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which generalize the conclusion in [22], and further generalize the conclusions in [21,28]. Secondly,
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are proposed respectively, and several existence results of the strongly essential component of set
of vector Ky Fan’s points are obtained. By comparing several metrics, we give some strong and
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multiobjective games.
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1. Introduction

Let X be a nonempty compact convex set of HausdorfF linear topological space and f : X x X — RF
be a vector-valued function. In this paper, we consider the following vector Ky Fan’s point problem
(in short, (VKF), called vector-valued Ky Fan’s inequality problem by some authors) (see, [27]):


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2021191

3161

(VKF) Find a point y* € X such that f(x,y*) ¢ intR for any x € X.

The above function f : XXX — R¥is called a vector-valued inequality function, and y* € X is called
a vector Ky Fan’s point of f. In particular, when k£ = 1, the above vector-valued Ky Fan’s inequality
problem is just the usual Ky Fan’s inequality problem, and the corresponding vector Ky Fan’s point
becomes the usual Ky Fan’s point (see, [12,20]).

Vector-valued Ky Fan’s inequalities are natural generalizations of the Ky Fan’s inequality to
vector-valued functions, vector-valued Ky Fan’s inequality theorem plays a very important role in the
research of nonlinear and convex analysis. As the applications of vector-valued Ky Fan’s inequality in
many mathematical problems, such as vector optimization [9], vector variational
inequality [6, 8, 13,23], vector complementarity and multi-objective games [16,27], etc., the study on
the existence, stability and related applications of solutions of vector-valued Ky Fan’s inequality have
made rapid developments in the last twenty years [10, 22, 25,27], and the references therein. Many
researchers have achieved a lot of research results and extended it to various generalized forms, such
as vector quasi-equilibrium problems [4], bilevel vector equilibrium problems [2, 15], vector
quasi-variational inequality [7, 14, 19], generalized quasi-variational inclusion [3], set-valued Ky
Fan’s inequality [17] and stochastic Ky Fan’s inequality etc. [22,25,27], and the references therein.

Many researchers focused on the stability of Ky Fan’s points and vector Ky Fan’s points. Tan
et al. [20] and Yu et al. [24, 26] proposed the generic stability and essential components of Ky Fan’s
point with respect to the perturbation of inequality functions based on sup-norm metric, respectively.
Similarly, Yang and Yu [27] obtained the existence of essential components of vector Ky Fan’s point
with respect to the perturbation of vector-valued inequality functions based on sup-norm metric. As
we know, Ky Fan’s section theorem is an equivalent form of (vector-valued) Ky Fan’s inequality
(see, [5, 11]), but there no longer has any function form. To discuss the stability of Ky Fan’s section
theorem, Zhou et al. [28] introduced a maximum Hausdorff metric of section mappings and obtained
the existence of essential component of the set of solutions of Ky Fan’s section theorem, which set up
an alternative way to study the stable set of Ky Fan’s point defined by the perturbation of section
mappings.

In both of these cases, two perturbations were proposed by the sup-norm of inequality functions
and the maximum Hausdorff metric of section mappings, respectively. Nevertheless, an example (see,
Example 1) shows that there is no direct relationship between these two kinds of perturbations. Besides,
both the sup-norm metric and the maximum Hausdorff metric must be defined on the total set, so it
is very difficult to discuss the stability with respect to set perturbation generated from the uncertainty
of cognition and choice. Therefore, there are two questions that deserves attention: (1) Is it possible
to establish a perturbation which can include these two perturbations defined by the sup-norm and the
maximum Hausdorff metric respectively? (2) Is it possible to define a class of essential sets which have
stronger stability and provide a method to deal with the perturbations of strategic sets? Around these
questions, Xiang et al. [21, 22] established the strongly stability of Ky Fan’s points by introducing a
class of stronger perturbations of section mapping and graph defined by the Hausdorff semi-metric on
suitable set, respectively, both can be include two perturbations mentioned in question (1), and Xiang
et al. [22] further provided a strongly stability analysis method for perturbation of set. However, Xiang
et al. [22] only considered the special case in which the initial set is always the total space X, and
the perturbation of set variation can only be inward reduced to X’ € CK(X). So there are other two
questions worth studying: (3) Is it possible to discuss more general case where the initial set X, is
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arbitrary compact convex subset of X and its perturbation way of set is also arbitrary? (4) In the case
of vector value function, is the above method still applicable?

Inspired by the above research works, in this paper, we further investigate the strongly stability
of the solution set for Ky Fan’s section problems and vector Ky Fan’s point problems, to solve the
above four questions. Firstly, we shall introduce two kinds of stronger perturbations defined by the
Hausdorff semi-metric on X X X and the Hausdorff metric on X, both can be include two perturbations
mentioned in question (1). In some special case, we also compare the relationships among various
metrics to obtain the strong and weak relations among these perturbations discussed. Next, based on
these perturbations, some concepts of strongly essential set of solutions of Ky Fan’s section problems
are introduced, respectively. And in the general case where the initial set X is arbitrary compact convex
subset of X and its perturbation way of set is also arbitrary, we study and generalize the existence of
strongly essential component of solution set for Ky Fan’s section problems. Furthermore, we define two
kinds of strongly essential sets of solutions of problem (VKF), and based on the above existence results,
we investigate the stability of problem (VKF), and obtain some existence results of strongly essential
component of solution set for problem (VKF). Finally, as an application, we deduce an existence result
of the strongly essential component of weakly Pareto-Nash equilibrium for multiobjective games by
means of the above results, which provide a method to discuss the stability of set of weakly Pareto-Nash
equilibrium for multiobjective games with respect to general perturbation of strategic set.

2. Preliminaries

Unless otherwise mentioned, we will restrict our discussion domain to a normed linear space
(E,| - |I).- Let X be a nonempty convex compact subset of (E, || - ||), denote K(X) and CK(X) the set of
nonempty compact subsets of X and the set of all nonempty compact convex subsets of X
respectively. Define a metric d on X X X as

d(x,y) = llx; = yill + [lx2 = yall

for x = (x1,x2), y = (b1,¥2) in X X X. And denote H; the Hausdorftf metric on K(X) or K(X) X K(X).
LetRF = {x=(x;, - ,x) €eRF: x; 20,i=1,--- ,k} and intRX = {x = (x1, - ,x) ERF : x; > 0,i =
1,---,k}. Itis clear that R¥ is a nonempty closed convex and pointed cone in R¥ with intR* # 0, and
intR¥ + RY = intR¥ (Ref. [27]).

Now, we first recall some basic concepts which will be used in the follows (Ref. [9, 18]).

Definition 1. A mapping T : Z — 2Y is said to be upper semicontinuous at z, if for any € > 0, there
exists some 6 > 0 such that T(Z") C [T(z) + B(0)] for any 7 € Z with d(Z',z) < 6; And T is said to be
upper semicontinuous, if T is upper semicontinuous at any z € Z; And T : Z — 2Y is said to be a usco
mapping, if T is upper semicontinuous and compact-valued on Z.

Definition 2. A vector-valued function f : X — RF is said to be R -lower semicontinuous at x € X, if
for any open neighbourhood V of original point 0 in R%, there exists some open neighbourhood O(x)
of x such that f(x') € f(x) +V + Rﬁ for all X' € O(x), f is said to be R’j-lower semicontinuous on
X, if it is Rk-lower semicontinuous at any x € X; f is said to be R:-upper semicontinuous on X, if
—f is RE-lower semicontinuous on X; And f is said to be R -continuous on X, if it is both R* -lower
semicontinuous and RX -upper semicontinuous on X.
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Definition 3. A vector-valued function f : X — R¥ is said to be RX -quasiconcave, if for any x, x, € X
and any A € (0, 1), such that f(Ax; + (1 — D)x,) € y + Rk whenever f(x,) € y + R and f(x;) € y + Rt
for any y € Rk,

For convenience, we recall the Ky Fan’s section theorem and the vector-valued Ky Fan’s inequality
theorem as Theorem A and Theorem B , respectively, (see [27,28]).

Theorem A Let X be a nonempty convex compact subset of space E, A C X X X satisfies:

(1) foreach x € X, {y € X : (x,y) € A} is closed;

(2) foreachy € X, {x € X : (x,y) ¢ A} is a convex or empty set;

(3) for each x € X, (x, x) € A.

Then there exists yoy € X, such that X X {yo} C A.

Theorem B Let X be a nonempty convex compact subset of space E, ¢ : X X X — RF satisfies:
(1) for every x € X, y — ¢(x,y) is RX-lower semi-continuous;

(2) for everyy € X, x — ¢(x,) is Rk -quasi-concave;

(3) for every x € X, ¢(x, x) ¢ intRX.

Then there exists y* € X, such that ¢(x,y*) ¢ intRX for every x € X.

Note that y, in Theorem A is called a solution of section problem A, and y* € X in Theorem B is
called a vector Ky Fan’s point of ¢. In particular, if k = 1, then Theorem B is just the usual existence
theorem of solutions of Ky Fan’s inequality (see [12]).

In order to investigate the stability of solutions to Theorem A and Theorem B, as in [22,28], denote

A =1{A|A c X X X is closed and satisfies (1) — (3) of Theorem A};

F ={plp: X X X - R¥is R* — lower semicontinuous
and satisfies (2),(3) of Theorem B}.

For each ¢ € ¥, denote
Ay = {(X,y) eEXXX:px,y) ¢ intR’fr}.

It can be to verify that A, € A. For each A € A and ¢ € ¥, define the section mappings E4 : X — 2
and E, : X — 2% as
Es(x)={yeX:(xy) €A} VxeX;

E,(x)={y€ X :¢(x,y) ¢ intR"}, Vx e X,

Then E, = E,, for any ¢ € F.

For each A € A, denote the solution set of problem A by F (A) = (),ex Ea(x). And for each
¢ € F, denote the set of all vector Ky Fan’s points of ¢ by Fx(¢) = (,ex Es(x). It is obvious that
Fk(p) = Fy(A,) for any ¢ € F. By Theorem A and B, the solution mappings F; : A — K(X) and
Fx : ¥ — K(X) are both well-defined.

The sup-norm metric on ¥ is introduced in general, that is,

Pm(@1,02) = sup  |loi(x,y) — @2, @1,92 € F.
(x,y)eXXX

Moreover, two metrics on A and # are defined by the maximum Hausdorff metric H, as follows
(Ref. [22,28]):
Ps(Al,AZ) = SupxeX Hd(EAl(-x)9 EAz(x))7 AlaAZ € ﬂa

,01(()01, (102) = SupxeX Hd(E<p1 (X), Et,az(x))’ D1, P2 € ?
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Now, some concepts of essentiality about vector Ky Fan’s points with respect to p,, and p; are
recalled (Ref. [27]).

Definition 4. Let ¢ € . A nonempty closed subset e(p) C Fg(p) is said to be an essential set of Fg(¢)
with respect to p,, (or p1), if Y€ > 0, there exists 6 > 0 such that Fg(¢") (\[e(¢) + B:(0)] # 0 for any
@' € F with pu(¢’, @) <6 (or pi(¢’, @) <9).

Remark 1. (1) A component C of Fx(¢) is said to be an essential component of F () with respect to
Om (0r p1), if the component C of Fx(p) is essential with respect to p,, (or p1). (2) Similar as Definition
4 and (1) of Remark 1, we may define the essential set and essential component of F (A) with respect
to p, for A € A.

Note that Yang and Yu [27], Yu and Peng [25] prove the existence of essential component for vector
Ky Fan’s points with respect to p,, and p;, respectively. However, the following example shows that
the essentiality of set of vector Ky Fan’s points based on p,, is not necessarily related to the essentiality
based on the sup-norm metric p;.

Example 1. Let X = [0,1]). Forn =1,2,---, define ¢, ¢",¢" : X x X — Rk as

@(x,y) =(0,---,0);
‘Pn(X’)’) = (_1’ ) _1)7
$"(y) = (2o -2, 2 - 0), V(6 y) e X X X.

Then ¢, ¢",¢" € F. It is easy to see that E,(x) = Egx(x) = [0,1] and Eg(x) = [0, x] for each
x € X. Then p;(¢", ¢) = 0, while p,.(¢", ¢) = Vk does not converges to 0. On the other hand, it is clear
that p,,(¢", ¢) — 0 while p;(¢",¢) = 1 does not converges to 0. Therefore, the essentiality of the set
of vector Ky Fan’s points is not necessarily associated with these two kinds of perturbations defined
by the metric p; and p,, respectively. This shows that the perturbation of the vector-valued inequality
function, even defined by the strong sup-norm metric, when it is sufficiently small, can not guarantee
that the perturbation of their section mappings is also sufficiently small.

According to Example 1, a question yields: How can a kind of perturbation be defined such that it
includes perturbations defined by p; and p,,? To discuss this question, similar as in [21], we introduce
two types of semi-metrics p? and p* on A and F, respectively:

Pu(A2, A1) = sup,cx H(Ex)(X), E (X)), YA2, A1 € A;

pﬁ(‘ﬁ% QDI) = SupxeX HM(EQDQ(X)’ E<p1 (X)), V()Dl, @1 € 7:
where H,(A, B) = sup_., d(z, B) is the Hausdorfl upper semi-metric on K(X). Itis clear that (@2, 1) =
P3(Ag,, Ay)). The relations among the metrics pg, ok, py, p1 and p,, are revealed below.

Proposition 1. (1) p3(A2, A1) < ps(A2,A)), YAz, Ay € A;
(2) P2, 1) < pi(@2, 1), Yoo, 01 € F;
(3) Let ¢, ¢, € F, if pun(pn, ) = 0 (n — 0), then pk(¢,, ) — 0.

Proof. The conclusions (1) and (2) follow immediately from the definitions of p;, p; and p?, pt.
(3) If the conclusion is not true, then there exist ¢ > 0, 6, > 0 with 6, — 0, and a corresponding
sequence of functions ¢, with p,,(¢,, ¢) < d,, such that pfl((pn, ®¥) > €, that is,

pﬁ(gon, @) = sup H, (E%(x), E¢(x)) = sup( sup d(z, E¢(x))) > €.

xeX xeX \z€E,, (x)
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Then there exist xo € X and y, € E, (xo) C X such that d(y,, E;(xy)) > %eo. From E, (x0) = {y €
X : @u(x0,y) ¢ intRY}, we have ¢,(x0,y,) € intRX. Since X is compact, there exists a convergent
subsequence of {y,}, without loss of generality, we may assume that y, — yy € X. As p,(¢,, ¢) <
0, — 0, 1e. ¢, = ¢ (with respect to p,,), there must be ¢(xy, yy) ¢ intR’i. In fact, if it were not true,
that is ¢(xo,yo) € intRX, then there exists an open neighbourhood V of original point 0 in R¥, such
that ¢(xo,yo) + V € intRX. And since p,.(¢,, ) < 6, — 0 and ¢ is RX-lower semicontinuous, then
©n(x0, Yn) € (X0, V) + %V and ¢(xg, y,) € @(x0,Y0) + %V + intR’jr for sufficiently large n. Consequently,

1
©n(X0, Yn) € ©(x0,Vn) + EV C o(x9,y0) +V + intR'j C intR’fr + R'j = intRﬁ,

which contradicts with ¢,(xo,y,) ¢ intRX. Thus, ¢(xo, yo) ¢ intRX. From E,(xo) = {y € X : ¢(xo,y) ¢
intRﬁ}, we have y, € E,(xo), which is a contradiction with d(y,, E,(xo)) > %eo and y, — yo. The proof
is complete. O

Remark 2. (1) The conclusions of Proposition 1 extend the conclusions of Proposition 2.1 in [21]. In
fact, in the special case of n = 1, the conclusions of Proposition 1 is just the corresponding results of
Proposition 2.1 in [21].

(2) From (2) and (3) in Proposition 1, we know that the perturbation defined by p’; includes two
perturbations defined by p,, and p,. That is to say, the perturbation under pf is sufficiently small
whenever the perturbation under p,, or p; is small enough.

Moreover, in order to further study the case of perturbation generated from variation of sets, we
introduce some notations as follows (Ref. [22]).
For each A € A and X’ € CK(X), denote

AIX ={(x,y) e X' x X" : (x,y) € A},
and
Ay = {AIX 1 A€ A X € CKX)).

It is obvious that A|X’ € X" X X" is closed, and so it is compact by the compactness of X" x X”.
For each ¢ € ¥ and X’ € CK(X), denote ¢|X’ the restriction of ¢ on the set X', i.e. ¢ : X' XX’ — R,
Denote
Fx ={olX 1 p € F,X € CK(X)}.

And for each ¢|X’ € Fy, let

Age ={(x,y) €X' X X' : ¢(x,y) ¢ intRY};
Egjx(x)={yeX :(x,y) €Ayx}={y € X :p(x,y) ¢ intR’j}, VxeX'.

Then A x = A X', and E,x : X' — 2% is a section mapping of ¢|X’. In particular, when X’ = X, we
have AlX, = A, QDlX’ = @, AQD\X/ = A"[J and EcplX’ = E‘p.
Now, similar as in [22], we introduce two kinds of semi-metrics py,, p’,‘i on Ay, Fx, respectively:

py(As|X2, AilX1) = H,(As| X5, Ag1Xy) + Hy(Xz, X1), YA2Xs, AlX) € Ay,
P (@alXo, 11X1) = Hi(Apoxos Agixy) + Ha(Xa, X1), Yol Xa, 011X € Fx.
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where H,(A, B) = sup_., d(z, B) is the Hausdorff upper semi-metric on K(X) X K(X) (see [18]). It is
easy to see that pf,(¢21X2, 011X1) = p3(Agyxss Agiix,) = P3(Ag1X0, Ay, 1X1).

In particular, if the perturbation of sets need not be considered, that is, Ay = A, Fx = F, then
for A1,A, € A and ¢1,¢, € F, we have A||X = A, A)JX = Ay and ¢1|X = ¢, |X = ¢,. Then
P53, (Ax|X, A11X) = p5,(Az, AY), ph(@alX, 011X) = ph (@2, 1)

In the special case in which Ay = A and Fx = F, the relations among the metrics p?, p* and P3P,
are revealed below.

Proposition 2. (D) p}_I(Az,Al) < p;(Az,Al), VA, , A € A
(2) pZ((PL ()Dl) < P];(QDZ’ ()Dl)’ V‘Pz» Qol € T
Proof. (1) It follows immediately from the proof of (1) of Proposition 2.1 in [22].

(2) For any ¢, ¢; € F, assume that p*(¢,, ¢;) = r, we need only to show that p’},(goz, ¢1) < r holds.
Since p’;(tpz, ®1) = sup,.x H(E,,(x), E, (x)) = r, we have E,,(x) C E, (x) + B.(0) for x € X. And

Ay ={(x,y) € X X Xl (x,y) & intRE} = {(x,y) € X x X|y € E,,, (x)};

Ay, = {(x,y) € X X X|@p(x,y) ¢ intRY} = {(x,y) € X x X|y € E,,(x)}
C{(x,y) e XxX|y € E, (x) + B(0)} C Ay, + B.(0).

Hence, p’,;(goz, 1) = H,(A,,,Ap) = SUP_ca, d(z,A,,) < r. The proof is complete. O

Remark 3. Proposition 2 illustrates that the perturbation defined by pj;, includes the perturbation
defined by p, and the perturbation defined by p, includes the perturbation defined by pf.

From the Proposition 1 and 2, in the special case in which Ay = A and Fx = ¥, we immediately
obtain the relations among the metrics p, ok, p3,, o5, ps, p1 and p,, as below.

Corollary 1. (1) p},(A2,A)) < p;(A2,A)) < pg(Az,Ay), VA2, A € A;

(2) Ph (02, 1) < P2, 01) < P12, 1), Yoo, 01 € F;
(3) Let ¢, ¢, € F, if pn(pn» ) = 0 (n — 0), then p(¢,, ) — 0, which further implies p’}i(gon, ) — 0.

Remark 4. (1) It is clear that Corollary 1 contains the conclusions of Proposition 2.1 in [22] as a
special case in which n = 1.

(2) Corollary 1 shows that the perturbation defined by p’;l includes the perturbation defined by p,
and further includes the perturbations defined by p,, and p;. That is to say, when the perturbation
under p,, or py is sufficiently small, the perturbation under p* is sufficiently small, and furthermore, the
perturbation under p’fq is also sufficiently small.

Looking back on Example 1, note that E,(x) = E.(x) = [0, 1] and E4(x) = [0, x] for each x € X,
we have E.(x) = E,(x) and E4(x) C Ey(x), then pﬁ(ga”, ¢) — 0 and p’;(¢", ¢) — 0. Furthermore, we
have A, = [0,1] x [0, 1], Ay = [0,1] X [0, 1], and Ay = {(x,y) € [0,1] X [0, 1] : y < x}, consequently,
Agp = Ay, Ay C Ay, then ph (", ) — 0, pi(¢", @) — 0.

3. Existence of strongly essential set of vector Ky Fan’s points

Let us introduce the concepts of strongly essential set of solution for Ky Fan’s section theorem and
) . . . ¢ ¢ k k
vector-valued Ky Fan’s inequality with respect to p;, pj, and p,, py;.
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Definition 5. (1) (Ref. [22]) Let A € A. A nonempty closed subset e(A) C F(A) is said to be a strongly
essential set of F(A) with respect to p;, if Ve > 0, there exists 6 > 0 such that F (A") (\[e(A)+ B.(0)] #
0 for any A’ € A with pj(A’,A) < 6.

(2) Let A|Xy € Ax. A nonempty closed subset e(A|Xy) C F(A|Xy) is said to be a strongly essential
set of F(AlXo) with respect to p;,, if Ve > 0, there exists 6 > 0 such that F(A’|1X") ([e(A|Xo) + B:(0)] #
0 for any A'|X" € Ax with py,(A'1X’, AlXp) < 0.

Definition 6. (1) (Ref. [21]) Let ¢ € F. A nonempty closed subset e(¢) C Fx(p) is said to be a strongly
essential set of Fg(p) with respect to p¥, if Ve > 0, there exists 6 > 0 such that Fg(¢") ([e(¢)+ B(0)] #
0 for any ¢’ € F with pk(¢’, ¢) < 6.

(2) Let 9| Xy € Fx. A nonempty closed subset e(p|Xy) C Fg(¢|Xy) is said to be a strongly essential set
of Fx(¢|Xy) with respect to p’,‘,, if Ve > 0, there exists 6 > 0 such that Fx(¢'|X") ([e(¢lXo) + B:(0)] # @
for any ¢'|X’ € Fx with pk(¢'|X’, ¢1Xo) < 6.

Remark 5. (1) Similar to Remark 1 (1), we may define the strongly essential component in Definition
S5and®6.

(2) Let e, and e, are two nonempty closed subsets of F(A|Xy) with ey C e,. If e is a strongly
essential set of F(A|Xy) with respect to p;,, then so is e,. Similarly, there are same results in three
other cases.

(3) If S is a minimal element of the family S of all strongly essential sets with partial order defined
by the inclusion relation, then S is said to be a strongly minimal essential set. A connected strongly
minimal essential set S is called a strongly stable set.

(4) Obviously, the stability defined by strongly essential set includes the perturbation of sets.
Besides, in the special case in which the perturbation is not focused on the sets, that is, X' = Xy = X,
by Corollary 1, it follows that the perturbations defined by p;, and p’;{ include those defined by ps, p,
and py. Thus the strongly essential set has stronger stability than those defined in Definition 1 and
Remark 1.

(5) Let ¥' C Fx and ¢|Xy € F'. Then we may define the strongly essential set on subspace F': A
nonempty closed subset e(¢|Xy) C Fx(¢|Xo) is said to be a strongly essential set of Fx(¢|Xo) on ¥,
if Ye > 0, there exists 5 > 0, such that Fx(¢'|X") [e(¢|Xo) + B:(0)] # O for any ¢'|X’ € F' with
P (@'1X, ¢lXo) < 8. It is easy to see that a strongly essential set of Fx(¢|Xo) is also a strongly essential
set of Fx(¢|Xo) on F'.

Now, we recall some basic results on solution mapping F; : (A, p;;) — K(X) for Ky Fan’s section
problems, which refer to the Lemma 3.1, Lemma 3.3 and Theoren 3.1 in [22].

Lemma 1. (1) F, : (Ayx, p;;) = K(X) is an usco mapping;
(2) For each A|X, € Ay, F(AlXo) has at least one strongly minimal essential set with respect to py,;
(3) For each A = AlX € Ay, F(A) has at least one strongly essential component with respect to p;,.

Proof. The conclusion (1) and the conclusion (3) see the Lemma 3.1 and Theoren 3.1 in [22], and the
conclusion (2) follow similar to the proof of Lemma 3.3 in [22]. O

Noting p’,;(golez, e1lX1) = py(Ag,1X2, Ay, |1X1), by means of (1) of Lemma 1, we obtain a similar
result for problems (VKF).

Lemma 2. Fy : (Fx, p',‘,) — K(X) is an usco mapping.
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Proof. 1t is suffices to show that Fg : (Fy, p’fq) — K(X) is upper semicontinuous for each ¢|X, € Fyx.
Note that ¢|X, € Fx implies A |X, € Ay, it follows from Lemma 1 that F'; is upper semicontinuous at
Ay|Xo, then for every € > 0, there exist 6 > 0 such that

Ay1X' € Ay and p}(Ay X', AllXo) = Pl (@'IX, lXo) < 6
for any ¢’|X’ € Fx with p];i((,D’|X,, ¢lXp) < 0, and then F (A, |X") C [F(AylXo) + B.(0)]. Consequently,
Fr(¢'IX') = F(AglX') C [Fs(AylXo) + B(0)] = [Fx(¢lXo) + Be(0)].
That is, Fg is upper semicontinuous at ¢|Xy € Fx. The proof is complete. O

In order to prove our main results, we need the following lemmas, which will be useful below
(Ref. [1]).

Lemma 3. ( [1]) Let X be a nonempty compact convex subset of linear topological space E. If
A, Ay, -+ LA, € CK(X), then co(UJL,A) = {XL,Aixi:xi€A,;>0and Y1, 4, =1} and
co (UL, A;) € CK(X), where co(A) denotes the convex hull of the set A.

Lemma 4. Let X be a nonempty compact convex subset of linear topological space E. For any
Ay,A,, By, B, € CK(X), we have

Hy(co(A; U Ay),co(B; U By)) < max{Hy(A, B)), Hi(A>, B>)}.

Proof. Form Lemma 3, Yx € co(A; U A,), there exist x; € A;,x, € A, and t € [0, 1], such that
x =tx; + (1 — t)x,, and then

d(x,co(BiUBy)) =d(tx; +(1=10xp,tco(B; U B,) + (1 —f)co(B; U B,))
<d(tx;,tco(B; U By)) + d((1 — H)x,, (1 — t)co(B; U B»))
=td (x1,co(B; U By)) + (1 — t)d (x5, co(By U By))
<td(x, By) + (1 = t)d(xy, By) < tH, (A, By) + (1 —)H,(A>, By)
< max {H,(A, B1), H,(A2, By)} < max {H,(A1, B), Hi(Az, By)},

which implies that

H, (co(A; UAj),co(B; UB)) = max )d (x,co(By U By)) < max{H,(Ai, By), Hi(A>, By)}.

xeco(A1UA,

Similarly, we can verify that H; (co(A; U A,), co(B; U B,)) < max{H,(A, By), H;(A>, B,)}, where
H(A, B) = H,(B, A) denotes the Hausdorff lower semi-metric of the sets A and B on K(X).
Therefore, we have

Hd (CO(Al U Az), CO(B] U Bz))
= max {H, (co(A; U A,), co(B; U B,)),H;(co(A; U A»), co(B; U B,))}
< max{H,(Ay, By), Hy(A2, B>)}.

The proof is completed. O
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In what follows, based on the general case for Ky Fan’s section problem A|X, € Ay, which the
initial set X, € CK(X) is arbitrary and the perturbation of the set variation is also arbitrary, we will
generalize and prove the further existence results of strongly essential component of solutions set for
Ky Fan’s section problems.

Theorem 1. For each A|Xy € Ay, F(A|Xy) has at least one strongly essential component with respect

to py,.

Proof. By (2) of Lemma 1, for each A|X, € Ay, there exists m(A|Xy) which is the strongly minimal
essential set of F;(A|Xp). In what follows, we will prove that m(A|X,) is connected.

If it does not hols, then there exist closed subsets C, C, C F (A|Xy) with C; # 0, C, # 0, such that
CiNCy =0and m(A|Xy) = C, U C,. Since Cy, C; are closed, and so are compact, there exists an € > 0
and two open sets V;, V, on X, such that V| D C; + B.(0),V, D C, + B.(0) and V,NV, =0. Then
(CLUCy)+ B(0) c (Vi UV,).

From the minimality of m(A|X,), we have C and C, are not essential, then there exist a sequence
{6, > 0} with 6, — 0 and A}|X}, A7|X; € Ax corresponding to &,, such that p3,(A,X,, AlXo) < ‘%”,
P (A2IXZ, AlXo) < %, and F,(ALXD) N Vi = 0, F(A2X2) (V2 = 0.

Let X, = co(X! | X?), it follows from Lemma 3 that X,, € CK(X).

Note that p},(A}IX}, AlXo) = H,(A)X}, AlXo) + Hy(X}, Xo) < % implies Hy(X), Xo) < %. Similarly,
one can obtain Hy(X2, Xo) < %. By Lemma 4, we have

n

5
Hy(X,, Xo) = Hy(co(X, U X}), co(Xo U Xo)) < max {Hu(X}, Xo), Ha(X}, Xo)} < <=0

which means that X, —» X, € CK(X).
Let

Exx={yeX:(xy el Ex)={yeX: (r,y) €A}}, VxeX.

Define E,, : X — K(X) as

E,(0) = |[EX0\ Va|U|E20) \ Vi, Vx e X,
A, ={(x,y) e XxX:y€eE,(x),x€X}.

Firstly, similar as in the proof of Theorem 3.1 of [22], we can easy to verify that A,, € A. Therefore,
A,lX, € Ax.

Secondly, we check that F (A,|X,) (Vi V2) = 0. Suppose by contradiction that there exists a
o € Fs(A,lX,) (ViU V2). Then yy € (V| V,). Without loss of generality, we may assume y, € V.
Since Fy(AXH NV, = 0, then y, ¢ F,(Al|X!), and then there is some xo € X! C X, such that
Yo ¢ E,ll(xo). Moreover, since yy € F(A,|X,), we have y, € E,(xy), then y, € Eﬁ(xo) \ Vi, which
contradicts with the assumption y, € V.

Finally, we prove that pj,(A,|X,, AlX,) < 6, — 0. For any (x,,y,) € A,|X, C A,, we have (x,,y,) €
X, X X, and y, € E,(x,). Note that y, € E,(x,) implies y, € E}(x,) or y, € E*(x,), that is (x,,y,) € Al
or (x,,y,) € A% Thus, we have (x,,y,) € AlX, or (x,,y,) € A%[X,. If (x,,y,) € Al|X, holds, for
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P (ALX,, AlXo) < 65—", we have Hy(X,, Xo) < % By the triangle inequality, we get

d((Xns ), AlXo) < d((x, y2), ANXY) + H(ALIX], AlXo)
< H,(ALX,, ANXY) + H(ALXL, AlXo)
< H,(X, x X,,,X}l X X;) + Hu(A},|X}l,A|XO)
< 2H (X, X)) + Hy(ALIX}), AlXo)
< 2(Hy(X,, Xo) + Hy(Xo, X)) + H,(A}IX}, AlXo)
< 2H (X, Xo) + Hy(Xo, X)) + p3,(AL1X,), AlXo)
<4x%=1g,

In a similar way, if (x,,y,) € Aﬁan holds, we also obtain d((x,, y,), A|Xy) < %6,1 and H;(X,, Xo) < %”.
Therefore, from the arbitrariness of (x,, y,) € A,|X,, one has

4
H,(A,|X,, AlXo) = sup d((xn,yn),Alxo) < =6,.
(Xn,Yn)EARIX,, 5

And 50 p3(Au|X,0, AlX0) = Hu(Aul X, AlXo) + Hy(X,, Xo) < 26, + 2 =6, — 0.

Note that m(A|Xp) is the essential set of F(A|Xp) with respect to pj, and py,(A,|X,, A|Xy) — 0 imply
Fy(A,1X,) N [m(A|Xo) + B(0)] # 0 for sufficiently large positive integer n. On the other hand, we also
have

Fy(Ax1Xn) 0 [m(A]Xo) + Be(0)] C F(AulX,) N [C1 U Ca + Be(0)] € Fy(AulX,) N[Vi U Vo] =0,

for each positive integer n, which leads to a contradiction. So the strongly minimal essential set m(A|Xj)
is connected.

Hence there exists a component C, of F (A|X,) such that m(A|Xy) € C,. By (2) of Remark 35, it
deduces that C, is a strongly essential set of F(A|Xy), and so is a strongly essential component of
F(A|X,) with respect to pj,. The proof is complete. |

Remark 6. By the proof of Theorem 1, we know that the strongly minimal essential set m(A|Xy) is
connected, and so is a strongly stable set. In Theorem 1, we study the more general case where the
initial set X, € CK(X) is arbitrary for problem A|X, € Ay, and the perturbation of the set variation is
also arbitrary. But the Theorem 3.1 in [22] only considers the special case in which the initial set is the
total space X, and the perturbation of the set variation can only be reduced to X' € CK(X). Therefore,
Theorem 1 actually generalizes the conclusion of Theorem 3.1 in [22] (see, (3) in Lemma 1). In fact,
Theorem 3.1 in [22] is just the special case of Theorem 1 in this paper when Xy, = X. Besides, by
Corollary 1, we immediately draw the following conclusions, which takes the Theorem 3.1 in [21] and
the Theorem 3.3 in [28] as its special cases.

Corollary 2. (1) For each A € Ay, F(A) has at least one strongly essential component with respect
to py;

(2) For each A € A, F(A) has at least one strongly essential component with respect to p;,;

(3) For each A € A, F(A) has at least one essential component with respect to p;

By Theorem 1, we can deduce the existence of strongly essential components of the set of vector
Ky Fan’s points with respect to p,.
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Theorem 2. For each ¢|Xy € Fx, Fx(p|Xo) has at least one strongly essential component with respect
10 pk,.

Proof. For each ¢|X, € Fx, it means that A | Xy = Ay, € Ax. By Theorem 1, F (A,|X,) has at least
one strongly essential component with respect to py,, denote it by C,. Then Ye > 0, there exists 6 > 0,
such that F(A’|X") N[C, + B(0)] # 0 for any A’|X" € Ay with p},(A’|X’, A,lXp) < 6.

Note that pl(@'|X" ¢lX0) = p(ApicsAgx,) = Py(AgIX . A lXo) and Fi(¢lXo) = Fi(A,IXo),
Fr(¢'IX") = Fy(AylX"). Clearly, if ¢'|X" € Fx and pk,(¢’IX", ¢|Xo) < &, which imply Ay |X’ € Ay and
Py (A |X', AglXy) < 6, then F(Ay1X") N[Cy + Be(0)] # 0, namely, Fx(¢'|X") [C, + B(0)] # 0. By
Definition 6 and (1) of Remark 5, C, is an essential component of Fg(¢|Xy). The proof is
complete. O

By (5) of Remark 5 and Theorem 2, we can easy to deduce immediately the existence result of
strongly essential component for the problems (VKF) on the subspace ¥ of Fx.

Corollary 3. Let ' C Fx and |Xy € F'. Then Fg(¢|Xy) has at least one strongly essential component
with respect to p%, on F'.

Proof. By Theorem 2, for each ¢|X, € ¥’ C ¥y, there exists a strongly essential component with
respect to p’fq in Fx denoted by C. By Remark 5 (5), it is clear that C is also strongly essential
component with respect to pf, on 7. O

By Corollary 1, the strongly essential component of Fx(¢) has stronger stability than those based on
the metric p,, or p;. Therefore, by Corollary 1 and Theorem 2, we can obtain the existence of essential
component of solution set of the problems (VKF) with respect to pﬁ, 01 OF Py

Corollary 4. Let ¢ € F. Then

(1) Fx(p) has at least one strongly essential component with respect to p~;
(2) Fx(¢) has at least one essential component with respect to p;;

(3) Fg(p) has at least one essential component with respect to p,,.

Proof. (1) For each ¢ € ¥ C Fx, by Theorem 2, F(p) has at least one strongly essential component
with respect to p’;l, which is denoted by C,. Then Ye > 0, there exists 6 > 0, such that Fx(¢'|X") [Ce+
B.(0)] # 0 for any ¢'|X’ € Fx with pk(¢'1X",¢) < 6. In particular, when p,(¢’, ) < &, one has
Fr(¢") N[Cy+Bc(0)] # 0. By (2) of Corollary 1, when p%(¢’, ¢) < 6, we have pk, (¢, @) < pk(¢’, ¢) < 6,
then Fg(¢') N[C, + B<(0)] # 0. By Definition 6 and Remark 5, we have that C, is an essential
component of Fx(p) with respect to p.

The proofs of conclusions (2) and (3) similar to (1), by (2) and (3) of Corollary 1, we may complete
the proofs. O

It is easy to see that the strongly essential component of Fx(¢|X,) has stronger stability, so it may
provide a more applicable and convenient approach for eliminating the solutions with relatively weak
stability.

4. Application: Strong stability of weakly Pareto-Nash equilibrium of multi-objective game

Let N = {1,2,--- ,n} be the set of players, and denote by I'(X, ) a multi-objective game by a 2n-
tuple (X1,--- ,Xu; f1,- -+, fn), Where X; is the strategy set of i-th player, X = [, X; is the strategy
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profile set of the multi-objective game I', and f; = { l.l, S fl."} X =1l X — R* is the vector-
valued payoff function of i-th player, respectively, where fl.j X =[].,X; > Rforeach j=1,--- ,k.
For eachi € N, denote X_; = (X1,---, Xi—1, Xiv1,- -+ , X,,), and for each x = (x,---,x,) € X, denote
Xoj = (Xp, e, Xint, Xigls 0 5 %) € X

Definition 7. x* = (x,x*,) € X is called a weakly Pareto-Nash equilibrium of multi-objective game

(X, f), if .
fionx") — fi(x;,x*) ¢ intR*, Vy e X;, Vie N.

Assume that a multi-objective game I'(X, f) satisfies the condition C : (1) Vi € N, f; is
RX -continuous on X; and (2) Vy_; € X_;, xi = Yy fi(xi, y_i) is Rk -quasi-concave on X;.
Denote
G={IX,f):T(X, f) satisfies the condition C}.

It is easy to verify that for I'(X, f) € G, the corresponding function ¥ ¢(x,y) = ey fi(xi,y-i) —
2ien fi(vi, y-;) satisfies the conditions of vector-valued Ky Fan’s inequality theorem and y/, € F.

To study the stability of weakly Pareto-Nash equilibrium based on perturbations including of the
variations of the strategy set, we introduce some notations and definitions.

Let multi-objective game I'(X, f) € G. For each X’ € CK(X), denote by I'(X’, f) a multi-objective
game with the strategy profile set X" = []/_; X! and the vector-valued payoff function f = (fi,--- , f,).
In particular, if X’ = X, we have I'(X’, f) = I'(X, f). Denote

Gx={ITX',/) e G: X € CKX)}.

For each X’ € CK(X) and I'(X’, f) € Gy, denoted by N(I'(X’, f)) the set of all weakly Pareto-Nash
equilibria of multi-objective game I'(X’, f). Let

UGy = Y filxy-), ¥ = (e, 20, = G,y € X,

ieN

It is easy to see that

Yr(x,y) = Ulx,y) = U, y) = Z Jilxi, y-i) = Z Jii»y-), Vx,y € X.

ieEN ieEN
Denote ¢ /X’ : X’ x X’ — R as follows:
WX )(x,y) = Yrp(x, ), Vx,y € X'

We define the collective-better-reply correspondence (Ref. [28]) CBRrx f) : X' — 2X" as follows:
CBRrxr 5(X) = {y eX Uy -U@,y) ¢ intR’;} Vxe X,

Then
CBRrx. (%) = Eyx(x) = {y € X 0 (IX')(x.y) & intR" }
= {y €X' 1yp(x,y) ¢ intR/j} ,VxeX'.

Moreover, by Definition 7, we have N(I'(X’, f*)) = Fx(#|X’). From Theorem B , one can see that
for each I'(X’, f) € Gx, we have Fx(Y|X") # 0, then NI'(X’, f')) # 0. Thus N : Gy — K(X)isa
set-value mapping with nonempty value.
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We now introduce two metrics on Gy as follows: for any I'(X, f),I'(X, g) € Gx.

Pu(U(X, ), (X, 8)) = sup x|l (x) = gl,
P2(I(X, £),T(X, 8)) = sup ex Ha(CBRrx ) (x), CBRrx )(X))-

By the definitions of metrics, p>(I'(X, f), I'(X, 8)) = p1(¥5, ¢,) and p,(T'(X, ), 1'(X, ) = pm(W 1, Yo)-
Next, we further define a semi-metric on Gy as follows: for any I'(X?, 2),[(X!, f!) € Gy,

Py T(Xa, 1), T (X1, /i) = H,(Ay, X2, Ay, 1X1) + Ho(X2, X)).

Then pf,(D(Xy, £2), T(X1, 1)) = o (5| Xa, 5 1X1).

Definition 8. Given I'(Xy, f) € Gx. A nonempty closed subset e C N(I'(Xo, f)) is said to be a strongly
essential set of N(I'(Xy, f)) with respect to pfi, if Ve > 0, there exists 6 > 0 such that N(U'(X’, ")) ([e+
B.(0)] # 0 forany I'(X’, ') € Gx with pZ(F(X’, ), T'(Xo, f)) < 6. And if a component C of N(I'(Xy, f))
is a strongly essential set of N(I'(X, f)), then C is called a strongly essential component of N(I'(Xy, f)).

By Theorem 2 and Definition 8, we can deduce the existence of strongly essential component of
weakly Pareto-Nash equilibrium for multi-objective games.

Theorem 3. For each I'(Xy, ) € Gx, NU'(Xy, f)) has at least one strongly essential component with
respect to p5,.

Proof. For each I'(Xy, f) € Gx, then yf|Xy € Fx. By Theorem 2, Fx(i/f|Xo) has at least one strongly
essential component denoted by C,. Then Ye > 0, there exists 6 > 0, such that Fx(y¢|X") ([C, +
B.(0)] # 0 for any ¥ »|X’ € Fx with p%,( 1 |X", ¥ 1X0) < 6.

Moreover, for any I'(X’, ') € Gx with pi,(l"(X’,f’),l"(Xo,f)) < 0, we have y¢|X" € Fx and
p’;(wf/lX’, WelXo) = pf{(F(X’,f’),F(XO,f)) < 0, and then Fx(y p|X") N[Cy + B(0)] # 0, which means
that N(I'(X’, f)) N[C. + B:(0)] # 0. By Definition 8, we have that C, is a strongly essential
component of N(I'(Xy, f)) with respect to pfi. O

Remark 7. (1) For multi-objective games, the perturbation based on p$, includes not only the
perturbations of vector-valued payoff functions but also the perturbation of strategy sets. Here, the
strategy set of i-th player shifts from X; to X! and the vector-valued payoff functions from f; to f!
generated from the uncertainty in strategy choices.
(2) Also, if the perturbation of strategy need not be considered in multi-objective game, that is,
X' =Xo=X, then
PHTX ). DX, ) = Py )

By (2) of Corollary 1, we have

P, [, TX, ) = Py p) < pr@p¥p) = pa(T(X, ), T(X, ).

Then a strongly essential component C of N(U(X, f)) with respect to p§, must be a essential
component with respect to p,, and hence C has stronger stability. Moreover, by (3) of Corollary 1 and

pn(T'X, ), (X, 8) = pmW s, ¥,), the result also holds for p,,I'(X, '), I'(X, f)).
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5. Conclusions

In this paper, the existence of strongly essential components of the solution set for Ky Fan’s section
problems and vector Ky Fan’s point problems are studied. Firstly, we propose two kinds of stronger
perturbations for Ky Fan’s section problems and the problems (VKF) defined by the Hausdorff semi-
metric of graphic and section mapping respectively. By comparing the relationships among various
metrics to obtain some strong and weak relations among these perturbations (see, Proposition 1, 2 and
Corollary 1), and some further results on existence of the strongly essential component of solutions set
of Ky Fan’s section problems are obtained (see, Theorem 1, Corollary 2). In Theorem 1, we investigate
the more general case where the initial set Xy € CK(X) is arbitrary for problem A|X, € Ay, and the
perturbation of the set variation is also arbitrary. But the Theorem 3.1 in [22] only considers the special
case in which the initial set is always the total space X, and the perturbation of the set variation can
only be reduced inward to X’ € CK(X). Therefore, Theorem 1 actually generalizes the conclusion of
Theorem 3.1 in [22]. In fact, Theorem 3.1 in [22] is just the special case of Theorem 1 when X, = X.
Besides, by Corollary 1, we immediately take the Theorem 3.1 in [21] and the Theorem 3.3 in [28] as
its special cases. Secondly, based on the above results, two kinds of stronger perturbations of vector-
valued inequality functions is proposed by means of the Hausdorff upper semi-metric of graphic and
section mapping of problems (VKF) respectively, and several existence results of the strongly essential
component of set of vector Ky Fan’s points are obtained (see, Theorem 2, Corollary 3 and 4). Finally,
as an application, we use the equivalence of weakly Pareto-Nash equilibrium with vector Ky Fan’s
points to obtain the existence of the strongly essential component of weakly Pareto-Nash equilibrium
for multiobjective games, which provide a method to investigate the stability of set of weakly Pareto-
Nash equilibrium for multiobjective games with respect to general perturbation of strategic set.
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