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Abstract: Let u be a positive Borel measure on the interval [0, 1). The Hankel matrix H, = (Un+i)n>0
with entries (,x = ty+x induces the operator

7‘{,u(f)(z) = i (i ,un,kak) 7"

n=0 \ k=0

on the space of all analytic functions f(z) = ", a,Z" in the unit disk D. In this paper, we characterize
the boundedness and compactness of H,, from Bloch type spaces to the BMOA and the Bloch space.
Moreover we obtain the essential norm of H,, from 8 to 8 and BMOA.
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1. Introduction

Denote by H(DD) the space of all analytic functions on the unit disk D = {z : |z| < 1} in the complex
plane. For 0 < p < oo, we let H” denote the classical Hardy space. If f € H(D) and

Ifllsrsroa = | (O)] + sup[lf o pa = f(@lly2 < o,

aeD

we say that f € BMOA. Here ¢,(z) = +=, a € D, is a Mobius transformation of D. Fefferman’s

1-az

duality theorem says that BMOA = (H')*. We refer to [10] about the theory of BMOA.
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LetO) < @ < 0. An f € H(D) is said to belong to the Bloch type space (or called the a—Bloch
space), denoted by 8, if
Ifllz= = sup |f"@I(1 = [2*)* < eo.

zeD

The classical Bloch space B is just B!. It is clear that 87 is a Banach space with the norm ||f]| =
|£(0)| + || fllg-. See [21] for the theory of Bloch type spaces.
For a subarc I c dD, let S (1) be the Carleson box based on / with

Sh={zeD:1-|<l]<1 and|z—|el}.
vé

Here |I| = 27)7! f,|d§| is the normalized length of the arc 1. If I = dD, let S(I) = D. For 0 < 5 < oo,
we say that a positive Borel measure u is an s—Carleson measure on D if (see [7])

_ u(S (1))
lull = sup ——=
IcoD |I|

< o0

We say that a positive Borel measure u is a vanishing s—Carleson measure on D if

usSA)
-0 || =0

Here and henceforth sup,_,, indicates the supremum taken over all subarcs I of 0D. When s = 1,  is
called a Carleson measure on D. It is well known that, for any f € H?(0 < p < o),

f P < I,
D

if and only if u is a Carleson measure. See, for example, [8].
A positive Borel measure p on [0, 1) can be seen as a Borel measure on D by identifying it with
measure y defined by
WE) = n(EN[0,1))

for any Borel subset E of D. Then a positive Borel measure p on [0,1) is an s-Carleson measure if there
exists a constant C > 0 such that (see [11])

u([t, 1)) <CA —-1)'.

A vanishing s—Carleson measure on [0, 1) can be defined similarly.

Let u be a finite positive measure on [0, 1) and n = 0, 1,2, - - -. Denote u, the moment of order n of
u, thatis, u, = f[O,l) t"du(t). Let H, be the Hankel matrix (i, x)n x>0 With entries pt, x = p,+r. The matrix
‘H,, induces an operator, denoted also by H,,, on H(D) by its action on the Taylor coefficient:

(o)
a, — Z,un,kak,n =0,1,2,---.
k=0

More precisely, if f(z) = Yo, ad* € H(D), then

Wu(f)(z) = i (i /Jn,kakJ Zn,

n=0 \ k=0
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whenever the right hand side makes sense and defines an analytic function in D.
As in [9], to obtain an integral representation of H,,, we write

Lno= [ LU0, (1.1

whenever the right hand side makes sense and defines an analytic function in D.

If u is the Lebesgue measure on [0, 1), then the matrix H,, is just the classical Hilbert matrix H =
(le)n’kzo, which induces the classical Hilbert operator H. The Hilbert operator H was studied in
[1,2,4-6,14]. A generalized Hilbert operator was studied in [11, 12, 14, 15].

The operator H, acting on analytic functions spaces has been studied by many authors.
Galanopoulos and Peldez [9] obtained a characterization that H, is bounded or compact on H L
Chatzifountas, Girela and Peldez [3] described the measure u for which H, is bounded (compact)
operator from H” into H?,0 < p,q < oo. See [13] about the Hankel matrix acting on the Dirichlet
space.

Let X and Y be two Banach spaces. The essential norm of a continuous linear operator 7 between
normed linear spaces X and Y is the distance to the set of compact operators K, that is, ||T||X~Y =
inf{||T — K|| : K is compact}, where || - || is the operator norm. It is easy to see that ||T||X~" = 0 if and
only if T is compact. See [16, 19] for the study of essential norm of some operators.

In [11, 12], Girela and Merchén studied the operator H,, acting on spaces of analytic functions on
D such as the Bloch space, BMOA, the Besov space and Hardy spaces. The paper generalizes some
results of [11]. Moreover we also characterize the essential norm of H,, from 8 to 8 and BMOA. We
first acknowledge that the proof of part result are suggested by the technique of [11].

In this paper, C denotes a constant which may be different in each case.

2. The operator H, : B* - BMOA (8),0 <a <1

In this section, we characterize the boundedness of H,, from B into the BM OA and the Bloch space
when 0 < @ < 1. For this purpose, we need some auxiliary results.

Lemma 2.1. [2]1]If0 < a < 1, then f € B are bounded. If a > 1, then f € B if and only if there
exists some constant C such that

lf@)I < RISEEER

The following lemma can be found in [18] (see Corollary 3.3.1 in [18]).

Lemma 2.2. Ifa, | 0, then f(z) = X", a.z" € B if and only if sup, na, < .

Theorem 2.3. Let u be a positive measure on [0, 1) and 0 < a < 1. Then the following statements are
equivalent.

(1) The operator H,, is bounded from B* into B.
(2) The operator H,, is compact from B into B.
(3) The operator H,, is bounded from B* into BMOA.
(4) The operator H,, is compact from B into BMOA.
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(5) The measure u is a Carleson measure.

Proof. (1)= (5). Assume that the operator H,, is bounded from 8 into B. Let f(z) = 1 € 8. Then

H.(f)(2) = i (i #n,kakJ 7' = i UnoZ' € B.
n=0

n=0 \ k=0

€

Note that y, ¢ is positive and decreasing. For any 0 < A < 1, we choose n such that 1 — }l <A<1l--—5.

Lemma 2.2 gives that

u([4, 1))

1 1
o = 'du(t) > nd" du(t) > )
00 > nflyp nfo u(®) = n ﬁ (1) )

The above estimate gives that u is a Carleson measure.
(5)=(3). Assume that yu is a Carleson measure. Lemma 2.1 implies that 8% is a subspace of H'
for 0 < @ < 1. Then H,(f) is an analytic function for any f € B by Proposition 1 in [9]. Moreover,

H,(f) = L,(f) for any f € B
For any given f € 8¢,

f |f(f)|dﬂ(l‘)ﬁ||f||zawf du(r) < co.
[0,1)

[0.1)
27
ﬁ \f[;).l)

forany f € 8%, g€ H' and 0 < r < 1. It is easy to obtain that

Then we have .
f(n)g(e™)

T | dudo <

21 _
fo L(f)(re®)g(e?)do = f()g(rdu(t) (2.1)

[0.1)

whenever f € B and g € H'. The reader can refer to the proof of Theorem 2.2 in [11]. Using (2.1),
we have

f(Og(rt)du(t)

[0.1)

21
fo L(f )(reie)g(eie)dé" =
<l fllge f lg(ro)ldp(r)
[0.1)

27
Sll,ullllfllgwf |g(re”)\d6
0

<[l fllge llgll g -

We obtain H,(f) = 1,(f) € BMOA for any f € 8 by Fefferman’s duality Theorem.
(5)=(4). Assume that u is a Carleson measure. Then H, is bounded from 8% to BMOA and
H,(f) = L(f) forany f € 8,0 < @ < 1. Let {f,} be any sequence with sup, ||f,llg- < 1 and

lim, ., f2(z) = 0 on any compact subset of D. Then we have sup_., |f,(z)] — 0 as n — oo by Lemma
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3.2 in [20]. Applying (2.1) again, we have

fo(Hg(rt)dput)
[0.1)

21
' fo Iu(fn)(reig)g(eia)dG‘ =

< sup |f,(0)] lg(ro)ldp()

O<t<1 [0.1)
< sup |fu@Illellllgll g -

O<t<1

Then )
lim f L(f,)(re)g(e®)do = 0.
n—oo 0

This prove that lim,,_,., H,(f,) = lim,, 1,(f;) = 0. So H,, is compact.
The other cases are trivial. The proof is complete. O

Corollary 2.4. Let u be a positive Borel measure on [0, 1). If H, is bounded from B* to B for any
O<a<l,then
IHNZ ™% = |IH, |12 7504 = 0.

3. The operator H, : B* — BMOA (B), a > 1

In this section, we will give the essential norm of the operator H, from B to BMOA and 8 when
a > 1. The following lemma will be needed in the proof of the main results.

Lemma 3.1. Let u be a positive Borel measure on [0, 1) and a > 1. Then the following conditions are
equivalent.

(1) oo, (1= D'"du(1) < co.
(2) For any given f € B, the integral in (1.1) converges for all z € D and the resulting function 1,,(f)
is analytic on D.

Proof. (1)=(2). We assume that (1) holds. Lemma 2.1 gives
f lf(Dldu(@) < Cl|fllg- (1= 2)""du(®) < Cl|fllz-. 3.1
[0,1) [0,1)

This implies that

f lf @) d,u(l‘)SC”f”Ba
[

o 11 —1z 1 -1z

forany f € 8% and z € D. By (3.1) we have
sup f " f(Odu(t)| < oo. (3.2)
n>0 [0,1)

(3.2) and Fubini’s Theorem give that the integral f[0,1) {%?Zd,u(t) converges absolutely for any fixed
z € D. Then we have

[

S 3 (f 0 ) 0
d = d , D.
(1) § [O’l)t fdu))Z", ze€

oy -1z oy
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Hence I,(f) is a well defined analytic function in D and

(o8]

L()(2) = Z( o t"f(t)dp(t)) 7', zeD.

n=0

(2)=(1). Let f(z) = (1 —2)'"®. Then f belongs to 8. So I,(f) is well defined for every z € D. In
particular,

1,()(0) = (1 =n'""du(r)

[0,1)
is a complex number. Since u is a positive Borel measure on [0, 1), we get the desired result. The proof
is complete. m|

Lemma 3.2. Let u be a positive measure on [0,1) and @ > 1. Let v be the positive measure on [0, 1)
defined by
dv(t) = (1 = " du(r).

Then the following conditions are equivalent.

(1) pis an a-Carleson measure.
(2) vis a Carleson measure.

Proof. (2)=(1) Note that v([#,1) < (1 —¢) and du(?) = (1 — ) 'dv(t). We have
utr ) = [ (1= s ldvis) < (1 — o | v < (-1
(1)=(2) Note that u([1, 1)) < (1 — £)°. Integrating by parts, we obtain
. = [ (1 - 9" du(s
(1= 0" e, 1)+ @ 1) [ (1 - 9 u(ls. yds

1
s(l—t)+(a/—1)f ds
s(1-0.

The proof is complete. O

Lemma 3.3. Let f(z) = 3"y a.2" € B for any a > 0. Then

2n+] 2
a
sup > 'ka—kl < IS (3.3)
" k=2n+1

Proof. Forany 0 < r < 1 and f(z) = Yoy ax7* € B%, we have
21

(L= | 1f (re”)Pd6 < || flig.-
0
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This gives that

[Se]
D RlaPr <11 (1= 7.
k=1

Choosing r = 1 — 27" for any fixed n, we obtain

2)1+1
Z Klag(1 =27 < || fllg. 2" (3.4)
k=2"+1
Then (3.3) follows by (3.4). O

A complex sequence {4,}%, is a multiplier from /(2, o) to {! if and only if there exists a positive
constant C such that whenever {a,}>, € I(2,00), we have 37 [1,a,| < Cll{a,}lli2.c0)- (2, 00) consists
all the sequences {b};7, for which

(o)

2n+l 1/2
{[ Z |bk|2] } e,
k=2"+1 =0

The following result can be found in [17].

Lemma 3.4. A complex sequence {A,}; , is a multiplier from 1(2, o) to I' if and only if

1/2

i{ 22 |/1k|2) < 0.

n=1 \k=2"+1

Theorem 3.5. Let u be a positive measure on [0,1) and @ > 1. Then the following statements are
equivalent.

(1) The measure u is an a-Carleson measure.
(2) The operator H,, is bounded from B into B.
(3) The operator H,, is bounded from B* into BMOA.

Proof. (3)= (2). Itis trivial.
(2)=(1). We suppose that H,, is bounded from 8 into B for @ > 1. Forany 0 < A < 1, let

(o)

_ 1= " 3.5
fA(Z)—m—;ak,xZ , (3.5)

where a;, = O((1 — r?)k*~'2%). It is easy to see that f; € B2, Then

H.(f)(2) = i (i ﬂn,kak) '€ B

n=0 \ k=0
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Lemma 2.2 gives that

()
o0 >supn Z MnkQk.2
" k=0

sl 1
=supn(l — 2%) Z ke Ak f "R du(r)
n 0

k=0

0 1
>supn(l — 2%) Z k>t Ak f " du(r)
n A

k=0

> supn(l = AAAu(A, 1) Y k2%
n k=0
2

n 1 -
= sup na mﬂ([ﬂ, 1)).

We choose 7 such that 1 — % <A<l1- nl? We have

1

So u is an a—Carleson measure.

(1)=(3). Assume that the condition (1) holds. Lemma 3.1 shows that ,(f) is analytic on D. Let
f2) = X pa,d" € B*. By Lemma 3.3 we have that the sequence {ai/k* "} € 1(2,00). Since u is an
a-Carleson measure, we have y; < k% by Lemma 2.7 in [11]. There exists a constant C such that

1/2

oo n+l o n+l 0
S S| <[5 A <See
n=1 \k=2"+1 n=1 \k=2"+1 k n=1 2

This shows that the sequence {1k®~'} is a multiplier from /(2, o) to [' by Lemma 3.4. Note that {1, }* |
is a decreasing sequence of positive numbers. Given any f(z) = X,., a,2" € B* for @ > 1, we have

= = O Ml

k k
Z lnskar] < Z lral < Z kl-a a1
k=1 k=1 k=1

1/2

2n+l_1
|l
< Csup[ Z sz"_l) < Cllfllg.

This implies that H,,(f)(z) is well defined for all z € D and H,,(f) is an analytic function in D. Applying

AIMS Mathematics Volume 6, Issue 4, 3305-3318.
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Fubini’s Theorem, we get

H.(N2) = i (i n+kak) = i ax [i ,un+kz”]

(e a
du(t) =1, .
2T = LR
Note that |f(#)| < (1 —)'"® by Lemma 2.1. Applying (2.1) and Lemma 3.2, we have

F(Og(rHdut)

[0.1)

21
fo L(f )(reia)g(ei")d9| =

Sllfllgaf g(rn)l(1 = 1)~ dpu()
[0.)

21
Sllﬂ“”f”B“f lg(re)ld6
0

<leelllfNge llgll e -

We obtain ‘H,(f) = 1,(f) € BMOA by Fefferman’s duality Theorem for any f € 8% The proof is
complete. m|

Theorem 3.6. Let u be a positive measure on [0,1) and a > 1. Then the following statements are
equivalent.

(1) The measure u is a vanishing a-Carleson measure.
(2) The operator H,, is compact from B spaces into B.
(3) The operator H,, is compact from B spaces into BMOA.

Proof. (3)=(2). It is trivial.
(2)=(1). Suppose that H,, : B* — Bis compact. Let f, be defined by (3.5). Then {f,} is a bounded
sequence in B and lim,_,; f;(z) = 0 on any compact subset of D. Then we have

lim [[H, (£0)lls» = 0

The proof of Theorem 3.5 gives that

u([4, 1))

IH.(fa)llge = m-

Consequently, u is a vanishing @-Carleson measure.
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(1)=(3). Assume that u is a vanishing a-Carleson measure. The proof of the sufficiency for the
boundedness gives that H,(f) = 1,(f) and

27
H(f)(e®)g(re®)db

0

< f |f(Dg(roldp(r)
[0.1)

forall f € B* and g € H'. Let {f,} be any sequence with sup, ||f,|lge < 1 and lim,_,, f,(z) = 0 on any
compact subset of D. Then we have

lim /(g (rn)ldp(t) = 0. (3.7

n—oo [O,V)

Since v is a vanishing Carleson measure, where v is defined by dv(t) = (1 — 1)!~*du(t). We obtain

f £ (DgrDldu(o) < f (DI, 5) < v = v, gl (3.8)
[r,1)

[0,1)

where dv,(t) = xo<<-dv(t). It is well known that v is a vanishing Carleson measure if and only if
[lv=v,] = 0,r > 1.
See p. 283 of [22]. Combining (3.7) and (3.8), then

lim (limf |fn(t)g(rt)|dp(t)) =0.
n—oo \ r—1 [0,1)

This prove that lim,,_,., H,(f,) = 0. So H,, is compact. The proof is complete. O

Theorem 3.7. Let 1 be a positive measure on [0, 1). If H, is bounded from B to B for any a > 1, then

B*—8 B*—>BMOA .
NHIT 77 = 1HI, ™ ~ lim sup

(3.9)

Proof. For any f € 8%, we have
IHLONT 7 < IHL NI PMOA,

This gives that
B*—8B B*—>BMOA
IH ™7 S IHll 77

We now give the upper estimate of H,, from B to BMOA. Since H,, is bounded from B to B, then
the operator H,, from 8“ to BMOA is bounded and y is an a—Carleson measure by Theorem 3.5. For
any 0 < r < 1, the positive measure y, is defined by

u®, 0<t<r,
wu(t) = (3.10)
0, r<t<l.

It is easy to check that y, is a vanishing a-Carleson measure. We have that H,,, is compact from B to
BMOA by Theorem 3.6. Then

1FH,, = H,, 17 ~BMO = | finf NHim (Pllsor- (3.11)

llgo=

AIMS Mathematics Volume 6, Issue 4, 3305-3318.
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By (2.1) we have

21
‘L (l_{ﬂ—ur(f)(’”eie)g(eie)de

Sf |g(rt)| (1 =" d(u — u)(®)

[0.1)

<lv =vllglla,

for any g € H', where dv(t) = (1 — )"~ *du(t) and dv,(t) = (1 — t)'"*du,(t). The above estimate gives

o ) u([r, 1)
|H,,|[Z"~BMO4 < lim su )
g D (=)

We now give the lower estimate of H,, from 8% to 8. For any 0 < A < 1, let f, be defined by (3.5).
Then f, € B°. Since f; — 0 weakly in 8%, we have that ||Kf;|| — 0 as 4 — 1 for any compact operator
K on B*. Moreover

IH,, — KIP ™% 2 (H, — K) fills 2 1H, fills — 1K falls.

By the proof of Theorem 3.5 we have

2

I (fﬂ>||g>sganunkamsupnr”(l —h(r )

Let r = A and we choose n such that 1 — ﬁ <A<l1- % We have

1
IH(follg > mﬂ([ﬂ, 1)). (3.12)
Then .
4122 > Tim sup 74, fills 2 lim sup 221
A-1- r—1- (1 )
The proof is complete. O

4. Essential norm of #, on 8

The reader can refer to [11, 12] for the results of H, : 8 - BMOA and H, : 8 — B. In this
section, we characterize the essential of norm of H,, on 8. The following results will be needed in the
proof of the main result.

Lemma 4.1. [11] Let u be a positive Borel measure on [0, 1). Let v be the Borel measure on [0, 1)
defined by

dv(t) = log %d,u(t)
Then the following statements are equivalent.

(1) vis a Carleson measure.
(2) wis a 1-logarithmic 1-Carleson measure.

AIMS Mathematics Volume 6, Issue 4, 3305-3318.
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Lemma 4.2. [11] Let u be a positive Borel measure on [0,1). Then the following statements are
equivalent.

(1) The measure u is a vanishing 1—-logarithmic 1-Carleson measure.
(2) The operator H,, is compact on B.
(3) The operator H,, is compact from B to BMOA.

Theorem 4.3. Let u be an 1-logarithmic 1—-Carleson measure on [0, 1). Then

. = . u([r, 1)) log -~
IHNZ™? = ||H,|[Z~BMO4 ~ lim sup — I
r—1- -

4.1)

Proof. For any f € 8B, we have
IHL(NHIPE < IHLOIFEHOA,

This gives that
B-8B B—-BMOA
IHMT™ < NHMET

We now give the upper estimate of H,, from B to BMOA. Since y is an 1-logarithmic 1-Carleson
measure on [0, 1), the operator H,, from B to BMOA is bounded by Theorem 2.8 of [11]. For any
0 < r < 1, let the positive measure u, defined by (3.10). It is easy to check that u, is a vanishing
1-logarithmic 1-Carleson measure. We have that H,, is compact from B to BMOA by Lemma 4.2.
Then

”7_{#”?—>BMOA <|IH, - (HMHB—>BM0A _ ||fi-|ﬂf—1 H—p, (OllBmoa- 4.2)

By (2.1) we have

27
' f(; Hyup, ()(re?)g(e%)do

< f |f(0)g(rD)| du — p1,)(2)
[0.1)

< f [sGrD)]log ——d(u = (1)
(0.1)

Sl = vellllgllr

where dv(t) = log 5du(t) and dv,(t) = log ;5du,(t). The positive measure v—v, is a Carleson measure
by Lemma 4.1. The above estimate gives

A,1))log %
||,7_{'u||e8—>BMOA < lim sup ﬂ([ )) g 1-1 )
A—=1- -4

We will give the lower estimate for H,. Let 0 < A < 1 and

£1@) = Balog’ . (43)

e

where 5, = log_1 —. Then {f;} is a bounded sequence in 8B and lim,_,;- f3(z) = 0 on any compact
subset of D. Since f; — 0 weakly in B, we have that ||K f;|| — 0 as 4 — 1 for any compact operator K
on B. Moreover

IH, = KIF™P = W(Hy = K) fills = 1 H,fills = 11K flls-

AIMS Mathematics Volume 6, Issue 4, 3305-3318.
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Note that H,(f,) = L,(f1). We have

I f0lls =1 = ) |(Lf0) ’u)\

(A
4 )f Tk

e pu(a,1)

>1 .
Bl -2

The above estimate shows that

B-B S i : [4, 1)) log =
[H,, — KIIZ~* > lim sup [|H,, fills > lim sup K 1)) /lg =y
A-1” a-1- -

The proof is complete. O
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