cases are taken
into account at the same time, and our model has more reference value over the existing ones. Global
asymptotic stability is as important as local asymptotic stability, and it will be studied in the future.
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