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Abstract: We prove that, for a Finsler manifold with the weighted Ricci curvature bounded below by
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1. Introduction

In Riemannian geometry, Myers’s theorem proves that if (M, g) is a complete connected Riemannian
n-manifold such that Ric > (n — 1)k for some positive number k, then it is compact and Diam(M) <

%. Further, Cheng’s maximum diam theorem states that if its diameter attains its maximal value,

then the manifold is isometric to the Euclidean sphere S"(Lk). Under the same curvature condition,
Lichnerowicz estimate indicates that the first closed eigenvalue of the Laplacian is not less than nk,
while Obata rigidity theorem shows if the first closed eigenvalue attains its lower bound, then it is
isometric to Sn(\/%?)' By the same token, Bishop-Gromov comparison theorem also demonstrates that if
Vol(M) = Vol(S"(\/L];)), then it is isometric to S”(\/L];). Therefore, on a complete connected Riemannian
n-manifold with Ric > (n — 1)k for some positive k, the following conditions are equivalent:

e (M, g) is the Euclidean sphere S”(ﬁ);

e Diam(M) = %;

e the first eigenvalue of Laplacian is 4;(M) = nk;
o Vol(M) = VoI(S"())-

It is natural to ask:
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In the Finsler setting, can we also characterize and determine Finsler spheres by the diam, the first
eigenvalue and the volume?

In Finsler geometry, Cheng’s maximum diam theorem is studied in [2] for reversible Finsler
manifolds and in [10] for the general case. Lichnerowicz estimate and Obata rigidity theorem in
Finsler situation are also considered in [8—10]. Along this line, the authors give a positive answer to
the problem above. As to Bishop-Gromov comparison theorem, there are several generalized results
established in [4, 6, 7, 11], respectively. However, they (see [4, 6, 7]) do not study the rigidity
phenomenon when the volume reaches its maximum value. In [11], Zhao-Shen study the rigidity
problem and give some characterizations by using constant radial flag curvature and constant radial S
curvature. Yet, there is still much to be desired.

Let 6”(%) denote a Finsler sphere which has Busemann Hausdorff volume form, constant flag
curvature k and vanishing S curvature. When the Finsler metric is a Randers metric, the sphere is
called a Randers sphere denoted by S”(\/L];). There are infinitely many Randers spheres, and if the
metric is reversible, the sphere is just the Euclidean sphere (see [10]). For more details, we refer to
Section 2 below.

In this paper, we characterize Finsler spheres and obtain some rigidity results in the following.

Theorem 1.1. Let (M, F,du) be a complete connected Finsler n-manifold with Busemann-Hausdorff
volume form. If the weighted Ricci curvature Ric,, > (n — 1)k > 0, then the following conditions are
equivalent:

(1) (M, F,du) is a Finsler sphere S"(
(2) Diam(M) = %

(3) the first eigenvalue of Finsler-Laplacian is A, = nk;
(4) vol*(M) = vol(8" ().

1y.
)

Since the classification for Finsler metrics with constant flag curvature is not solved, we can not
determine all Finsler sphere metrics. However, for a Randers sphere S”(\/L];), the metric F can be
expressed by navigation data (g, W), where g is the standard sphere metric and W is a Killing vector.
Therefore, Randers spheres are of most importance among Finsler spheres. By narrowing the scope in
Theorem 1.1, we have

Theorem 1.2. Let (M, F,du) be a complete connected Randers n-manifold with Busemann-Hausdorff
volume form. If the weighted Ricci curvature Ric, > (n — 1)k > 0, then the following conditions are
equivalent:

(1) (M, F,du) is a Randers sphere 8"
(2) Diam(M) = %

(3) the first eigenvalue of Finsler-Laplacian is A, = nk;
(4) vol*(M) = vol(&" ().

(L),

Remark 1.3. Theorems 1.1 and 1.2 show that, apart from the Euclid sphere, the maximum diameter,
the maximum volume and the lower bound of the first eigenvalue can be attained on countless Finsler
(especially Randers) spheres.

The paper is organized as follows. In Section 2, some fundamental concepts and formulas which
are necessary for the present paper are given, and some lemmas are contained. The volume comparison
theorem and Theorem 1.1 are then proved in Sections 3 and 4, repectively.
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2. Preliminaries

Let M be an n-dimensional smooth manifold and # : TM — M be the natural projection from
the tangent bundle TM. Let (x,y) be a point of TM with x € M, y € T M, and let (x',y") be the
local coordinates on TM with y = y'd/dx'. A Finsler metric on M is a function F : TM — [0, +0)
satisfying the following properties:

(i) Regularity: F(x,y) is smooth in TM \ 0;

(i1) Positive homogeneity: F(x, ly) = AF(x,y) for 1 > 0;

(ii1) Strong convexity: The fundamental quadratic form

L 1
g = gij(xay)dxl ®d'x]7 glj = E[FZ]}’iyj

is positively definite.
Let X = Xi% be a differentiable vector field. Then the covariant derivative of X by v € T, M with
reference vector w € T, M\0 is defined by

w L 8XL ; ok a
Dy X(x) := {V’ﬁ(x) + I (wv'X (x)} o

where Fi.k denote the coefficients of the Chern connection.
Given two linearly independent vectors V, W € T, M\0, the flag curvature is defined by
gv(RV(V, MW, V)
gv(V, V)gy(W, W) — gy(V, W)*’

K(V,W) :=

where RY is the Chern curvature:
RY(X,Y)Z = DYDyZ — DyDYZ — D}y y/Z.

Then the Ricci curvature for (M, F) is defined as
n—1
Rie(V) = ) K(V.eo),
a=1

where e(, -+ ,e,_1, % form an orthonormal basis of 7, M with respect to gy.
Let (M, F, du) be a Finsler n-manifold with du = o-(x)dx' A - -+ A dx". The distortion is given by

det(g;j(x, V)
o(x) '

7(x,V) = log

For the vector V € T, M, lety : (—&,&) — M be a geodesic with y(0) = x, ¥(0) = V. Then the
S -curvature measures the rate of changes of the distortion along geodesics

d
S V)= 2T @), 7)) li=o-

Define d
Sx,V):=F _Z(V)d—t[S (¥ (®), ¥()]i=o0-
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Then the weighted Ricci curvature of (M, F,du) is defined by (see [3])

. . Ric(V) + S(V), for S(V) =0,
Ric, (V) = { —00, otherwise,

Ricy(V) = Ric(V) + S (V) - 2% v N € (n,00),
Ric(V) := Ric(V) + S(V),

For a smooth function u, the gradient vector of u at x is defined by Vu(x) := £7'(du), where
L : T:M — T;M is the Legendre transform. Let V = V"% be a smooth vector field on M. The
divergence of V with respect to an arbitrary volume form du is defined by

, = (V! .0log o(x)
divV := — +V—F—].
lv ; ( ox! ox! )
Then the Finsler-Laplacian of u can be defined by
Au = div(Vu).

The equality is in the weak W'*(M) sense. Namely, for any ¢ € C’(M), we have

f wAudu = — f de(Vu)du.
M M

Recall that Bao-Shen [1] found a family Randers sphere metrics on S*, which shows that the
maximum diam can be achieved in non-Riemannian case.

Example 2.1. [1] View S? as a compact Lie group. Let ¢!, 72, 2 be the standard right invariant 1-form
on S? satisfying
di' =20 N0, Al =20 N, Al =200 A
For k > 1, define
@ () = VRS G)? + KO + KPP, Blb) = V2 =k ().

Then Fy = a; + B is a Randers metric on S satisfying

K=1, S$=0, Diam(S’ Fy)=n.
Inspired by Bao-Shen’s example, we give the following definition.

Definition 2.2. A Finsler manifold with Busemann-Hausdorff volume form is said to be a Finsler
sphere if it has positively constant flag curvature and vanishing S -curvature. In particular, if the metric
is a Randers metric, we call it a Randers sphere.

Generally, we are not able to identify a Finsler sphere metric. However, for a Randers sphere metric,
F can be expressed by (see [10])
2 2
NN W
A 1’
where g is the standard sphere metric, and W is a Killing vector field on S"(#).
To prove our results, we further introduce the following lemmas.

F = A=1-|WI,

AIMS Mathematics Volume 6, Issue 3, 3025-3036.



3029

Lemma 2.3. [4] Let (M, F,du) be a Finsler n manifold. If the weighted Ricci curvature satisfies
Ricy > (N—-1)k, N € [n, o), then the Laplacian of the distance function r(x) = dr(p, x) from any given
point p € M can be estimated as follows:
s, (r
Ar < (N - l)ﬁ,
s(r)

pointwise on M\({p} U Cut(p)) and in the sense of distributions on M\{p}, where
sin(Vkn, k>0
Sy =14 1, k=0;
= sinh( V=kt), k<D0.

Lemma 2.4. [3] Let (M, F,du) be a Finsler n manifold. If the weighted Ricci curvature satisfies
Ricy > (N — D)k, N € [n, ), then forany 0 <r < R (< % if k > 0), it holds that

R
Vol By(R) voly'By(R)| _ Jy st
max , < = .
VOl;l,ﬂ B (r) Volff' B(r) fo sy~ ldt

3. Volume comparison theorems

In [6, 7], the volume comparison theorems are established on Finsler manifolds satisfying Ric >
(n— 1)k and some S curvature condition. Later, Zhao-Shen [11] generalize them and further obtain the
rigidity result. Using the weighted Ricci curvature condition, Ohta [3] obtain another version of the
relative volume comparison (see Lemma 2.4 above). However, the problem about the rigidity result
remains open. The main obstacle is that, for any volume form, the limit

Vol (B(r))
m-———
=0 [ (s at

does not necessarily exists. Therefore, to obtain the rigidity result, it is suitable to give a restriction on
the volume form.

Let (M, F, du) be a Finsler n-manifold. Fix a point p € M. Then on T,M the Finsler metric F(p, y)
induces a Riemannian metric g,(y) := g;;(p, y)dy' ® dy’, which also induces a Riemannian metric g, on
S,M = {yly € T,M, F(y) = 1}. Let (r, 8) be the polar coordinate around p and write the volume form
by du = o ,(r,0)drdf. Then we can give the volume comparison theorem as follows:

Theorem 3.1. Let (M, F, du) be a forward complete Finsler n-manifold with arbitrary volume form. If
the weighted Ricci curvature Ric,, > (n — 1)k, then for some positive number C, := lirrol fs u 70"9 g,
r— P

=1

vol(B!(r) < C, fo sy dr, 0<r< i, 3.1)

where B, (r) denotes the forward geodesic ball centered at p of radius r, and iy is the cut value of p.
Moreover, the equality holds for ry > 0 if and only if for Vy € S ,M,

KG:) =k, 0<1<r<i,
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where y,(1) is the geodesic satisfying y,(0) = p,¥,(0) = y. In this case, under the polar coordinate
(r,0) of p, we have
g(Vrlg) = dr @ dr + 532,(6),

where g, denotes the Riemannian metric on S ,M.

Proof. From Lemma 2.4, we have
Vol (B (r))

I (styy="ar

is monotone decreasing on r. By

vol (B} (r)) _y N fSpM o ,(r,0)dédr

im ——————— =lim .
r—0 fO(Sk(t))"‘ldl r—0 fO(Sk(l))”‘ldl
o,(r,0)
-1

=lim
=0 Js,m 1"

o =C,,

we obtain (3.1).
Let r(x) = dr(p, x) be the distance function from p. Since Ric, > (n— 1)k, by Laplacian comparison
theorem (Lemma 2.3), we have

s (r
Ar < (n— 1)ﬁ, (3.2)
sk(r)
which yields
0 0 0
Ar=—1 <—1 = —logé
r Ep ogo, < P og Si(r) Ep oga,
where & := s;(r)""!. Define f(r) = ”(”T((:)H ) Then
oo—-o0,0 o, 0
fn=-—"—— o) L = —~L —(logo, —log) < 0.
o o or

Hence, f(r) is monotone decreasing on r. As a result,

op(R,0) - o (1, 0)
GR) ~ a(r)

Assume that the equality holds in (3.1). That is,

f f o p(p,0)dbdp = Cpf d(p)dp, r<i,.
0 Js,M 0

Differentiating it with respect to r on both sides gives
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By the monotonicity of f(r), we deduce that

R
Cp:f O-p( ’9)d9<f O-p(r,g)dech, rSRSip,
S S

o 0B T Js a0

which implies

op(R,0) B o (1, 0)

= — , r<R<i
0(R) a(r)

= 1p.

Thus the equality holds in (3.2), which gives
(Ar)?

n-—1

0
E(Ar) + = —(n- Dk.

(3.3)

Let S ,(r(x)) be the forward geodesic sphere of radius r(x) centered at p. Choosing the local gy,-
orthonormal frame E,,--- , E,_; of § ,(r(x)) near x, we get local vector fields Ey,--- ,E,_i, E, = Vr by

parallel transport along geodesic rays. Thus, it follows from [7] that

0
2o, H(r) = ~Rice(Vr) - ;[H(r><Ei, E)P,

(3.4)

where H(r) is the Hessian of the distance function . On the other hand, we also have ( see [7])

Ar = try,H(r) — S(Vr) = try, H(r).
Therefore, by (3.4) and (3.5), we obtain

(Ar)?

n—1

9
~(n =Dk = —(Ar) +

(try,H(r))’

0
= E(trVrH(r)) + p—

0
< o-tro, H(r) + ,-Z,-[H(r)(E"’ E)P
= —Ric(Vr) = —Ric,(Vr)
< —-(n- k.
It follows from (3.6) that
1

(try, H(r))*,
n—1

D HEE, E)P =
i.j

which means

V2H(E;, E)) :=H(r)(E;, E))
_[ SR = ek, i=j<n,
10, i# ],

AIMS Mathematics
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:If—z:i. Next we shall compute the flag curvature. From (3.7), we know that {E;}” 11 are

(n — 1) eigenvectors of V2r. That s,

where ct,(r) :=

Dy'Vr=ct(DE;, i=1,---,n—1.

Noticed that Vr is a geodesic field of (M, F). Therefore, the flag curvature K(Vr;-) equals to the

sectional curvature of the weighted Riemannian manifold (M, gy,). Note that {E,-};’:‘l1 are (n — 1)

eigenvectors of V27 and parallel along the geodesic ray. By a straightforward computation, we get, for
1<i<n-1,

K(Vr;E) = RV(E;,Vr,E;,Vr) = gy (RV(E;, Vr)Vr, E))
= gv/ (DY Dy Vr — DYDY’ Vr — DY\ ¢,,Vr, E;)

_er(D (Ctk(r)E) + DDVrV DVrE Vr’ El)

= —ct;(r) - Ctk(”)er(DzirVI’, E;)
= —ct)(r) — ct;(r)*
= k.

We are now to prove that if K(y,(7);-) = k, then the equality holds in (3.1). Under the polar
coordinate of p, we have (r,0) = (r(¢),0'(q), -+ , 8" '(q)) for g € D,\{p}, where

Hg) = FO),  6°(q) = 0"(=—), ¥ = exp;'(@).

F(y)
Then
0 0
a1 = eXpP)y( aea)'
So, fory € § ,M, aar can be viewed as a Jacobi field on vy, (), and
10 0
11m——| = le.

r—0 7 060% 4 00«

Since K(Vr;-) =k, J,(t) = Wl(, y = sk(t)Ea(t) is the Jacobi field satlsfylng J(0) = 0, where E,(¢) is a
parallel vector field on y,(?), and E,(0) = % Iy. By Gauss lemma, gv,(Vr, 69(,) = 0. Therefore,

g(Vrlg) = dr @ dr + s;2,(6).

Since S (y,(1)) = 0, we have

d o d AJdetgi(n d s ()" y/det(g,(0)ap)
0 —ET(Z‘) =7 log —ap(t) = log 0
d . st d | (1)

T C o0 di )
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which means that
T, (R.O)  7,(r,0)

0(R) a(r) ’

o ,(R,0)dO0dR = 0(R)— dOdR
0 Js,M 0 Js,M a(r)
R

= f F(R)dR f 710 4
0 SpM a(r)

R
_ f sRdrtm [ 209
0

=0 Js,u 0(r)

0<r<R<i,

Thus, we obtain

do

R
=C, f F(R)dR, 0<R<i,.
0

That is,
vol!(B*(r) = C, f (se(0)""'dt, 0<r<i,.
0

From Theorem 3.1, it is easy to obtain the following:

Corollary 3.2. Let (M, F, du) be a forward complete Finsler n-manifold with arbitrary volume form.
If the weighted Ricci curvature Ric, > (n — 1)k, and there exists some positive number C such that

lim fspM (rf,,(_r’lg)dﬁ = C forVp € M, then

r—0

Vol (B; () = Cfo (k())''dt, 0<r<i,VpeM
if and only if K = k.
4. Rigidity results on Finsler manifolds

Recall that, for a Randers sphere (S”(#)), the metric F is expressed by (see [10])

A ,/192 + Wg W,

F = ,
A A

A=1-|WIg,

where g is the standard sphere metric, W is a Killing vector field on S"(\/L];). Moreover, we have

(see [10])
1 1 N
mMm@»mmm%»meﬁ?m:%

In what follows, we show that the properties above still hold for a general Finsler sphere.

Proposition 4.1. On a Finsler sphere G"(%), we have
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(1) volji”(S"(ﬁ)) = volg(S”(V%;));
(2) Diam(@”(#)) = I

Proof. Since du is the Busemann-Hausdorff volume form, the constant C, in (3.1) is

0 vol(B*(r
c,=tim [ TP r (B

= lim ———— = vol(§"™).
=0 Jg, ;1! r—>0f0(sk(t))"—1dt

Thus, from Corollary 3.2, we have

1 1
voli"(e"(@» = voly(8"(—=)

Now fix p € 65”(\/%). Using K = k and Theorem 3.1 in [5], there exists g € 6"(\/%;) such that

b4 1
—&) =g, Vée S, (&'(—)),
\/%f) q §e Sy (\/%))

where S ,,(6"(\/%)) ={vve Tp(e”(%)), F(v) = 1}. From the proof of the volume comparison theorem
(Theorem 3.1),

exp p(

Vol (BE(r)) < a(r),

where o,(r) denotes the volume of the metric ball of radius 7 in S”(%). The equality holds if and
only if B;(r) C Dy, ie., i, > r. By the Bonnet-Myers theorem, Diam(@"(‘/l%)) < %, which means
By () = 6"(#;)' Therefore,

1 1
VOliﬂ(B;(%)) = Vol‘ff(en(ﬁ)) = Volg(S”(%)) = o-n(%),

We deduce thati, > % which yields dr(p, q) = % O

Theorem 4.2. Let (M, F,du) be a complete connected Finsler n-manifold with Busemann-Hausdorff
volume form. If the weighted Ricci curvature Ric,, > (n — 1)k > 0, and Voli“ M) = Volg(S"(\/LE)), then
(M, F) is isometric to a Finsler sphere.

Proof. Since du is the Busemann-Hausdorff volume form, the constant C,, in (3.1) is C,, = vol(S" ™).
Then it follows Theorem 3.1 that, for any p € M,

Volii:y(B;(r)) < vol(S"™1) fr(sk(f))"_ldl 1= oy(r),
0

where o,(r) denotes the volume of the metric ball of radius 7 in S”(%). The equality holds if and only
if B)(r) € D,. Thatis, i, > r. Since

vol¥(M) = Volg(S"(%))’
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we deduce that, for Yp € M and Vr < i,
Vol (BE(r)) = o (r).
Then, from Corollary 3.2, we have
K=k
This completes the proof. O
To prove Theorem 1.1, we further need the following theorems.

Theorem 4.3. [10] Let (M, F, du) be a complete connected Finsler n-manifold with the Busemann-
Hausdorff volume form. If the weighted Ricci curvature satisfies Ric,, > (n — 1)k > 0, and Diam(M) =

%, then (M, F) is isometric to a Finsler sphere.

Theorem 4.4. [10] Let (M, F,du) be a complete connected Finsler n-manifold with the Busemann-

Hausdorff volume form. If the weighted Ricci curvature satisfies Ric, > (n — 1)k > 0, then the first
eigenvalue of Finsler-Laplacian A, = nk if and only if (M, F) is isometric to a Finsler sphere.

Proof of Theorem 1.1.
It follows from Proposition 4.1, Theorems 4.2—4.4 directly.
From the proof of Theorem 3.1, we know that the key step is

Ar=(n- 1)%.

Therefore, we get another equivalent condition.

Theorem 4.5. Let (M, F,du) be a complete connected Finsler n-manifold with Busemann-Hausdorff
volume form. If the weighted Ricci curvature Ric, > (n — 1)k > 0, then the following conditions are
equivalent:

(1) (M, F,du) is a Finsler sphere 6”(\/%);
(2) Ar = (n — 1) cotr for any distance function r(x) = dr(p, x),¥Yp € M.
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