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Abstract: In this paper, we are concerned with the following fractional Choquard equation with
critical growth:
(=AY u + AV(x)u = (|x|™ = F(w) f(u) + ju/*2uin RY,

where s € (0,1), N > 2s, u € (O,N), 2} = % is the fractional critical exponent, V is a steep well

potential, F(¢) = fot f(s)ds. Under some assumptions on f, the existence and asymptotic behavior of
the positive ground states are established. In particular, if f(u) = |u|’~>u, we obtain the range of p when
the equation has the positive ground states for three cases 2s < N <4sor N = 4s or N > 4s.
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1. Introduction and the main results

The fractional Laplacian operator (—A)* is defined by
(=AYu(x) = Cy. PV, f MO = UO) o Tim f ux) —uQ) ,
R RN

N o|x— y|N+2s es0t \B.(0) |x — y|N+2s Y
where the symbol P. V. stands for the Cauchy principal value and Cy; is a dimensional constant
depending on N and s, precisely given by

l1-cosdy . 17!

Cns = [W—ﬂs

The nonlocal operators can be seen as the infinitesimal generators of Lévy stable diffusion processes
[1]. Moreover, they allow us to develop a generalization of quantum mechanics and also to describe
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the motion of a chain or an array of particles that are connected by elastic springs as well as unusual
diffusion processes in turbulent fluid motions and material transports in fractured media. The more
physical background can be found in [9, 10, 16] and the references therein.

There are many papers considered the existence, multiplicity and qualitative properties of solutions
for the fractional equations in the last decades, we refer to [2,7, 8, 11] for the subcritical case and
to [19,24,25,28] for critical case, respectively.

It is worth mentioning that some authors have been investigated the following Schrodinger equation

(=A)’u + AV(x)u = g(u) in RY, (1.1)
where V satisfies the following assumptions:
(V1) Ve CRM,R) and V(x) > 0, Q := int(V-(0)) is non-empty with smooth boundary.
(V») There exists M > 0 such that |{x eRVIV(x) <M }| < oo, where | - | denotes the Lebesgue measure.

Note that the function V satisfying (V) and (V) is called the deepening potential well, which was first
proposed by Bartsch and Wang in [5]. When s = 1 and g(u) = |u|’~>u with 2 < p < 2*, Bartsch and
Wang [6] showed that, for A large, (1.1) has a positive least energy solution, they also proved that a
certain concentration behaviour of the solutions occur as 4 — oo. In [13], Clapp and Ding actually
generalized the results of [6] into the critical case. For more results to the Schrodinger equation with
deepening potential well, we also cite [3,4,21,25-27,31] with no attempt to provide the full list of
references.
Especially, if s € (0, 1) and g(u) = (|x|™ = F(u)) f(u), then (1.1) goes back to the following fractional
Choquard equation
(=A)*u+ AV(x)u = (|x|™ = F(u))f(u) in R". (1.2)

There are many works involving the existence, multiplicity and qualitative properties for solutions of
(1.2) in the recent periods, we can refer to [12, 14, 18,24,30] as well as to the references therein. Very
recently, under the assumption of (Vi) — (V5), Guo and Hu in [20] have proved the existence of the
least energy solution to (1.2) with subcritical growth, which localizes near the bottom of potential well
int(V=1(0)) as A large enough. It is a natural question that whether one can establish the similar results
if nonlinearity is at critical growth, which inspired our present article. In this paper, we are concerned
with the existence and asymptotic behavior of ground states for the following fractional Choquard
equation with critical growth

(=A)'u + AV(xu = (x| ™ = Fw)) f(u) + [u>u in RY, (Qa)
where s € (0,1), N > 2s, u € (0,N), where 2] = /\%s is the fractional critical exponent, F(f) =

fot f(s)ds, f satisfies the following assumptions:

(f)) f € C'(R,R), and there exist ¢; > 0 and Mow < p1 < pr < V4 with p1 > ;N_” such that

N N-2s 2N—4s
IF(®)] < (|7 =" + |#7>~") for all £ > 0.
(f») There exist ¢ > 1 and ¢, > 0 such that £(¢) > c,|t|?"! for all ¢ > 0.

(f5) L2 is nondecreasing in (0, +00).
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Remark 1.1. From (fi)—(f>), we have p; < q < p,. We point out that Ambrosetti-Rabinowitz condition
IS not necessary in present papetr.

Remark 1.2. Taking f(t) = |t|P~*t, where p € [ZNT_“, fv]:’;) with p > ;zy:fs’ then f satisfies (fi) — (f3).
We also remark that besides the usual power function, there are many other functions that satisfy our
assumptions. For example, we may choose suitable u, s, p and q such that 2 < g < p < N—p Bya

N-2s"
direct calculation, the assumption (fi) — (f3) hold if we choose

g = [t17" + |l In(1 + |1"2).

To statement our main results of this paper, let us introduce the following fractional Choquard
equation:
(=AYu = (1™ * Fw) f(@) + [u**u in Q,
u#0 in Q, (Qo)
u=0 in RV\ Q,
where s € (0, 1), N > 2s, u € (0, N), which acts as a limit role for (Q,) as 4 — oco. Our main results of
this paper are stated as follows:

Theorem 1.1. Assume that (V) — (V,) and (f1) — (f3) hold. Then, equation (Q,) has at least a positive
ground state for A large enough.

Theorem 1.2. Under the assumptions of Theorem 1.1, suppose that u,, is one of the positive ground
states of equation (Q, ) with A, — oo. Then, up to a subsequence, uy, — u in H*(RY) as n — oo.
Moreover, u is a positive ground state of equation (Qy).

In particular, by taking f(u) = |u|/’~2u in (Q,) and (Q,), we obtain the following fractional Choquard
equations:
(=AY u+ AV(xX)u = (x™ * |u”)ulP>u + |u>*u in RY (P,)
and
(—=A)'u = (x| s |ulP)ul”2u + |ul>2u in Q,
u#0in Q, (Po)
u=0in RV\Q,
where s € (0,1), N > 2s, u € (0, N).

As a direct result of Theorem 1.1 and Theorem 1.2, we have

Theorem 1.3. Assume that u € (0, N) and (Vi) — (V,) hold. Then, equation (P,) has at least a positive
ground state for A large enough if one of the following cases occurs:

2N—, 2N—,
(a) 2s < N < 4s, J2AS (21\/_4}:5’ N—Zl; :

IN-u 2N-
(b) N =4s, p € (5, 72)-

IN-u 2N-
(c) N>4ds, p e[, 555).

Furthermore, suppose that u,, is one of the positive ground states of equation (P,,) with A, — oo.
Then, up to a subsequence, u,, — u in H*(RY) as n — co. Moreover, u is a positive ground state of
equation (Py).
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Remark 1.3. By Hardy-Littlewood-Sobolev inequality (see [22]), the energy functional corresponding
to equation (P;) belongs to C' if p € [ZNT_“, fvj\i—_z‘s‘]. However, we need to put further restriction on p
to overcome the difficulties caused by the estimates of convolution term. It seems that the condition
p > 225__:’3 is essential for the proof of Lemma 2.8 below. Under the assumptions (V) — (V,), whether
or not the existence and asymptotic behavior of ground states of equation (P,) can be established is an

interesting question for the case N = 4s with p = 2N =Lt and the case2s < N < 4swith p € (2N =3 ;]y_fs

Compared with the nonlocal nonlinearity, the term (|x|™ * F'(u)) f («) depends not only the pointwise
value of f(u), but also on |x|™ * F(u), which leads to some estimates about nonlocal term are likely to
be confronted with some difficulties. In order to overcome them, some new variational techniques will
be employed in our paper. Another difficulty of the problem (Q,) stems from that we can not verify
that the energy functional corresponding to equation (Q,) satisfies the (PS), condition under the any
level set due to the fact that H*(RV) — L%(R") is noncompact. On the contrary, we can only check
that the functional satisfies the (PS). condition under a certain level set. Consequently, we have to
make some more precise estimations involving critical term and nonlocal term.

The paper is organized as follows. In Section 2, we will introduce the variational frame and prove

several Lemmas. In Section 3, we focus on the proofs of the main results.
Notation. Throughout this paper, — and — denote the strong convergence and the weak convergence,
respectively. | - | denotes the norm in L"(Q2) for 1 < r < co. B,(x) denotes the ball of radius p centered
at x. C denote various positive constants whose value may change from line to line but are not essential
to the analysis of the proof.

2. Variational frame and some Lemmas

Before proving our main results, it is necessary to introduce some useful definitions and notations.
Firstly, fractional Sobolev spaces are the convenient setting for our problem, so we will give some
stretches of the fractional order Sobolev spaces. We recall that, for any s € (0, 1), the fractional
Sobolev space H*(RY) = W52(R") is defined as follows:

H'RY) = {u e L2RY) fR (PP + 0P < oo,

whose norm is defined as

. v,y = fR (PP + I (P)dé,

where ¥ denotes the Fourier transform. We also define the homogeneous fractional Sobolev space
D*(R) as the completion of Ci(R") with respect to the inner

(v] = f f @) — u@)OX) =vy) , dy
RN JR

|X _ y|N+2s

Ju(x) — u<y>|2 :
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The embedding D**(RY) — L*(R") is continuous and for any s € (0, 1), there exists a best constant
S ¢ > 0 such that
[u]®

S¢:= inf ——
K MED'T’Z(RN) |u|§*
s

The fractional laplacian, (—A)*u, of a smooth function u : RY — R, is defined by

F(=D)u)(€) = P Fu)é), éeRY.

Also, by the Plancherel formular in Fourier analysis, we have

——|(=A)3ul;.

2
[u] S(RN)

C()

As a consequence, the norms on H*(RY) defined below

2 lu(x) — u(y>|2 2
o[]S0 )

u— fR (EPIF P + |¢(u>|2>d§) ,

. \z
u|—>( f |u|2dx+|(—A)zu|§)
RN

are equivalent. For more details on fractional Sobolev spaces, we refer the reader to [15] and the
references therein. In this paper, the definition of fractional Sobolev space H*(RY) is chosen by

H'RY) = {u € L*RY)|[u] < +oo}

equipped with the inner

vy = f f (u(x) — u(y))(v(x) = v(y)) dxdy + f ivdx
RN JRN |x — y|N+2s RV

whose associated norm we denote by || - |
Now, for fixed A4 > 0, we define the following fractional Sobolev space

E;={ue H'®RY)| | AV(x)u*dx < +oo}
RN

equipped with the inner product
(u,v)i = f f ) ~ uD) - v(y))dxdy + f AV (x)uvdx
RN JRN RN

|X _ y|N+25

whose associated norm we denote by || - ||;. Define
Ey = {u € H*R")u(x) = 01in Q}.

Obviously, Ej is a closed subspace of H*(R"), and hence is a Hilbert space.

AIMS Mathematics Volume 6, Issue 4, 3838-3856.



3843

Lemma 2.1. [25] Let O < s < 1, then there exists a constant C = C(s) > 0, such that
jul3, < Clul®

for any u € H*(RY). Moreover, the embedding H*(RY) — L"(R") is continuous for any r € [2,2%] and
is locally compact whenever r € [1,2}).

Because we are concerned with the nonlocal problems, we would like to recall the well-known
Hardy-Littlewood-Sobolev inequality.

Lemma 2.2. [22] Suppose u € (0,N), and s,r > 1 with % + % =1+ % Let g € L*(RM), h € L'(RM),
there exists a sharp constant C(s,u, r, N), independent of g and h, such that

f (IxI™ = g)hdx < C(s, p, r, N)Iglshl.-
RN

Since we are looking for ground states of (Q,) when A is large enough, without loss of generality,
we assume A > 1 1in the rest of the paper. We have the following embedding result.

Lemma 2.3. Assume that V(x) satisfies (V). Then the embedding E; — H*(RY) is continuous for any
A > 1. Moreover, there exists 1, independent of A such that

llull < Tollullx (2.1)

foranyu € E,.

Proof. Let
Q = {xeRMV(x) > M}, Q, ={xeR"V(x) < M}.

1
fu%lxﬁ—f AV(x)u*dx.
o M Jgv

By (V,), the Holder inequality and Lemma 2.1, one has
Z
f Wldx < |Qz|z”s(f wdx)” < 10afF [l
Q2 QZ

1 N 1
llull < (M + 1|2 + 1) Julla = Tollull,a. (2.2)

For A1 > 1, we have

Consequently,

The proof is completed. O

Since our main aim is to find the positive solutions, without loss of generality, we assume that
f() = 0 for t < 0. The corresponding energy functionals associated with equations (Q,) and (Q,) are
given by

1 1 _ 1 .
Lw) = <|ull; - —f (x| % F(u))F (u)dx — —*f | dx
2 2 RN 25 RN
and

1 1 1 .
Ii(w) = E[u]2 ~3 L(lxl_“ * F(u)F(u)dx — > fg; lut*dx,
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respectively. Clearly, I, € C'(E;,R) and I, € C'(Ey, R). Denote
my = J!’Nﬂ 1i(u), my = uien)\lz) Io(u),
where
Ny = {u € E;\ {0} (u),uy = 0}, No = {u € Hy() \ {0} (u), u) = O}.

Remark 2.1. Obviously, u is a critical point of I, if and only if u is a solution of (Q,). Similarly, u is
a critical point of 1y if and only if u is a solution of (Qy). Hence, in order to prove Theorem 1.1 and
Theorem 1.2, it suffices to check that m, is achieved by a positive critical point of I, for A large enough.
Furthermore, for any sequence A, — oo, if u,, be one of the critical points of 1,, then there exists
u € H'RN) such that I(u) = 0 and Io(u) = my. Moreover, up to a subsequence, u,, — u in H SRM).

Lemma 2.4. Let ¢ > 0 be fixed. Assume that {u'} C E, be a (PS),. sequence of I,. Then

2K,C

lim sup [|u}]]; < (2.3)

9
n—oo 5_2

where k; = min{2;,4). Moreover, there exist 6 > 0 independent of A such that either ul - 0in E, or
lim Supn—>oo ”u;ll”/l > 0.

Proof. By (f3), F(t) < 2f (1)t for any € R. Since I'(u}) = 0,(1) and [,(u}) = ¢ + 0,(1),
1
¢+ 0,(Dlluylly = LGuy) - K—<1}(uﬁ), )
= (1 - l)||MA||2 ! (™ % F(u))F(uy)dx
2 K, nlla 2 RN n n

+lf (|X|_”*F(uﬁ))f(uﬁ)uﬁdx+(l—l)f () P dx
Ks JrY 257 Jgw

N

1 1 2 1 1 1 .
> (5 = g3 + (== 3) f (™ % FQup)Fu)dx + (= = 57) f [CONRCE:
2 K Ky 2 RN Ks 2s RN

1 1
> (5 - K—)uuini.

2.4)
Hence {u!} is bounded in E,, and hence
1 1
c+oil) 2 (5 - K—S)||ug||ﬁ.
This leads to 5
li < 250
im sup Nzl 2
For any u € E,, by the Hardy-Littlewood-Sobolev inequality and Lemma 2.3, we have
/ 1 3
(L), uy 2 SNl = Cllal* + el + Ml 372) = Cllully (2.5)
Consequently, there exist 6 > 0 such that u € E, with ||u|; < 6, we have
, 1
(L (u), uy > =|lull3. (2.6)
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If limsup,,_, llul|ly < 6, without loss of generality, we may assume |[u!|| < ¢ for all n. By (2.6), one
has

1
1 PN 22
on(Dlluylla = (1 (uy), uy) > leunlh,
and hence |lu!|| > 0 as n — oo. ]

Lemma 2.5. Let Cy > 0 be fixed, uﬁ — u, in E, with I(uﬁ) € [0,Cy). Then for any small € > 0, there
exists A, > 0 such that

lim supf qul —uyl'dx<e
n— RN
forany A > A;and2 <r <2

Proof. Firstly, we claim that for any & > 0, there exists A, > 0 such that

lim supf Iuﬁ —wldx<e
RN

n—oo

for any A > A.. We argue by contradiction that there exist &y > 0, 4, — +co and n; — 400 such that

f iyt — uy Pdx > &9, Vk. 2.7

Let Dg = {x € R"||x| > R and V(x) < M}. In view of (V,), limg_,e |DR| = 0. For k large enough, by
(2.3) and the fact that D**(R") — L*(R") is continuous, one has

l
f |u*k|2dx<|DR| f s dxz

< b 2.8)
25
<C |DR| N
It follows from (2.3) that
1
f gk Pdx < — AVl Pdx
<\Di UM Jper\py ’9
c (2.9)
<=L
Ak
By (2.8)—(2.9), there exist K > 0 and R > 0 such that
f i Pdx < gﬁ Yk > K. (2.10)
N\Bg(0)
Similarly, one can check that
f luy, Pdx < % Vk > K. 2.11)
N\Bg(0)
Since u;} — u, in Lj (RY) for 1 < r < 2%, we may assume that
f =y P < 22, (2.12)
Br(0) 4
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Combining (2.7) and (2.10)—(2.12), one has

g <limsup | |up* — uyPdx
n—00 RN

< 2limsup f |t [dx + 2 lim sup f |y, |*dx
B5(0) B(0)

n—oo R n—oo

+ lim supf Iuﬁ’k‘ - uﬂklzdx
Bg(0)

n—oo

380

4
a contradiction. For small £ > 0 and 4 > A, by the interpolation inequality, we have
lim sup lug, — u)l'dx < g,

n—oo RN

where 2 < r < 27, m]

Lemma 2.6. Let A be fixed and {uﬁ} C E, be (PS). of I,. Then, there exists uy € E, such that I'(uy) = 0
and 1,(uy) > 0. Moreover, we have

Li(uy) = L(vy) = i) (2.13)

and

[ (un) = Li(va) — Li(u), (2.14)
where v! = u! — u,.
Proof. The proof is similar to [23]. For convenience sake, we give an outline here. For the sake of

simplicity of symbols, we denote u! by u,. Lemma 2.4 implies that {u,} is bounded in E;. Up to a
subsequence, we may assume that

u, = uy, inE, and u, - u; inL;, RY) inl<r<?2.

It is easy to prove that I’(u,) = 0. Similar to (2.4), one has I;(u;) > 0. As the proof of the Lemma 2.4
in [23], we have the following nonlocal Brézis-Lieb result

(IxI™ s F(up)) F(up)dx — f (IxI™ s Fu)F (u)dx
RN RN

(2.15)
= | (X = F(vy))F(v,)dx.
RN

It follows from Brézis-Lieb Lemma (see Lemma 1.32 in [29]) that

f |t P dx - f uiBdx — | |(vH Bdx. (2.16)
RN RN RN
Combining (2.15) and (2.16), one has

LH(uy) — Li(vy) — L(u). (2.17)
Similarly, (2.14) is satisfied with some slight modifications. |
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N
Lemma 2.7. Ifc < S 3, then there exists Ay > 0 such that I, satisfies the (PS). condition for A > A,.

N
Proof. Consider any sequence {u,} C E, satisfying I'(u}) — 0 with I;(u}) — ¢ < £57'. By Lemma
2.4, {u!} is bounded in E,. Let v} = u! — u,. Then

f (x| ™% F (i) f (uy)utydx — f (1™ s F(u)) f(ua)uadx
&Y & (2.18)
= [ s Finsevids
RN
By (2.16), (2.18) and Lemma 2.6, one has
IVall3 = Nell3 = Neeall + 0a(1)
= (L), uy) + f (™ = F () f(vupdox + f () 1> dx
RN RN
— (L) (wa), up) — f (1™ s F(u) f (uuadx — f 1 dx + 0,(1)
RN RN
= f (v P dx + f (™ = Fm) f(vpvadx + 0,(1).
RN RN

Hence, up to a subsequence, we may assume

11m||v I3 = hmf I(vH* sdx + hmf (X * FO)) fvidx == 6, > 0.

It suffices to check that there exists &y > 0 such that 8, = 0 for 4 > A, where A, is given in
Lemma 2.5. Otherwise, without loss of generality, there exists 4; > A% > 1 such that 6,, > O for any
k € Z . For large k and n, by Lemma 2.5 and the Hardy-Littlewood-Sobolev inequality, one has

2Ny

f (|X|_/1 % F(vxlk))f(v/lk)v/ldx < Cz(f (lv/lklpl + |v/1k|p2)2N—“dx)

A2 A A A2
<Ca( WL + T, T, + 22, )
2N-p 2N-u 2N—u 2N-p (219)
1 1 1
<
- C3(k2171 * fp1+p2 * k2172)
1
< -
k

By Lemma 2.6, {vﬁ"} be (PS),, for I, where ¢, = ¢ — I, (u,,). Since 6,, > 0, by Lemma 2.4, we may
assume that 6, > ¢ for all k. By the definition of S ;, there holds

A 112 A2 A2 A 2
”Vnk”) > [Vnk] = Sslvnk|2§ = Ssl(Vnk)Jrlz’;-
Hence

1
=)

12 Z
0y, =S (6, — z)2?@ >80, (1- 5
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N N
and hence 6,, > S;*(1 - é)ﬁ. For large k, by Lemma 2.6 and (2.19), one has

c =L, + L, (uy,) + 0,(1)
> 1, (V%) + 0,(1)

1 1 1 *
= =V, - —f (™ * F))F(vi)dx — —*f (Vi) P dx + 0,(1)
2 2 Jan 2¢ Jow

> EIIVﬁkllﬁk % I(vh) dx - lk +0,(1)
> S0 ;+mn
> 25 Fa - - ko).
This leads to ¢ > ﬁS fﬂ, which contradicts ¢ < .S fﬂ This completes the proof. ]

Lemma 28. If p; € 2N W Ny ith py >

s N then there exists a > 0 such that @« < my < mg <
) .

2N—u
2N4’

Proof. Clearly, m; < my. Since the proof of m, > « is standard, we only need to prove that my < ;S .
Without loss of generality, we assume that 0 € . Then there exist 6 > 0 and k € Z such that
Bs C Bys CQ C Bys. Letp € C(RV) be such that 0 < < 1,7 = 1 in Bs, 7 = 0 in R" \ Bys. Denote

mm=5ww(x)

8|Mo|2?;
where ug(x) = (B2 + S ¥~ with @, 8 > 0. Set

ug(x) := n(x)Ugx(x),

then u.(x) € Ey. It follows from Proposition 21 and Proposition 22 in [25] that
[u? < S + o(e"%), lug|>dx = SZ + o(e"). (2.20)
RN
Let
2 2 .
gs(t) = _[us] - E f |I/t€| sdx.

es)
[ SE +o(e¥ ) ]z”

(S; 5 + o(gN ))

S? o(eV 7).

In view of (2.20), one has

max g:(t) =

= I

(2.21)

2 I

ZIh
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Clearly, there exists t,

my < Iy(t.u.) and

> 0 such that t.u, € Ny and Iy(f.u.) = max,o lo(fu;). As a consequence,

tﬁ[us]z = f(lxl_# * F(taus))f(taus)tauadx + t? f |M|2;dx.
Q RN

Next, we prove the following claim:

Claim 2.1.

1—2[,2 f(lxl_“ * F(t ug))f(t l/tg)l Mgdx < 0(82N pa(N— zg)_y)

2
£+

In fact, by (f>), for small £ > 0, we have

AIMS Mathematics

2171

. f f 2¢1(Ju(O)1P" + lu (P2 (usWDIP + |us(y)I1P2) dxd

f (X[ s F(tou:)) f (to145)tsusd

|x — y|#

pi P
Sf f U (0P U:(y)l dxdy
Bos J Bos lx — I

2 U‘8 P1 U‘9 P2
+ff U (0P U () dxdy
Bos J Bos lx =yl
P2 P
+f f | U ()2 U (y)l dxdy
Bos JBss lx — y

C gP1(N=2s)
f f Y 4 = dxdy
Bas (€2 + x2)™ 7 (62 + )T x - e

(N- 2?)(111 +p2)

C
f f 48 e dxdy
B IBas (€2 + 62T (82 + P E T Jx -yl
f f C4.9P2(N 2s) dnd
xdy
B (82 + |dP) 2T (&2 + [yR) 2T Jx — ype

C 2N-p(N-25)—p
f f ° = dxdy
Y (1 +]x |2) 1+ )T -y

4N (N=25)(p1+pp)—2u

ff 11( pz( dXdy
NIRY (1 + |x |2) 21+ DT -

Cy 82N P2(N=25)—u
+f fN NS NS dxdy
(I + [x*) +y[*) Ix—y|“

= CS(Il + 12 + 13),

(2.22)

(2.23)

(2.24)
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where ¢, and ¢, are given by (f;). Since p; >

(1 +1xP)”

RN

ON—p A7 _ 1 _ 22IN(N-25)
2N-4s’ N - 2N—u

p1N(N-25)

(1+ 1) 2

00 N 1
+C6f N25) dr
)
00
_ 72[11N(N 25)
§C7+C6f N dr
1

< +00.

1 -1
Pp1N(N-2s) rN
Wi dx = Cg f dr
0

By the Hardy-Littlewood-Sobolev inequality, we have

4N

N(N-2 IN-u

I < C882N—p1(N—2s)—/1( (1 +|X|2) 12N—p dx) .
RN

— 0( SZN_pl(N_ZY)_/J).

Similarly, one can check that

and

AN=(N=25)(p| +p2)-2p
2

Il = 0(8

L = 0( 82N -p2(N —ZS)—,U)_

Since p; < p, , the claim follows from (2.24), (2.26)—(2.28).
For small € > 0, by (2.21) and (2.23), there exist Cy, C1o > 0 such that

and

2% 2
f |u8| sdx > C9a [ua] < CIO’
RN

f(lxl_# * F(tsus))f(tsus)lausdx < CVIO(lgp1 + tgpz)-
Q

According to (2.22), we have

_ — 25-2
C9 < C]()(Ileal 2 + t2p2 2) + Clol‘g3

< —1. Consequently,

(2.25)

(2.26)

(2.27)

(2.28)

Thus, for small € > 0 there exists #y > 0 such that ¢, > 7, . On the other hand, by (f,), there holds

o f (X7 F(teue)) F(teug)dx > ¢ f (17 o fue|T)luel*dx
o Jo Q

AIMS Mathematics

q q
. f [ clutotiuon,,
Bs lx — yl
ff Cllgq(N—ZS) dxd
A x y
B (82 + xP) 57 (82 + ) T | — ype
2N—-g(N-2s)—u
Zf f Cne dxdy
B; JB; (1 + |x|2 a2 |y|2)q(N =

f f £2N-a(N=25)—p
- —dxdy
B (1 + |x|2>‘”” 21+ )

— C1282N qg(N— Zs)—,u.

(2.29)
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Hence
f (1x]™ # F(tsus))F(tsus)dx > C3t24g*N - 4N=2971,
Q

2N—-u
2N—-4s

, then ¢ > X2 Combining (2.21) and (2.29), one has

Since N > 2sand g > p; > N

my < Ip(tsu,) < max go(t) — C 13124V~ aN=29u
<S Szﬂ oV - C13t(2)q S2N-a(N=29)-p
< %S Szﬂ
The proof is completed. O

3. The proof of the main results

3.1. The proof of Theorem 1.1
Proof. Assume that {u!} C N, be a minimizing sequence of m,. By Ekeland’s Variational principle
(see [17]), we may assume that {u!} be a (PS),,, sequence for I,, that is I;(uﬁ) — 0 and Li(u}) - m,.

N

In view of Lemma 2.8, m; < 3. By lemma 2.7, there exist Ao > 0, up to a subsequence, ul - u,
in E, for any A1 > A,. Since I, € C'(E,,R), then I;(u;) = m; and I'(uy) = 0. Noting that f(r) = 0 for
t<0and (t—s)(t —s7)>|t —s|>forallt,s € R, one has

IIMEIﬁSf f (m(x)—m()’))(uj(x)—u;()’))dxderf AVur-dx
RN JRN RN

|_x _ y|N+2.v

= (1™ % F(u) f(u)uydx + f > e
RN
=0.

Thus u, > 0. By Lemma 2.8, we have u, # 0. In view of the Harnack inequality, u, > 0 and the proof
is completed. O

3.2. The proof of Theorem 1.2

Proof. Suppose that 4, — oo and u,, be one of the ground states of equation (Q,,). Thatis, I, (u,,) =
m,, and I;n(u 1,) = 0. We denote u,, by u, for notion simplicity. Without loss of generality, we assume
that 4, > 1 for all n. As the proof of (2.4), one has

|
mo = my, = 1, (u,) — K_<I,1n(un)’ Up)

1 1 5 »

2 (E - _)([un] + /an(x)Iu,,l dX)

K RN

1.1 1 5

> —(z—-— :

Hence {u,} is bounded in H*(R"). Up to a subsequence, we may assume that

u, = u in H*RY) and u, —» u inL, (RY) in 1 <r <2 (3.1)

loc
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We divide into four steps to prove Theorem 1.2 as follows.
Step 1: u(x) =0 a.einRY \ Q.
If fact, by using the Fatou’s Lemma, we get

C
f V(x)u*dx < liminf f V(x)uﬁdx < liminf -2 = 0,
RVM\Q n—oo A

RN n—o0o n

which implies that u(x) = 0 a.e in RV \ Q.
Step 2: u is a critical point of /.
Since Iﬁn(uln) =0,

(Uns )2, — f (X % F(u,)) f () pdx — f u, /> pdx = 0, Vo € Ej.
RN RN

It is clear that
f L, V(X)u,pdx =0, VYo € E,.
]RN

By (3.1), we have
[, o] = [un, @], Yo € Ep.

It is standard to prove that

fR (T  F) g fﬂ (W™ « F) fwpdx, Ve € Eo,

and

fIunlzﬁ_lgodxﬁflulzﬁ_lgadx, Yo € E,.
RV Q

Combining with the above results, we have Ij(u) = 0.
Step 3: u, — uin L*(RY) for2 < s < 2%,
Similar to (2.8) and (2.9), one has

-

2s 2s
lundx < |Dg|" [un]* < Cot| Dg|"

Dg
Co
f unPdx < =2,
Bo\Dg Ay

Hence, for any £ > 0 there exist R; = R (&) > 0 such that

E
f lu,|*dx < 1t 0,(1)
RM\Bg, (0)

By the decay of the Lebesgue integral, there exists R, = R,(¢g) > 0 such that

E
f juPdx < =
RN\ By, (0) 4

(3.2)

(3.3)
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By (3.1), one has

f lu, — ul*dx < f lu, — ul*dx + 2 f lu,|*dx + 2 f lul*dx
RV Br(0) RNM\Bg(0) RM\Bg(0)

<o,(1) + &,

where R = max{R,,R,}. Consequently, u, — u in L>(R"). By the interpolation inequality and the
boundedness of {u,} in H*(R"), we have u, — uin L'(R") for 2 < r < 2.

Step 4: my = Ip(v) and u, — u in H*(R").

By the Hardy-Littlewood-Sobolev inequality and the Lebesgue dominant convergence theorem, we
get

n—o0

lim (IXI‘“ * F(up)) f(u,)u,dx — f (IxI™ * F(w)) f(wudx,
RN
and

lim (|x|_” * F(u,)F(u,)dx — (Jx|™ = F(u))F(u)dx.

n—o0 RN

It follows from the lower semlcontlnulty and the Fatou’s Lemma that

1
mo > liminf m,, = liminf (I () — — (I, (), 6))
n—oo n—00 Ky n

1 1 1
> (— - —)lim inf ””"”i + — lim inff (Ix™ s F(u)) f (uy)u,dx

- = hm supf (Ix|™ * F(u,))F(u,)dx + (— - —)hm 1nff |t > dx

n—oo

> (5= P+ [ P uds
KS KS RN
1 _ 1 1 o
- = (|x[™ = F(u))F(u)dx + (— — —) u|dx
2 RN Ky 24; RN
1 1 , 1 _
> (5= )ul™+ — | (xI™* F(w)f(wudx
2 K Ks Jo
1 _ 1 1 .
— = | (s« FapFaydx + (= = =) | uPdx
2 Q Ky 2: Q
|
= Ilo(u) - K—Uo(u), u)
= I()(l/l) > my.
As a consequence, Iy(u) = my and [u,] — [u]. By Step 3, ||u,|| — |lu||. This together with u, — u

in H'(RY), we have u,, — u in H*(R"). By Lemma 2.8, u > 0 and u # 0. According to the Harnack
inequality, we have u > 0. The proof is completed. O

3.3. The proof of Theorem 1.3
Proof. Theorem 1.3 is directly concluded by Theorem 1.1 and Theorem 1.2. O

From the proof of Theorem 1.2, we immediately get the following two Corollaries.
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Corollary 3.1. m; — my as A — oo,

Corollary 3.2. Let {u, } be a solutions of equation (Q,,) with A, — oo satisfying |I, (u,)| < K. Then
up to a subsequence, u, — u in H(R") as n — oco. Moreover, u is a solution of equation (Qy).

4. Conclusions

In this paper, we are concerned with a fractional Choquard equation with critical growth. Under
some assumptions of nonlinearity, we obtain the existence and asymptotic behavior of the positive
ground states to this problem by applying some analytical techniques. Several recent results of the
literatures are extended and improved.
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