AIMS Mathematics, 6(4): 3319-3338.
AIMS Mathematics DOI:10.3934/math.2021199
% , Received: 02 December 2020
o Accepted: 12 January 2021
http://www.aimspress.com/journal/Math Published: 18 January 2021

Research article

Existence results for nonlinear fractional-order multi-term
integro-multipoint boundary value problems

Ahmed Alsaedi', Bashir Ahmad'-*, Manal Alblewi' and Sotiris K. Ntouyas'*

! Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group, Department of
Mathematics, Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi
Arabia

2 Department of Mathematics, University of Ioannina, 451 10, Ioannina, Greece

* Correspondence: Email: bashirahmad_qau@yahoo.com.

Abstract: We investigate the existence of solutions for integro-multipoint boundary value problems
involving nonlinear multi-term fractional integro-differential equations. The case involving three
different types of nonlinearities is also briefly described. The desired results are obtained by applying
the methods of modern functional analysis and are well-illustrated with examples.

Keywords: Caputo fractional derivative; multi-term; Riemann-Liouville fractional integral;
integro-multipoint boundary conditions; existence; fixed point theorems
Mathematics Subject Classification: 34A08, 34B15

1. Introduction

The nonlocal nature of fractional-order operators led to a widespread interest in the study and
applications of these operators. This popularity motivated many researchers to focus on the
theoretical aspects of them to facilitate their applications. For application details, for instance, see the
texts [1-3], while the theoretical development can be found in [4-6]. In [7], the authors studied the
existence and uniqueness of solutions for a fractional boundary value problem on a graph. The details
of eigenvalue problems involving fractional differential equations can be found in [8,9]. Nonexistence
of positive solutions for a system of coupled fractional differential equations was discussed in [10].
The existence of solutions for fractional differential inclusions supplemented with sum and integral
boundary conditions was proved in [11]. The authors investigated the existence of solutions for
nonlocal boundary value problems involving sequential fractional integro-differential equations and
inclusions in [12]. For the details on extremal solutions of generalized Caputo fractional differential
equations equipped with Steiltjes-type fractional integro-initial conditions, see [13], while some
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results on controllability of fractional neutral integro-differential systems and hybrid
integro-differential equations can respectively be found in [14] and [15]. The governing equations in
the mathematical models of certain real world problems contain more than one fractional order
differential operators. Examples include Bagley—Torvik [16] and Basset [17] equations. For some
recent work on multi-term fractional-order boundary value problems, we refer the reader to the
articles [18, 19]. In a recent work [20], the authors studied nonlinear multi-term fractional differential
equations complemented with Riemann-Stieltjes integro-multipoint boundary conditions.

In this paper, we explore the existence criteria for the solutions of a nonlinear multi-term fractional
integro-differential equation involving Caputo derivative operators of orders ; € (1,2],«, € (1,«;) and
an integral operator of order p > 0:

A EDx(0) + A CDx(t) = £(t, x(1)) + IPu(t, x(1)), (1.1)

complemented with nonlocal non-separated boundary conditions:

d
a1x(0) + a,x(T) =A, f x(@)dv + ) wix(y),
0 i=1
, v (1.2)
a3 X' (0) + agx'(T) =A, f Xw)dv + Y yx(E),
n j=1
where 0 <t < T, 0 < f <n< T, 44, A, al,ag,ag,a4,A1,A2,w,-,7j e R, 0< niagj <T,i=
1,2,....d,j=1,2,...,q, 4; # 0, D' and D" respectively denote the Caputo fractional derivative
operators of order x; and k,, I” denotes Riemann-Liouville fractional integral of order p > 0 and
{1 [0,T] X R — R are continuous functions.

The uniqueness result for the problem (1.1)—(1.2) is obtained by means of Banach’s contraction
mapping principle, while Krasnosel’skii’s fixed point theorem and nonlinear alternative of
Leray-Schauder type are used to establish the existence results for the problem at hand.

The rest of the paper is organized as follows: In Section 2 we recall some preliminary concepts
of fractional calculus and present an auxiliary result concerning a linear variant of the problem (1.1)—
(1.2). The main existence and uniqueness results are proved in Section 3. The case including three
types of nonlinearities is indicated in Section 4, while Section 5 is devoted to illustrative examples.

2. Preliminaries and auxiliary lemma

Here we present some auxiliary material related to the study of the problem (1.1)—(1.2).

Definition 2.1. [4,6] The Riemann-Liouville fractional integral of order 8 > O fory € L|a, b}, existing
almost everywhere on [a, b], is defined as

[ RCD)
B —
FFy(t) = G f(; = U)l_ﬁdv, t € la,b].

Definition 2.2. [4,6] For a functiony € AC™[a, b], the Caputo derivative of fractional order 3, existing
almost everywhere on [a, b), is defined as

“DPy() = F(m;—ﬁ) f (t —v)" P Y"Wdu, Be(m—1,ml,meN, tela,b].
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Lemma 2.3. (Auxiliary result) Let o € C([0, T],R). Then the unique solution of the linear multi-term
fractional differential equation:

A C D x(f) + A, CDx(t) = o (1), 2.1)

complemented with the boundary conditions (1.2) is given by the solution of the integral equation
1
x(1) :A—[IKI o(0) = 1" 2(0) + pr(Of A1 (€)= a1 x(6))

d
+ Z w; I’<1 o(m;) — L1M7 "Zx(n,)) - az(IKlO'(T) - /IZIK‘_KZx(T))}
i=1

k1—1 T v K=k —1 (22)
+p2(t){A2 f f (v - e ) —o(w)dudv — ﬂzﬁ ; %x(u)dudv)
q
+ > (IaE) -l —K2x(§j)) — ay(I"7'o(T) - DI ‘”z_lx(T))}],
j=1
where
1
pi(0) = 2o{ = (Aa(T =) +2 Z ¥i€; = 2as + ag)) + 26(A(T = ) + Z 7))
i=1 j=1
(2.3)
pat) = =—{A18 +2 Z i = 2a,T = 24(A € + Z wi = (a1 + @),
i=1
and it is assumed that
1 : <
== P42 ) v - 2+ ap) A+ Y 0 - (@ + )
=1 i=1
(2.4)

q
1§ + ZZ wmn; — 2a2T)(A2(T n + Z Yj
j=1

Proof. Applying the fractional integral operator I to both sides of the fractional differential equation
in (2.1) we get,

x(1) = iI"‘ o(t) — & I’“—’Qx(t) — ¢y — 1t (2.5)

where ¢y and ¢, are unknown arbltrary constants. From (2.5) we have
X (t) = —1“1 Lot) - A - Lx(®) - ci. (2.6)
1

Using the boundary conditions (1.2) in (2.5) and (2.6), we get a system of equations in the unknown
constants ¢o and ¢;:

A& +23L wmi - 2a2T}
2

C1

d
A]f + Z w; — (Cl] + az)}Co + {
i=1
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A
= /1—11[1“'“0@) LI ()] - Ikla(T) LI x(T)]

1< _
= D il o) = LI

153

I (T =) A + 237 7€) — 2(as + an))
(A =m + > yjfeo + | & S Sl 2.7)

J=1

q

- Z () = Bl x(E)) = U o(T) = ol ()]

=1
A (U )K] T U (U _ u)Kl—KZ—l
/l_ f f T(x)) ———— o u)dudv - A, f’; ; mx(w)dudv].

Solving the system (2.7) for ¢y and ¢, we find that

1

q
0 1125[(A2(T2 =) +2 ) ik~ 2as + a4)){A1(1“1“a(§) = LI x(¢))
j=1

d
+ Z Wi I’(1 o(m;) — L1M7 sz(n,)) - az(IK‘O'(T) - /lzlkl_sz(T))}
i=1

(e 42 o - " !
1€ +22wi7]i ZazT){Az(f o (u)dudv
i=1 n 0

['(k1)
T v (U _ u)/q—kg—l
_/12 ﬁ . mX(M)dudU)

q
# D1 E) = a8 x)) = (1) = o) ||
j=1

R n)+Z%{ (1) = 1 2(2))

Kk1—1
1§+Zwl (ay +a2) Az f f (UF(Z)) o(u)dudv

(U - u)KI —ko—1 q . -
-1 _L‘ ) mxw)dudlj) + ; )/j(l o(&) — 1 x(g}))

d
+ a)l IK‘O'(nl) YA "zx(n,)) —az(I"‘O'(T) YA "Zx(T))}

—a4(IK‘_10'(T) - /lzlkl_Kz_lx(T))}].

Inserting the values of ¢y and ¢, into (2.5) leads to the Eq (2.2). The converse of this lemma follows by
direct computation. O
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3. Existence and uniqueness results

Keeping in mind Lemma 2.3, we introduce an operator V : C — C associated with the problem
(1.1)-(1.2) by

k1—1 k1+p—1
(VX)) = T f -y — ¢, x(v))dv + f #M(U,X(v))dv

C(k;) I'(k1 + p)
N : %x(v)du+ pl(t){Al{ S_ );l){(v x(v))dv
: ri;—%ﬂw, x()dv — O‘ %x(v)dv}
+ Zd; wi| Om %g(u, x(v))dv + Om %u(v, x(v))dv
“1 Om ("’F(K:’)_Klkzl *(W)dv} - az f (Tr(”); T X))y
OT% (v, x))dv — A, f %x(v)dv}} 3.1)

k1—1
+p2(t) A, f f (Ur() £, x(u))dudv

— )1 -1
fff (UF(/L:I)) (” F(W; ).U(W,X(W))dwdudv

K1—Kk2—1 _ K1—
- f %x(u)dudv yj f €i—v) §(v,x(v))dv
n 0

T'(k; — k2) ['(k1)
(& - vy €y
. T—I—p)#(v’ )C(U))dU - /12 . WX(U)dU}
T (T _ v)/q—Z T ( ,U)K1+p -2
—a4{ ) m{(v, x(v)dv + | F(1+—p)'u(v , x(v))dv
T (T _ v)K]—K2—2

-1

. mX(U)dU}}], te [0, T],

where C = C([0, T'], R) is the Banach space of all continuous functions from [0, 7] — R equipped with
the norm ||x]| = sup{|x(?)| : ¢t € [0, T]}. Notice that the problem (1.1)—(1.2) will have a solution once it
1s shown that the operator V has a fixed point.

Theorem 3.1. Assume that:

(Hy) ¢,u:[0,T] xR — R are continuous functions such that
|£(t’ -x) - g(t’ })l < Lllx - }|, |/'t(t’ x) - /’t(ta })| < L2|X - xl’ Lla LZ > O’

forallt € [0,T], x,x € Rand |{(t,0)] < My < oo, |u(t,0)| < M, < o forallt € [0,T];
(Hy) (LQy + Q) < 1, where L = max{L,, L,},
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Q

Q,

where

d q
ﬁ[ﬁ{(m b (T + g (el +;|wi|nf1)+p‘2(K1|a4|TK1—1+;|?’j|§;1))

+OoANEH + gl AT - 77K1+1|} + {(Kl +p+ 1)(TK1+p

I'ky +p+2)

d
+p1(jaal T + 3 i) + ga (1 + pllag 777!
i=1

q
+ Z |,yj|é_«;<_l+P)) +p—1 |A1|é_«f<1+p+1 +p—2|A2||TK1+p+1 _ T]Kl+p+1|}],
j=1
|42
AT (k1 — k2 +2)

[(Kl — Ky + 1)(TK1—K2 +p—](|a2|TK1—K2 + Z |wi|n;~<l_K2)

i=1
q

+p_2((K1 - K2)|a4|TK1—K2—1 + Z |7j|§’](~1_’(2)) +P_1 |A1|§K1—K2+1

j=1

FolA T n“‘“z“|], (3.2)

pi = sup |p;@®|, i =1,2.

t€[0,T]

Then the problem (1.1)—(1.2) has a unique solution on [0, T].

Proof. Consider a closed ball B, = {x € C,||x|| < r} and show that VB, C B,, where the operator YV is
defined by (3.1) and r > MQ;(1 — LQ; — Q,)"!, where M = max{M;, M,} and Q; (i = 1,2) are given in
(3.2). For any x € B,, it follows by the condition (H;) that

1£(r, 0)l =

1£(, x(1)) = £(£,0) + £(2, )] < {2, (D)) + £(2, 0)] + |£(2, ) < Lyllxl| + My < Lyr + M.

In a similar manner, we can get |u(z, x)| < Lor + M. In view of the foregoing inequalities we obtain

IVl

sup |(Vx)(0)]

P,
4] f (r_(Kl)f K;l|x(v)|dv+|p1(t)|{|A1|{ ;f? )K')M(v x(w))ld
v+ ) [ i)
+Z|w| oo O xw)id + Om%wv,xw»uv

4| Om (";(_K:’—)_Klkzluw)wv} elaa| | ' %mv, x())ld
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T K1+p—1 _ K1 —ky—1
f %W(v *@)ldv + 4 f ﬁlx(v)ldu}}

_ k-1
+|P2(f)| 1As| f f (”r(”)) 12ty x(u))|dud

— -1 R E|
f f f (U F(Zl)) (” F(w; )l,u(W, x(w))|ldwdudv

_ K1—Kky—1 _ K1—
i f W wldudv) + Zm f G s
n

(k) — k2) T(k))
j(é‘.‘j_ )K1+,U 1 ; (fj— )Kl —kp—1
. ﬁ'ﬂ(v’ x(V)|dv + || i Wlx(vﬂdv}
(T —v) J T(T —vysr2 J

+lay) f F( _ ——|{(v, x(v))|dv + ) mlﬂ(v , x(v))ldv
)/q—xz 2

+|A2|f P 2_1)|x(v)ldv}}}}

(Lir + M)

d
{ta+ (T + il + ) i)

i=1

IA

| IT(x1 +2)

q
ol T+ 3 ylé)) + Al ™! + galAslI T - )
=1
(Lor + M>)
4T (ki + p+2)

{(Kl +p+ 1)(TK1+17 +p1(|a2|TK1+P + Z |wl|nk|+p)
i=1

q
+p_2((K1 + p)|a4|Tf<1+pfl n Z |7’j|§§l+p)) + 0 |A1|§K1+p+l
j=1
|a|r
Mllr(K] — Ky + 2)

q
-|Fp](|a2|TKl e+ Z |lwiln;! Kz) +P_2((K1 — K)lag| T 4 Z |yj|§;1_’(2))

J=1

+oal Ao || TP — 77K1+p+1|} + {(Kl — Ky + 1)(TK'_K2

+A1AET + ol Ayl TR - e
< (Lr+ M)Q; +rQ, <,

which shows that Vx € B, for any x € B,. Hence VB, C B,.
Next it will be established that the operator V is a contraction. For x,y € R, we have

[Vx = VAl
= sup (V@) - (V)
t€[0,T]
(1 — vy
< Suwp |/11|f T I, x(v) = {(v, X(v))|dv
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Apoifia [ ﬁ_ e, () = £ 50l

—Fgfl_:y:pl)lu(v x(v)) — p(v, X())ldv + || f F(fl__—l:lf)lx(v) X()ldv}
+Z"‘" f ST 0= D x(w) — L Tl
. [TOEE it X)) — 10 T + 11 [ ("}(_Kf’)_mz)_llﬂv)—ﬂv)'dl’}

T — k1—1
+Iaz|f( V) 1{(v, x(v)) — {(v, x(v))ldv

['(k1)
(T U)K1+p1 ( _U)KI—K2—1 _
, wlﬂ(v x(v)) — u(v, X(V))ldv + |2, f mlx(v)— x(v)ldu}}

’ o )Kll _
Hox0 142 f f £, X(0)) = ¢t 500l dud

k1—1 _ 1
f f f ((U . ( W Mu(w, x(w)) — p(w, x(w))ldwdudv

['(k1) I'(p)
K1—ky—1
+|2,)| f r( 1)_ . () = X(u)|dudv)
& -v! _
+Z| 7il f ooy K@) — L Fw)idv
(f] )K|+p 1 _ g (‘f} _ U)K]-Kz—] 3
+  TTei) lu(v, x(v)) — u(v, x(v))|dv + |1,  Ta ) IX(v)—x(v)Idv}

T T — pya—2
+la| fo o e x) — £ K

T (T )K1+p 2
o I'ky+p—1)

b f e ffﬂx(v)—x(vndv}}}}

(k1 + D(T + gl T + Z o) + gk aaa T + Z i)

i=1 j 1
L,
4Tk + p+2)

(v, x(v)) = (v, x(v))ldv

IA

[|/11|F(K1 2){

+orlAEH + gl A T - T]'q“l} + {(/q +p+ 1)(T"'+”

d q
+p—1(|a2|TK1+p + Z |wi|77:~q+p) + P_Z((Kl + p)lag| TP + Z |yj|§;‘,‘+”)) + p1lA g

i=1 j=1
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| 5]
|C(ky — k2 +2)

d q
# Q1o ™)+ (k= kel T 4 ) by 7)) + pilnfe !
i=1 =
e A ] (P
< 19+l

AT P — e {1 = k2 + D(T™ + Gy (lan T

which implies that the operator “V is a contraction by the condition (H;). Hence the operator V has a
unique fixed point by Banach fixed point theorem. In consequence, there exists a unique solution for
the problem (1.1)—(1.2) on [0, T]. O

Remark 3.2. In Theorem 3.1 we used the following form of Banach fixed point theorem from [21]: “Let
X be a Banach space, D C X be closed and F : D — D is a strict contraction, that is, |Fx— Fy| < k|x—y)|
for some k € (0, 1) and all x,y € D. Then F has a fixed point in D.” If we use the form of Banach fixed
point theorem from [22]: “Any contraction mapping of a complete non-empty metric space M into
itself has a unique fixed point in M?”, then the condition Ly + Q, < 1 can be omitted if we use the
well-known Bielecki’s re-norming method.

In the following result, we apply Krasnosel’skii’s fixed point theorem [22, 23] to establish the
existence of at least one solution for the boundary value problem (1.1)—(1.2).

Theorem 3.3. Let {,u : [0, T] X R — R be continuous functions such that

(H3) we can find B1,6, € C([0,T],R") with ||Bll = max{||Bill, |B:l} such that |{(t,x)| < Bi(t) and
lg(t, x)| < B2(2), for all (t,x) € [0, T] X R.

Then the problem (1.1)—(1.2) has at least one solution on [0, T] if Q, < 1, where Q, is given in (3.2).

Proof. Let B, = {x € C : ||x|]| < @} be a closed ball with & > ||8]|2;(1 — Q,)~! and define operators V;
and V, on K, — C by

(l )/q 1 ( )K1+p—1
(Vi) = m\[ o wxwmw+j3TC:—T(uwav
o € - vy
w@@d R Ty Xy + | Ze (. x)de)

(g = vy ! (g = vy
+ Z Wi . T{(U, x(v))dv + . wﬂ(l), x(v))dv}

(T _ U)Kl 1 T (T _ v)/q+p—l
B f I B S Ty

k1—1
+Pz(t) A, f f e T ) ——(u, x(u))dudv

— K11 _ -1
f f f (U F(Z?) (u r(v;; ):u(Wa x(W))deudv}
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(Vax)(@) =

,U)K1+p—1

_ k1—1 j R
+ Z Yi f & —v) —— (v, x(v))dv + &

I B A

N2 T S, \K1+p-2
_a4 f (T ) g(v, X(U))dv + u#(v’ x(U))d‘U}}}, tE [0, T],

T(k — 1) o Tki+p—1)
jj{ 0 %x(v)du + pl(t){Al O‘ %x(v)du
+ Zl o Oni —(”r;q“)_ml v - a OT —(Tr;:)_Kz)l X))
+p2(t){A2 fn ' Ov%x(u)dudv+ ]Z::yj O‘j %x(v)dv
—ay OT g{:_”—ﬁf;x(u)du}}, t€0,T].

Observe that V = V, + V, on B,. Let us now verify the hypotheses of Krasnosel’skii’s fixed point

theorem [23].

(i) For x,y € K,,, we have

(V1) + (Vay)ll = SUP (V1)) + (Vay) ()|

t€[0,T]
(t - )Kl (t = vy
< tes[lgg] ] f T (v, x(v))ldv + f T+ ) lu(v, x(v))ldv
& - ) )
+|p1<r>|{|A1|{ ﬁmv  X(W))ldv + mlu(v, x(w))ldv)

_ k1—1 i L k1+p—1
+Z|w| f OO sopidv+ [ B, i)

['(«) o Ik +p)

T Kk1—1 K1+p—1
+a f T v, xwpldo + f e lutw x|

['(ky) p)

+|P2(t)| A, f f W= M)l | (u, x(u))|duduv

I'(k,

(v —up~! (u— w)P!
f f f ( T(x) ) )Iﬂ(w,x(w))ldwdudv}

_ K1— &j L K1+p-1
+Z| il f G ot + [ E 2 s

(k1) 0 [k + p)
{ ( _U)Kl -2 ( _U)K1+p 2 }
+layl f | (v,X(v))Idv+f =, X(v))ldv}
Ny Ta-1n o Tk+p-D"
! K1—kpy—1
(t—v)ya "
Hlf [ bl
Wy T -x) ©
AIMS Mathematics Volume 6, Issue 4, 3319-3338.
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IA

<

K1—K2 _ K1—kpy—1
Hooifial f € v) |y(v>|dv+2|w| [ las

I'(ki =Kk +1) ['(k; — k2)
T T K1—ky—1 K —ka—1
e | %ly(vﬂdv}ﬂpz(l)l A f f %wndudv
(6] ) R 1 (T — vy 2
+ZI v | S —ay P tlal | mly(v)ldv}}}},
Bl

d
m{(fq + 1)(TK1 +p_1(|a2|TK1 " ; Iwiln?)

q
+P_2(K1 |Cl4|TK1—1 + Z b,]lg;l)) + 0 |A1|§K1+1 +p-2|A2”TK|+1 _ 77K]+]|}
j=1

s3]
4T (k) + p +2)

{1+ p+ D(T + il T + Z i)
i=1

q
02k + PaT 74y I€07)) + GilAET P 4 ol Agl| TP+ — et
j=1
N |2]cr
|UIC(k1 — k2 +2)

{(Kl — Ky + 1)(TK1—K2 +p—1(|a2|TK1—K2 + Z |wi|n;<1—/<2)

i=1

q
+pa((k = )Iaal T+ 3 [y €6079)) + GrIAIIE ™ 4 plAgl| T — et
j=1
1181921 + aQ; < «a,

which implies that Vx + V,y € B,,.

(ii) In this step we show that V; is compact and continuous. Clearly continuity of { and ¢ implies
that the operator V) is continuous. Furthermore, V; is uniformly bounded on B, as ||V x]| < [|B]|€2;.
Next we establish the compactness of the operator V;. Let us set sup, co.r1xs, 1€ X)| = ¢ and
SUP; vero.71x8, (LX)l = 1. Then, for 71,7 € [0, T], 71 < 72, we have

[(V1x)(72) = (Vix)(71)

[ (tr: - ”)Kl_li(;l()“ ") o, o + —(”r_(:l);_l {(w, x(w))dv
+(pl(T2)—Pl(Tl)){A1{ e twaonns [ )
+Zw, f ("’F_( ))Kl 1{(v,x(v))dv+ Om %y(u,x(u))du}

—ar] O %{(v,x(v))dv+ OT%#(U,x(U))dU}}
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+(p2(12) — Pz(ﬁ)) A, f f (vr(u)‘ C(u, x(u))dudv

K1 — _ 1
f f (v u) (u w)P~ )'u(w,x(w))dwdudv}

[(xy) I'(p)
& —vyp! (& — vyt
+ Z f JF( S {(v, x(v))dv + | ]r,(lq—+]))/1(v, x(v))dv}
T(T - vy~ (T vt
—a4{ 0 m{(v, x(v))dv + ) F(K1+—p—1)'u(v’ x(v))dv}}}’
< |/11|1"(§—1)[(K1 + D75 =1+ 2(r, = T)")

+lo1(12) = pr(e)l{ky + 1)(Jaal T +Z|w Irit) + 1A e )

i=1

q

Hoa(12) = ool k1 + DkilaalT ™+ >y ) + 1Al T = n“‘“}]
j=1

ALt p e DA =774 20 = 7))

+
| (k1 + p +2)

d
+|,01(T2) _pl(Tl)l{(Kl +p+ 1)(|(12|Tkl+p + Z |wi|nfl+[’) + |A1|§K1+p+l}

i=1

q
+lo2(12) _pZ(TI)l{(Kl +p+ 1)((K1 + p)lag| T P! 4+ Z |yj|§;1+”)

=

+|A2||Tkl+p+1 _ 77K1+p+1}]_> 0’

independently of x € B, as 7, — 7y — 0. Therefore, V; is equicontinuous. Thus YV is relatively
compact on B, by the Arzeld-Ascoli theorem.
(iii) In view of the assumption ), < 1, one can easily show that the operator V, is a contraction.
From the steps (i)—(iii), it is clear that the hypotheses of Krasnosel’skii’s fixed point theorem [23]
are satisfied and Hence its conclusion implies that the boundary value problem (1.1)—(1.2) has at least
one solution on [0, T']. The proof is completed. O

The following result is based on Leray-Schauder nonlinear alternative [24].

Theorem 3.4. Let Q, < 1 where Q, is given in (3.2) and {,u : [0, T] X R — R be continuous functions
such that the following conditions hold:

(Hy) 1£(t, 0l < pr@yn(Ix]), |u(z, 0l < p20)a(lx]) for each (2, x) € [0, T] X R, where
Wi 1 [0, 00) — (0, ) are continuous nondecreasing functions and p; € C([0,T],R"), i =1,2;
(Hs) There exists a constant K > 0, such that
(1-9Qy)K o1
(1l (K) + [ palla(K))L2
Then the problem (1.1)—(1.2) has at least one solution on [0, T].

(3.3)
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Proof. Let us verify that operator V defined by (3.1) satisfies the hypotheses of the Leray-Schauder
nonlinear alternative [24].

Step 1. We establish that operator ¥V maps bounded sets (balls) into a bounded set in C. For a
number ¢ > 0, let B, = {x € C, [|x]| < ¢} be a closed ball in C. Then, for z € [0, T], we get

IVl = sup. (V) @)l

t€[0,

< sup { f - )Kl U, x@)ldv + f Uk P
0,71 Uil [k ['(ky + p)
Lt —vyaer! & —-v)"

+| o] | mlx(v)ldu + |P1(T)|{|A1|{ T+ )|§(U , X(v))ldv
(& —vyarr (f —v)aT

lu(v, x(V)ldv + |12 f Ix(v)ldv}

o I'ki+p+1) o I'(ki =Kk +1)

i _ k-l i (n. — 1y)<1+p-1
+Z|w| o (w2 + 0 %ww,xwmdv

Ni (1. _ 2, \KI—Ka—1 T T — )yl
el [ o) + ool [ et
T (T _ U)K1+p 1 — )Kl—Kz—l

(T
+ , wW(U x(v))ldv+|/12|f ﬁ

T w—uwa!
+|Pz(f)|{|A2|{f Tli(u,x(u))ldudv
n 0

u (U u)K] ( _W)p_l
fff( (k) T(p) u(w, x(w))ldwdudv

— K1—k2—1 _ k1—1
+l,| f O dudu + Zm f G, sl
n

|x(u)|du}}

[(ky — k2) [(kp)
(g vyt ff (- vy
; T_”W(U,X(U)NdU‘FMﬂ , WU(UNCIU}
(T -y e [T .
+Ia4|f T = 1) —— (v, x(v))|dv + ; 1"(]+—)|'u(v x(v)ldv

) f e 12)|x(v>ldv}}}}

< (Pl () + [Ip2ll2(6)Q1 + €2,

Step 2. We will prove that V maps bounded sets into equicontinuous sets of C. Let 01,0, € [0, T] with
01 < 02. Then

I(‘Vx)(02) = (Vx)(01)]

llp1lli(s) — .
m[(Kl +D(loy — 0yl +2(02 —01)™)

+p1(02) = prlenlf (i + D(laal T + > lwn?) + 14,1}

i=1
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q
+oa(02) = palon)lf(k + D(kilaal T+ 3" [y 1€5) + 1Al T+ = n““|}]

=

P2l (<) a ) )
Pl [(Kl +p+ D05 = 0 + 2(02 — 01) )

4Tk + p +2)

d
+oi1(02) = prl@lftks + p+ D(1alT + > oy ™) + 1A, Jg 7+
i=1

q
+lpa(02) — pa(DIf(k1 + p + (k1 + p)lasl T + Z [y 1€57)
j=1

§|/12| K| —K K| —K:
[(m — ko + 1) = 07

|4 T (k) — k2 +2)

+|A2||TK]+p+l _ nkl+p+l}]+

d
+2(02 —01)" ™) + |p1(02) _pl(Ql)l{(Kl — Ky + 1)(|Cl2|TK]_K2 + Z |wi|77;-<l_K2)
i=1

+|A1|§K1_K2+1} + |p2(02) —Pz(Q1)|{(K1 — Kyt 1)((K1 — Ky)lag| T 7!

q
b )+ AT = e o,

=1

independent of x € B. as p,—0; — 0. So V is equicontinuous. Therefore, the operator V is completely
continuous by the application of the Arzeld-Ascoli theorem.

Step3. We will show that the set of all solutions to equation x = ¥#Vx with ¢ € (0, 1) is bounded.
From Step 1 we get

(D1 < (IpallgadlxlD) + [Ip2llg2(llxl))€21 + [1x]1€2, 7 € [0,T],
which implies
(1 - Q) 3
(Pl CllxlD) + I p2llg2(1x1))€2
From (Hs) there exists K > 0 satisfying ||x|| # K. We will introduce a set

U ={x < C(a,b],R) : ||Ix]| < K} (3.4)

and V : U — C is continuous and completely continuous. Thus, by choice of U, there does not exists
any x € 0U satisfying x = 9Vx for some ¢ € (0, 1). Consequently the operator V has a fixed-point
xeU by Leray-Schauder nonlinear alternative [24], which means that the problem (1.1)—(1.2) has a
solution on [0, T']. O

4. Mixed nonlinearities case

In this section, we consider a multi-term fractional differential equation involving three types of
nonlinearities of the form:

A EDx(1) + A CDh(t, x(1) = £(t, x(0)) + IPu(t, x(1)), “4.1)
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where /i : [0,T] X R — R is a continuous function, while the other quantities are the same as defined
in the problem (1.1)—(1.2).

In this case, the fixed point operator ¥ : C — C associated with the Eq (4.1) complemented with
the boundary conditions (1.2) is

)K1+p—1

k1—1
(Fo) = ﬂl f @ = () £ (v, x(v))dv + f U=V xw))du

I'(k1 + p)
¢ -~
~A, ) mh(v, x(v))dv +p1(t){A1{ T+ ){(v , x(v)dv

(é: - U)Kl+p (é‘: _ )K] K
0 F(K1+—p+1)ﬂ(v’ X(U))dv—/bj:mh(v x(v))du}

(t _ U)Kl —kr—1

d i L k1—1 i L k1+p—1
+ Z a),-{ ! M{(U, x(v))dv + ! M,u(v, x(v))dv
i=1

0 ['(k1) o Ik +p)
_ )Kl—l

7]i (771' _ U)K[-Kz-l T (T
| T X)) —aof fo ooy @)y

T (T _ U)K1+[)—l T (T _ U)Kl—Kz—l
n fo ﬁﬂw, x(v))dv — A, fo Wh(v’ x(v))dv]}

+p2(t) A f f (“;( 1))1 (u, x(u))dudv (4.2)

(U_“)K‘ ! (M—W)’"1
f f f [(ky) T(p) ):“(W’ x(w))dwdudv
(U— u)Kl —Kk2—1
—/bf f T(ky — k2) h(”’x(u))dudv}

q _ k1—1 &j L Kk1+p-1
+ 27 f E fwwnav+ [ st

—A

=1 (k1) o T +p)
i (& — vy (T — vy2
—A ; mh(v x(v))dv —a4 f m{(v, x(v))dv
T (T )K1+I7 2 (T _ ,U)lq —kp—2
0 r(/<1+—p)“(v » X)) = A 5 mh(v, x(v))dv}}], t€[0,T].

Now we present a uniqueness result for the problem consisting of the Eq (4.1) and the boundary
conditions (1.2). We do not provide its proof as it can be obtained with the aid of the operator defined
in (4.2) by following the procedure used to accomplish Theorem 3.1.

Theorem 4.1. Assume that:
(Hy) ¢, u,h:[0,T] xR — R are continuous functions satisfying the conditions:
|§(t’ x) - é(t’ y)l < Lll-x - )’|, |/J(ta X) - /J(t’ )’)| < L2|x - yl’ |h(t’ x) - h(t’ )’)| < L3|x - )7|,

Li,L,,L5 >0, forallt € [0,T], x,y € Rand |{(t,0)] < M; < oo, |u(t,0)] < M, < oo, |h(t,0)] <
M; < oo, forallt € [0,T];
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(Hy) LA < 1, where L = max{L;, L,, L3}, and

1

d
e D e+ 3 o)

i=1

A =

q
+P_2(K1|a4|TK.—1 + Z |7j|§§')) + AAIET 4 gl AT — n,qﬂl}
=1

{(K1 +p+ 1)(T:<1+p +p1(|a2|TK‘ P4 Z |w,; |nK1+p)
i=1

q
+02((k + PaT 7+ 3 [y €077)) + pilA €7 + ol Al TP
j=1

1
+—
'y +p+2)

d
P 0 e+ )

q
+P_2((K1 — kp)lag| T~ + Z |7j|§']<'] _Kz)) + p1lA, gt
=

+p—2|A2||TK1—K2+1 _ nK[—K2+1|}:|‘
Then the Eq (4.1) complemented with the boundary conditions (1.2) has a unique solution on [0, T].
5. Examples

Here we illustrate the results obtained in the previous sections by numerical examples.

Example 5.1. Consider the following problem

9 <D x(t) + % D33 x(r) = (1, x(t)) + Pu(t, x(1)), t € [0,4],

1.5 1
2x(0) +3x(4) = d - 2 ,
x(0) +3x(4) fo x(v>v+Z A2+ —) 5.1)

n+1
5x'(0) +3x'(4) =2 f

£, x() =

155+1)

where

;(tan "x+ 1)

V144 + 22 5

e—St 2 ¢ 2
( x(1) )+ <

15+ 1\ + |x(p)| 9

1
H€F€K1:1.75, K2:1.33,p:2, /11:9, /1225, a1:2, 02:3, 613:5, 0423, A1:1,A2:

2, n =2, &£ = 1.5. Using the given values, we obtain Q0 ~ 6.476083916, Q, ~ 0.1380931002 and

u(t, x(1)) =

1 1
@, ) = L6y < e =y e, ) = p(e. )] < 2l =,
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1 1 1
L = ok , Ly = s and L = max{L,, L,} = o Moreover, we have LQ; + Q, ~ 0.6777667599. As all
the assumptions ot Theorem 3.1 are satisfied, the boundary value problem (5.1) has a unique solution

on [0, 4].

Example 5.2. Consider the following problem

5 cD1.25x(t) + CDI'OSX(Z) = (t, x(1)) + I%lu(l x(1)), t € [0,5],

0.5
7n+2
2x(0) + 0.5x(5) = 0.2f x(v)dv + nx
Z ) (5.2)
4x'(0) + 3xX'(5) 5f (v)d +Z 3n+1)
X X = x(v)dv
3 1+n 2(n+ 1)
where 5
in~ t 2
£t x) = tzi'nzlﬁ(z sin x + 2cosx +10) + 5.
cos’t 1, 2
u(t, x) = dtan'x+cot i x+ =)+ =.
V1+t4( 2) 5
Notice that
l4sin*t 2 (6rr + 1)cos’t 2
LX) < ———— + = =6,00), |ut,x)| < —————— + = = B,(d).
(2, 0| Ti27 10 Bi(D), |, x)| Nowr 5 Ba(1)
1
Here k1 = 1.25, x, = 1.05, p = > =5 b=1a =2, a =05, a3 =4, ay, = 3,A; =
20 56r+1)+4
02,A, =5, n1=3, =056l = 5 182l = % Using the given values, we obtain that

Q, =~ 0.7439599002 < 1. Therefore, the hypotheses of Theorem 3.3 holds true and consequently its
conclusion implies that the boundary value problem (5.2) has at least one solution on [0, 5].

Example 5.3. Consider the following problem
5¢D"x(t) +0.5<D" ”h(t X) = g’(t x(t)) + Bu(t, x(1)), t € 0,3],

0.6x(0) + 2x(3) = f
0

1
15
T 1) (5.3)

0.5x'(0) +3x'(3) = 0. f X(U)d“+22(1+n) (5+n)

1.5

where | |
g(t, X) = m(sinx +10) + Z,

-4t 1
u(t, x) = cot'x+ =),
V36 + t( 2)
1 -1
h(t, x) = T t4(tan x+12),
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K1 = 195, Ky = 135, P = 8, /l] = 5, /12 = 05, a) = 06, a = 2, as = 05, as = 3, A] = 1,A2 =
1
0.6, n=1.5, £ =0.5. Using the given values, we obtain A ~ 3.233037708, and L = 3 as

1 1 1
|§(I,X) —f(t,y)| < §|X—)’|, |,Ll(l,)C) —/J(ta)’)| < 6|x—)’|, |h(l,X) _h(t’y)l < EPC—)’L

1 1 1
where L| = 7 L, = & Ly = T and L = max{L;, L,, L3}. Moreover, we have LA ~ 0.5388396180.

As all the assumptions of Theorem 4.1 are satisfied, the boundary value problem (5.3) has a unique
solution on [0, 3].

6. Conclusions

We presented different criteria for the existence of solutions for a nonlinear multi-term fractional
integro-differential equation equipped with non-separated integro-multipoint boundary conditions.
We also discussed a variant of the main problem involving fractional-order, non-integral and
Riemann-Liouville type integral nonlinear terms in the fractional integro-differential equation. The
results obtained in this paper are of quite general nature as we we can record several interesting cases
(new results) by specializing the parameters involved in the problem at hand. For instance, our results
correspond the ones for initial integro-multipoint conditions if we take a; = 0 = a4. On the other
hand, by fixing a; = 0 = a3 in the results of this paper, we obtain the ones for terminal
integro-multipoint conditions. In case, we fix A; = 0 = A,, our results become the ones associated
with non-separated multipoint boundary conditions.
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