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1. Introduction

In this paper, we study the global existence and blow-up for the following nonlinear fractional
p-Laplacian Kirchhoft diffusion equation.

y + M([u]§ ) (=A)5u = [ul*Puln ul, in Qx(0,7),
u(0) = uy, in Q, (1.1)
u=>0, on 0Q x (0, T),

where s € (0,1), 1 < p < N/s (N is space latitude and satisfies N > 1), 1 < a < pi/p, p; = Nliip,

Q c R" is a bounded domain with Lipschitz boundary, [u],, is Gagliardo seminorm of u, (=A);, is the
fractional p-Laplacian operator and satisfies

— -2 _
(~A)pu(x) = 2 lim ju(x) = )P (ulx) — u(y) |

20" JRM\By(x) |x — y[V*sp

b

where u(x) € C* and u(x) has compact support in Q, Bg(x) € R is the set of spheres with x as the
center and 3 as the radius. Let M(f) = a + bt*~'(t > 1), where a and b are constants and satisfy a > 0,
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b > 0, in this paper we leta = 0, b = 1, ¢t = [ul},, i.e. M([ul},) = [u]5, ”. Let Q c R" be a bounded
domain with Lipschitz boundary, and use || - ||, to denote the norm of Lebesgue space L"(€2), where
r € (0, +00). In view of the idea from [1], we define linear space W*?(QQ) as a fractional Sobolev space
and discuss in the fractional Sobolev space W,;”(Q),

WP (Q) = {u € W*(Q) | u() = 0 a.e.in RM\QJ.

The norm of space W*?(£Q) is defined as the following equation

) - u
e = (hay + [ [ SO )

According to the research result from [2], it can be concluded that

u(x) — u(y)l? 3
ffw |x — y|N+sp dxdy)'

Kirchhoff-type problems have a wide range of applications in mathematics and physics. In re-
cent years, many scholars have devoted themselves to the study of Kirchhoff-type problems and have
achieved many results [3—6]. Moreover, readers who are interested in this knowledge can refer to [7—
15]. The research on the fractional p-Laplacian operator equation also achieved some results, such
as [16-21]. Detailed knowledge about fractional-order related theories and differential inequalities can
refer to [22-25] and the parabolic equation with logarithmic nonlinearity can refer to [26-28].

Until now, many scholars have studied the fractional Laplacian problem. In [1], the authors studied
the fractional Kirchhoff-type problem.

u + [u]s(g DAY u = |ul*2uln |ul, (x,7) € Q X R*,
u(x, 1) =0, (x,1) € RV \ Q) x R*, (1.2)
I/t(.x, O) = MO(-X)’ X € Q’

where [u]; is the Gagliardo seminorm of u, let

lu(x) — u(y)l* 3
ffzzv |x — y|N+2s Ty d)

where s € (0,1), g € (26,2*), 6 € [1,N/(N - 25)), N > 25, Q c R" is a bounded domain with
Lipschitz boundary. They use the variational principle, Nehari manifold and potential well method to
study the finite time blow-up of the solution of the problem (1.2) and the sufficient conditions for the
global existence.

In [2], the authors studied the following initial value problem:

M([u)? (=AY = h(O)lul”uln |u] + Aul?u, xeQ, (1.3)

where h(x) is a sign-changing function on Q, A is a positive parameter, M([ul;,) = [ul}, =D . By the
method of the mountain pass lemma and Nehari manifold, the existence of the minimum energy solu-
tions are obtained. For the steady-state equation, it is worth emphasizing that for the local minimum
solution, Liu and Liao and Pan used a brand-new method in [29], and also obtained some properties of
the corresponding equation.
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In [3], the authors discuss the following equations
uy + M([ul}) Lyu = |ul’uln |ul, (x,1) € Qx (0, +00), (1.4)

where L is a nonlocal integro-differential operator. They used the Galerkin approximation method
and the potential well to prove the existence of a global weak solution with subcritical and critical
states. According to the differential inequality, the blow-up solution of the equation is given. At
the same time, the lower bound of the solution of problem (1.4) and the existence of the ground state
solution of the corresponding steady-state problem was discussed. More details for fractional Laplacian
equations with logarithmic nonlinearity can refer to [30-32].

Inspired by the above references, we study problem (1.1). Compared with problem (1.2), we con-
sider the case of 1 < p < N/s and discuss the global existence and finite time blow-up of the solutions.
Ifp=2and 1 <a < N/(N - 2s), we can turn problem (1.1) into problem (1.2). Compared with prob-
lem (1.3) and (1.4), we study the global existence and finite time blow-up of the solutions for fractional
p-Laplacian Kirchhoff type equation with logarthmic nonlinearity. By the methods of the variational
principle and Nehari manifold, as well as combining with the relevant theories and properties of the
fractional Sobolev space definition, we consider both E(uy) < h and E(uy) = h cases and prove the
global existence and the finite time blow-up of the solution for problem (1.1), and discuss the growth
rate of the weak solutions and study ground-state solution of the corresponding steady-state problem.

The rest of the paper is organized as follws. In Section 2, we give some related definitions and
lemmas. In Section 3, we prove the global existence and the finite time blow-up of the solution with
subcritical state E(uy) < h of the problem (1.1), at the same time, we give the growth rate of the
solutions and study ground-state solution of the corresponding steady-state problem. In Section 4, we
prove the global existence and the finite time blow-up of the solution with critical state E(uy) = h of
the problem (1.1).

2. Preliminaries and Lemmas

In this section, we give some related definitions and Lemmas needed to prove the conclusions later.
First of all, we define
eQ )5
(e — 1)DP*e
where D, is the best embedding constant for W,”(Q) — L*7*°(Q), € (0, p; — ap).
The energy functional is

ro) = ( @.1)

1 1 1
E() = —[ul{f - — f |u|*” In |uldx + > f |u|*Pdx. (2.2)
ap 7 ap Jag (@p)* Ja

The Nehari functional is

I(u) = [u]‘;f; - f |ee|*P 1n |u|d x. (2.3)
Q

And then, we define some sets as follows:

W = {u(x) € WyP(Q) | I(u(x)) > 0, E(u(x)) < h} U {0}, (2.4)
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Vo= {u(x) € WyP(Q) | I(u(x)) < 0, E(u(x)) < h},

the mountain pass level

hi= inf E(u(x),

the Nehari manifold
N ={ulx) € WS”’(Q) | I(u(x)) = 0, u(x) # 0}.

Further, define the positive set and the negative sets as follows

Ny = {u(x) € W;"(Q) | I(u(x)) > 0}.
N = {u(x) € WP (Q) | I(u(x)) < 0}.
From (2.2) and (2.3), we have

1 1
E(u) = El(u) + @p? L|u|“pdx,

(2.5)

(2.6)

2.7)

(2.8)
2.9)

(2.10)

In order to facilitate the proof of the main results, next we give the necessary Lemmas and defini-

tions.
Lemma 2.1 Let u € W;”(Q) and [ul,, # 0, p € (0, +0), then:
(@) lim E(pu(x) =0, lim E(pu(x)) = —eo;
p—0* p—+00

(i1) There is an unique value p*, such that

d
%E(pu(x))lp:p* =0;

(iii) E(pu(x)) is increasing on (0, p*), decreasing on (p*, +0) and takes the maximum at p*;
(iv) I(pu(x)) > 0 for all 0 < p < p*, I(pu(x)) < 0 for all p > p* and I(p*u(x)) = 0.

Proof. (i) According to the known definition of E(u(x)) on (2.2), i.e.

E((x) = —[u(0], - — f (O In Ju(Dldx + — f (o7 dx,
ap P ap Ja (ap)? Jo

we have

1 1
B(pu(x) == (oL, = " fg LI In (o)l
1

1
- —p™ f |u(x)|*? In |oldx + P f |u(x)|*Pdx
ap Q (ap) Q

1 1
(ot - o f (O In ()l
Q

—— | Ju(x)|*PInp +

1 1 o
ap Jo (@p)? fg'”(x)' vdx),
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we can conclude that (i) holds.
(i1) Through simple calculations, we have

iE(pu(x))=p“”‘1([u(X)]§”,’,— f |t (x)|"? In Ju(x)ldx = Inp f Iu(x)l“”dX), (2.11)
dp ’ Q Q

therefore, (ii) holds.
(iii) By the result in (ii),we have

iﬂ@wm:p”%mumi—fmeHMMWM—mpfmuww@>&0<p<ﬁ,
dp | Q Q
and
iEWmm:wpﬁmm%—jﬁmwmmmmw—mpfmuwwﬂ<aﬁ<p<+w
dp ’ Q Q

thus, (iii) holds.
(iv) According to the (2.11) and

mem)=pwumwm§—pwa

|te(x)|“P In |u(x)|dx —p"pf lu(x)|*” In pd x,
Q Q

thus J
I(pu(x)) = pE (pu(x)),
o
then, I(pu(x)) > 0 forall 0 < p < p*, I(pu(x)) < 0 for all p > p* and I(pu(x)) = 0, (iv) holds.
Lemma 2.2 [1-2] If o € (0, p; — ap) , then:
eolnt <r°, 1<1t<+o0.

Proof. Set g(t) = Int — %, t € [1,+c0). By a simple derivative calculation of the function, we get
gty =1- ét@“ and let g'(f) = 0, then * = e¢. Obviously #* is the maximum point of function g(),
thus g(7) < g(t*) = 0 for all # € [1, +o0). This proves the above inequality.
Lemma 2.3 If o € (0, pi — ap). Letu € W, (Q) and [u], ), # 0, we have

(1) If 0 < [ul,,), < r(o), then I(u) > 0O;

(i)If I(u) < 0, then [ul, ), > r(0).
Proof. By Lemma 2.2 and the definition of Nehari function /(u), we have

I(uw) =[u]$h - f 2(x)[*? In |u(x)|d x
Q

1
>[ulh — = f [u(x)|*? In [u|°dx — f |u(x)|*? In |u|dx
Q(ul<1)

Q Qlul=1)

I .
2lult = 2 Nl =

1 Il u llape
W e

ap+o
1 1
2{ul, = DI — D

a e—1 ap+o
=lulsp( = — o= D, ),
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we can get

-1
1) > [l (1 = S—DeP*eule ).
- |

If 0 < [uls, < r(o), then
-1
1 - Z—perequle > 0,
eo ’
thus (i) holds.

Similarly, assume I(u) < 0, i.e.
1- < Lpmepe <o,
&Y
thus (ii) holds.
Lemma 2.4 [2]If s € (0,1),1 < p < N/sholds, then the functionals E(u) and /() are well-defined and
continuous on W,”(Q). Moreover, E(u) € C'(W,7(Q),R), and I(u) = (E (u), u) for all u € Wy (Q).
Proof. Since

1 N 1
LW'M’ In |uldx < £—)||u||gg+g < é_)Dfpw[”]i];w,

where 1 < a < p;/p, then we can claim that E(u) and I(u) are well-defined in Wg’p (). Further,
Similar to Lemma 2.3 in [2], one can prove the that E(u) € C'(W,;"(Q),R), and I(u) = (E'(u), u) for
all u € W(‘;”’(Q).

Lemma 2.5 [33] Let s € (0,1) and p € [I,+00) such that sp < N. Letqg € [1,p*), Q C RV be a
bounded extension domain for W*?(€2) and { be a bounded subset of L”(£2). Suppose that

_ P
sup f —If(x) £(x)| dxdy < +o0,
rec Jada  lx—ylNrep

then £ is pre-compact in L7(€2).
Lemma2.6Lets <€ (0,1),1 <p<N/s,a€[l,p;/p),t€[0,T), and assume that u(x, t) is the solution
of problem (1.1), then

d
Ellullﬁ = —2I(w).

Proof. By the definition of the weak solution, we have

- -2 _ 2
fu,udx+ [u](sc’z;l)p ff |M(x) u(y)l” (M(X) M(Y)) dXdy — fu|u|“p_2uln|u|dx.
Q R2V Q

|x — y[N*sp

So
—21|| I3 = —[u] |ul*” 1In Juld x
ull; ul$h + u|*” In |uld

= — ([ul$) - f |u|*? In |u|dx).
Q

Thus, we obtain p
Ellullﬁ = =21(u).
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Definition 2.1 A function u(x, t) is called a weak solution of problem (1.1), where (x,1) € Qx [0, T). If
u € L=(0,T; Wy"(Q)) and u, € L*(0,T; L*(Q)), for all v € W"(Q), 1 € (0, T), the following equation
holds

f” vdx + [u]@DP ff |u(x) — w2 (u(x) — u(y))(v(x) - V(y))dxdy 3 f o2 1 fuldx
t $,p - ,
Q R2N Q

lx — y[Nop

with u(x, 0) = uo(x) in W,”(Q). Moreover, for 0 < 7 < T, the following inequality holds

f lu,|3dr + E(u) < E(up). (2.12)
0

Definition 2.2 (Maximal existence time) Let u(¢) be a solution of problem (1.1), we define the maximal
existence time 7" of u(¢) as follows:

(1) If u(z) exists for 0 < 1 < 400, then T = +o00.

(i1) If there exists a #y € (0, +o0) such that u(z) exists for 0 < r < 1y, but doesn’t exist at r = £y, then
T =1,.
Definition 2.3 (Finite time blow-up) Let u(x) be weak solution of problem (1.1) , We call u(¢) a blow-up
in finite time if the maximal existence time 7 is finite and

T
lim f llull3dr = +o0.
t—>T- 0
3. Subcritical state (E(u) < h)

In this section, we use Galerkin approximation, potential well theory, Nehari manifold to study
the problem (1.1) the global existence of the solution , blow-up in finite time of the solution with
subcritical state E(uy) < h of the problem (1.1). In addition, we discuss the growth rate of the weak
solution. Finally, we also discuss the ground state solution of the corresponding steady-state problem.

Theorem 3.1 Let « € [1, p;/p),1 < p < N/s. ug € Wy"(Q) , If E(up) < h and I(up) > 0, then problem
(1.1) admits a global weak solution u(r) € L*(0,T; Wy"(Q)), u, € L*(0,T; L*(Q)) and u(r) € W for all
t € [0, +c0).

Proof. By the definition of the weak solution, we take a set of smooth functions = i (x) (k = 1,2,--+)
such that {n;(x)},2, is the basis function of WS”’ (Q) , and then construct a approximate solutions u,,(f)
of problem (1.1) as follows:

dkm(f)nk(.X), k = L,2,---,

U, =

NgE

~
Il

1

ie. u, @ [0,T)— Wy"(Q), u, € spanf{n, - - -n,,}, which satisfy

f Tl + 1,107 f f |t () = 4 (D)IP 7> (%) = (D) (7(X) = 16(1)) dxdy
Q RN

|x — y¥+sp

3.1
= fnklumlap_zum In |um|dx
Q
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and .
t(x,0) = > bunit(x) = g in Wy (Q), (3.2)
k=1
where by, = (u,,(0), ;) are given constants, k = 1,2, - - -, m. we use (-, -) to represent the inner product
in L2(Q).

Multiplying (3.1) by d,;m(t), then summing k from O to m, and finally integrating ¢ from O to ¢, we
get

!
f el l5dr + E(uy) = E(u,(0)) 0<t<T.
0

According to (3.2), we obtain dj,,(0) = by,,. Noticing E(ug) < h, I(uy) > 0, we have

t
lim ( f | 2dr + Euy)) = lim E(u,(0)) < h,
m—+o0 0 m—+oo

and
lim 1(u,,(0)) = I(up) > 0,
m—+o0o

then for a sufficiently large m, we can obtain

f o, 3d7 + Eu) = E(u,(0)) < h, (3.3)
0
and

I(u,,(0)) = I(ug) > 0,

ducto W :={ue WS”’(Q) | I(w) > 0, E(u) < h} U {0}, thus u,,(x,0) € W, this is true if m is big enough.
Letm — +c0, 0 <t < T, we prove u,,(t) € W. Arguing by contraction, we suppose u,,(t) ¢ W, for
sufficiently large m, then exists a # € (0, T) satisfying u,,(fy) is on the boundary of W, we have

I(un(to)) = 0, u(ty) # 0,

thus can get u,,(t)) € N. And because h = in£ E(u) which yields E(u,(ty)) > h, this is paradoxically.
ue
Then u,,(ty) € W form —» +coand 0 <t < T.

By (3.3) and
1 1
E(uy,) = —I(uy,) + 3 f || P dx,
ap (ap)* Ja

we can get

!
1
| l5dr + et lloh < h.
fo 2 (ap

For sufficiently large m, it yields

(ap)2llumIIZ’; <h, 0<t<T, (3.4)

t
f lprll3dr <h, 0<t<T, (3.5)
0
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ap
ap -2’

luy? 21 = llnllgh < CEPLUleh < CIPrP(e), 0<t<T, q=

m ap —

(3.6)

where C, is the best embedding constant for W, (Q) < L*”(Q). Thus, we get T = +0o, u,,(t) € W for
sufficiently large m and 0 < ¢ < +oo.

Next, we prove u,,(t) € L*(0,T; Wg’p (Q)) and u, € L*(0, T; L*(Q)). According to the (3.4) (3.5) and
(3.6),we have u, € L*(0, T; L*(Q)) , u(t) € L0, T; Wg’p (€2)). Based on the above proof, there exists a
u and subsequence {u,} and {u,,} such that

u, = u weakly in L*(0, +o0; W, (Q)), (3.7)

u, — u  weakly star in L*(0, +oo; W, 7 (Q)), (3.8)
uflp_z — 2 weakly star in L*(0, +o00; L1(Q)), 3.9
u, > u ae. Q, (3.10)

uy — u  wealky in L*(0, +00; L*(Q)). (3.11)

By (3.7) and (3.11), we obtain
u, — u strongly in L*(0, +o0; L7(Q)), (3.12)

then [u|*?%u, In |u,| — |u|*?>uln|u| a.e. in Q X (0, +o0).
Since u,(t) € W and

fg
S f
Q(lun (0)]<1)

S _—
(eap — )™

(Ol (O In a0 lx

(P I Juu ()| dx

(01 I (0| dx + f

Q(Jun (0)1>1)

1.
P (ap+o—Dap
|Q| + (%) ”u"”(a/pﬂ_)—l)ap

+0—1)
Siap 0

< —— Q] + (Z—)*[u, ) @PreDar
ap—ari i+ )l

S (@p+o-1)

< Ol + ()",
(eap =€) e

where S, is the imbedding constant for W,”(Q) < L@P*¢~DeP(Q), which implies
|21, In |u,] — |u|™ 2w n |u| weakly star in L¥(0, +00; L*7(Q)). (3.13)

In (3.1), we take a fixed k, let m = n — +o0, then there is

f wpdax + [u] 0 ff |u(x) — u()|P~2(u(x) — u(y))(mp(x) - nk(y))dxdy
Q R2N

lx — y¥esp

= f 1elul®P 2 u In |uldx
Q
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and

f uvdx + [u) 707" f f Ju(x) = u)IP > (u(x) = u()(v(x) = o)
Q R2N

|X yVV+§p
= f Vul2uln uldx,
Q

where v € W;"(Q), 1 € (0, +00), and by (3.2) gives u(x,0) = uo(x) in W;”(Q).
Finally, we prove the following inequality

!
f llu,|2dr + E(u) < E(ug).
0

In order to achieve the above result, we first consider

f 24, 1 |,y | dx — f |te|* In |uldx < 0.
Q Q

Since pln s < 59, s € (0, +0), 0 > 0, we have

fIumlaplnlumldx—flulo"’lnluldx
Q Q

< f (ot 10 ]+ 0t 1,12 10 ] = 20,7 10 | = L 1 ]l ]
Q

< f '(um—u)umlumlap_zlnlum||dx+’ f u(umluml‘”’_zlnluml—ulul‘”’_zlnlul)dx’
Q Q

ap+o-1

1 +o-1 -2 -2
=t = ey bl 2273+ | | il = ™ I )] = 0 (m = +o0).
Q

By the weak lower semicontinuity and the above inequality, we obtain
1
E(ug) + — f ||*? In |u|dx
ap Jo
1
= lim inf(E(u,,(0)) + — f |t | 101 |14, d )
m—+oo ap Jo

1 !
= lim inf(E () + — f || 10 [14, )l x + f [t |37
m—+oo ap

|um||‘”’ f el 2
1
> liminf —[um]‘”’ + hm 1nf

!
||um||‘”’+hmmf f llttr |57
m—+eo P (ap)

)zflul"”dx+f||ur||2dr

which implies that the following inequality holds

1
= lim mf(—[um]“”

m—+o0

> —[ I+

!
f lu,|5dr + E(u) < E(up).
0
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Theorem 3.2. Assume that @ € [1,p}/p), 1 < p < N/s hold, and if uy € W, (Q), Eu(0)) <
h, I(u(0)) < 0, u(t) is the weak solution of problem (1.1), then u(z) blows up in a finite time 7 (T > 0)
and satisfies the following equation

t

lim llull3dr = +co.

=T Jo
In addition, if E(ug) < 0, then the solution u(#) of problem (1.1) also satisfies

2

1 \iks
lu ||2_(M(t)) ,

2-ap

where M(#) = |lugll,> 191" (ap)~.

_apZ

Proof. Let u(t) be weak solution of problem (1.1), and E(ug) < h, I(uy) < 0, we first define

t
o) = f llull3dr,
0
then, we obtain
Q'(1) = Ilull3,

and
Q' (1) = 2(u, u,) = —21(u). (3.14)

By (2.12), (3.14)and the following equation

1
E(u) = — 1) + — lullZ,
ap

1
(ap)?
we can get

!
" 2
0" (1) = —21(u) > 2ap f lulr + el = 200w, (3.15)
0

f(ur, wydr = —f —llullzdr = —(IIMII ~ lluol®),

square both sides of the above equation, we have

Due to

( fo [ wdr) = i((Q’(t))z = 2luol3Q (1) + lluoll3). (3.16)
By (3.15), (3.16) and the Schwartz’s inequality, we can get
0" (0Q(1) - 2ap f ([ wnwpar)
> 2ap f |5l f lull3 - 2ap f (up, wydr) +ap||u||‘”’Q(t) 2apE(up)Q(1),
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ie.
0" ()0 - T )
> 2ap f e, lodr f lul3dr ~ ( f (uy, w)dr)?) IIMII“"Q(t)
— 2apE(up)Q(t) — apQ (0)lluoll + ||M0||2
> j—pnunzz Q1) — 2apEue)Q(t) — apQ (t)lluoll3 + %uona‘

2 ,
> @Ilullii O(1) = 2apE(uo) Q1) = apQ (1)lluoll5-

Now, we discuss the two cases E(ug) <0, and 0 < E(ug) < h.
(a) If E(up) <0, then

Q" (N0 - —(Q 0)* > pllull‘”’ Q1) = apQ (D)lluoll3. (3.17)

Due to I(u) < 0 for all t € [0,7), so Q"(t) = =2I(u) > 0, Q'(1) > Q'(0) = |luoll> > 0. Then for all
5 €[0,t—ty), where t, > 0,1 > ty and Q'(f) > 0, further we obtain

(1) = 6Q (o) > 6Q (0). (3.18)

Moreover, we construct the following functional

f(t)=fflu(x,r)IdedH(T—t)f|u0|2dx, 0<t<T.
0 Q Q

By simple calculation and Lemma 5, we have

£ = f u(x, O dx — f o2,
Q Q

() = 20, u) = =21(w).

and

Since I(u) < 0, thus
£ = 2@, u) = =21(u) > 0.

By (2.10), (2.12) and Holder’s inequality , we obtain
’’ 2
() == 2apEu(t) + —Ilu@)lly,
ap
! ) 2
ZZapf Il u,(r) Iy dr + —lu@)llg, — 2apE(uo)
0 ap
2
>—lu(@®)ll5)
a/p
>—IQI 2 (lu(olls”

=—IQI " (y(1) 7
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where y(1) = £ (1) + fg luo|>dx, and y'(f) > 2(ap)‘1|Q|2#(y(t))%, by the differential inequality, we
obtain

1 \&=
lull3 > (M—(t)) : (3.19)

where M(?) = lluoll,? —

—ap

t|Q| = (ap)~'. By (3.18) (3.19), for sufficiently large 7, we have

ap2

Q" (H0(1) - “—;(Qm)z > 0.

(b) If 0 < E(up) < h, by (3.18), ap > 2 and Holder’s inequality, then for a sufficiently large time ¢,
we have

0" (00 - Q)
> Of—pnunzz 0() — 2apE(uy) Q1) ~ apQ (0ol
= (énunz') 0(1) - 2apE(u)0(1)) + (inunzsz ~ apQ@ Olluoll)
z((;—p (1) - 2apE(uo))Q(t))+( iz 000 ~ apQ (Olluoll3)

1
2((@ (1) - 2apE<uo>)Q<t))+(—|Q| IS Q1) — apQ (1)lluol2)
> 0.

It implies for a sufficiently large time ¢, there exists a finite time 7 > 0 such that
lim Q(f) = +co.
t—T-

Theorem 3.3 If @ € [1, p;/p), 1 < p < N/s hold, then there exists a v € N that satisfies the equation
E@Wv) = lirﬁ E(u) = h, and v is the ground state solution of the following steady-state problem
ue

M([u]§p)(=A)5u = |ul*P >uln |ul, x € Q,
u=0, x€RV\ Q.

Proof. By the definition of 4 in (2.6), due to u € N, I(u) = 0, we have

1
=1 =1 e — @p a@p
h ;g;E(u) ;g{/{apl(u) @y flul dx} = ( )2|| [
Let {u,} be a minimizing sequence, where {u,} C N and lim E(u,) = h, then
n—+o0o
— 1 ap __
E(ul’l) - (ap)zllul’l”ap - h

Since a € [1, p/p), 1 < p < N/s, it implies that {u,} is bound in W;"(Q).
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According to the above discussion, there exists a subsequence of {u,}. For the convenience, we still
use {u,} to represent the subsequence, and further obtain

u, = v weakly in W,"(Q),

u, — v strongly in L*’(Q),
u, —> v ae.inQ.

By Sobolev embedding theorem and logarithmic inequality, we have

f |, |*” In Iu,,ldx:—f Iun|“p1n|un|dx+f |4, |7 It | |d x
Qo Q (unl<1) Q (unl=1)

1 1 +
— Q" + —lallopre
ape oe

1 1
< — Q| + =D u, e,
ape oe

where Q" C Q) is a measurable subset, thus we can get that |u,|*” In |u,| is uniformly bound. By integral
convergence theorem and |u,|*” In |u,| — |[v|*? In|v| a.e. in Q , we have

hm flunl‘”’lnlunIdx%flvl"plnlvldx. (3.20)

By Lemma 2.3(ii) and {u,} ¢ N, I(u,) = 0, we can get

0 < 1) < [tloy = ( f ] In ) .
Q

In other words

0< f [V|*? In |v|dx,
Q
thus, we can conclude that v # 0.
According to (i) of Lemma 2.1, there exists a p* > 0 satifying p*v € N, I(p*v) =0, i.e.

I(p™v) = (0P VI = (0" f V" In [vldx — (0°)* In p* f W*Pdx = 0
Q Q
Let
b(p) := I(pv) = ()" IVIH — ()™ f W Infvldx — (p)*" Inp f v[*Pdx =0,
Q Q

by (iii) of Lemma 2.1 and taking I(v) < 0, [u(x)]5", < fQ |u|*” In |u(x)|dx, we can be sure that 0 < p* < 1.
Then by the definition of /4 , the weak lower semicontinuity and (3.20), we obtain

h = lim inf E(u,) > E(v),
n—+oo

and

1
h=li
n—1>I-Poo{ (ap)2

lltallop = Tim inf flu[lo; = —— VIl

a'p—( )2
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By simply calculating, we can get
* 1 *\A a a
E(p™v) = (—) (o) IvlIzh < ( ) vIgE.
ap

This contradicts our definition of E(p*v) > h, so we can conclude I(v) =0, h = E(v) = inAf/ E(u).

Next, we prove v is the ground state solution of the steady-state problem. From the above proof, we
obtain E(v) = h, I(v) = 0. By the theory of Lagrange multipliers, there exists & € R such that

EW-l(v)=0
so we have

EI' (), v) =(E (), v) = 1(v) > 0.
Since I(v) = [vloy — [, V" In|vidx, then there is

I'(v)=aph]er! - f [v[*?~ ! n |v|dx — f [v*P~dx.
Q Q

Thus
&I (v),v) = ap[v]*”” — ap f v[*” In|v|dx — f v|*"dx.
Q Q

Note that I(v) = 0, [v]s}, = [, V" In [vldx, then

&I (v),v) = ap[v]”” — ap f V7 In [v|dx — f
Q

V|*Pdx = — f V|*Pdx < 0,
Q Q

thus, &€ = 0, E'(v) = 0. We get that v is the ground state solution of the steady-state problem.
4. Critical initial energy state (E(u) = h)

In this section, we will discuss the global existence and the finite time blow-up of weak solutions of
problem (1.1) in the critical initial energy state (E(ug) = h).
Theorem 4.1 Assume that p € (1,N/s), a € [1, p;/p), up € Wy"(Q) and E(uo) = h, I(up) > 0 hold,
then problem (1.1) admits a global weak solution u(r) € L*(0,T; Wy"(Q)), u, € L*(0,T; L*(Q)) and
u(r) € W for all ¢ € [0, +o0).
Proof. We take a function p,, which satisfies p,, > 0 and lim p,, = 1. Let u(x,0) = up,(x) =

n—+co

Pmlo(x), x € Q, for the following equations

e+ M([ul} ,)(—A)su = [ul®”uln |ul, in Q x (0, 7),
u(x, 0) = ugu(x) = puito, in Q, 4.1)
u=>0, in 0Q x (0, 7).

Since E(ug) = h, it implies [ug],,, # 0. By Lemma (2.1) and I(uy) > 0, 0 < p,, < 1, we obtain
[uoly), 2 f luo|*” In [uoldx,
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and

()™ lnpf luo|*Pdx < 0.
Q

By (iv) of lemma 2.1 (pmﬁE(pmuo) = I(p,ttp)) and

I(puo) =p™"[uolsh, — p*" f luo|*? In [uold x — p™” lnpf luo|*Pdx
Q Q
>p*Pluol5h, — p** f luo|*? In uold x
Q

" ([u]", f J4ol"” In ol x)
Q
>0,

we have I(p,uy) > 0. (i.e. pmd%mE(pmuo) = I(p,up) > 0). Then E(p,u(x)) is monotonically increasing
on (0, p*), we can get

E(uon) = E(pntto) < E(up) = h.
From Theorem 3.1, it follows that for each m, the above problem (4.1) admits a global weak solution
un(t), where u,, (1) € L¥(0,+00; Wy (Q)), e € L*(0,+00; L*(Q)), moreover u,(f) € W for all 1 €
[0, +o0) and satisfying

f o+ (11,177 ff tn(2) = ten O () = U () p(X) = @) dy
Q R2N

s,p |x _ y|N+sp

ap-2 S,
=L<P|um| P Uy In fuyldx, (¥ € WiP(Q), t>0),

in addition .
f |t 3dr + E(n(t)) = E(uon) < h. 4.2)
0

By (4.2) and the following equation

1 1
E(um(t)) = a,_pl(um(t)) + (ap)2 ‘fglum(tNQPdX,

we have

!
1
|57 + letmlloh < h.
fo 7 (ap)? P

The remainder of the proof is similar to that in the proof of Theorem 3.1.

Theorem 4.2 Let u(f) be the weak solution of problem (1.1), assume that p € (1,N/s), a €
[1, p%/p), uo € W,"(Q) and E(ug) = h, I(up) < 0hold, then u(r) blows up in a finite time 7.
Proof. If 7, = +oo, taking Y (1) = [\ |lull3dr, we have

Y'(t) = ||ull3,

and
Y (6) = 2(u, u,) = =21(w). (4.3)
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By (2.12), (4.3) and the following equation

1 1
E() = El(u) + @p? f |u|*Pdx,
Q

we can get

!
7 2
Y'(t) = —2I(u) > 2ap f \lull3dr + —lull5h — 2aph. (4.4)
0 ap

Since

! 1 (d, ., 1 5 )
; (uy, w)dr = > | Zldr = Sy = lluolly),

squaring both sides of the above equation, we have

! 1, ,
( fo (uy w)dr) = (O = 2ol @) + lluolly). (4.5)

By (4.4),(4.5) and the Schwartz’s inequality, we can get
" ! 2
Y ()Y (r) - 2ap( f (uy, u)dr)
0

! ! ! 2 2
> 2ap f o, |Pddr f lall3 = 2arp( f (up, u)dr) + —Y(1) f lul*?dx — 20phY (1),
0 0 0 ap Q

i,e.

Y ()Y () - “—;’(Y’ (1)?

! t t 2
> 2ap( f e, 3l f llull3dr — ( f (up, u)dr)’) + —Y (1) f lul*”dx
0 0 0 ap Q

’ a

= 2aph¥ (1) — ap¥ (O)lluoll3 + 7p||uo||;‘

2 7
> —Y() f u|*Pdx — 2aphY (t) — apY ()lluoll3

ap Q

1 1 ,

= (—Y(t)flul"pdx— 2aphY (1)) + (—Y(t)flulapdx—apY (®)lluoll3)

ap Q ap Q

Due to I(u) < O forall ¢ € [0,T),s0 Y"(t) = =21(u) > 0, Y'(t) > Y (0) = ||uoll? > 0. Forall § € [0, 1—10),
where #, > 0,7 > t, and Y (f) > 0, we obtain

Y(1) > Y (1) > 6Y (0). (4.6)

Taking |u| > 1 and noting that ap > 2, we have

1 1 1
— | |u|*Pdx - 2aph > — f lul*dx — 2aph > — f luo[*dx — 2aph. 4.7)
ap Jo ap Jo ap Jo

Moreover, by Holder’s inequality, we have

2—-ap o
lu@llgh = 1R [lu@lly" (4.8)

ap —
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By (4.6), (4.7), (4.8), for sufficiently large ¢, it implies that

1
—Y(t)f lul*?dx — 2aphY(t) > 0,
ap Q

and
1 !
—Y() f lu|*Pdx — apY ()lluoll3 > 0.
ap Q

So
Y ()Y () - %(Y’(r))z >0,

which gives
ap—2
7

(Y ) = YOY' -G+ DY ©H) <0, b=

-b
Yb+2(l»)
It implies for a sufficiently large time ¢, there exists a finite time 7. such that

. —b _
zlil}l Y7(@) =0,

and

lim Y(f) = +o0.

t—T,
This is contradictory to our assumption that 7, = +oo.
Remark 1. Theorems 3.1 and 4.1 show that E(uy) < h and I(uy) > 0 holds, then problem (1.1) admits
a global weak solution u(r) € L*(0, T; Wy"(Q)), u, € L*(0,T; L*(Q)) and u(r) € W for all 7 € [0, +c0).
Remark 2.0ne can see from Theorems 3.2 and 4.2 that blow-up of the weak solutions can always
occur if E(ug) < h, I(uy) < 0 holds.

5. Conclusions

In this work, we study the initial-boundary value problem for a class of fractional p-Laplace Kirch-
hoff diffusion equation with logarithmic nonlinearity. For both subcritical and critical states, by means
of the Galerkin approximations , the potential well theory and the Nehari manifold, we prove the global
existence and finite time blow-up of the weak solutions. Further, we give the growth rate of the weak
solutions and study ground-state solution of the corresponding steady-state problem. Compared with
problem (1.2), we consider the case of 1 < p < N/s and discuss the global existence and finite time
blow-up of the solutions. Compared with problem (1.3) and (1.4), we study the well-posedness of the
solution for the fractional p-Laplacian Kirchhoff type evolution equation with logarithmic nonlinearity.
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