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1. Introduction

We consider the system of Dirac equations

{y(x) := By'(x) + Q(x)y(x) = Ay(x), x € [a,b], (1)
_( 0 1 _ [ P gq(®) _ [ n :
where B = ( 10 ) Ox) = ( 4 —p(x) ) y(x) = ( (%) ), p(x), g(x) are real valued functions
in L, (a, b) and A is a spectral parameter, with boundary conditions
U ) :=ya) + fi(Dyi(a) =0 (2)
V() = y20) + fo(Dyi1(b) =0 3)

and with transmission conditions

{ yi(w; +0) = a;y(w; — 0)

Y200+ 0) = 07 yalw = 0) + by (D yswi = 0) 7 1P @
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where f; (1), h; (1) (i = 1,2) are rational functions of Herglotz-Nevanlinna type such that

f(/l)—a/l+b—z yE— 5)

P;

I’li (/l) = m,‘/l +n; — Z

— (©6)

a;, b, fix, g, mi, i, uy, and ty are real numbers, a; < 0, fix < 0, a, > 0, for > 0,m; > 0, uy > 0 and
8i1 < 8 < ..<gnistih <tp<..<tp,a >0anda < w; <w, <b. In special case, when f;(1) = oo
conditions (2) and (3) turn to Dirichlet conditions y;(a) = y;(b) = 0 respectively. Moreover, when
h; (1) = oo, conditions (4) turn to y;(w; +0) = a2y (W2=0) , y2(w2+0) = a3 2wy =0)+hy () yi (W, —0)
and y;(w; +0) = a1yi1(w; —0), y,(w; +0) = a/l‘]yz(wl —0)+hy (1) y;(wy —0) according to order i = 1, 2.

Inverse problems of spectral analysis compose of recovering operators from their spectral data. Such
problems arise in mathematics, physics, geophysics, mechanics, electronics, meteorology and other
branches of natural sciences. Inverse problems also play important role in solving many equations in
mathematical physics.

Ry (D) y; (a) + R, (1) y, (a) = 0 is a boundary condition depending spectral parameter where R; (1)
and R, (1) are polynomials. When degR; (1) = degR, (1) = 1, this equality depends on spectral
parameter as linearly. On the other hand, it is more difficult to search for higher orders of polynomials

R (1A
R; (1) and R, (1). When Rl Eﬂ; is rational function of Herglotz-Nevanlinna type such that f (1) = ad +
2

b — Z in boundary conditions, direct and inverse problems for Sturm-Liouville operator have
— gk

been studled [1-11]. In this paper, direct and inverse spectral problem is studied for the system of Dirac
equations with rational function of Herglotz-Nevanlinna in boundary and transmission conditions.

On the other hand, inverse problem firstly was studied by Ambarzumian in 1929 [12]. After that,
G. Borg was proved the most important uniqueness theorem in 1946 [13]. In the light of these studies,
we note that for the classical Sturm-Liouville operator and Dirac operator, the inverse problem has
been studied fairly (see [14-20], where further references and links to applications can be found).
Then, results in these studies have been extended to other inverse problems with boundary conditions
depending spectral parameter and with transmission conditions. Therefore, spectral problems for
differential operator with transmission conditions inside an interval and with eigenvalue dependent
boundary and transmission conditions as linearly and non-linearly have been studied in so many
problems of mathematics as well as in applications (see [21-43] and other works, and see [44-54] and
other works cited therein respectively).

The aim of this article is to get some uniqueness theorems for mentioned above Dirac problem
with eigenvalue dependent as rational function of Herglotz-Nevanlinna type in both of the boundary
conditions and also transmission conditions at two different points. We take into account inverse
problem for reconstruction of considered boundary value problem by Weyl function and by spectral
data {4,, pn},ez and {A,, ,},c7- Although the boundary and transmission conditions of the problem are
not linearly dependent on the spectral parameter, this allows the eigenvalues to be real and to define
normalizing numbers.
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2. Preliminaries

Consider the space H := Ly(a, b)®L,(a, b)®CN*'@CN+'eCP1+!1g CP2*! and element Y in H is in the
form of Y = (y1(x), y2(x),7,1n,8,y), such that 7 = (Y1, Y2, ..., Y, Yny11), 1 = (L1, Lo, . . ., Ly, Ly,+1)s
B =(R,Rs,....Rp,,Rp,41), Yy = (V1,Va,...,Vp,, Vp,y1). H is a Hilbert space with the inner product
defined by

<Y.Z>= f(yl(x)21 (x) + y2(x)z2(x)) dx

YN1+1YN +1 LN2+1LN2+1 @

- + —Rp 1R, (7)
ap (12 ny P

me e ZYkY’ (——)
7 P ’
ZLJ';’; . Z‘al 'y ZQZV v,

Utk

for Y = (y1(x),2(x),7.n,B,7) ve Z = (z1(x),22(x),7",n’,5',y") in H. Define the operator T on the
domain

D(T) ={Y € H : y1(x),y2(x) € AC (a, D),
ly € Ly (a,b), yi(w]) = aiyi(w;),i = 1,2

Yn,+1 = —a1yi(a), Ly,+1 = —axy1(D),

Rp i1 := —myy (W), Vp,y1 i= —mapy(w3)}
such that
TY :=(ly,Tt,Tn,TB, Ty) 8)
where

gliYi _.fliyl(a)7 l = l’Nl

Ny
Tr=TY, = , )
y2(@) +biyi(@) + Y Vi = Ny +1

k=1

&iLi — fryi(b), i =1,N,
N

Tn=TL; = 5 (10)
! ya(b) + byy (b) + 3 Ly i =Ny + 1
fiR — upyi(wy), i =1 P]
TB=TR, = 11
k —y2(wi) +aj 'y, (wl) + nyy; w1 ZRk, i=P +1 an
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0iVi—uy1i(wy), i =1, Pz

Ty=TV; = (12)
’ —2(W3) + 3" ya () + nays (w3) ka, i=Py+1.

Accordingly, equality 7Y = AY corresponds to problem (1)—(4) under the domain D(T) C H.
Theorem 1. The eigenvalues of the operator 7" and the problem (1)—(4) coincide.

Proof. Assume that A is an eigenvalue of T and Y(x) = (y1(x), y2(x),7,1,8,7v) € H is the eigenvector
corresponding to A. Since Y € D(T), it is obvious that the condition y;(w; + 0) — a;y;(w; = 0) = 0
and Eq (1) hold. On the other hand,boundary conditions (2)—(3) and the second condition of (4) are

satisfied by the following equalities;
Tt=TY:=g,—-Y:i— fini(@) =AY, i =1,N;
N

1
T¥y1 = y2(@) + biyi(@) + ) Yi = —ary; (@) A
k=1
Tn=TL; = goL; — foiyi(b) = AL;, i = 1, N,
N.

2
TLy,i1 = ya(b) + boyi(b) + ) L = —azy; (b) A
k=1
T =TR; = tyR; —uyy:(wy), i =1, P,

TRp,+1 = —y2(w]) + 7'y, (Wl) + iy Wl ZRk = —mpy Wl)/l

Ty=TV;=t;Vi—uyyi(w;), i =1,P,

TVp,e1 = —y2(W3) + @5y, (Wz) + oy W2 ka = —myy Wz)/l

IfAd=gix(@=1,2and k ={1,2,...N;}) are eigenvalues of operator 7', then, from above equalities
and the domain of 7', equalities (1), y;(a, gix) = 0, y1(b, g2x) = 0 and (4) are satisfied.
Moreover, If 1 = t;3((=1,2and k ={1,2,...P;}) are eigenvalues of operator 7, from above

equalities and the domain of T', Eqs (1)-(3) and y;(w;, i) = 0 = y;(w], ti) are valid. In that case, 4 is
also an eigenvalue of L.
yi(x)

y2(x)
fA+gu(@=12,k={1,2,...N})and A # t;, (i = 1,2,k ={1,2,... P;}) then, it is clear that A is an

eigenvalue of 7" and the vector
¥ = (1220, 201, =@, ..

Conversely, let A be an eigenvalue of L and ( ) be an eigenfunction corresponding to A.

81 812 > 81N —ﬂyl(a) —ayi (@),

iy (b, L2y (b, ..., 22y (b), —anyy (b)),

g21-4 8 82N, —A
ui - up - uipy -\ _ -
e VD 22y, s gy (W), =y (W),
— — up. _ _ . . .
t;ZI/ly] (wy), t;%y] wy),..., tz,)z_—zayl (wy), —=myy (w; )) is the eigenvector corresponding to A.

IfA=gu(k=1{1,2,...N}), then,
Y = ()’I(X),)’Z(X)a Yl’ Y27 ceey YNI’Oa L19L2a oo aLNza LN2+1aRlaR25 oo aRPlaRP1+l9 Vl’ VZ’ ceey VPza VP2+1)5
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0, k. . ) )

Y, = { l.i ,i=1,2,...,N; is the eigenvector of T corresponding to giy.
- (a),i=k

IfA=gu(k=1{1,2,...N,}), then,

Y = (yl(x)ayZ(x)a Y19 YZ’ ) YNI’ YN1+1,L1’L27 o ’LNZ, OaRI’RZa o aRP1’RP1+l, Vla V27 ) VPZ’ VP2+1)’

L, = { 0, l.i k ,i=1,2,...,N; is the eigenvector of T corresponding to gu.
-y (b),i=k

Furthermore, if 1 = #1, (k ={1,2, ... P;}), then,

Y = (yl(x)»)&(x), Yla Y2a ) YNla YNla L19L2a cee aLNza LN2+1aRlaR2a e aRPla()’ Vl’ VZ’ B VPza VP2+1)5

0, ik
R; = _ R ,i=1,2,...,P; is the eigenvector corresponding to f.
P ———
IfA=1ty(k=1{1,2,...P,}), then,

= (yl(-x)7y2(-x)7Y17Y29-'-’YN”YN|’L1’L2’-"7LN25LN2+1’R1’R2’-"7RP17RP1+1’ VI,V27'-'7VP2’0)’

0, i+k
V. = _ A . ,i=1,2,...,P, 1is the eigenvector corresponding to
{yz(wg)—azlyz(wz),l:k 2 g p &
boy. O
It is possible to write f; (1) as follows:

a; (1) .
= i=1,2
i =355 i=1,
where
a(ﬂ)-(aubmu a3 T fu(1-g)

k=1j=1(j#k)

bi() = H (A= gix)-
Assume that az(/l) and b,(A) do not have common zeros.
Let functions ¢(x, 1) and ¥(x, A) be the solutions of (1) under the initial conditions

—by () ) ( —by() )
a, ) = Wb, A) = 13
ela, ) ( wlh e ={ (13)
as well as the transmission conditions (4) respectively such that
@1(x, ), x < w P3(x, D), x <wy
e, ) =3 @a(x, ), w; < x <wy and ¥(x, ) =1 Ya(x, ), w; < x<wy .
w3(x, ), wy <x<b Yi(x, ), wy <x<b

Then it can be easily proven that ¢;(x, 1) and y;(x, A), i = 1, 3 are the solutions of the following integral
equations;

@ir1,1(x, A) = @i (wi, A) cos A (x — w;)

= [ @r0wi, ) + hi(A)n (wi, D sin A (x = wy)

+j [p(?) sin A(x — 1) + g(¢) cos A(x — )] @ir1.1(2, Ddt

wi
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+} [q(®) sin A(x — 1) — p(f) cos Ax — 1) pis12(2, Ddt,

Gir12(x, ) = aipin(wi, ) sin A (x — w;)
+| e @i, ) + hi)gn (wi, )] cos A (x = wy)

+j [—p(t) cos A(x — 1) + q(1) sin A(x — 1)] @is1.1 (2, D)dt

wi

+j [—q(?) cos A(x — 1) — p(2) sin A(x — )] pir10(2, Ddt, fori = 1,2

and
Yi (x5, ) = & Wi (wi, D) cos A (x — wy)

+ (=i Wi, D) + b (D) Y1 (Wi, ) sin A (x — w;)

—? [p(®H)sin A (x — 1) + g(t)cos A (x — )| iy (1, 1) dt
+Vf [—q(®)sin A (x — 1) + p(t) cos A (x — )| Y (¢, 1) dt

Ui (6, ) = &; Wig (Wi, D sind (x —wy)
+ (i Wi, D) = hi (D) Y11 (Wi, ) cos A (x — w;)

+Vf [p(H)cosA(x —1) — q(t)sin A (x — )] ¢y (¢, ) dt

+vf [q(H)cos A(x — 1) + p(t)sin A (x — )| i (1, ) dt, fori =2, 1.

Lemma 1. For the solutions ¢;(x, 1) and ¢;(x,4), i = 1,3 as |4] — oo, the following asymptotic
estimates hold;

11(x, ) = {1 AV sin A(x = @) + o (| exp [Im A| [(x - @)]),

o1a(x, ) = {1 ¥ cos A(x = @) + o (|4 exp [Im A [(x - @)]).

aym AL N *25in A (wy — a) sin A (x — wy)

QDZI(X’ /l) =

+o (|2 exp [Im Al [(w) — @) + (x — wy)])

aym AN+ 2 5in A (wy — a) cos A (x — wy)
vn(x, ) =

+o (|A1" M+ exp [Im A| [(w) — @) + (x = wy)])

—mymya; AL N gin A (wy — a) sin A (wy — wy) sin A (x — wy)
9031()6’ /l) = Li+Ly+N1+3

+o (AN exp [Im 4| [(wy — @) + (wy = wy) + (x = w))])

AIMS Mathematics Volume 6, Issue 4, 3686-3702.
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momyay AL N3 5in A (wy — @) sin A (W, — wy) cos A (x — ws)
e3(x, ) =
+o (I expIm 4| [(w1 — @) + (wa = wi) + (x = w2)])
2 —ar, AV sin A (x — b)
Yulx, +o (14" exp [Im Al [(x - b)])
A a AN cos A (x — b)
vted =y, (11" exp [Im A| [(x - b)])
2 —maap A2 5in A (wy — b) sin A (x — wy)
Y +o (|22 exp [Im A| [(w2 = b) + (x — w))])
Ul ) = maar AN 22 gin A (wy, — b) cos A (x — wy)
X,
2 +0 (141"*2*2 exp [Im A| [(w; = b) + (x = wn)])
—mymyay AN+ 6in A (wy, — b) sin A (W — w,) sin A (x — wy)
Ya(x, ) =
+o (141N expIm 4| [(wz = b) + (wy = wa) + (x = w2)])

/1N2+L1+L2+3 sin A (Wz - b) sin A (Wl - Wz) cos A (X - Wl)

exp |Im 2| [(wy — b) + (W1 —wy) + (x — Wl)])

mympas

Y(x, ) = { ‘o (|/1|N2+L1+L2+3

Theorem 2. The eigenvalues {A4,},.; of problem L are real numbers.
Proof. 1t is enough to prove that eigenvalues of operator 7" are real. By using inner product (7), for Y
in D(T), we compute that

1 1
(TYY) = flyydx - _TYN1+1YN1+1 + TLN2+1LN2+1

a

1 1
+m_TRP|+1RP1+1+ TVP2+1VP2+1 ZTYkYk(flk) ZTLkLk( )

+ TR.R TV, V,
Zafl k k(ulk) Zafz k k(uzk)

If necessary arrangements are made, we get

b b N
(TY,Y) = f p ) (P = yaP) dx + f q(x)2Re (v, dx + by y; (@] + Y 2Re (V7 (@)
k=1
a N2 a P
byt (P = > 2Re (L3 ()~ armi |y (w7)| Z 2Re (Riy1 (wr))

k=1 k=1

»
—asn; ‘)’1 (WE)‘Z ZzaﬂRe kal W2 Zg1k|Yk| - + Z@ Ll
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3693

b
Py Py
t t 7
Y A= R+ Y = Vil - f 2Re (y,37 ) dx.
o Wik o Wk
Accordingly, since (T'Y, Y) is real for each Y in D (T'), A € R is obtained. O

Lemma 2. The equality ||Y,|* = p, is valid such that Y, is eigenvector corresponding to eigenvalue A,
of T.
Proof. Let A, # gi. When 4, = gy, following proof is done with minor changes. By using the structure
of D (T) and the Eqgs (8)—(12), we get

b

1Y, = f (¢ (n ) + 3 (2, 4,) dx

a

|YN1+1|2 |LN2+1|2
- + +

(03] 2
— [Rp+1| (14)
ai a m
N
@ > ol
+— |VP2+1| - f_
my =1 Jlk
Ny 2 Py Py
| Lyl Qo @ o
# Dt D R D Vi
=1 S Go Wik =1 W2k

b
= f(go% (x’ /111) + (Pg (xa ﬂn)) d-x - al‘P% (Cl, /ln) + aZSO% (b’ /ln) + m]al‘/ﬁ (W] - Oa ﬂn)

a

Ny 2 N 2

Sy (a, A,) Sy (b, Ay)
+mya7 (wy — 0, 4,) — E 1 >+ E : >
k=1 (/ln - glk) k=1 (/ln - ng)

+ZP1 aiu, o (wi = 0,4,) N ZPZ @it p? (wy — 0, 4,)
2 2
k=1 (/1'1 - tlk) k=1 (/ln - t2k)

b Ny

= f(‘)”% (x, /ln) + QD% (.x, /ln)) d_x — SD? (a’ /ln) (al + ;uni‘#]

Py
] + CYl‘P% (wy =0,4,) (ml + Z(/lu—lkt)z]
n = bk

k=1

1 (b, )(612 + Z fngk)

+0/2g01 (W2 O A )(mz + Zﬁ]

b

= f (€3 (6, ) + 3 (x, ) dx = @3 (a, ) f (A) + @3 (b, ) £, ()

+arg} (Wi, )y (A) + o (w3, 4a) By (A) = . o
On the other hand, the expression

w (90’ W) = Qol(x’ /1)902()6, /1) - (pZ(-x’ /l)wl(-x’ /l)
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is called characteristic function of problem (1)-(4). Moreover, since solutions ¢ (x, A1) and ¢ (x, )
satisfy the problem L,
for Vx € [a, b]

0

aW(% %)

= @] (5, VY2 (x, ) + ¢ (x, D) @1 (x, D) = @ (x, Dy (x, ) — ¢ (x, 1) 2 (x, )
= [q(x0)¢1 (x, 2) = p(x)g2 (x, 1) = A0z (x, D] 2 (x, 2)

+[=p (x, ) = g (x, ) + W (x, D] @1 (x, 1)

— [=p(X)¢1 (x, ) = q(x)2 (x, ) + Ap1 (x, D] Y1 (x, 1)

— g (x, ) = p(Wr2 (x, ) = Wy (x, D] 2 (x,2) =0

is obtained. Furthermore, since solutions ¢(x, 4) and ¥(x, A) also satisfy transmission conditions (4),
we get

Ww; +0) = @1 (w; + 0, ) Y2 (w; + 0,2) — 02 (Wi + 0, D iy (Wi + 0, )
= aigpr (wi = 0,) [0 2 (w; = 0, 1) + s (D gy (w; = 0, )]
—| @72 (wi = 0,2) + h; () @1 (wi = 0, )] @y (w; = 0, )
=¥ (Wi _Oa/l)wZ(Wi _O’/l) _QDZ(Wi _0’/1)&1 (Wi _Oa/l)
= W(w; —0).
Therefore, since characteristic function W (¢, ¢) is independent from x,
Wie, ¥} := AA)
=¥ (X, A)WZ(X, /l) - (,02(X, /l)‘ﬁl (xa /1)
= ay (D) @1(b, D) + by (D) pa(b, A)
= —b1 (D ya(a, D) — ay (D) Y (a, D)
can be written.

It is clear that A(A) is an entire function and its zeros namely {A4,},czcoincide with the eigenvalues
of the problem L.

Ay
Accordingly, for each eigenvalue A, equality ¥ (x, 4,,)) = s,¢ (x, 4,,) 1s valid where s,, = % =
U] n
'7[’2 (aa /ln)
aj (/ln) .

On the other hand, since a; (gi) # 0 ve b; (gy) = O for Vi € {1,2} and k = {1,2,...,N;}, gir 1s an
eigenvalue if and only if ¢; (b, gox) = 0, ¢ (a, g1x) = 0 i.e., A(gi) = O.

At the same time, #; is an eigenvalue if and only if ¢, (W}, 1) = 0 = @ (W], ti) i.e., A(fy) = 0 such
thati=1,2and k ={1,2,...P;}.
Theorem 3. Eigenvalues of problem L are simple.
Proof. Let A, # gy and ¢ (x, A,,) be eigenfunction corresponds to the eigenvalue 4,. In that case, the
Eq (1) can be written for  (x, 1) and ¢ (x, A,,) as follows;

BY' (x, ) + Q) (x, 1) = AW (x, )
BSD, (X, /ln) + Q(X)()D (X, /ln) = ﬂngp (X, /ln)

AIMS Mathematics Volume 6, Issue 4, 3686-3702.
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If we multiply these equations by ¢ (x, 4,) and ¥ (x, 2) respectively and add side by side, we get the
following equality;
(W2 (6, D) 1 (6, ) = 1 (6, D) 2 (5, 4,)) = (A= ) (1 (6, D) oy (%, A) + Y2 (3, 1) 2 (%, A))
Then if last equality is integrated over the interval [a, b] and the initial conditions (13) and transmission
conditions (4) are used to get

b
f(ll’l (x, D)1 (x, ;) + Y2 (x, ) @2 (x, 4,)) dx

vangs (w3, 4,) v (5, ) 2D =P ()

A—21,
v (7. A o) A

A - £,
(b, )en (b, Ay 2= L2 ()

A=A,
) - fi (4,
—¢1(a, 4,) ¥ (a, 2) %

(A = A(4)

j _( (A= 4,) )

Then, considering that ¢ (x, A,) = 5,0 (x, 4,,)

if the limit is passed when A — A, s,0, = —A(/l,,) 1s obtained.

If gix and gy are non-simple eigenvalues then ¢;(a,gix) = 0, ¢1(b,g%) = 0 and so
b

f (3 (e 4) + @3 (. A)) dx = = |1} (w7, Au) By (A) + 2@} (w5, Aa) ) (A,) | is obtained. Since a,

a5 and for all 4, h’1 (1,), h2 (4,) are positive, we have a contradiction. Therefore, eigenvalues g; are
also simple. O

3. Inverse problem

Using expressions a; (1), b, (1) and asymptotic behaviour of solution ¢ (x,1), we obtain the

following asymptotic of characteristic function A(1) as |4 - 00;A(A) =
—ayaymymy AN Nt i A (wy — @) sin A (wy — wy) sin A (b — wa)+o (|1|N1 FNotLitlo+d ellmﬂl(b—@).
D (x, 1 ) ..
Let ®(x, 1) := ( (Dl g /8 ) be the solution of Eq (1) under the conditions U (®) = 1, V(®) = 0 as
2 s

well as the transmission conditions (4).
Since V(®) = 0 = V(y), it can be supposed that @ (x, 1) = k¢ (x, 1) (k # 0) where k is a constant.
W(p, @) = ¢ (x,2) Oz (x, 1) — ¢2 (x, ) Oy (x, D,
= =b1 (D) Dy (a, ) — a1 () Py (a, )
=-U(®D)=-1.
By the relation U (®) = 1, we get k [by (D) ¢, (a, ) + a, (D ¢, (a, )] = 1. Since U () = —A(Q), we

obtain ® (x, ) = ki (x, A) = —‘[’A()(C’;) for A # A,.

AIMS Mathematics Volume 6, Issue 4, 3686-3702.
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(S [ Ci (D
Let S (x,1) = ( S, (x. ) ) and C (x, 1) = ( Cy (x. )
S (a, ) = ( (1) ), Cl(a, )= ( (1) and transmission conditions (4).

Accordingly,the following equalities are obtained:

ei1(x, ) = =b1 (D C(x, ) + a1 (DS (x,2)

D(x,A) =

by (1) (S (x, ) = ®y(a, ) p(x,2)).

) be solutions of (1) satify the conditions

(15)

(16)

The function ® (x, ) is called Weyl solution and the function M (1) = —® (a,A) is called Weyl

¥ (x, )
A’

function of problem L. Therefore, since ® (x, 1) = —

_ wl (a’ /l)

we set M (1) :

Consider the boundary value problem L in the same form with L but different coefficients. Here,
the expressions related to the L problem are shown with s and the ones related to L are shown with 5.

According to this statement, we set the problem L as follows:

{[y(x)] := By (x) + Q(x)y(x) = y(x), x € [a, b]

U (y) := y2(@) + fi(Dyi1(a) = 0
V() = y2(b) + fo()yi1(b) = 0
yilw; +0) = @;y;(w; = 0)
y2(wi +0) = =&y (w; = 0) + h; () yi (w; — 0)

where Q(x) = ( 5 8 —qﬁ(f))c) )

Theorem 4. If M (1) = M (1), f; (1) = fl (1), then Q (x) = O (x) almost everywhere in (a, b), f, (1) =

H ), hi () = k(D) and @; (A) = & (1) (i = 1,2).

Proof. Introduce a matrix P(x, 1) = [Pi i(x, /l)]i 12 by the equality as follows;

(Pu P12)(¢1 @1):(901 q)l)
Py Py |\ & @ @ Oy )

According to this, we get

or by using the relation ® (x, 1) = —

we obtain

AIMS Mathematics

Pii(x, ) = =1 (x, ) D5 (x, ) + Dy (x, 1) &5 (x, A)
Pio(x, ) = =@y (x, ) @ (x, D) + ¢ (x, ) Dy (x, 2)
Py (x,2) = =3 (x, ) @, (x, ) + D3 (x, 1) B (x, A)
Py(x, ) = =@ (x, ) D (x, 1) + ¢ (x, ) Dy (x, 1)

v (x, )
AQD)
_ Uo(x, ) - Yi(x, )
Pll(-x’ /l) - QO](X, /1) A(/l) wZ(x’ /l) A(/l)

(A7)
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_ gi(x, ) Ui (x, )
PIZ(-xa A) - QD](.X, /l) A (/l) + QOI(X, /l) A(/l)

B Po(x, 1) e Ua(x, A)
PQI(-x’ /l) - QDZ(X, /l) A (/l) ‘102()6’ /l) A (ﬂ)

o~ wZ(-x’ /l) _ &I(X7 /l)
Py(x, ) = ¢1(x, ) ALD ©a(x, ) )

Taking into account the Eqs (15) and (16) and M (1) = M (), we can easily get

P, ) =G (X,ﬂ)gz(X,ﬂ)—Sl(X,/l)éz(X,/U
Pp(x, ) =Ci (DS (x, )= C (xS (x, )
P(x, ) =Cr(x, D) S2(x,4) =S (x, ) o (x, )
sz(x, /l) = C1 (x, /l)S z(x, /1) - Cz(x, /l)S 1()6, /1)

Hence, the functions P;;(x, 1) are entire in A.

Denote

Gs:={A:|A=21,] =6,

Gs = {/1:|/1—/~1,1

n=0,+1,+£2,...},06 > 0and

>0, n=0,%1,+2,.. } where ¢ > 0 is sufficiently small and fixed.

Clearly, for A € G5 N Gy, |sin Ax| > Cse™ 4 |2 — oo.
Therefore, |A(2)] > CsAV1+Notlitlatdolmdlb-a) - 3 e G5 N Gy, |A| > A* for sufficiently large 1* = A* (6)

(18)

and from (18) we see that P;;(x, 1) are bounded with respect to A where 1 € GsN G and |1 sufficiently

large. From Liouville’s theorem, it is obtained that these functions do not depend on A.

On the other hand, from (18)

Pu(x,)—-1= 901()6,/1)(

Jo(x, D) o(x, /l)) i) (@2(x, ) — 0a(x, 1))

A A (D) A ()

Pip(x, ) = ¢1(x, D) (

wl(x’ /l) _ (Z](X, /l)) _ ‘Zl(-x’ /l)
A A)

X0 (p1(x, 1) = @1(x, A))

Pri(x, 1) = ¢a(x, /1)(

sz(x, /l) -1 A(/D

%m@_%m@%MMJ)
A A
_ Ya(x, A)

(@2(x, 1) = @a(x, A))

Ji(x, ) lrlll(-xa/l))
A AW )

A ()
(()’bl(x, /1) - ()Dl(x, /1)) - QDZ(X’ /l) (

If it is considered that P;;(x, A1) do not depend on A and asymptotic formulas of solutions ¢(x, 1) and

Y(x, A), we obtain

. &Z(X’ d) wZ(x’ /l) _
Jim g, Cx, /l)( AQ) AW ) =0,
,A)
Jim %A(E;) ) (@2(x, 1) = 2(x,2)) = 0

for all x in [a, b]. Hence, Alim [Pii(x,)—1]=0.
Thus, Py(x, ) = 1 and similarly, P>;(x, 1) = 1 and P(x, ) = Pyi(x,2) = 0.

AIMS Mathematics
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Substitute these relations in (17), to obtain

lpl(-x’ /l) _ &l(xa /l)

‘,01()(7, /l) = le(xa /1)’

O ~A )
A , A
02(x, ) = @a(x, D), %A(z;) ) = %A(;)) for all x and A.

Taking into account these results and Eq (1), we have
(0() - 0)) p(x, 1) = 0.

Therefore, Q(x) = O(x) i.e., p(x) = p(x). Moreover, it is considered that

Ui, D) (6D Yo ) do(x,d)

A AW T AN AW

and

by (D) Ya(x, ) + az () Y1 (x, ) =0

by () lZz(x:/U + 2 (D) P (x, 1) =0 3
we get a; (1) by (1) — by (1) @y (1) = 0. As we have said above, a, (1) , by (1) as well as a, (1) , by (1)
do not have common zeros. Hence, a, (1) = @, (1), by (1) = b, (1), i.e., L= fz ().

On the other hand, substituting ¢; and ¢, into transmission conditions (4), we get

e1(wi, D) = a1 (w;, ), §r(w/, D) = aigr(w;, 1)

e2(wF, ) = & (Wi, D) + b () o1(w7, A),

oW, D) = & Ga(wi, ) + b (D) @i (wi, D), i = 1,2,
Therefore, since ¢1(x,1) = @1(x, ), @2(x, ) = P2(x, A), these yield that @y = &, @y = & and
hi () = hy (), by () = hy (). O

Theorem 5. If {1,,0,},.7 = {in,ﬁn}nez , fi (D) = £i () then O (x) = O (x) almost everywhere in (a, b),
L@ =AW, i (D) =k (D) and @; (D) = & (D) (@ = 1,2). .
Proof. Since 4, = 4,,, A(1) = cA (). On the other hand, also since s,0, = —A(4,) and p, = p,, we get
that s, = c§,. Therefore, ¥, (a, 1,) = ¢, (a, A,) is obtained.
A=l (a, D) : . . :

Denote H (1) := Y1 )A (;;ﬂ 1@ ) which is an entire function in A. Since |Al|lm HQ) =0,
H (1) = 0 and so ¢, (a,1) = ¢, (a,1). Hence, M (1) = M (). As a result, the proof of theorem is
finished by Theorem 4. O

We examine the boundary value problem L; with the condition y,(a) = 0 instead of (2) in problem

L. Let {u,},., be eigenvalues of the problem L;. It is clear that {u,},., are zeros of A(u) := =y (a, p).
Theorem 6. If {1, (1.}, = {1 fin) L fi() = fi() and K = K such that K = aymmy, K = ayinin,

then O (x) = O (x) almost everywﬁeere in (a,b), £HA) = fH ), hi(A) = hi(1),and a; (D) = & ()
(i=1,2).

= AW AW

Proof. Since for all n € Z, 4, = “i,, and w, = W, = n are entire functions in A and in
. . A A .
u respectively. On the other hand, taking into account the asymptotic behaviours of A(4) , A;(u) and
- A A ~ —
K = K, we obtain lim ~(—) = 1 and lim = 1) = 1. Therefore, since A, = 4, and u, = u,, we
A——c0 A (/l) pU——00 Al

get A(1) = A1) and A (u) = A (u). If we consider the case A;(u) = A,(u), then ¢ (a, ) = ¥1(a, 1)

AIMS Mathematics Volume 6, Issue 4, 3686-3702.
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Yi(a, )

A M () = M (A). Hence, the proof is completed by

is obtained. Furthermore, since M(1) =

Theorem 4. O
4. Conclusions

The purpose of this paper is to state and prove some uniqueness theorems for Dirac equations with
boundary and transmission conditions depending rational function of Herglotz-Nevanlinna.
Accordingly, it has been proved that while f;(1) in condition (2) is known, the coefficients of the
boundary value problem (1)-(4) can be determined uniquely by each of the following;

1) The Weyl function M (1)

i) Spectral data {4,, p,,} forming eigenvalues and normalizing constants respectively

iii) Two given spectra {4, u,}

These results are the application of the classical uniqueness theorems of Marchenko, Gelfand,
Levitan and Borg to such Dirac equations. Considering this study, similar studies can be made for
classical Sturm-Liouville operators, the system of Dirac equations and diffusion operators with finite
number of transmission conditions depending spectral parameter as Herglotz-Nevanlinna function.
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