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1. Introduction

Problems that arise in daily life cannot be solved by using conventional mathematical theories.
There are established concepts like fuzzy sets [35], rough sets [28] and vague sets [13] which can be
considered as mathematical tools. Unfortunately, all of the above theories have their intrinsic
difficulties which were indicated by Molodtsov [26]. Recently, many researchers are working on soft
sets theory and the theory is developing speedily. Applications of soft sets towards decision making
theory are described in [24]. Recently, the application of soft sets towards multi-attribute
decision-making theory is described in [22]. Currently, algebraic soft structures have been studied
progressively, soft rings [3], soft semirings [12], soft nearrings [32] have been introduced and
discussed in the literature. Recently, the authors (with A. Rehman) have introduced the concept of
soft near-semirings [18].

Alternatively, Zadeh [35] introduced most suitable theory to deal with uncertainties. Fuzzy rings,
Fuzzy subnear-rings [1] and fuzzy semirings [4] have been explored in the literature but we can hardly
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find the discussion about fuzzy near-semirings.
Fuzzy soft sets have been introduced and discussed in [23]. Several Applications of fuzzy soft sets

in decision theory were presented in [31]. At the same time, N. Çağman et. al [8] redefined fuzzy
soft sets and provided its applications in decision theory and the problems containing uncertainties.
Moreover, the notion of generalized fuzzy soft sets along with its applications in decision theory was
discussed in [25]. Later, the notion of generalised multi-fuzzy soft sets along with its applications
in the theory of decision making and also towards uncertainties was presented in [10]. Alternatively,
fuzzy soft algebraic structures like fuzzy soft groups [7] fuzzy soft rings ( [16,33]), fuzzy soft subnear-
rings [27], fuzzy soft semirings [29] have been introduced in the literature.

On the other hand, near-semiring is the generalization of both nearring and semiring and was first
introduced by Rootselaar [30]. Hoorn and Rootselaar [15] further introduced few related concepts of
seminearrings. By near-semirings we mean a structure (R,+, ·) such that (R,+) is a monoid, (R, ·) is
a semigroup and satisfying only one (left or right) distributive law with 0 as a one sided absorbing
element. Moreover, if 0 ∈ R such that a + 0 = 0 + a = a, a · 0 = 0 · a = 0, then we call R a zero-
symmetric near-semiring (or seminearring). Near-semirings arises naturally from the mappings on
monoids to itself under componentwise addition and composition of mappings. Near-semirings have
a strong relationship with various kinds of algebras. Due to this, special type of near-semirings i.e.,
balanced near-semirings were introduced in [9]. Moreover, the ideals of near-semirings are different
from the typical ideals of rings (resp., semirings, nearrings) and thus many results in rings (resp.,
semirings, nearrings) are dissimilar from near-semirings using solely ideals. Recently, Some special
types of ideals of near-semirings are introduced in [19].

Near-semirings have a lot of applications in modern technologies. Krishna and Chatterjee [21]
presented the applications of near-semirings towards linear sequential machines. Recently, the
applications of near-semirings towards automata and formal languages were explored in [17].

In this note, we present the notions of fuzzy subnear-semirings and fuzzy soft near-semirings along
with their few of substructures. Basically, we shift some classical terms related to near-semirings such
as R-sub-semigroup, R-homomorphism, R-antihomomorphism towards fuzzy sets and fuzzy soft set
theories. We incorporate the concepts of fuzzy (soft) R-subsemigroup, fuzzy (soft) R-subsemigroup,
fuzzy near-semiring R-homomorphism and fuzzy soft near-semiring anti-homomorphism. We present
few characterizations of regular seminearrings, strongly idempotent seminearring, distributively
generated seminearrings through their fuzzy ideals. We interrelate R-semigroups and fuzzy
R-semigroups of near-semiring through R-epimorphism. Applying fuzzy R-homomorphism map, we
investigate that the image of fuzzy R-subsemigroup of near-semiring is a fuzzy R-subsemigroup.
Similarly, we conclude that under fuzzy soft R-isomorphism of fuzzy soft near-semiring the image of
fuzzy soft R-subsemigroup is a fuzzy soft R-subsemigroup. While utilizing fuzzy soft
anti-isomorphism, we find that the image of fuzzy soft right (left) near-semiring is a fuzzy soft
left (right) near-semiring. Throughout, we mainly emphasis on the algebraic properties of fuzzy
subnear-semirings and fuzzy soft near-semirings.

Futher to the above, our contribution through this work serves as a bridging link between some
classical algebraic structures and the fuzzy (soft) algebraic structures. Since near-semiring is the
structure lying between nearring and semiring, the outcome of our present study similarly links the
existing gap between fuzzy soft subnear-rings [27] and fuzzy soft semirings [29]. Near-semirings
have proven to be useful in studying sequential machine, automata and formal languages. On the
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other hand, the notions of automata and formal languages have been generalized and extensively
studied in a fuzzy framework. Thus one may expect that fuzzy (soft) subnear-semirings and fuzzy soft
near-semirings may prove useful in studying fuzzy automata and sequential machines.

2. Preliminaries

In this section we present few terminologies which are useful in our forthcoming discussions.

Definition 1. [30] An algebraic structure (R, +, ·) is a left (resp., right) near-semiring if
(i) R is a monoid w.r.t +”
(ii) R is a semigroup w.r.t ·”
(iii) c · (a + b) = c · a + c · b (resp., (a + b) · c =a · c + b · c), for each a, ,

¯
$c $in R.

Moreover, if 0 ∈ R such that a + 0 = 0 + a = a, a · 0 = 0 · a = 0 then R is said to be a zero-symmetric
near-semiring (or seminearring).

A mapping ϑ : R → R′ between two near-semirings R and R′ is said to be a near-semiring
homomorphism if for all a, b ∈ R,

ϑ(a + b) = ϑ(a) + ϑ(b), ϑ(ab) = ϑ(a)ϑ(b).

Similarly, if R and R′ are two near-semirings then the map χ : R → R′ defined by χ(x + y) = χ(x) +

χ(y), χ(xy) = χ(y)χ (x), χ(0) = 0, for all x, y ∈ R, is a near-semiring anti-homomorphism. An ideal of
a seminearring (zero-symmetric near-semiring) is the kernel of a semi-nearring homomorphism [15].
J. Ahsan [5] presented the generalization of an ideal of seminearrings i.e., a subset I of a seminearring
R is said to be a right (left) S-ideal of R if (i) a + b ∈ I, for all a, b ∈ I and (ii) ar(ra) ∈ I, for all a ∈ I
and r ∈ R.

If R is a near-semiring then we call a semigroup (Γ, +) having zero 0Γ an R-semigroup if there exists
a composition (x, γ) � xγ of R × Γ satisfying: (i) (x + y)γ = xγ+ yγ; (ii) (xy)γ = x(yγ); and (iii)
0Rγ = 0Γ, for all x, y ∈ R and γ ∈ Γ. An R-subsemigroup ∆ of an R-semigroup Γ is a subsemigroup
if R∆ ⊂ ∆. If Γ and Γ′ are two R-semigroups of a near-semiring R, then the mapping ω : Γ → Γ′ is
said to be an R-morphism between R-semigroups Γ and Γ′ if it satisfies: (i) ω(x + y) = ω(x)+ ω(y), (ii)
ω(rx) = rω(x), for all x, y ∈ Γ, r ∈ R and (iii) ω(0Γ) = 0Γ′ . We consult ( [15, 20, 34]) for further about
near-semirings and R-semigroups of near-semirings.

Fuzzy subset λ in a set R is the function λ : R→ [0, 1] [35]. For any t ∈ [0, 1], the set Rt
λ = {x ∈ R :

λ(x) ≥ t} is said to be a level subset of a fuzzy set λ of R. If ζ and ξ are two fuzzy subsets of R then
(ζ ∧ ξ)(a) = ζ(a) ∧ (ζ)(a) = min{(ξ)(a), ζ(a))} and (ξ ∨ ζ) (a) = ξ(a) ∨(ζ)(a) = max{ξ(a), ζ(a)}.

Throughout by R we mean a near-semiring (or seminearring) unless otherwise specified, U the
initial universe, E the set of parameters related to the entities in U, ℘(U) denotes the family consists of
the subsets of U, F (U) represents the fuzzy power set of U and a set A , ∅ is contained in E.

Definition 2. [11] Fuzzy subset ξ of a ring S is said to be a fuzzy subring of S if
(i) ξ(a − b) > min{ξ(a), ξ(b)}
(ii) ξ(ab) > min{ξ(a), ξ(b)} for all a, b ∈ S .

Definition 3. [1] A fuzzy subset ζ of a near-ring N is a fuzzy subnear-ring of N if
(i) ζ(a − b) > min {ζ(a), ζ(b)}
(ii) ζ(ab) > min{ζ(a), ζ(b)} for all a, b ∈ N.

AIMS Mathematics Volume 6, Issue 3, 2268–2286.



2271

Definition 4. [26] Let η be the map from A→℘(U). Then we call (η, A) is a soft set over U.

Definition 5. [23] Let F be the mapping given by F : A→ F (U). Then the pair (F, A) is a fuzzy soft
set over U.

The operation of intersection between two fuzzy soft sets was first introduced in [23] but for general
case it was presented in [2].

Definition 6. [2] Intersection of the given two fuzzy soft sets represented by (F, A)
˜
u (G, B) is a fuzzy

soft set (H, C), where C = A ∩ B , ∅ ; H(e)= F(e) ∧ G(e), ∀ e ∈ C.

Definition 7. [23] (i) (F, A) is said to be a fuzzy soft subset of (G, B) over U, if A ⊂ B and

F(a) ⊂ G(a) for every a ∈ A. We denote it by (F, A)
˜
⊆ (G, B).

(ii) Union of two fuzzy soft sets (F, A) and (G, B) is a fuzzy soft set (H, C) where C = A ∪ B
defined by

H(x) =


F(x), if x ∈ A − B

G(x), if x ∈ B − A

F(x) ∪G(x), if x ∈ A ∩ B

We denote it by (F, A)∪̃(G, B) = (H, C).

(iii) The operation-AND between two fuzzy soft sets (F, A) AND (G, B) is symbolized by (F, A)
˜
∧ (G,

B) and defined by (F, A)
˜
∧ (G, B) = (H, A × B), where H(a, b) = F(a)∪ G(b) for all a, b ∈ (A × B).

(iv) The operation-OR between two fuzzy soft sets (F, A) OR (G, B) is symbolized by (F, A)
˜
∨ (G, B)

and defined by (F, A)
˜
∨ (G, B) = (H, A × B), where H(a, b) = F(a)∩ G(b) for all a, b ∈ (A × B).

Definition 8. [14] If (F, A) and (G, B) are two fuzzy soft sets then their cartesian product denoted by

(F, A)
˜
× (G, B) is the fuzzy soft set (H,C) where C = A×B and H(a, b) = F(a)×G(b), ∀ (a, b) ∈ A×B.

3. Fuzzy subnear-semirings and fuzzy soft subnear-semirings

This section comprises of two subsections. In the first subsection, we initiate the concepts of fuzzy
subnear-semirings while in the second subsection we introduce and discuss the notion of fuzzy soft
subnear-semirings.

3.1. Fuzzy subnear-semirings

Fuzzy subnear-rings [1] and fuzzy semirings [4] have been introduced in the literature. We
introduce the notion of fuzzy subnear-semirings and study few characterizations of the seminearrings
(zero symmetric near-semiring) at the base of its fuzzy ideals. By an ideal of seminearrings, we mean
S-ideal introduced in [5]. We mainly consult [5, 6] for the classical terminologies related to
near-semirings (seminearrings). We begin with the definition.

Definition 9. Let λ be a fuzzy subset of a near-semiring R. Then λ is said to be a fuzzy subnear-
semiring of R if is fuzzy submonoid under “ + ”and is a fuzzy subsemigroup under “ · ”.
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Lemma 1. A fuzzy subset λ is a fuzzy subnear-semiring of a near-semiring R if and only if,
(i) λ(x + y) ≥ min(λ(x), λ(y)) and
(ii) λ(xy) ≥ min(λ(x), λ(y)) for all x, y in R.

Proof. Immediate. �

Example 1. Consider a right near-semiring R = {0, a, b, c, d} with the operations tables given below.

Tables set 1

+ 0 a b c d
0 0 a b c d
a a a b d d
b b b b d d
c c d d c d
d d d d d d

· 0 a b c d
0 0 0 0 0 0
a 0 a a a a
b 0 a b b d
c 0 a b b d
d 0 a b b d

We define a fuzzy set λ : R → [0, 1] by λ(0) = 0.9, λ(a) = 0.8, λ(b) = λ(d) = 0.6, λ(c) = 0.4.
Obviously, λ is a fuzzy subnear-semiring of R.

Definition 10. Let λ be a fuzzy subset of near-semiring R. Then λ is a fuzzy left (right) ideal of R if
it satisfies the followings.
(i) λ(a + b) ≥ min {λ(a), λ(b)}
(ii) λ(ab) ≥ λ(b)(resp., λ(ab) ≥ λ(a)) for all a, b ∈ R.

Example 2. Let R = {0, a, b, c, d} be a (left) near-semiring with the operations tables given below.

Tables set 2

+ 0 a b c d
0 0 a b c d
a a a b d d
b b b b d d
c c d d d d
d d d d d d

· 0 a b c d
0 0 0 0 0 0
a 0 a a a a
b 0 b b b b
c 0 a a a a
d 0 a a a a

Defining a fuzzy set λ : R → [0, 1] as λ(0) = 0.9, λ(a) = 0.8, λ(b) = 0.7, λ(c) = 0.5, λ(d) = 0.7.
Clearly, λ is a fuzzy right ideal of R however λ is not a fuzzy left ideal as λ(b · a) � λ(a).

For each S-ideal I of a seminearring R, if I = < I2 > then R is said to be a strongly idempotent (or
S I-seminearring) [5]. Similarly, if for each a ∈ R there exist b ∈ R such that aba = a, then R is said to
be a regular seminearring [5]. Also, if R is a regular seminearring then it is a strongly idempotent with
I2 = I for each S-ideal I of R [5]. Similarly, a fuzzy ideal λ of R is idempotent if λλ = λ2 = λ.

Theorem 1. Let R be a regular seminearring. Then the following statements are equivalent.
(1) R is a strongly idempotent
(2) Each fuzzy S-ideal in R is a strongly idempotent
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Proof. (1)⇒ (2) Assume that λ be a fuzzy S-ideal of a seminearring R. Then, for every x ∈ I,

λ2(x) = (λλ)(x)
=

∨
x=

∑n
i=1 yizi

[ ∧
1≤i≤n

[λ(yi)∧λ(zi)]
]

≤
∨

x=
∑n

i=1 yizi

[ ∧
1≤i≤n

[λ(yizi)∧λ(yizi)]
]

=
∨

x=
∑n

i=1 yizi

[[ ∧
1≤i≤n

λ(yizi)
]
∧
[ ∧
1≤i≤n

λ(yizi)
]]

≤
∨

x=
∑n

i=1 yizi

[
λ(x)∧λ(x)

]
= λ(x).

since each ideal is idempotent which means (x) = (x)2 ∀ x ∈ R. As x ∈ (x) ⇒ x ∈ (x)2 = x ∈
(x)2 = RxRRxR. Thus, x =

∑n
i=1 rixir′i sixs′i , where ri, si, r′i , s′i ∈ R. Consider, λ(x) = λ(x) ∧ λ(x) ≤

λ(rixir′i ) ∧ λ(sixis′i). Consequently, we have

λ(x) ≤
∧

1≤i≤n

[
λ(rixir′i ) ∧ λ(sixis′i)

]
≤

∨
x=

∑n
i=1 ri xir′i si xs′i

[ ∧
1≤i≤n

[
λ(rixir′i ) ∧ λ(sixis′i)

]]
≤

∨
x=

∑n
j=1 y jz j

[ ∧
1≤ j≤n

[λ(y j) ∧ λ(z j)]
]

= (λλ)(x)
= λ2(x).

Hence λ2 = λ.
(2)⇒ (1) Consider an S-ideal I of R and hence λI the characteristic function of I is the fuzzy S-ideal

of R. Thus, λI = (λI)2. Hence, λIλI = λI ⇒ λI2 = λI , it implies I = I2. �

Theorem 2. Let I be a left (right) S-ideal of a seminearring R. Then, for any t ∈ (0, 1) there is a fuzzy
left (right) S-ideal λ of R such that λt = I.

Proof. Let us consider a fuzzy set λ : R→ [0, 1] defined by

λ(a) =

t, if a ∈ I

0, if a < I

where t ∈ (0, 1). Then λt = I. Evidently, λ(a + b) ≥ min {λ(a), λ(b)} and λ(ab) ≥ λ(b) (resp. λ(ab) ≥
λ(a)) for all a, b ∈ R. �

It is well known that an element a of a ring S is a central idempotent if it is idempotent and also
lying in the center Z(S ) of a ring S . We present the characterization of seminearring having central
idempotents with respect to their fuzzy ideal as below.
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Theorem 3. Let R be a seminearring containing central idempotents. Then the following statements
are equivalent.
(1) R is strongly idempotent
(2) For each fuzzy S-ideal ζ and fuzzy S-ideal ξ, ζξ = ζ ∧ ξ.

Proof. (1)⇒ (2) Let us consider that ζ and ξ are fuzzy S-ideals of R. For every x ∈ R

(ζξ)(x) =
∨

x=
∑n

i=1 yizi

[ ∧
1≤i≤n

(ζ(yi) ∧ ξ(zi))
]

≤
∨

x=
∑n

i=1 yizi

[ ∧
1≤i≤n

[
ζ(yizi) ∧ ξ(yizi)

]]
=

∨
x=

∑n
i=1 yizi

[[ ∧
1≤i≤n

ζ(yizi)
]
∧

[ ∧
1≤i≤n

ξ(yizi)
]]

≤
∨

x=
∑n

i=1 yizi

[[ζ(x)] ∧ [ξ(x)]]

= ζ(x) ∧ ξ(x) = (ζ ∧ ξ)(x).

Again, since R is strongly idempotent i.e., (x) = (x)2 for any x ∈ R. Hence, following the pattern of
the proof of part (1) of Theorem1, we have (ζ ∧ ξ)(x) =

(ζ ∧ ξ)(x) = ζ(x) ∧ ξ(x)
≤

∨
x=

∑n
i=1 yizi

[ ∧
1≤i≤n

(ζ(yi) ∧ ξ(zi))
]

= ζξ(x).

Hence, (ζ ∧ ξ)(x) = ζξ(x).
(2) ⇒ (1) Let ζ and ξ be the two fuzzy S-ideals of R with (ζ ∧ ξ)(x) = ζξ(x). By taking ζ = ξ, we

have ζ ∧ ζ = ζ2, where ζ is any fuzzy S-ideal of R. �

Remark 1. Let R be a seminearring with central idempotents. If R is regular then for each fuzzy left
S-ideal λ and fuzzy right S-ideal µ, λ ◦ µ = λ ∧ µ.

Let R be a right seminearring, by left distributive element of a right seminearring we mean an
element a ∈ R such that for all x, y ∈ R, we have a(x + y) = ax + ay. Similarly, right seminearring R is
said to be a distributively generated (or d.g) if (R, +) is generated by a multiplicative subsemigroup D
of left distributive elements.

Theorem 4. Let R be a distributively generated right seminearring. Then the followings are equivalent.
(1) R is strongly idempotent
(2) The set Ω consists of all fuzzy right S-ideals of R (ordered by ≤) form a distributive lattice under
operations of addition and intersection with ξ ∧ ζ = ξζ, where ξ, ζ ∈ Ω.

Proof. (1) ⇒ (2) Obviously, the set Ω is a lattice under the operations addition and intersection of
fuzzy ideals. Since R is strongly idempotent seminearring, by Theorem 3 we have ξζ = ξ ∧ ζ for any
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pair of fuzzy ideals ξ, ζ of R. Finally, it is remaining to show R is a distributive i.e., for fuzzy ideals ξ,
ζ, and ρ of R, [(ξ ∧ ζ) + ρ] = [(ξ + ρ)∧ (ζ +ρ]. So for this, let x ∈ R,

[(ξ ∧ ζ) + ρ](x) =
∨

x=y+z

[
(ξ ∧ ζ)(y) ∧ ρ(z)

]
=

∨
x=y+z

[
ξ(y) ∧ (ζ)(y) ∧ ρ(z)

]
=

∨
x=y+z

[
ξ(y) ∧ (ζ)(y) ∧ ρ(z) ∧ ρ(z)

]
=

∨
x=y+z

[[
ξ(y) ∧ ρ(z)

]
∧

[
(ζ)(y) ∧ ρ(z)

]
≤

∨
x=y+z

[
(ξ + ρ)(x) ∧ (ρ + ρ)(x)

]
= [(ξ + ρ) ∧ (ζ + ρ)](x).

Alternatively,

[(ξ + ρ) ∧ (ζ + ρ)](x) = [(ξ + ρ)(ζ + ρ)](x)
=

∨
x=

∑n
i=1 yizi

[ ∧
1≤i≤n

(ξ + ρ)(yi)(ζ + ρ)(zi)
]

=
∨

x=
∑n

i=1 yizi

[ ∧
1≤i≤n

[ ∨
yi = risi

zi = tiui

[
[(ξ(ri) + ρ(si)] ∧ [(ζ)(ti) + ρ(ui)]

]]

=
∨

x=
∑n

i=1 yizi

[ ∧
1≤i≤n

[ ∨
yi = risi

zi = tiui

[(ξ(ri) ∧ ρ(si) ∧ ρ(si) ∧ ζ(ti) ∧ ρ(ui)]
]

≤
∨

x=
∑n

i=1 yizi

[ ∧
1≤i≤n

[ ∨
yi = risi

zi = tiui

[(ξ(riti) ∧ ζ(riti) ∧ ρ(siti) ∧ ρ(siui) ∧ ρ(riui)]
]

≤
∨

x=
∑n

i=1 yizi

[ ∧
1≤i≤n

[ ∨
yi = risi

zi = tiui

[(ξ ∧ ζ)(riti) ∧ ρ(siti + siui + riui)]
]

≤
∨

x=
∑n

i=1 yizi

[ ∧
1≤i≤n

[
(ξ ∧ ζ) + ρ)(yizi)

]]
= [(ξ ∧ ζ) + ρ)(x)].

Hence [(ξ + ρ) ∧ (ζ + ρ)](x) = [(ξ ∧ ζ) + ρ](x).
(2)⇒ (1) Suppose (2) holds true. Then, for any fuzzy S-ideal of R, we have ξ2 = ξ = ξ ∧ ξ = glb{ξ,

ξ} = ξ. Hence R is strongly idempotent. �

Following [6], an ideal I of a distributively generated seminearring R is a direct summand of R if
there exists an ideal I′ which we call a cosummand of I and that I + I′ = R and I ∩ I′ = (0).
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Theorem 5. Let R be a distributively generated and strongly idempotent right seminearring. Then,
any pair of fuzzy right S-ideals λ and λ′ such that λ + λ′ = 1, λ ∧ λ′ = 0 form a boolean sublattice of
R under the sum and intersection of fuzzy right S-ideals.

Proof. Result follows from Theorem4. �

Definition 11. [6] An S-ideal P of a seminearring R is a prime S-ideal if IJ ⊂ P ⇒ I ⊂ P or J ⊂ P.
Similarly, an S -ideal P is a strongly irreducible S-ideal if I ∩ J ⊂ P⇒ I ⊂ P or J ⊂ P.

In the setting of fuzzy theory, we introduce the definition of fuzzy prime S -ideal.

Definition 12. A fuzzy S -ideal γ of a seminearring R is called a fuzzy prime S -ideal if for fuzzy
S -ideals ζ, ξ of R, ζξ ≤ γ ⇒ ζ ≤ γ, ξ ≤ γ. Similarly, γ is a fuzzy strongly irreducible S -ideal if
ζ ∧ ξ ≤ γ ⇒ ζ ≤ γ, ξ ≤ γ.

Theorem 6. Let R be a strongly idempotent seminearring and λ be its any fuzzy S-ideal. Then the
followings are equivalent.
(1) γ is a fuzzy prime S-ideal
(2) γ is a fuzzy strongly irreducible S-ideal

Proof. (1) ⇒ (2) Let γ be a fuzzy prime S-ideal. We have to prove that γ is fuzzy strongly irreducible
i.e., there exist fuzzy S-ideals ζ and ξ such that ζ ∧ ξ ≤ γ ⇒ ζ ≤ γ, ξ ≤ γ. Since ζξ ≤ γ ⇒ ζ ≤ γ,

ξ ≤ γ and R is strongly idempotent seminearring, it follows from Theorem 4, γ ∧ ζ = γζ. Thus,
ζξ ≤ γ ⇒ ζ ∧ ξ ≤ γ. Since R is a strongly idempotent then the set of fuzzy S-ideals of R (ordered
by ≤) is a distributive lattice under addition and intersection of fuzzy S-ideals by Theorem 4. Hence,
ζ ∧ ξ ≤ γ ⇒ (ζ ∧ ξ) + γ = γ, and by using distributivity we have, γ = (ζ ∧ ξ) + γ = (ζ + γ) ∧ (ξ + γ).
Since γ is a fuzzy prime S-ideal it implies that either ζ + γ = γ or ξ + γ = γ, which implies ζ ≤ γ or
ξ ≤ γ. Hence γ is a fuzzy strongly irreducible S-ideal.

(2)⇒ (1) Let γ be a fuzzy strongly irreducible S-ideal. We have to prove that γ is fuzzy prime i.e.,
there exist fuzzy S-ideals ζ and ξ such that ζξ ≤ γ ⇒ ζ ≤ γ, ξ ≤ γ. Since ζ ∧ ξ ≤ γ ⇒ ζ ≤ γ, ξ ≤ γ.
Also R is a strongly idempotent then the set of fuzzy S-ideals of R are ordered by ≤ and is a distributive
lattice with γ ∧ ζ = γζ by Theorem 4. Thus, ζ ∧ ξ ≤ γ⇒ ζξ ≤ γ ⇒ ζ ≤ γ, ξ ≤ γ. �

Fuzzy R-subsemigroup
We continue our study parallel to the classical substructures of near-semirings. We define fuzzy R-
subsemigroup of an R-semigroup of seminearring M as follows.

Definition 13. A fuzzy subset µ of R-semigroup M is said to be a fuzzy left (resp., right)
R-subsemigroup of M if
(i) µ is a fuzzy subsemigroup of M
(ii) µ(rx) ≥ µ(x) (resp., µ(xr) ≥ µ(x)) for all x, ∈ M and r ∈ R. If µ is both left and right fuzzy
R-subsemigroup of M then we call it a fuzzy R-subsemigroup of M.

Example 3. Let us consider a near-semiring presented in example1. Consider a fuzzy subset µ of
R-semigroup M = {0, a, b, d} defined by, µ(0) = 0.9, µ(a) = 0.8, µ(c) = 0.5, µ(b) = 0.7, µ(d) = 0.7.
One can easily verify that µ is a fuzzy R-subsemigroup of R-semigroup M.

Remark 2. Let (R, +) be an R-semigroup of a near-semiring (R, +, .). Then, the fuzzy R-subsemigroup
of (R, +) will be the fuzzy ideal of near-semiring R.
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Theorem 7. Let M and N are two R-semigroups and f : M → N be an R-epimorphism. Let µ be a
fuzzy R-subsemigroup of M, then f (µ) is a fuzzy R-subsemigroup of N.

Proof. Let x, y ∈ M and x′, y′ ∈ N such that f (x) = x′, f (y) = y′. Also µ be a fuzzy R-subsemigroup
of M, Then

[ f (µ)](x′ + y′) =
∨

f (z)=x′+y′
µ(z)

=
∨

f (x+y)=x′+y′
µ(x + y)

≥
∨

f (x) =x′, f (y) =y′

[
µ(x) ∧ µ(y)

]
≥

[ ∨
f (x) =x′

µ(x)
]
∧

[ ∨
f (y) =y′

µ(y)
]

≥ [ f (µ)](x′) ∧ [ f (µ)](y′).

Let x′ ∈ N, r ∈ R, then there exists x ∈ M such that f (x) = x′ and f (rx) = rx′. Then,

[ f (µ)](rx′) =
∨

f (x)=rx′
µ(x)

=
∨

f (rx)=rx′
µ(rx)

=
∨

r f (x)=rx′
µ(rx)

≥
∨

f (x)=x′
µ(x)

= [ f (µ)](x′).

Hence, f (µ) is a fuzzy R-subsemigroup of N. �

Proposition 1. Let R be a seminearring. Then, K is a left (resp., right) R-subsemigroup of an R-
semigroup M if and only if λK (characteristics function) is a fuzzy left (resp., right) R-subsemigroup
of M.

Proof. Straightforward. �

In order to study relationship between two fuzzy R-subsemigroups of nearsemirings, we introduce
the notion of fuzzy R-homomorphism.

Definition 14. Let R be a near-semiring with H and K are both R-subsemigroups. A fuzzy mapping f
from H to K i.e., f : H → K is said to be a fuzzy R-homomorphism if

(i) f (h1 + h2, k) ≥ sup{inf{ f (h1, k1), f (h2, k2)} : k = k1 + k2; k1, k2 ∈ K}}
(ii) f (nh, k) ≥ sup{inf{ f (n, k1), f (h, k2)} : k = k1k2, k1, k2 ∈ K, n, h ∈ H}.

Lemma 2. Let H and K be the two R-semigroups of a near-semiring R. Let µ be a fuzzy subset of an
R-semigroup H and let f be an R-homomorphism from H onto K. Now, if µ is a fuzzy R-subsemigroup
of H then f (µ) is a fuzzy R-subsemigroup of K.
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3.2. Fuzzy soft subnear-semirings

Fuzzy soft subnear-rings [27] and fuzzy soft semirings [29] have been discussed in the literature.
In this sub-section, we present and explain in detail the notions of fuzzy soft near-semirings, fuzzy
soft subnear-semirings, fuzzy soft ideals of near-semirings and fuzzy soft R-subsemigroups of near-
semirings R.

Definition 15. A fuzzy soft set ( f , A) over R is a fuzzy subnear-semiring of R if f (x) is a fuzzy
subnear-semiring of R for all x ∈ A.

We may redefine fuzzy soft subnear-semiring as follows.

Definition 16. A non-null fuzzy soft set over R ( f , A) is said to be a fuzzy subnear-semiring of R if
f (a) = fa for each a ∈ A, that is, fa(x + y) ≥ fa(x) ∧ fa(y), fa(xy) ≥ fa(x) ∧ fa(y) for all x, y ∈ R.

Example 4. Let R = {0, a, b, c, d} be a (right) near-semiring with the operations tables given in
example1. Let A = {e1, e2, e3} and f : A→ R be the set-valued function defined as follows.

f (e1) = {(0, 0.9), (a, 0.8), (b, 0.6), (c, 0.4), (d, 0.6)}
f (e2) = {(0, 0.8), (a, 0.5), (b, 0.3), (c, 0.1), (d, 0.3)}
f (e3) = {(0, 0.9), (a, 0.6), (b, 0.5), (c, 0.4), (d, 0.5)}

Here ( f , A) is a fuzzy soft set over R which is also a fuzzy subnear-semiring of R for all x ∈ A. Hence,
( f , A) is a fuzzy soft near-semiring over R.

Theorem 8. Let ( f , A) and (g, B) are both the fuzzy soft (right) near-semirings over R. Then ( f ,
A)
∼

∧ (g, B) is a fuzzy soft (right) near-semiring over R.

Proof. Since ( f , A)
∼

∧ (g, B) = (h, C), where C = A × B, and h : C → (R) is a mapping h(x,
y) = f (x) ∩ g(y) for all (x, y) ∈ C. As f (x) and g(y) are fuzzy subnear-semirings of R, f (x) ∩ g(y) is a
fuzzy subring of R. Hence h(x, y) = f (x)∩ g(y) for all (x, y) ∈ C. Therefore, (h, C) = ( f , A)

∼

∧ (g, B) is
a fuzzy soft near-semiring over R. �

Example 5. Let R = {0, a, b, c, d} be a (right) near-semiring with the operations tables given in
example1. Let A = {e1, e3}, B = {e1, e2} and f : A→ (R), g : B→ (R) are the corresponding set-valued
functions defined as follows.

f (e1) = {(0, 0.7), (a, 0.6), (b, 0.4), (c, 0.2), (d, 0.4)}
f (e3) = {(0, 0.8), (a, 0.5), (b, 0.2), (c, 0.1), (d, 0.2)}
and

g(e1) = {(0, 0.5), (a, 0.4), (b, 0.3), (c, 0.2), (d, 0.3)}
g(e2) = {(0, 0.4), (a, 0.3), (b, 0.2), (c, 0.1), (d, 0.2)}

Clearly, ( f , A) and (g, B) are fuzzy soft sets over R. We also observe that f (x) and g(x) are fuzzy
subnear-semirings of R for all x ∈ A, B. Hence, ( f , A) and (g, B) are fuzzy soft near-semirings over R.
Consider ( f , A)

∼

∧ (g, B) = (h, C) where C = A × B and h : C → (R) defined as h(x, y) = f (x) ∩ g(y).
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We have,

h(e1, e1) = {(0, 0.5), (a, 0.4), (b, 0.3), (c, 0.2), (d, 0.3)}
h(e1, e2) = {(0, 0.4), (a, 0.3), (b, 0.2), (c, 0.1), (d, 0.2)}
h(e3, e1) = {(0, 0.5), (a, 0.4), (b, 0.2), (c, 0.1), (d, 0.2)}
h(e3, e2) = {(0, 0.4), (a, 0.3), (b, 0.2), (c, 0.1), (d, 0.2)}

(h, C) is a fuzzy soft set over R. We also observe that h(x, y) is a fuzzy subnear-semiring of R, for all
x ∈ A, y ∈ B. Hence, ( f , A)

∼

∧ (g, B) = (h, C) is a fuzzy soft near-semiring over R.

Proposition 2. Let ( fi, Ai)i∈I be the non-empty family of fuzzy soft near-semirings over a near-semiring
R. Then

∼

∧i∈I( fi, Ai) is a fuzzy soft near-semiring over R.

Proof. Since
∼

∧i∈I( fi, Ai) = (g, B), where B = Π
i∈I

Ai, and g(x) = ∩i∈I fi (xi) for all x = (xi)i∈I ∈ B. Thus,
the non-empty set fi(xi) is a fuzzy subnear-semiring of R for all i ∈ I. Hence, g(x) is a fuzzy subnear-
semiring of R, and

∼

∧i∈I (ζi, Ai) = (η, B) is a fuzzy subnear-semiring of R. Finally,
∼

∧i∈I ( fi, Ai) = (g, B)
is a fuzzy soft near-semiring over R. �

Now we are ready to introduce the notions of fuzzy soft subnear-semirings and fuzzy soft ideals.

Definition 17. Let ( f , A) and (g, B) be the two non-null fuzzy soft set over R. Then, (g, B) is a fuzzy
soft subnear-semiring of ( f , A) if
(i) B ⊂ A
(ii) g(x) is a fuzzy subnear-semiring of f (x), for all x ∈ B.
It is denoted by (g, B) ≤̃ ( f , A).

Example 6. Let R = {0, a, b} be a (right) near-semiring with the operations tables given below.

Tables set 3

+ 0 a b
0 0 a b
a a a b
b b b b

. 0 a b
0 0 a b
a a a b
b b a b

Let A = {e1, e2, e3} and f : A→ (R) be the set-valued function defined as follows.

f (e1) = {(0, 0.9), (a, 0.8), (b, 0.7)}
f (e2) = {(0, 0.9), (a, 0.8), (b, 0.4)}
f (e3) = {(0, 0.8), (a, 0.7), (b, 0.7)}

Obviously, ( f , A) is a fuzzy soft set over R, and is easy to verify that f (x) is a fuzzy subnear-semiring
of R for all x ∈ A. Hence ( f , A) is a fuzzy soft near-semiring over R. Again consider B = {e1, e3} and
g : B→ (R) be the set-valued function defined as follows.

g(e1) = {(0, 0.8), (a, 0.6), (b, 0.4)}
g(e3) = {(0, 0.5), (a, 0.3), (b, 0.3)}

Clearly, (g, B) is a fuzzy soft subnear-semiring of a fuzzy soft near-semiring ( f , A) i.e., (g, B) ≤̃ ( f , A).
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After introducing fuzzy soft subnear-semiring we present the definition of fuzzy soft ideal of near-
semiring.

Definition 18. Let ( f , A) be a fuzzy soft near-semiring over R. A fuzzy soft set (g, I) over R is called
a fuzzy soft ideal of ( f , A), if it satisfies the following conditions.
(i) I ⊂ A
(ii) g(x) is a fuzzy ideal of f (x) for all x ∈ I.

We will denote it by (g, I) Ẽ ( f , A).

Example 7. We consider a fuzzy soft near-semiring described in Example 4. Let I = {e1, e3} and a
map g : I → (R) defined by

g(e1) = {(0, 0.7), (a, 0.6), (b, 0.4), (c, 0.2), (d, 0.4)}
g(e3) = {(0, 0.8), (a, 0.5), (b, 0.2), (c, 0.1), (d, 0.2)}.

Then, (g, I) is a fuzzy soft set and it is easy to verify that g(x) is a fuzzy ideal of f (x) for all x ∈ B.
Hence, (g, I) is a fuzzy soft ideal of ( f , A), that is (g, I)Ẽ( f , A).

Remark 3. Every fuzzy soft ideal of a fuzzy soft near-semiring is a fuzzy soft subnear-semiring but
the converse doesn’t hold true. For instance in Example 6, (g, B) is a fuzzy soft subnear-semiring of
( f , A). One can easily verify by doing simple calculations that (g, B) is not a fuzzy soft ideal of a fuzzy
soft near-semiring ( f , A).

Example 8. Let R = {0, a, b, c, d} be a (right) near-semiring with the operations tables given in
Example 2. Let A = {e1, e2, e3} and f : A→ R be the set-valued function defined as follows.

f (e1) = {(0, 0.9), (a, 0.8), (b, 0.6), (c, 0.4), (d, 0.6)}
f (e2) = {(0, 0.8), (a, 0.5), (b, 0.3), (c, 0.1), (d, 0.3)}
f (e3) = {(0, 0.9), (a, 0.6), (b, 0.5), (c, 0.4), (d, 0.5)}

Clearly, ( f , A) is a fuzzy soft set over R. We also observe that f (x) is a fuzzy subnear-semiring
of R for all x ∈ A. Hence, ( f , A) is a fuzzy soft near-semiring over R. Let I = {e1} and a mapping
g : I → (R) defined byg(e1) = {(0, 0.8), (a, 0.7), (b, 0.4), (c, 0.2), (d, 0.4)}. Obviously, (g, I) is a fuzzy
soft set over R. We see that g(x) is a fuzzy subnear-semiring of R for all x ∈ I. Hence, (g, I) is a fuzzy
soft near-semiring over R. Finally, I ⊂ A and g(x) is a fuzzy right ideal of f (x) for all x ∈ I. Thus, (g,
I) is a fuzzy right ideal of ( f , A).

Let S is a non-empty subset of a near-semiring R, the characteristic function on S is the function
χS : R → [0, 1] defined by χS (x) = 1, if x ∈ S and χS (x) = 0, if x < S . Similarly, A fuzzy soft
characteristic function ( f S , A) over R is defined by ( f S )e1 = χS (i.e., ( f S )(e1) = χS ) for all ei ∈ A.

Lemma 3. Let I be a subset of a near-semiring R and ( f I , A) be a fuzzy soft characteristic function
over R. Then, I is left (resp., right) ideal of R if and only if (αI , A) is a fuzzy soft left ( resp., right) ideal
over R.

Proof. The proof is easy and hence omitted. �
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Fuzzy soft R-subsemigroup and fuzzy soft R-morphism
We introduce the notion of fuzzy soft R-subsemigroup of a near-semiring. We also shift the

terminology of R-morphism of classical near-semiring theory towards fuzzy soft set theory. A
subsemigroup H of R is called a left R-subsemigroup of R if RH ⊆ H and H is called a right
R-subsemigroup of R if HR ⊆ H. We begin with the definition.

Definition 19. Let M be an R-semigroup of a near-semiring R. A fuzzy soft set (F, A) over M is called a
fuzzy soft left (resp., right) R-subsemigroup over M if F(x) is a fuzzy left (resp., right) R-subsemigroup
of M for all x ∈ A. We will denote a fuzzy soft left (resp., right) R-subsemigroup over M by FA <

l
M M

(resp., FA <
r
M M).

Example 9. Let us consider a near-semiring R with the operations tables given in example1. Let
M = {0, a, b, d} be a right R-semigroup of a near-semiring R. We define a fuzzy set µ : R → [0, 1] by
µ(c) ≤ µ(b) = µ(d) ≤ µ(a) ≤ µ(0). Let A = {e1, e2, e3} and F : A → µ(M) be the set-valued function
defined by

F(e1) = {(0, 0.9), (a, 0.8), (b, 0.6), (d, 0.6)}
F(e2) = {(0, 0.8), (a, 0.5), (b, 0.3), (d, 0.3)}
F(e3) = {(0, 0.9), (a, 0.6), (b, 0.5), (d, 0.5)}.

One can easily check that it is a fuzzy soft right R-subsemigroup over M.

Remark 4. Every fuzzy soft left (resp., right) ideal of a near-semiring R is a fuzzy soft left (resp.,
right) R-subsemigroup over R.

Definition 20. Let M and N be the two left (resp., right) R-semigroups of a near-semiring R. Assume
thatFA <

l
M M (resp., FA <

r
M M) and GB <

l
N N (resp., GB <

r
N N). Then, their cartesian product defined

as FA
∼

×GB = HA×B, where HA×B(x, y) = FA(x)
∼

×GB(y) for all (x, y) ∈ A× B is a fuzzy soft left (resp.,
right) R-subsemigroup over M × N.

Theorem 9. If FA <
l
M M(resp., (FA <

r
M M) and GB <

l
N N (resp., GB <

r
N N), then FA

∼

× GB <
l
M×N M×

N (resp., FA

∼

× GB <
r
M×N M× N).

Proof. Let FA <
l
M M and GB <

l
N N. Since M and N are left R-semigroups, it is easily seen that M×

N is a left R-semigroup of R × R. Since, FA

∼

× GB = HA×B, where HA×B(x) = FA(x)
∼

× GB(y) for all
(x, y) ∈ A × B. Then, for all (x1, y1), (x2, y2 ) ∈ A × B, (r1, r2) ∈ R× R we have,

(i) HA×B((x1, y1) + (x2, y2)) = HA×B(x1 + x2, y1 + y2)
= FA(x1 + x2) × GB(y1 + y2)
⊇ (FA(x1) ∩ FA(x2)) × (GB(y1) ∩ GB(y2))
= (FA(x1) × GB(y1)) ∩ (FA(x2) × GB(y2))
= HA×B(x1, y1) ∩ HA×B(x2, y2)

(ii) HA×B((r1, r2)(x1, y1)) = HA×B(r1x1, r2y1) = FA(r1x1) ×GB(r2y1)
⊇ FA(x1) ×GB(y1)
= HA×B(x1, y1)

Hence, FA
∼

× GB <
l
M×N M× N. Similarly, one can prove FA

∼

× GB <
r
M×N M× N. �
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In a sequel, we introduce fuzzy soft R-homomorphism between two fuzzy soft R-subsemigroups
with an illustrative example.

Definition 21. Let R1 and R2 be near-semirings. Let (F, A) be a fuzzy soft left (resp., right) R1-
subsemigroup over R1-semigroup M and (G, B) be a fuzzy soft left (resp., right) R2-semigroup over
R2-semi-group N. Let f : M → N and g : A → B be the two mappings. Then, the pair ( f , g) is called
a fuzzy soft R-homomorphism if it satisfies the following conditions.
(i) f is an R-epimorphism
(ii) g is a surjective mapping
(iii) f (F(x)) = G(g(x)) for all x ∈ A.

We say that (F, A) is fuzzy soft R-homomorphic to (G, B), If there exists a fuzzy soft
R-homomorphism between (F, A) and (G, B). Similarly, if f is an R-isomorphism of R-subemigroups
and g is a bijective mapping then we call ( f , g) a fuzzy soft R-isomorphism, we say that (F, A) is a
fuzzy soft R-isomorphic to (G, B) denoted by (F, A) 'R (G, B).

Example 10. Let us take the near-semiring R = {0, a, b, c, d} defined in example1. Let (F, A) be
a fuzzy soft left (resp., right) R1-subsemigroup over an R1-semigroup M and (G, B) be a fuzzy soft
left (resp., right) R2-subsemigroup over an R2-semigroup N. We assume that M = N = {0, a, b} and
let f : M → N be the map defined by f (x) = x. One can easily verify that f is an R-isomorphism.
Let A = B = {e1, e2, e3} and a map g : A → B defined by g(x) = x is clearly a bijective map. Let
F : A→ ℘(M) be the map defined by

F(e1) = {(0, 0.9), (a, 0.7), (b, 0.6)}
F(e2) = {(0, 0.8), (a, 0.5), (b, 0.3)}
F(e3) = {(0, 0.9), (a, 0.6), (b, 0.5)}.

Then, (F, A) is a fuzzy soft R-subsemigroup over R-semigroup M. Again, let B = {e1, e2, e3} and the
map G : B→ ℘(N) defined by

G(e1) = {(0, 0.9), (a, 0.7), (b, 0.6)}
G(e2) = {(0, 0.8), (a, 0.5), (b, 0.3)}
G(e3) = {(0, 0.9), (a, 0.6), (b, 0.5)}.

(G, B) is also a fuzzy soft R-subsemigroup over R-semigroup N. Finally, consider f (F(x)) = G(g(x))
for all x ∈ A. Hence (F, A) 'R (G, B).

Theorem 10. Let M, N be two R-subsemigroups of a near-semiring R. Let FA and GB be the fuzzy soft
sets over M and N, respectively. Let Ψ be a fuzzy soft R-isomorphism from M to N. If FA is a fuzzy soft
R-subsemigroup over M, then Ψ(FA) is a fuzzy soft R-subsemigroup over N.

Proof. Let n1, n2 ∈ N. Since, Ψ is surjective there exists m1, m2 ∈ M such that Ψ(m1) = n1 and Ψ(m2)
= n2. Thus,

AIMS Mathematics Volume 6, Issue 3, 2268–2286.



2283

Ψ((FA)(n1 + n2)) =
∨{

FM(m) : m ∈ M, Ψ(m) = (n1 + n2)
}

=
∨{

FM(m) : m ∈ M, m = Ψ−1(n1 + n2
}

=
∨{

FM(m) : m ∈ M, m = Ψ−1(Ψ(m1 + m2)) = m1 + m2
}

=
∨{

FM(m1 + m2) : ni ∈ N, Ψ(mi) = ni, i = 1, 2
}

⊇
∨{

F(m1) ∩ F(m2) : mi ∈ M, Ψ(mi) = ni, i = 1, 2
}

=
(∨{

F(m1) : n1 ∈ N, Ψ(m1) = n1
})
∧

(∨{
F(m2) : n2 ∈ N, Ψ(m2) = n2

})
= (Ψ(FM))(m1) ∧ (Ψ(FM))(m2).

Now, let r ∈ R and n ∈ N. Since, Ψ is surjective, there exists m′ ∈ M such that Ψ(m′) = n. Then,

(Ψ(FM)(rn) =
∨{

FM(m) : m ∈ M, Ψ(m) = rn
}

=
∨{

FM(m) : m ∈ M, m = Ψ−1(rn)
}

=
∨{

FM(m) : m ∈ M, m = Ψ−1(rΨ(m′))
}

=
∨{

FM(m) : m ∈ M, m = Ψ−1(Ψ(rm′)) = rm′
}

=
∨{

FM(rm′) : m′ ∈ M, Ψ(m′) = n
}

⊇
∨{

FM(m′) : m′ ∈ M,Ψ(m′) = n
}

= (Ψ(FM))(n).

Hence, Ψ(FM) is a fuzzy soft R-subsemigroup of an R-semigroup N. �

Fuzzy soft anti-homomorphism of near-semirings
Here, we introduce the notion of anti-homomorphism of near-semirings in the setting of fuzzy soft set
theory. We start with the definition.

Definition 22. Let (F, A) be a soft right near-semiring over the right near-semiring R1 and (G, B) be
the soft left near-semiring over the left near-semiring R2. Let f : R1 → R2 and g : A → B be the two
mappings. Then, the pair ( f , g) is called a fuzzy soft near-semiring anti-homomorphism if it satisfies
the following conditions.
(i) f is an anti-epimorphism of near-semirings
(ii) g is a surjective mapping.
(iii) f (F(x)) = G(g(x)) for all x ∈ A.

If there exists a fuzzy soft near-semiring anti-homomorphism between (F, A) and (G, B), we say
that (F, A) is soft anti-homomorphic to (G, B). If f is an anti-isomorphism of near-semirings and g is
a bijective mapping between A and B then (F, A) and (G, B) are soft anti-isomorphic under the fuzzy
soft anti-isomorphism ( f , g), we will write it as (F, A) ' (G, B).

Theorem 11. Fuzzy soft anti-homomorphic image of fuzzy soft right (left) near-semiring is a fuzzy soft
left (right) near-semiring.
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Example 11. Consider a right near-semiring R1 defined in the below tables set 4 and left
near-semiring R2 defined in the tables set 5.

Tables set 4

+ 0 a b c d
0 0 a b c d
a a a b d d
b b b b d d
c c d d c d
d d d d d d

. 0 a b c d
0 0 0 0 0 0
a 0 a a a a
b 0 a b b d
c 0 a b b d
d 0 a b b d

Tables set 5

+ 0 a b c d
0 0 a b c d
a a a b d d
b b b b d d
c c d d c d
d d d d d d

. 0 a b c d
0 0 0 0 0 0
a 0 a a a a
b 0 a b b b
c 0 a b b b
d 0 a d d d

Let A = {e1, e2} and F : A → (R1) be the set-valued function defined by F(e1) = {(0, 0.9) (a, 0.7), (b,
0.5) (c, 0.3) (d, 0.5)} and F(e2) = {(0, 0.8) (a, 0.6), (b, 0.4) (c, 0.2) (d, 0.4)}. Clearly, (F, A) is a fuzzy
soft right near-semiring over a right near-semiring R1. Again, consider B = {e′1, e′2} and G : B → (R2)
defined by G(e′1) = {(0, 0.9) (a, 0.7), (b, 0.5) (c, 0.3) (d, 0.5)} and G(e′2) = {(0, 0.8) (a, 0.6), (b, 0.4)
(c, 0.2) (d, 0.4)}. Clearly, (G, B) is a fuzzy soft left near-semiring over a left near-semiring R2. The
map f : R1 → R2 defined by f (x) = x is an anti-epimorphism of near-semirings, which is easy to
verify that f (b.d)= f (d). f (b) = d. However, we see that f (b.d) = d , f (b). f (d) = b, so f is purely
an anti-homomorphism. And g : A → B defined by g(x) = x is a surjective map. Finally, one can
easily prove that f (F(x)) = G(g(x)) for all x ∈ A. Hence, fuzzy soft right near-semiring (F, A) is soft
anti-isomorphic to fuzzy soft left near-semiring (G, B).

Remark 5. Fuzzy soft anti-homomorphic image of fuzzy soft right (left) ideal of near-semiring is a
fuzzy soft left (right) ideal.

4. Conclusions

In this manuscript, we have introduced and discussed the notions of fuzzy subnear-semirings and
fuzzy soft subnear-semirings along with their substructures. We also presented few of their
characterizations. For the purpose of reaching the highest possible level of accurateness in this
pursue, a different types of operations are applied to these structures. Classical terms of
R-homomorphisms and R-antihomomorphisms are also shifted towards fuzzy (soft)
R-homomorphisms and fuzzy soft R-antihomomorphism of fuzzy soft near-semirings. As a result, we
developed some relationships among fuzzy (-soft) substructures of near-semirings under these maps.
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In due course, we examined some properties of near-semirings (seminearrings) at the base of its
newly established fuzzy (soft) substructures such as if R be a distributively generated strongly
idempotent right seminearring then the collection of all fuzzy right ideals form a lattice under the
operations of addition and intersection. In the same setting, one can further discuss the balanced
near-semirings and affine near-semirings on the ground of fuzzy (soft) set theory. Furthermore, our
developed structures and their corresponding results can be referred for future work towards
intuitionistic fuzzy soft theory by introducing intuitionistic fuzzy soft near-semirings.
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