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Abstract: The focal surface of a generic space curve in Euclidean 3-space is a classical subject which
is a two dimensional caustic and has Lagrangian singularities. In this paper, we define the first de
Sitter focal surface and the second de Sitter focal surface of de Sitter spacelike curve and consider their
singular points as an application of the theory of caustics and Legendrian dualities. The main results
state that de Sitter focal surfaces can be seen as two dimensional caustics which have Lagrangian
singularities. To characterize these singularities, a useful new geometric invariant p(s) is discovered
and two dual relationships between focal surfaces and spacelike curve are given. Three examples are
used to demonstrate the main results.
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1. Introduction

The geometry of submainfolds immersed in de Sitter space is an important subject that has
fascinated many mathematicians and physicists [1-7]. Up to now, different types of surfaces and
curves in de Sitter space such as spacelike curves, timelike curves and null curves have been studied.
For instance, in [1], Wang and Pei considered null Cartan curves in de Sitter 3-space and classified
the singularities of ruled null surfaces generated by these curves. In [2], the authors investigate the
singularities of normal hypersurfaces of de Sitter timelike curves. In [3, 4], the authors classified
Weingarten rotation surfaces and Hyperbolic rotation surfaces in de Sitter 3-space. There are also
some important works on hypersurfaces immersed in hyperbolic space and lightcone [8—10]. Because
there are two kinds of spacelike curves in S 3, one is the spacelike curve with spacelike normal vector
n and the other is the spacelike curve with timelike normal vector n, the case of spacelike curve that
is immersed in a three-dimensional de Sitter space is more sophisticated and interesting than timelike
curves in de Sitter space [5].
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The focal surface of a space curve in Euclidean space is the analogue of the evolute of a plane curve
which is well defined and is a smooth curve away from the inflection points of the plane curve. It is
local bifurcation set of the family of distance squared functions on plane curve and is the critical value
of a Lagrangian map, i.e. it is a caustic. As a consequence, it has only Lagrangian singularities. We
can conclude that the evolute of a plane curve has an ordinary cusp singularity at points corresponding
to ordinary vertices of the plane curve. However, it is very hard to know is there focal surface for
spacelike curve in de Sitter space and what does the focal surface look like from the classical differential
geometry view point. The classical method has several limitations. For instance, it does not define
focal surface in a natural way, explain which singularities could appear in focal surface and how these
bifurcate as the original curve is deformed. It is also misses to capture the deep concepts such as caustic
which involved. But, it is very powerful to use singularity theory to find new focal surface and describe
their singularities more finer. For a spacelike curve y : I — S7 c R} with spacelike normal vector n
and nowhere vanishing curvature, we find its associated first de Sitter focal surface and for a spacelike
curvey : I — § f c R{ with timelike normal vector n and nowhere vanishing curvature, we find its
associated second de Sitter focal surface. It is shown that de Sitter focal surfaces are two dimensional
caustics which have Lagrangian singularities. In order to characterize the types of singularities of de
Sitter focal surfaces via differential calculations, we find a de Sitter invariant of y which is defined to be

P(8) = K2 ()TH(8) + Ke(9)ky (5)To(5) = 2k (8))°To(5) — Kg(9)k, ()T, (5).

For detail, the caustic is a regular surface at an A,-singularity of /5 (). It is a cuspidal edge at an As-
singularity of 45 (s) and has swallowtail singularity at an A4-singularity of 45 (s). Moreover, we use
Legendrian duality to investigate the spacelike curve and de Sitter focal surfaces related by duality. We
find that the spacelike curve y(s) and de Sitter focal surfaces are As-dual to each other (cf., Proposition
5.1). Meanwhile, we summarize the results in Table 1.

Table 1. Geometric conditions for the singularities of focal surfaces.

Curve Focal surface Duality Cuspidal edge Swallowtail Contact order
v(s) FDF, As o(so) #0 p(so) =0and p’(s9) #0 4or5
v(s) SDF, As p(so) #0 p(so) =0and p’(s9) #0 4or5

In Section 2, two classes of focal surfaces of spacelike curves in de Sitter 3-space, where the ones
are generated by the spacelike curve with spacelike normal vector n and the other ones are related to
the spacelike curve with timelike normal vector n, and the the main theorems (cf., Theorem 2.1 and
Theorem 2.2 ) are presented. In Section 3, we present de Sitter height function on spacelike curve
v and establish the equivalent relations between A,-singularities of the height function and geometric
invariant p(s) (cf., Proposition 3.1 and Proposition 3.2). Moreover, we discuss in detail the geometric
meanings of the invariant p(s) (cf., Corollary 3.3 and Proposition 3.4 ). In Section 4, by applying
some general results of the singularity theory to de Sitter focal surfaces, we give the proof of the main
theorems (cf., Theorem 2.1 and Theorem 2.2 ) so as to complete the classifications of singularities of
the de Sitter focal surfaces. In Section 5, we investigate the relationships between the de Sitter focal
surfaces and the spacelike curves by Legendrian dualities [11]. To better illustrate our results, we give
three examples in Section 6.

All maps considered here are of class C* unless otherwise stated.
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2. Preliminaries

In this section, we give the basic notions on Minkowski 4-space and de Sitter 3-space. Let R* be a
4-dimensional vector space. For any two vectors X = (Xo, X1, ** ,x3), ¥ = (Jo.¥1,* -+ ,y3) in R*, their
pseudo scalar product is defined by (X,y) = —xoyo + X1y1 + X2y + x3y3. (R*, {,)) is called 4-dimensional
Minkowski space. We denote it as R}. Pseudo vector product of x,y, z is defined by

—€) € € €3
X X X X
XAYAZ= 0 XX X3
Yo Y1 Y2 Y3
20 41 2 3

where X = (xg, X1, X2, X3), Y = (Y0, Y1, Y2, Y3), Z = (20,21, 22, Z3) are in R‘lﬂ (ep, €1, €5, €3) is the canonical
basis of R‘I. We remark that (X Ay Az, w) = det(X,y, z, w). A non-zero vector X in R‘l‘ is called spacelike,
lightlike or timelike if (x,x) > 0, (x,x) = 0, (x,x) < 0, respectively. The norm of a nonzero vector
X € R‘l‘ is defined by || x ||= V| (x,x) |. We define de Sitter three-space by

ST ={xeR}|(x,x) = 1}.

Lety : I - S7 c R} be a smooth spacelike curve parameterized by arc-length parameter s, so we

have the unit spacelike tangent vector t(s) = y’(s). Under the assumption that (t (s),t (s)) # 1, one can
t ()+y(s)

It (s)+y (Il
pseudo orthonormal frame {y(s), t(s), n(s), e(s)} of R‘l‘ along y(s). We have the following Frenet-Serret

type formula:

construct a unit vector n(s) = Moreover, define e(s) = y(s) A t(s) An(s), then we can define a

Y'(s) 0 1 0 0 ¥(s)
tes) | | -1 0 K,(s) 0O t(s)
n(s) | | 0 k(s)5(s) 0  7,(s5) n(s) |’
e'(s) 0 0 To(s) 0O e(s)

where 6(s) = —(n(s), n(5)), k,(5) =I| t (s) + ¥(s) || and 7,(s) = @det()’(S), Y (9,7 (5),7"(5)).

For a vector v € R} and a real number ¢, we define the hyperplane with pseudo-normal vector v by
HP(v,c) = {x € R‘lL | (x,v) = c}. The HP(v,c) is called a spacelike hyperplane, a timelike hyperplane
or a lightlike hyperplane if v is timelike, spacelike or lightlike respectively. Typical surfaces in de Sitter
3-space are given by the intersection of § f with a hyperplane in R{. A surface S TN HP(v,c) is elliptic,
hyperbolic or parabolic if v is timelike, spacelike or lightlike respectively. For any r € R and v, € S?3,
we denote HPS '(vo,r) = {v € S3 | (v,vo) = r}. We call HPS (v, r) a hyperbolic pseudo-sphere in S~
with the center v,. If 6(s) = —1, we define the first de Sitter focal surface of spacelike curve by

ho
FDF, : IXR — S}; FDF,(5,6) = — ot (i(s)y(s) + 1(s)) + sinhe(s).
JEa(s) + 1
If 6(s) = 1, we define a map as follow:
cosf

SDF, :IxJ — S3; SDF,(s,6) = (—ke(5)y(s) + n(s)) + sinde(s),

\JK3(s) =1
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where k,(s) > 1 and J € [0, 2r), and
sinh0

V1~ K3(s)

where 0 < k,(s) < 1 and J is an open interval in R. We call S DF,(s,8) the second de Sitter focal
surface of y. By some calculations, we can get that

SDF, :1xJ — S3; SDF,(s,0) = (—,¢()y(s) + n(s)) + coshbe(s),

OFDF, K;,coshe N ) TocOShl
5,0) = ———y(s)+ (=1 + Kg) 2/<g/<gcosh9 + TysinhO)n(s) + -e(s),
os 1+ 1)} (1+2)}
OFDF Ko Sinh6 inh6
24 ,0) = g—ly(s) + Lln(s) + coshBe(s).
a0 (1+x2)2 (1+x2)2
aF;ZFY (s,0) and aFal;F’ (s, 0) are linearly dependent if and only if there exists an nonzero A € R, such that
dFDF, _ ,OFDF, .
o—(s,0) = 1—;72(s,0), L.e.
K, sinhé _ Kzcosht
1+ (1 +42)3
sinhf 3, :
A——=—(1+ Kg) 2nggcoshé + T, 8inho, 2.1)
(1+x3)2
TocoShl
Acoshf = ———.
(1+ K§)§
This is equivalent to A = T”'z T and k,(s)7, sinh 6 — K;"wjhf = 0. This means that the first de Sitter focal
(14+12)2 (1412)2

surface FDF, (s, 6) is singular at a point (so, 6) if and only if

K;(So)

ke(50)Te(50) A1 + K2(s0)

By similar calculations, when 6(s) = 1 and k,(s) > 1, we can get that

tanh@, =

dS DF, Kzcos0 5 3, ] T,c050
(5,60) = ———=v(s) + (—(Kg -1 2KgK,COSO + Tesinf)n(s) + ————e(s),
Js (k2 —1)2 (kg — 1)z
O0SDF Ko Sind in6
y(s, 0) = 8 =y(s) — il —n(s) + cosbe(s).
96 (K2 = 1)2 (K2 —1)2
0S DF, S DF, . . . .
-2 (s,0) and —-=(s, 0) are linearly dependent if and only if there exists an nonzero A € R, such that
S DF. 8S DF )
—(5,0) = 1—;7(s,0), 1.e.
KqSing _ Kkgcos0
@R-1F  &-13
nd ‘
- ﬁ = —(K; - 1)_%KgK;,COSQ + T,8in6, (2.2)
g
Neosd T,Cc080
cos = ———.
(k2 —1)2
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. 1cost . .
We get A = ;g and k,(s)7, sin € — Kiwsl = 0. This is equivalent that

(Kg—l)% (2-1)2

Ko($)T4(S) A /Kf,(s) — 1sin6 — K;,(s)cose =0.
Ko($)T4(S) A /1 — Ké(s)coshe — K;(s)sinhe =0.

This means that the second de Sitter focal surface S DF, (s, 6) is singular at a point (s, 6y) if and only if

When 0 < k,(s) < 1, we get

Kq(50)T4(50) 4 /Kﬁ(so) — 1sin6, — K;,(so)coseo = 0, or k,(80)T4(S0) 4 11— Kg(so)cosheo — K;,(so)sinheo =0.
Thus, we obtain geometric information about focal surfaces of de Sitter spacelike curves. This method
has several limitations. For instance, it does not explain which singularities could appear in the focal
surfaces and how these bifurcate as the original curve is deformed. It also misses to capture the deep
concepts involved. To describe the generic singularities of focal surfaces, we should suppose that
cos # 0 or sinhf + 0 for the case d(s) = 1 unless otherwise stated. Continuing with notation, we give
a brief review on Lagrangian singularity theory mainly due to Arnold [12]. The main tool of Lagrangian
singularities theory is the notion of generating families and caustic. Let G : (R X R",0) — (R,0) be a
function germ. We say that G is a Morse family if the mapping

0G
ANG = ((9_) R xR, 0)— (R,0)
s
is non-singular, where (s, v) = (s, vy, ..., v,) € (RxR",0). In this case we have a smooth n-dimensional

submanifold,
0G
Cs = {(s, v) € RxR",0) | g(s, V) = 0}

and the map germ @ : (Cg,0) — T7R” defined by
0 0
Do(5.9) = [V 22 (5,900, S (5,W)
ov, ov,

is a Lagrangian immersion germ. We call G a generating family of ®(C). Let 7, : (RF x R", 0) —
(R", 0) denote the canonical projection and consider the map-germ ¢, which is given by the restriction
of the projection 7, to (Cg, 0). Thus 7¢,, : (Cg, 0) — (R",0) with 7¢ (s, v) = v for any (s, v) € (Cg, 0).
The map ¢, 1s the catastrophe map of G and it is a Lagrangian map. A caustic is the set of critical
values of a Lagrangian map. Therefore the corresponding caustic is

0G 0’G
C(®g) =<veR"|ds € Rsuch that —(s,v) = —(s5,v) = 0.
Os 0s?

We sometimes denote B; = C(Dg) and call it the bifurcation set of G. Now, we can apply the above
arguments to our situation, we find that de Sitter focal surfaces are two dimensional caustics which have
Lagrangian singularities. In order to characterize the types of singularities of de Sitter focal surfaces
via differential calculations, we find a de Sitter invariant of y which is defined to be

P(8) = K2()TH(8) + Ke(9)ky (5)To(5) = 2k (8))°To(5) — Kg(9)k, ($)T,(5).
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To state the main results, we respectively call C X R = {(x1, x2) | xf = xg} X R a cuspidal edge,
SW = {(x1,x,x3) | x1 = 3ut + uPv, xp = 4’ + 2uv, x3 = v}

a swallowtail, C(2,3,4) = {(%,,*) e R? | t € R} a (2,3, 4)-cusp (cf., Figure 1). The main results in
this paper are given as follows:

Theorem 2.1. Lety : [ — S f be a unit speed spacelike curve with k,(s)t4(s) # 0, then de Sitter focal
surfaces are two dimensional caustics which have Lagrangian singularities. For details, if 6(s) = —1,
then we have the following:

(1) The first de Sitter focal surface FDF (s, 0) is singular at a point (so, 6y) if and only if

K (50)

ke(50)Tg(50) AT + K2(50)

(2) The first de Sitter focal surface FDF,(s,0) is locally diffeomorphic to cuspidal edge C X R at
(50, 60) if

tanh@, =

K (50)

ke(50)Te(50) AT + K2(50).

p(so) # 0. Under this condition, the osculating hyperbolic pseudo-sphere HPS (v, ry) and y(s) have
contact of order 4 for sy and FDF (s, 0(s)) is locally diffeomorphic to the line.

(3) The first de Sitter focal surface FDF,(s,0) of spacelike curve y is locally diffeomorphic to the
SW at (sg,0) if

tanh@, =

K;(So)

e (50)7(50) A1+ K2(s0)

p(s0) = 0 and p'(s¢) # 0. Under this condition, the osculating hyperbolic pseudo-sphere HPS (v, ry)
and y(s) have contact of order 5 for sy and FDF, (s, 0(s)) is locally diffeomorphic to the (2,3, 4)-cusp.

tanhfy =

Theorem 2.2. Lety : [ — S7 be a unit speed spacelike curve with k,(s)t4(s) # 0, then de Sitter focal
surfaces are two dimensional caustics which have Lagrangian singularities. For details:

(A) Suppose that 6(s) = 1 and k,(s) > 1, then we have the following:

(1) The second de Sitter focal surface S DF. (s, 0) of spacelike curve vy is singular at a point (s, 6)
if and only if k4(50)74(S0) /Ké(so) — 1sinby — K;,(so)coseo =0.

(2) The second de Sitter focal surface S DF,(s,0) of spacelike curve vy is locally diffeomorphic to
cuspidal edge C X R at (sg, 0y) if

K’g(So)

Kg(SO)Tg(SO) A ,Kg(So) - 1,

p(so) # 0. Under this condition, the osculating hyperbolic pseudo-sphere HPS (v, ry) and y(s) have
contact of order 4 for sy and S DF, (s, 0(s)) is locally diffeomorphic to the line.

tan@, =
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(3) The second de Sitter focal surface S DF,(s,0) of spacelike curve vy is locally diffeomorphic to
the SW at (59, 0) if
Kq(S0)

ke(50)Te(50) JK2(s0) — 1

p(so) = 0 and p'(s¢) # 0. Under this condition, the osculating hyperbolic pseudo-sphere HPS (v, ry)
and y(s) have contact of order 5 for sy and S DF, (s, 6(s)) is locally diffeomorphic to the (2,3, 4)-cusp.
(B) Suppose that 6(s) = 1 and 0 < k,(s) < 1, then we have the following:
(1) The second de Sitter focal surface S DF. (s, 0) of spacelike curve vy is singular at a point (s, 6)

tanby =

if and only if kg(50)T4(s50) /1 — Kﬁ(so)cosheo - K;,(so)sinheo =0.
(2) The second de Sitter focal surface S DF,(s,0) of spacelike curve vy is locally diffeomorphic to
cuspidal edge C X R at (s¢, 0y) if

K (50)

Ke(s0)Te(50) AT — K2(s0)

and p(sy) # 0. Under this condition, the osculating hyperbolic pseudo-sphere HPS '(vy, ro) and y(s)
have contact of order 4 for so and S DF, (s, 0(s)) is locally diffeomorphic to the line.

(3) The second de Sitter focal surface S DF,(s,0) of spacelike curve vy is locally diffeomorphic to
the SW at (59, 0) if

cothfy =

K, (50)

Ke(s50)7(50) A1 = K2(s0)

0(s0) = 0 and p'(s¢) # 0. Under this condition, the osculating hyperbolic pseudo-sphere HPS (v, ro)
and y(s) have contact of order 5 for sy and S DF (s, 0(s)) is locally diffeomorphic to the (2,3, 4)-cusp.

cothby =

-4 o2

0 0.2

Figure 1. Cuspidal edge and Swallowtail.

3. De Sitter height functions and geometric invariant

In order to study the singularities of the first de Sitter focal surface and the second de Sitter focal
surface of spacelike curve in S3, we introduce a very useful family of function on spacelike curve
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in de Sitter 3-space. Lety : I — S be a unit speed spacelike curve, we now define a function
H® : I xS7 — Rby H%(s,v) = (y(s),v). For any fixed v € §3, we denote £} (s) = H"(s,v). We
call H® the de Sitter height function on the curve y. We will consider the contact of a spacelike curve
y : I - §3 with hyperbolic pseudo-sphere. By definition, a hyperbolic pseudo-sphere in S3 with the
centre vy and radius r is the level set i (s) = r. We stress that the contact of y with the level sets of 45
can be measured by the vanishing of successive derivatives of the function g(s) = 15 (y(s)) = (y(s), V).
In particular, a point y(sy) is on a hyperbolic pseudo-sphere HPS (v, r) of centre v, and radius r if
and only if g(s) = r. Furthermore, the curve vy and the hyperbolic pseudo-sphere HPS !(vy, r) have an
ordinary tangency at y(sy) if and only if g(s¢) = r, g’(s9) = 0 and g”’(s¢) # 0. Higher orders of tangency
between y and the hyperbolic pseudo-sphere HPS !(vy, r) are captured by the vanishing of successive
derivatives of the function g at sy. We say that y and the hyperbolic pseudo-sphere HPS (v, r) have

(k + 1)-point contact at s if g (s9) = g (s0) = --- = g®(s9) = 0 but g**V(sy) # 0. Then s is said to
be a singularity of g of type A;. We say that y and the hyperbolic pseudo-sphere HPS !(v,, r) have at
least k-point contact at s = s if g (so) =g (s9) = = g®(sp) = 0and call s0 a singularity of g of

type As. If the hyperbolic pseudo-sphere HPS '(vy, r) and a de Sitter spacelike curve have contact of
at least order 3 for a points so, we call HPS (v, r) the osculating hyperbolic pseudo-sphere of y(s) at
so. Then we have the following proposition which contains a geometric invariant p(s).

Proposition 3.1. Lety : [ —» S ? be a unit speed spacelike curve with k,(s)t,(s) # 0 and 6(s) = -1,
HPS (v, r) be a hyperbolic pseudo-sphere of centre vy and radius r. Suppose that g(so) = r for some
so. Then g has a singularity of type Ay, A,, Az or Ay at sq if and only if the geometric conditions in
Table 2 are satisfied.

Table 2. Geometric conditions for the singularities of g.

g  Conditions The centre of HPS (v, r) Contact order

lies on the normal space
to y at 5o but is not on 2
the focal surface of .

lies on the regular part

v = Ay(sg) + un(sg) + ve(so),

Al A+t v =1, # pk,.

K;(So)

A, Vv = FDF,(s0,0), tanh + . of the focal surface 3
Kg(80)Tg(s 1+42(s
2 (50)Tg(s50) \ 1+k5(s0) ofyatso.
K,(50) lies on the non-degenerate
v = FDF (sg, ), tanhl = £ , i
Aj (50.6) kg(50)7¢(s0) V1+x3(s0)  singular part of the focal 4
p(so) # 0. surface of y at s .
K, (50) lies on the degenerate singular
v = FDF,(sy,0), tanhf = £ ,
Ay (0, 6), tan Kg(50)Tg(50) Y/ 1445 (s0) part of focal surface of 5
p(so) = 0,0'(s0) # 0. y at g .

Proof. By definition and the Frenet-Serret type formulae, we have
(a) (hy)'(s) = (t(s), V)
(b) (73)"(s) = (=¥(s) + Ke(5)N(5), V).
(©) ()P (5) = {(5(5)Kz(5) = DE(s) + Ky (s)N(s) + K, ()T, (5)€(5), V),
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(d) (B5)D(s) = (3(s5)Kqg($)Ky(s)t(s) + (6(s)/<2,(s) — Kg(8) + K3 (5) + Kg(s)Té(s))n(s) + (ZK;,(S)Tg(S) +
Ke($)T,(5))e(s) = (B()k; () = Dy(s), V),

(€) (B)V(s) = (=56()kg(5)K ()Y (s) + (BS()(KG(5))* + 46()kcg($)kcy (5) + Ky(s) — 26(s)k(s) +
6(s)/<§(s)‘r§(s) + Dt(s) + (6(5(s)/<§(s)/<:g(s) - K(;,(S) + K;(s) + 3K;(S)T§(S) + 3Kg(S)Tg(S)T;,(S))II(S) +
(5(S)K§,(S)Tg(s) — Ko(8)To(s) + 3K;(s)‘rg(s) + Kg(s)Tz,(s) + 3K;,(S)T;,(S) + Kg(s)T;(s))e(s), V).

By the conditions that(h3)'(s) =0,v € S f and 6(s) = —1, we have that there are real numbers A, u, v
such that v = Ay(s) + un(s) + ve(s) and 2> + u> — v* = 1. The converse direction also holds. This
is equivalent that g has a singularity of type A;, which is also equivalent that the hyperbolic pseudo-
sphere HPS '(vo, r) and the de Sitter spacelike curve have contact of at least order 2. Meanwhile, it is
equivalent that the centre of the hyperbolic pseudo-sphere HPS (v, r) lies on the normal space to y
at so but is not on the focal surface of y. By the above formula (b), we have (h5)'(s) = (h5)"(s) = 0
if and only if 1 = ux,(s). By the fact that 2> + u* —v* = 1, we have u?(k;(s) + 1) —v* = 1. Let
U= \/”%;(S), v = sinh@. Thus, we have

v SO (5yy(s) + n(s)) + sinhbe(s)

) /Ké(s) +1

This is equivalent that g has a singularity of type A,, which is also equivalent that the hyperbolic
pseudo-sphere HPS '(vy, r) and the de Sitter spacelike curve have contact of at least order 3. And it
is also equivalent that the centre of the hyperbolic pseudo-sphere HPS !(vy, r) lies on the regular part
of the focal surface of y at so. By the similar arguments to above and formula (c), we have (h5)'(s) =
(h3)"(s) = (h$)®(s) = 0 if and only if %(Ké(s)) — ky($)To(s)sinh8 = 0. This is equivalent to the

=

condition tanh6 = Wﬁ}% Combining with the condition that v = \/‘%(Kg(s)y(s) +n(s)) +
sinhOe(s). Therefore, we have
ho
V= L(Kg(s))/(s) + n(s)) + sinhBe(s)
JEa(s) +1
and )
Kq(S)
tanhf = £

Ke()To(s) (1 + K;(S)'

In the meanwhile, this is equivalent that g has a singularity of type A3, which is also equivalent that the
hyperbolic pseudo-sphere HPS !(vy, r) and the de Sitter spacelike curve have contact of at least order
4. In addition, it is equivalent that the centre of the hyperbolic pseudo-sphere HPS !(vy, r) lies on the
non-degenerate singular part of the focal surface of y at so. Subsequently, by the above formula (d),
(B3 (5) = (h3)"(5) = (h3)V(s) = (hy)(s) = 0 if and only if

coshf

J1 +#5(5)

(K;(S) + Kg(s)rﬁ(s)) - sinh9(2/<:g(s)rg(s) + Kg(S)T,g(S)) =0.

Substituting
K,(s)

Kg($)To(5) /1 + K2(s)
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in the above condition, we get
KASITH(S) + Ko()K, (5)To(8) = 2(k,(5))°To(8) — Ko($)k, ()T, (5) = 0.

Therefore, we have the conditions

tanh@ = K;’(S)
Ke($)To(8) /1 + Kg(s)
cosho .
V= ————(k,(8)y(s) + n(s)) + sinhbe(s)

JKa(s) + 1

and p(s) = 0 which indicate g has a singularity of type A4. Under these conditions, the hyperbolic
pseudo-sphere HPS (v, r) and the de Sitter spacelike curve have contact of at least order 5 and the
centre of the hyperbolic pseudo-sphere HPS !(vy, r) lies on the degenerate singular part of the focal
surface of y at so. Finally, by the similar arguments to the above cases we can show that (h5)'(s) =
()" (5) = (B)(5) = (1) (5) = () V(5) = 0 and only if —L(~k(5)6,() = K, (5) + K, (5) +
3K;,(S)T52,(S) + 3Kg(S)Tg(S)T;,(S)) - Sinh@(—Kf,(S)Tg(S) — Ko ($)To(8) + 3K;(S)Tg(s) + Kg(S)Tz,(S) + 3K;,(S)T;(S) +
Kg(S)T;(S)) = 0. This is equivalent that Kg(s)K;/(s)Tg(s) + 2/<g(s)K(;,(s)(Tg(s))3 + 3K§(S)T§(S)T;,(S) -
By (5)K, (8)To(8) = 3(K, (8))°T(5) — Ke($)k, ()T, (s) = 0. In particular, we get

K,(s)
tanhf = g( ,
Ke($)T(s) (/1 + Kf,(s)
ho
V= —2 (ky(5)Y(s) + n(s)) + sinhbe(s)
. /Kﬁ(s) +1
and p(s) = p'(s) = 0. This completes the proof. O

By the similar arguments to the above cases we can show that the following proposition holds.

Proposition 3.2. Lety : [ — S f be a unit speed spacelike curve with k,(s)T(s) # 0, ke(s) # 1 and
5(s) = 1. HPS (v, r) be a hyperbolic pseudo-sphere of centre vy and radius r. Suppose that g(sy) = r
for some sy. Then g has a singularity of type Ay, A,, Az or Ay at s if and only if the geometric conditions
in Table 3 are satisfied.

Proof. (1) From (hf Y(s) = {t(s),v) = 0,ves f and o6(s) = 1, we get that there are real numbers
A, i, v such that v = Ay(s) + un(s) + ve(s) and 2> — 4> + v* = 1. Furthermore, we calculate that
(h3)"(s) = (=y(s) + ky(s)n(s), v) = 0, which indicates that 1 = —uk,(s), hence p*(kj(s) — 1) +v* = 1.
When k,(s) > 1, let u = —22— v = sinf. Thus, we have

Vi(s)-1

ve —0  k(s)y(s) + n(s)) + sinfe(s).

Js) -1
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When 0 < ky(s) < 1, let u = —22L_ 'y = cosh 6. It follows that

\V1-2(s)”

V= ﬂ(—kg(s)y(s) + n(s)) + cosh fe(s).

N0

Subsequently, it can be examined that (75)®(s) = ((5(s)k; (5)— Dt(s) +k(s)N(5) +k,(5)T4(5)e(s), V) = O,
which implies —2—(—k!(s)) + kq(5)T,(5)5ind = 0 or —EL_(—k/(s)) + ky(5)7e(s) cosh§ = 0. This

Vi (s)-1 A 1-k2(s)
. . .. K, (s) K(s) )
is equivalent to the condition tan = ———=*——— or cothd = ———~*———. Moreover, calculatin
q ke(5)7(5) VK2 (5)-1 kg(5)7o(5) \/1-K2(s) &

the 4th derivative of 75, (h3)®(s) = (36(5)kg($)k,()E(s) + (5()k; (5) = ky(5) + k7 (5) + ko($)To(s))n(s) +
(2k’g(s)Tg(S)+kg(s)T;,(s))e(S)—(5(s)k§(s)— 1)y(s), v), we can state that (hf Y (s) = (hf )Y'(s) = (hf Y3(s) =

Sy = i i i = —ké(S) =
(hy)™(s) 0 if and only if there exists 6 such that tanf PARSERY erm and p(s) 0 or
coth@ —kg(S)Tg(S) e and p(s) 0. Finally, we calculate (h;)"(s) (=56(8)kg()k,(5)y(s) +

(B0()(K,(5))* +46(8)kg($)k, (5) + k3(5) = 26(5)k2(5) + S()K2($)T2(5) + DE(s) + (65()k2(8)k (5) — k() +
k;'(s) + 3k;,(s)7§(s) + 3kg(S)Tg(S)T;,(S))n(S) + (6(s)k§(s)rg(s) — kg($)T4(s) + 3k;,'(s)rg(s) + kg(s)‘rz,(s) +
3k (5)7y(5) + ko(5)T(5))e(s), V). From (13)'(s) = (13)"(s) = (h5)V(s) = (h))D(s) = (h))V(s) = 0,
when k,(s) > 1, we have -\/‘%(—kg(s)k;,(s) =k (5) + K, (5) + 3k, ()T2(5) + 3ko($)To($)T, () +
sin(0)(—k2 (5)To(8) — ko($)T(5) + 3k, ()To(5) + ko($)T2(8) + 3ky($)T,(5) + kg(5)T,(s)) = 0. Combining

with the condition that )
ky(s)

ko ($)Tg(s) \[k3(s) — 1.

This is equivalent that kg(S)k;,(S)Tg(S) + Zkg(s)k;,(s)(Tg(s))3 + 3k§(S)T§(S)T;,(S) - 3k;,(s)k;(s)7g(s) -
B(ky($))*T,(8) — ko()k,(5)T,(s) = 0, which means p'(s) = 0. Therefore, we get the condition

tanf =

K (s)
ko($)To(s) 4 /kg(s) -1
cos(0)

V= (—K2()To(8)Y(8) + ko($)To()N(s) + k(5)e(s))
k() e -1 o *

and p(s) = p'(s) = 0. When 0 < ko(s) < 1, by the similar arguments to above, we can get

tanf =

kg (s)
cothf = g ,
ko(5)To(s) /1 — kg(s)
sinh(6 ,
V= © (—kz(5)To(5YY(5) + ke(5)Te(5)0(s) + K, (5)e(s))
ko()To(s) (/1 — kéz,(s)
and p(s) = p'(s) = 0. By the similar arguments to above proposition, these assertions hold. O
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Table 3. Geometric conditions for the singularities of g.

g  Conditions The centre of HPS '(v, r) Contact order
lies on the normal space
Al V= Ay(so) + un(sg) + ve(sg), A2 — > +v* =1. toy at s but is not on 2
the focal surface of .
2 (50) -
v = SDF,(s0,0), tan6 # i lies on the regular part
A ’ k,'zg(S)O)Tg(SO) Vit of the focal surface 3
thé B :
or cothty g (50)7¢(s0) V1—k2(s0) of y at s .
_ _ K (50)
Vv = SDF,(s0,6), tand = Kg(SO)Tg(Si)\/,W ’ lies on the non-degenerate
As p(so) #0 singular part of the focal 4
- kg(s0) rf: fy at
or cothf = £ , p(so) # 0. surface ol 7y at so .
kg (50)7g(s0) \/ 1-kZ(s0) /?( 0)
(s0)
v = S DF,(so,6) tanf = - :
0.0 Kg(”‘O)Tg(()S") V(o)1 lies on the degenerate singular
Ay p(s0) = 0,p(s0) # part of focal surface of 5

K, (50)

or cothf =

v at sp .

kg (50)7(50) \/1=K2(50)
p(s0) = 0,0"(s0) # 0.

Corollary 3.3. Lety: I — S f be a unit speed space curve with k,(s)T4(s) # 0.
(A) Suppose that 6(s) = —1, then we have the following:
(1) There exists an osculating hyperbolic pseudo-sphere HPS (v, ry) of y(s) at a point .

(2) Under the above notations, y(s) and the hyperbolic pseudo-sphere HPS (v, ry) have at least
a 4-point (respectively, 5-point) contact at y(sg) if and only if p(so) # O (respectively, p(sy) = 0 and
p'(s0) # 0).

(B) Suppose that 6(s) = 1, then we have the following:

(1) There exists an osculating hyperbolic pseudo-sphere HPS'(vy, ro) of y(s) at a point s, if and
only if ke(so) # 1.

(2) Suppose that k,(so) # 1. Then y(s) and the hyperbolic pseudo-sphere HPS Y(vo, r0) have at least
a 4-point (respectively, S-point) contact at y(sg) if and only if p(sy) # 0 (respectively, p(sy) = 0 and
p'(so) # 0).

Proof. (A) Under the condition that §(s) = —1. Let HS : §3 x S? — R be a function defined by
H*(u,v) = (u,v). We claim that HJ is a submersion and (h*);'(c) is a hyperbolic pseudo-sphere
for any v € S7, where b (u) = H°(u,v). We have that b} o y(s) = hj (s), here A5 (s) = H®(s, Vo).
Therefore we have (hfo)“(ro) is an osculating hyperbolic pseudo-sphere if and only if hfo(s) = rp and
(h3)'(s) = (h3)”(s) = 0. By Proposition 3.1, this condition is equivalent to the condition that

v 00 (sry(s) + n(s) + K (s)eCs),

JKa(s) + 1
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where )
£,(5)

Ke($)To () /1 + Ké(s)

and ry = H5 (s, vo). It is clearly that there exist such v, and 6(s) for any K,(s). The assertion (2) follows
from the rest assertions of Proposition 3.1.

(B) Under the condition that 6(s) = 1. The assertion follows from exactly the same arguments as
those of the previous case. O

tanh0 =

By some calculations, we can get the following proposition which contains the geometric meanings
of the important invariant p(s).

Proposition 3.4. Lety:1 — S f be a unit speed spacelike curve with k,(s)T4(s) # 0.

. Ky (s)
A)S that 6(s) = —1. Let 6(s) b tion d d by tanh(6(s)) = ————=—=—==. Then th
(A) Suppose that 6(s) et O(s) be a function defined by tanh(6(s)) PRSASY wverey en the

following conditions are equivalent:
(1)FDF (s, 6(s)) is a constant vector,

(2) p(s) = 0,

(3) Im(y(s)) € HPS ' (vy, r).

(B) Suppose that 6(s) = 1 and k,(s) # 1. Let 6(s) be a function defined by tan(6(s)) = Wﬁ}m
or coth(6(s)) = () Then the following conditions are equivalent:

kg ()7(5) \1-12(s)

(1) SDF,(s,0(s)) is a constant vector,

(2) p(s) =0,
(3) Im(y(s)) € HPS ' (vy, r).

Proof. First, we consider the assertion (A). Let 8 = 6(s), by some calculations, we have

K;,cosh(G(s)) —ngécosh(ﬁ(s)) +(1+ Kﬁ)%‘rg(s)sinh(é?(s)) T,cosh(6(s))
—37 s) + 3 n(S) + —le
(1+«3)? (1+x2)2 (1 +43)?
+Kgsinh(9(s))19’(s)y(s) N sinh(6(s))8'(s)
(1+«3)?

FDF (s5,6(s)) = (s)

n(s) + cosh(6(s))d (s)e(s)

1+ Kg)%

’ 1 2 (o o T, + 1+ KZH’(S)
 cosh(e(sy T L HAAEDIS) | o hos)— -
(1+42)?

—KgK;, +(1+ Kg)%Tg(s)tanh(O(s)) +(1+ Ké)tanh(e(s))e’(s)
n

(1+42)3

e(s)

(1+42)2

+cosh(6(s)) (s). 3.1

Differentiating both sides of the equation

Kkgcosh(6(s)) — 4 1+ KKy ToSinh(0(s)) = 0

on the variable s, we get

0’ (s)cosh(0(s))(k tanh(6(s)) — keTg |1 + &3)
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2.7
KgKng

= cosh(0 -k "Te A1 + K2 " 1+ k?)tanh(6 .
cosh(6(s))[ Ky + ( \/@ + KTy + K + KT, +Kg)tan @(s)N

This is equivalent to

(K;,)2 — K§T§(1 + K;) _ —K;,’Kng(l + Kg) + Kg(Kg,)zTg + (K;,)ng(l + Kg) + KgK;,T;,(l + Kéz,)

[ ) KoTo(1 + K2)
KoTg 1+/<g 88 g

0'(s)

Therefore,

ds) = 1+ K§)KgK;,T; + 7T,((1 + 2/<§)(/<{;,)2 — Ko(1 + Ké)K;,')

1+ 12((k,)? = k272(1 + k2))
Substituting tanh(6(s)) and €'(s) into the left of the following equations, we get

K, + (1 + K)k,tanh(6(s)6 (s)

vy (1+ K§)K8Ké (1+ K;)KgK;T:g + 7,((1 + 2/(5’2,)(/</g)2 — Ko(1 + K;)K;,’)

g
[ 2 200 V2 — 1272 2
KeTg A1 + Kg 1+ k5((k,)" — ke75(1 + &)
1+ KDK(—K2TS + KoK, Tl — Kokl Tg) + 2(K, )Ty (1 + K2)

Tl (k)* — k3T2(1 + &3)]

g's
Tl(Kk)* — kgTa(1 + £3)]

(1 + k2K, (=p(s)

_ (1+ Kf,)K;(—KéZ,TZ, + KoK, T, — KgKg,’Tg + 2(K;,)2Tg)

= , 3.2
Tel(K)* — kgTa(1 + &3)] (3-2)
Tg+ 1 + K26 (s)
(1 + KT, + To(1 4+ 262)(K,)* — ko (1 + K2)K)
o /1+K§ g/ eRele 8, g/\Ke g g/"e
1+ 12((k)? = 272(1 + K2))
_ (1+ Ké)(—KﬁTz, + KgK;,T;, — ngé,"rg) + Z(K;,)ZTg(l + Kg)
(K)? — k(1 + 3)
_ (1 + KD(—KST) + KoKy Ty — KoKy Ty + 2(K;,)2Tg)
(K)? = k2ti(1 + 12)
(1 +)(=p(s))
g (3.3)

(K)? = k272(1 + 12)
and

—kgk, + (1 + K23 7,(s)1anh(6(s)) + (1 + K)tanh(6(s))6 (s)
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3191

_ (1+ K;)K;,(—K;T; + KgK;,T;, — KgK;,’Tg + 2(K;,)2Tg)

/<(g,'rg[(/<¢;,)2 - K§T§,(1 + K;)]
0K p) "

B Kng[(K:g)z - K§T§(1 + Ké)]'

Furthermore, substituting Eqs (3.2),(3.3) and (3.4) into (3.1), we get

—K,cosh(6(s)) 1+ Kk;cosh(0(s))

Y(s) + —;
(1 + 2)27[(K,)> = k272(1 + 12)] (K2 — 272(1 + K2)

. —Kycosh(6(s)) n(s)).

1+ KéKng[(K;,)z — Kﬁ‘[‘;(l + Kéz,)]

Therefore, FDF fy(s, 6(s)) = 0 if and only if p(s) = 0. This means that the conditions (1) and (2) are
equivalent. Assume that the condition (1) holds. Then we have (y(s), FDF,(s, 6(s))) = %
+Kg
KgcoSh(B(s)) — cosh(6(s)) 2
i+ and vo Ko (5)7o(5) AR (5)+1 (K (5)T(5)y(s) +
Ko($)To(s)n(s) + K;,(S)E(S)). Then it is easy to show that y(s) is a part of the pseudo-sphere HPS (v, r).
The condition (3) holds. For the converse, we assume that (y(s), v) = ¢ for a constant vector v and a

real number c. Since 45 (s) = ¢, we have v = —<20) (. 2(0)r ()y(s) + k()T (s)N(s) + K. (s)e(s)),
0 (8) Kg(s)rg(s)W( 2()T(5)y(8) + kg ()T (s)N(s) + Kk, (5)€(s))

FDF)(s,65) = p() e(s)

which is constant. Under this condition, we put r =

by Proposition 3.1, so that the condition (1) holds.

/
Ke

) b
KeTg \Kkg—1

For the proof of the assertion (B), when «, > 1, since tané(s) = locally, we get 6(s) =

arctan——E—. A direct computation shows that

A[2
KeTg \Kg—1

o) = —— 5|
1+ % KoTg A[JK2 =1
_ (K§ - 1)(/<g/</g'7'g - (K;,)zrg - KgK;,T/g) — KE(K;,)ZTg )
kg = 10GTa(kg — 1) + (K,)?)

and
SDF/(5.6(s)) = K;00S<9<S3>)y(s) | THakcos(6s)) + (kg - 1)%Tg(s)sm(e(s>)n(s) N M )

(k2 —1)2 (2 —1)2 «Z—=1)2

+KgSll’l(9(S))91,(S) . sm(@(s))@’l(s)n(s) + cos BN (S)es)

(2 —1)2 (2 —1)2

= cos(0(s)) Ké + (Kg - I)than}(H(s))@'( s)
(K2 —1)2

v(8) + cos(6(s)) e(s)

Ty + | /Kf, —10'(s)
( )

2 _ )2
Kgl
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3192

—ngg, + (Kﬁ - 1)%Tg(s)tan(9(s)) - (Kﬁ — Dtan(0(s))0'(s) (s

(k2 = 1)3

( ( K,cos(0(s)) Kz — 1cos(6(s))
o(s

@Dl r e Dl REE -
! 0
~ Kzcos(0(s)) n(s)).

; /Kﬁ - 1Kng[(K:g)2 + K§T§(K§ - 1]

Therefore, S DF;(s, 6(s)) = 0 if and only if p(s) = 0. This means that the conditions (1) and
(2) are equivalent. Assume that the condition (1) holds. Then we have (y(s),SDF,(s,6(s))) =

9 . . ) .. 0
—&i“)), which is constant. Under this condition, we put r = _KacosOO) - and Vg =

Kg—1 K%—l

ﬁ(—xgum(m@) + ko()To(5)N(5) + K, (s)e(s)). Then it is easy to show that y(s) is a

part of the pseudo-sphere HPS'(vy,r). The condition (3) holds. For the converse, we assume
that (y(s),v) = ¢ for a constant vector v and a real number c. Since hf (s) = ¢, we have v =
D (—k2(5)Ty(5)Y(5) + Ke()To(5)N(s) + K, (5)e(s)), by Proposition 3.2, so that the condition

Kg(8)Tg(s) \/Kﬁ(s)—l

(1) holds. When 0 < k,(s) < 1, the proof is similar to those of (A). This completes the proof. O

+cos(8(s))

e(s)

4. Proof of the main results

Let function germ F : (R X R", (59, Xp)) — R be an r-parameter unfolding of f(s) which has A;-
singularity (k > 1) at sy, where f(s) = F(s, xo). We denote the (k — 1)-jet of the partial derivative % at

So by
k-1

a1 [OF P
j ])(8_x,-(s’ Xo)) (so) = Zaji(s —s0), i=1,---,r

=1
Then F is called a R*-versal unfolding if the (k — 1) X r matrix of coefficients (a;;) has rank k — 1,
(k — 1 < r). The bifurcation set of order | concerning the unfolding F is defined by

oF O0°F OH'F
I _ r — — —
%F—{XER |3S€R,£(S,X)—W(S,X)—"'— asl"'l

(s,x) = 0}.

Then B}, = By is the bifurcation set and B is the set of singular points of Br. We have the following
classification result (cf., [13]).

Theorem 4.1. Let F : (R X R", (s9,X9)) — R be an r-parameter unfolding of f(s) which has the Ay,
singularity at sy. Suppose that F(s,X) is an R*-versal unfolding, then we have the following claims.

(a) If k = 2, then B is locally diffeomorphic to {0} X R and 8% = @.

(b)If k = 3, then By is locally diffeomorphic to C(2,3) x R, 23% is diffeomorphic to {0} x R"~* and
B = 2.

(¢) If k = 4, then By is locally diffeomorphic to SW x R', 82 is diffeomorphic to C(2,3,4) xR,
%; is diffeomorphic to {0} X R™> and B} = @.

We consider that H* (s, v) is an unfolding of hfo(s). Then we have the following proposition:
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Proposition 4.2. Lety : I — S3 be a unit speed spacelike curve with k,(s)t,(s) # 0, HS : IxS? — R
be the de Sitter height function on y(s). Ifhﬁo(s) has an Ag-singularity (k = 3,4) at so , then H® (s, V) is
a R*-versal unfolding of hﬁo(s).

Proof. Suppose that 6(s) = —1. We consider the pseudo orthonormal basis
e =y(s), e = t(s), €2 = n(s), e3 = e(s)

instead of the canonical basis of R}. Let y(s) = (x1(s), x2(5), x3(5), x4(s)) and v = (vy,--- ,v4) € 7.
Because v € §7 is a nonzero vector, we have —vi +v3 + - - -+ v; = 1. Without loss of the generality, we

might assume that v; > 0, hence v, = \/ —1 4+ v% +--- + v2. By a straightforward calculation,

4
H(s,v) = —xi(s)v; + Z xi(s)Vi,
=2

Gor (V) = () = Tn(9), 2T (5, ¥) = 2(5) = (9,
0> 0HS 0® OH®
(92(9 —(s,v) = x(s) —xl(s) 6*6 (sv)—x(s)——xl(s)l—234

Therefore the 3-jet of (s v)(i = 2,3,4) at s¢ is given by

——(s,v0) = ———(s=50)+ 5755 —(s—50) + 6353 gy 8~ s0)

(OH d OHS 1 8® OH° 1 &° oH° \
J (s0)
ov; ds Ov; 20s% Ov;

1 1
ai(s — so) + =ax(s — s0)* + 6031'(»? — 50)°.

2
When hfo has As-singularity at sy, we require the 2 X 3 matrix
( x5 (s) = 2x( () x3(s) — 2xi(s)  x5(s) — () )
Xy (8) = 2x,(8) x3(5) = J2x(8) xu(s) — ¢ xl(S)
to be nonsingular at s,. It is enough to show that the rank of the matrix A at s, is 3, where
X(8) = 2x0(s)  xy(s) = 2A(s)  x(8) — Hx|(s)
A= x(s)- :—Txl () x3(8) — :—?xl () x,(s) - :—‘l‘xl (s)
)C2 (S) - ‘\:_Txl (S) -x3 (S) - :_Txl (S) x4 (S) - z—‘:xl (S)

When hfo has A4-singularity at sy, we require the rank of the 3 X 3 matrix A at s¢ is 3. Denote that

x,(s)
b =| x/(9) |,i=1234,
x; (s)
then we obtain
vadet(by, bz, bs)  videt(by, by, by)  vadet(by, b3, by)

detA = - - _ + 2L det(by, b, by)
V1 V1 V1 Vi
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= D let(by, b3, by) — 2det(by, bs, by) + —det(b;, by, by) — —det(by, by, bs).

Because

Y AY ()AY (s) = (=det(by, b3, by), —det(by, bz, by), det(b;, by, by), —det(by, by, b3))

and
cosh(0) ) ,
V= K, ()T, (8)y(s) + ko ()T (s)N(s)) + k,(s5)e(s)),
ke (5)To(5) Ji2(s) + 1 (o e (%0
therefore
detA = (=522 25 (5) AY () Ay (5)

V1 V1 Vi Vi

= V—I(V, v(s) A t(s) A K;,(S)II(S) + ¥(s) At(s) A Ko(5)T,(s)e(s) + Kz(s)rg(s)t(s) An(s) A e(s))

1
= v—1<V, K, (5)€(8) + Kg()To(s)N(s) + K2(5)T(5)Y(5))

ho
- — (—(K;,(S))2 + Kﬁ(s)rﬁ(s)(l + (Kg(s))z))

ViKe($)To(5) /1 + KZ(s)

_ coshf (K;(S)Tg(s)(l " (Kg(s))z)sechze)

ViKke(5)To(s) /1 + K;(S)
sechO,(s)Tg(s) (|1 + KkZ(s)

V1

Because k,(s5)7,(s) # 0, sechf(s) # 0 for any s, therefore, k,(s0)7,(s0) # 0, sechf(sy) # 0. Hence,
detA # 0 at s,, the rank of the matrix A is three. In conclution, H (s, v) is a R*-versal unfolding of
h‘vgo(s).

For the case of 6(s) = 1, when «,(s) > 1,

1
detA = v—1<v, K;,(S)E(S) + Ko ()T (s)N(s) — Ké(s)rg(s)y(s))

sinh6
= (K())> + K (DTH)((1 = Ke(5))7)
Vikg()Te(5) [1 = K2(5) (e e (0)
sinh6

- (KE(S)TE(S)((Kg(S))Z - l)secze)

ViKe(8)T(8) /1 — Kéz,(s)
cschBky($)Tg(s) (|1 — k3 (s)

V1

Under the assumption that «,(s)7,(s) # 0, cosO(s) # 0 for any s, therefore, k,(50)7,(s0) # 0, secO(sy) #
0. Hence, detA # 0 at sy, the rank of the matrix A is also three. When 0 < «,(s) < 1, we get

1
detA = V_1<V’ K, (5)e(s) + ko(8)T,(s)n(s) — Kg(s)‘rg(s)y(s))
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3195

sinh6
= (K,(5))” = ko ($)To(5)(Ke())* = 1)
ViKe($)To(8) /1 — KZ(s) ( ) e ) )
sinh6

= (T2 (ke(5))* = Desch®6)

ViKe($)To(8) /1 — KZ(s)
cschBkg($)Tg(s) /1 — k2(s)

Vi

# 0.

In conclusion, if hﬁo(s) has an A;-singularity (k = 3,4) at s, then H® (s, v) is a R"-versal unfolding of
hﬁo(s). This completes the proof. O

By Proposition 4.2 and the definition of caustic, we can prove the following Proposition 4.3.

Proposition4.3. Lety : I — S :f be a unit speed spacelike curve with k,(s)7,(s) # 0, then de Sitter focal
surfaces are two dimensional caustics which have Lagrangian singularities. For detail, the caustic is
a regular surface at an A,-singularity of hS (s). It is a cuspidal edge at an As-singularity of h3 (s) and
has swallowtail singularity at an Ay-singularity of hS ().

Proof. Taking

4
H(s,v) = —x,(s) \/—1 +V3 VS + Z x;(S)v;
i=2
in Proposition 4.2 for example. We get the Jacobi matrix of A*HS = (%) is

JANHS = ((=y(s) + K(s)n(s), V) x5(s) = 2xi(s) x4(s) = 2x{(s) Xy(s) = Bx(s) ).

Since the rank of the matrix A in the proof of the Proposition 4.2 is 3, the rank of the matrix JA*H is 1.
This means that H® (s, v) is a Morse family. Suppose that §(s) = —1, we have a smooth 3-dimensional
submanifold,

OHS
Cys = {(s,v)eRxSﬂW(s,v):()}
= {(5,v) €RX ST | v=2Ay(s) +un(s) + ve(s), A + > —v* = 1,1 # uk,, s € 1.

We denote 7c,; and the map germ @}, :Cys — T*S f defined by

OHS OHS
O3 (s,v) =V, —(5,V),...,—(s,V
H(S, V) ( s (s,v) o (s ))

is a Lagrangian immersion germ. Therefore H® is a generating family of ®3,(Cps). Let m : R X S? —
S f denote the canonical projection and consider the map-germ 7c_; which is given by the the restriction
of the projection 7, to Cys. Thus nc,s : Cus — Sf with c,s (8,V) =V for any (s, v) € Cys. The map
me,,s 1s the catastrophe map of H5 and it is a Lagrangian map. Therefore, the corresponding caustic is
G

== (5,) =0)

oG
S _ 3 — =
C(®y) = {veSi|dseRsuchthat s (s,v) 35
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cosho

JKa(s) + 1

and is precisely the bifurcation set of H*, i.e. 8y, = C(®3). It follows that for a generic curve, the
caustic C(CD*L) of y(s) is locally either a regular surface, or has cuspidal edge singularity, or swallowtail.
The local models of the caustic at v corresponding to s € I depend on the R*-singularity type of 45 (s)
at s. For a generic y(s), h3(s) has local singularities of types A;, A, A3 or A;. The caustic is a
regular surface at an A,-singularity of /) (s). It is a cuspidal edge at an As-singularity of /5 (s) and has
swallowtail singularity at an A4-singularity of 45 (s). For the case of 5(s) = 1, we have the similar
arguments to the above proof, so that we omit it. O

= {ve Sf |v= (ko(s)y(s) +n(s)) + sinhfe(s) | s € 1,6 € R},

Proof of Theorem 2.1. Proposition 4.3 states that de Sitter focal surfaces are two dimensional caustics
which have Lagrangian singularities and the bifurcation set of H5 (s, v) is

Bys ={v= Lh(e)(Kg(s)y(s) +n(s)) + sinh(6)e(s) | s € 1,60 € R}.

| /Ké(s) +1

This means that the bifurcation set of the de Sitter height function is the image of the first de Sitter
focal surface of y(s). It follows from Proposition 3.1 that hfo has the A3 -type singularity (respectively,
the A, -type singularity) at s¢ if and only if

tanh8, = K;"(SO)
0 — )
Ko (50)T4(S0) A/ 1 + K3 (s0)
ve 2R 5oy (so) + n(so)) + sinhe(so),
JK2(s0) + 1
o(so) # 0. (respectively,
K, (50)
tanh(6y) = £ ,
Kq(50)T4(50) \/1 + Kg(so)
v SO (s0)y(so) + n(so)) + sinhbe(so),

) /K;(So) +1

p(so) =0, p’(sg) # 0 ) By Theorem 4.1 and Proposition 4.2, we have the assertions (2) (respectively,
(3)). By Corollary 3.3, this means that the osculating hyperbolic pseudo-sphere HPS '(vy, ry) and y(s)
have contact of order 4 for s = sy. (respectively, the osculating hyperbolic pseudo-sphere HPS ! (v, o)
and y(s) have contact of order 5 for s = sy.) Since the locus of the singularities of CE is locally
diffeomorphic to the line, FDF, (s, 6(s)) is locally diffeomorphic to the line holds (respectively, since
the locus of singularities of S W is C(2,3,4), FDF, (s, 6(s)) is locally diffeomorphic to C(2, 3, 4) holds).

O

For the proof of the Theorem 2.2, we apply Proposition 3.2, Theorem 4.1, Proposition 4.2 similar
to the Theorem 2.1. This completes the proof.
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5. Legendrian dualities between focal surfaces and spacelike curves

In this section, we investigate the relationships between de Sitter focal surfaces and spacelike curve
by Legendrian dualities [11]. Firstly, we introduce the Legendrian dualities between pseudo-spheres in
Minkowski space-time which have been proved to be a basic tool for the study of surfaces in pseudo-
spheres in Minkowski space. One-forms on R? X R‘l‘ are defined by (dv, w) = —wydv( + Z?:l w;dv; and
(v, dw) = —vodwy + Z?: , vidw;. We consider the following three double fibrations.

(D) (@) $7 %832 As ={(v,w) [ (v,w) =0},
(b) M1 2 As — S3, 7m0 1 As — 83,
(€) O11 = {dV, W)las, 012 = (V, dW)|a;.

Here r1(v,w) = v, m2(v, w) = w. We remark that 01‘11 (0) and 01‘21 (0) define the same tangent hyperplane
field over As which is denoted by Ks. The basic duality theorem is that (As, K5) is a contact manifold
and both of 7 ;(j = 1,2) are Legendrian fibrations. If there exists an isotropic mapping i : L — As,
which means that i*6;; = 0, we say that m1;(i(L)) and m,(i(L)) are As-dual to each other. It is easy
to see that the condition i*6;; = 0 is equivalent to i*6;, = 0. Then we have the following proposition
on the relationships among the first de Sitter focal surface, the second de Sitter focal surface, and the
spacelike curve with the help of the above Legendrian dualities.

Proposition 5.1. Let y : [ — S3 be a unit speed spacelike curve with k,7,(s) # 0, then we have the
following claims.

(1) For the case that 6(s) = —1, y(s) and FDF,(s,0) are As-dual to each other, t(s) and FDF,(s, 0)
are As-dual to each other.

(2) For the case that 6(s) = 1 and k,(s) # 1, y(s) and S DF, (s, 0) are As-dual to each other, t(s) and
SDF,(s,0) are As-dual to each other.

Proof. (1) Consider the mapping £,(s,0) = (FDF,(s,0),y(s)) and £1,(s,0) = (FDF,(s,0), t(s)). Then
we have (FDF,(s,0),y(s)) = 0, (FDF,(s,0),t(s)) = 0 and

Q’flglz(S, 9) = <FDF7(S, 9), yl(s»

— <Lh(9)(,(g(s)y(s) + n(s)) + sinh(0)e(s), t(s))

; /Kﬁ(s) +1

=0,

L1,012(s,6) = (FDF,(s,0),t(s))

h(0
_ (2O ()y(s) + n(5)) + sinh(B)e(s), y(s) + K (s)n(s))

NAORS!

_ Kq(s)cosh(6) N Kq(s)cosh(6)

) /Ké(s) +1 JEe(s) + 1

=0.

The assertion (1) holds.
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(2) Using the same computation as the proof of (A), we consider the mapping ¥, (s,0) =
(SDF,(s,0),y(s)) and £x(s,0) = (SDF,(s,0),t(s)). Then we have (SDF,(s,0),y(s)) = 0,
(SDF,(s,0),t(s)) = 0. When k,(s) > 1,

25,012(s,6) = (SDF,(s,6),7'(s))

_ (L@(_Kg(s)'y(s) +n(s)) + sin(@)e(s), t(s))
/Ké%(s) -1

=0,

25,012(s,0) = (SDF,(s,6),t'(s))

0
(=950 e (5)y(s) + n(s)) + sin(@)e(s), —y(s) + K (In(5))
JKe(s) =1

3 Kq(s)cos(0) _ Kq(s)cos(0)

) Je® -1 Jido -1

=0.

When 0 < k,(s) < 1,

25,012(s5,60) = (SDF(5,60),7'(5))

— <Sin—h(0)(_,<g(s)y(s) + n(s)) + cosh(B)e(s), t(s))

J1 = K3(s)

=0,

£3,012(s,60) = (SDF,(s,0),t'(s))

nh(6
= <L()(_Kg(s)y(s) +1(s)) + cosh(B)e(s), —y(s) + kg(s)n(s))

J 1= «2(s)

B Kq(8)sinh(6) _ Kq(s)sinh(6)

) JI-06 1=

=0.

In conclusion, the assertion (2) holds. O
6. Examples

In order to better illustrate the main results, we give three examples that consist of de Sitter focal
surfaces.
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Example 6.1. Let y(s) be a unit speed spacelike curve on S defined by

3 6 3 6 3 3 6
v(s) = cos(is) sinh(is), cos(is) cosh(is), sin(is) cos(——ys), sin(is) sin(—is)
3 3 3 3 3 3 3 3
with respect to an arclength parameter s, where s € (0.5, 1.4).
We get that ('(s), t'(s)) = 3(cos(22)% + § # 1, k,(s) = 2 \/8(cos($s))2 -2,
. 1 4(cos(Ls))* — 12(cos(Ls))* + 5
To(s) = —=
) 3 (4cos(Ls)2 - 1
and n(s) = (n1(s), n2(s), n3(s), n4(s)), where
" 2 cos(Ls) sinh(Ls) — V2 sin(Ls) cos(Ls)
nis) = .
\/8(cos(§s))2 -2
2 cos(Ls) cosh(Ls) - V2 sin(Ls) sinh(L)
ny(s) = = A ,
\/S(cos(gs))z -2
-V2 cos(?s) sin(‘/T6 s) -2 cos(%§ s) cos(‘/T6 s)
l’l3(S) = » Ny(S) = .
\/8(cos(YT§ )2 -2 \/ 8(cos(Ls))? - 2
Thus, we can get 6(s) = —1, the first de Sitter focal surface FDF,(s,6) and the singular locus of

the first de Sitter focal surface S FDF,(s). We see that p(s) = 0 for s = 1.360349523, p’(s) = 0
for s = 0.5113872103. Hence, we have that the first de Sitter focal surface FDF,(s,6) is locally
diffeomorphic to cuspidal edge at its singular points and the singular locus of the first de Sitter focal
surface S FDF,(s) is locally diffeomorphic to a line for s # 1.360349523. The first de Sitter focal
surface of spacelike curve FDF,(s,6) is locally diffeomorphic to the S W at its singular points and the
singular locus of the first de Sitter focal surface S F'DF,(s) is locally diffeomorphic to the (2, 3, 4)—cusp
for s # 0.5113872103.

Example 6.2. Let y(s) be a unit speed spacelike curve on S defined by

y(s) = ( gsinh( V2s), gcosh( V2s), ?sin(Zs), gcos(Zs))

with respect to an arclength parameter s. We draw the pictures of the spacelike curve vy , by projecting
them into three-dimensional spaces, see Figure 2. Then we get that (t'(s), t'(s)) = 10 # 1, k,(s) = 3
and 7,(s) =2 V2. Thus, we can get p(s) = 144 V2. We obtain one of normal vector n(s) which is given

by
n(s) = ( ? sinh( V2s), ? cosh( V2s), - ? sin(2s), g cos(2s) ) .
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It is easy to get 6(s) = —1. Let sinh(6) = u, cosh(d) = V1 + u?. Thus, the first de Sitter focal surface is
given by

FDF\(u, s) = (x1(u, ), x2(u, 5), x3(u, 5), X4(ut, 5))
and we obtain the vector parametric equations of the singular locus of the first de Sitter focal surface
as follow:

V5 sinh( V2s), 25—\5 cosh( V2s), g $in(2s), g cos(2s)),

SFDF,(s) = (2

where

xi(u, s) = 25—\/5 V1 + 12 sinh( V2s) + V2ucosh( V2s),
x(u, s) = 25—\/5 V1 + u? cosh( V2s) + V2usinh( V2s),

X3, 5) = g VI + 22 $in(2s) + 1 cos(2s),

xs(u, 8) = g V1 + u? cos(2s) — usin(2s).

We see that p(s) = 144 V2 # 0 for arbitrary real numbers s > 0. Hence, we have that the first de Sitter
focal surface FDF, (u, s) is locally diffeomorphic to cuspidal edge at its singular points and the singular
locus of the first de Sitter focal surface S FDF,(s) is locally difeomorphic to a line. The structure of
the spacelike curve y and the focal surface is not easily imagined but it is possible to project them into
three-dimensional spaces. We draw the pictures of the spacelike curve y , the focal surface and its
singular locus by proiecting them into three-dimensional spaces. see Figure 2 and Figure 3.
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304 (7543* 0

Figure 2. Projection of y respectively on x; = 0,x; = 0,x3 = 0,x4 = 0.
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Figure 3. Projection of the first de Sitter focal surface respectively on x; = 0, x, = 0, x3 = 0,
X4 = 0.

Example 6.3. Let y(s) be a unit speed spacelike curve on S defined by
2 2 1 1
¥(s) = ( cosh(T\/_s), sinh(gs), V2sin(35), V2cos(59) ) ,

where the arclength parameter s € (0, 2). Furthermore, the tangent vector

t(s) = ( g sinh(gs), ﬁ cosh(gs), ﬁ cos(%s), —ﬁ

1
> > sm(ES) ).

2
Then we get that (t'(s),t'(s)) = —L2, Ko(s) = %\/5 and T,(s) = —g. Subsequently, it can be

8
_9V2

examined that p(s) = —5z£. It is calculated that the timelike normal vector n(s) which is given by

n(s) :( V2 cosh(gs), V2 sinh(gs), sin(%s), cos(%s) )

So, we can get 6(s) = 1, we calculate the other normal vector

e(s) = ( ﬁ sinh(?s), ﬁ cosh(ﬁs), —ﬁ cos(%s), ﬁ sin(%s) ).

2 2 2 2 2

Moreover, the second de Sitter focal surface is formulated as

SDF,(s,0) = (x1(s,0), x2(5, 6), x3(s,0), x4(5,0)) ,

AIMS Mathematics Volume 6, Issue 4, 3177-3204.



3202

where

x1(s,0) = cos(0) cosh(g s) + g sin(6) sinh(?s),

X2(s,0) = cos(6) sinh(?s) + g sin(6) cosh(?s),

x3(s,60) = — \5005(9) sin(%s) - g sin(6) cos(%s),

X4(s,0) = — \5005(9) cos(%s) + g sin(6) sin(%s).

In addition, we obtain the vector parametric equations of the singular locus of the second de Sitter focal
surface as follow:

V2

SSDF,(s) = ( — cosh(gs), — sinh(Ts), \/Esin(%s), \/zcos(%s)).

Noticing that p(s) = —%g # 0 for arbitrary real numbers s > 0. Hence, we have that the second de
Sitter focal surface S DF,(s,6) is locally difeomorphic to cuspidal edge at its singular points and the
singular locus of the second de Sitter focal surface $$ DF,(s) is locally difeomorphic to a line. We
draw the projection of the image of the second de Sitter focal surface S DF, (s, 6) (in orange) and its

critical value set S§ DF,(s) (in red) to three-dimensional spaces (see Figure 4).

-2 55 4 06 08 10 12 14

035
_ps5 0

02p4
TO0808 g
D12

Figure 4. Projection of the second de Sitter focal surface respectively on x; = 0, x, = 0,
X3 = 0, X4 = 0.
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