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1. Introduction

Over the past decades, a variety of control design strategies have been proposed for different
nonlinear systems [1-7]. Especially, many approximated-based control schemes have been developed
for uncertain nonlinear systems by using neural networks (NNs) or the fuzzy logic systems (FLSs)
[8-19]. Among these studies, the research of stochastic systems is much more attracted (see,
e.g. [16-19] and the references therein), due to their wide application. It is worth noting that the
aforementioned NNs-based or FLSs-based control strategies haven’t taken output constraint into
account. In fact, many practical systems are usually required to satisfy an output constraint in the
operation for considering the performance specifications or safety [20, 21]. It is well known that,
the BLF-based approaches are useful tools to settle controller design problems of output-constrained
nonlinear systems, see references [22—-27] for instances. In the latest research progress of constrained
control, many kinds of adaptive neural or fuzzy control design methods have been presented by
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combining the different BLFs with NNs or FLSs approximators for various stochastic nonlinear
systems subject to output constraint and unknown nonlinearities in [28—32]. Nevertheless, the above-
mentioned works have mainly considered strict-feedback stochastic systems whose fractional powers
are all equal to one, rather than p-norm stochastic nonlinear systems in which the fractional powers are
the positive odd rational numbers and at least one of the fractional powers is greater than one.

As an important class of nonlinear systems, the p-norm stochastic nonlinear systems which are
more general and complex, have received increased attention in recent years. For such a kind of
systems, many control design problems have been well solved by utilizing the adding a power integrator
technique under some strong or weaker growth conditions [33-37]. Subsequently, references [38—40]
have taken these growth conditions away and considered the adaptive NNs control for switched and
large-scale stochastic high-order nonlinear systems. Meanwhile, the control problems have been
investigated for p-norm nonlinear systems with output/states constraints under some nonlinear growth
conditions in a few literatures, such as [41-44]. In these works, different state-feedback controllers
have been mainly constructed and finite-time stability has been obtained. Worth noting that an output-
feedback controller has been designed for high-order planar deterministic nonlinear systems in [44].
On these basics, references [45—48] have further taken both unknown nonlinearities and constraints
into accounts, and designed some fuzzy controllers for p-norm stochastic nonlinear systems with
output/states constraints. However, it should be pointed out that the above-mentioned results of p-
norm stochastic nonlinear systems have mainly focused on addressing the asymptotical convergence
rather than the finite-time convergence in the case of unknown nonlinearities. As a matter of fact, the
finite-time convergence has only been investigated for p-norm stochastic nonlinear systems with known
nonlinearities satisfying some nonlinear growth conditions. On the other hand, it can be observed that
the existing constrained controllers of p-norm stochastic nonlinear systems are mainly based on the
assumption that full-state measurements are available. In other words, when only the system output
can be accurately measured, the problem of finite-time output-feedback control for p-norm stochastic
nonlinear systems with unknown nonlinearities and output constraints, to our best knowledge, has
never been considered in the literature.

Motivated by above discussions, this paper will investigate how to design the finite-time output-
feedback controller for a kind of p-norm stochastic nonlinear systems subject to output constraint. The
main contributions can be summarized as follows: 1) It is first time to consider p-norm stochastic
nonlinear systems with output constraints and unmeasurable states. Note that the existing studies
have mainly addressed the constrained control problems under the the assumption that all the states
are measurable (e.g., [33-37, 41, 43]), while this paper investigates the constrained control design in
the case of that the states are all unmeasurable except the system output. What’s more, the system
nonlinearities are completely unknown. Thus, this work will extend and develop the existing control
design theory for p-norm stochastic nonlinear systems; 2) A finite-time controller is designed. The
developed scheme not only ensures the system output is constrained in a given compact set, but also
enables the closed-loop system is semi-global finite-time stable in probability (SGFSP).

2. Problem and Preliminaries

In this paper, we consider the following class of p-norm stochastic nonlinear systems
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dx; = x!'_dt + ¢(x)dt + gl (X)dw,i=1,--- ,n—1,

i+1
dx, = uPdt + ¢,(x)dt + g! (x)dw, 2.1)

y = X1,

where w is a r-dimension standard Wiener process; x = (xj,---,X,) € R" is system state vector;
u € R and y € R are respectively control input and output; the fractional power peRZ} g = Aim/klm >
k, m and k are positive odd integers}; fori = 1,---,n, X = (x,---,x)! € R; ¢; : R* — R and
gi : R" — R’ are unknown continuous functions satisfying ¢;,(0) = 0, g;(0) = 0. The system output
y = x; is measurable and constrained in I1; = {y(r) € R, |y(¢)] < &} with a constant & > 0, while the
other states x,, - - - , x,, are all unmeasurable.

The objective of this paper is to design a finite-time fuzzy output-feedback controller for system
(2.1) such that: 1) the output don’t violate the given constrained boundary; 2) all the signals of the
closed-loop system converge to a small compact of the original point in finite-time in probability in
presence of unknown nonlinearities and unmeasured states x;(i = 2,- -+ , n).

Firstly, some concepts and lemmas are presented for preliminaries. Consider the following
stochastic system

dx = ¢p(x)dt + g(x)dw, 2.2)

where ¢(x) and g(x) are continuous functions with satisfying ¢(0) = g(0) = 0.

Definition 1. [I] For any given V(x) € C?*(R"), associated with system (2.2), the second-order
differential operator ¢ is defined as follows:

B ov 1 T v
VvV = aqﬁ(x) + Etr {g (x)ﬁg(x)}. (2.3)

Definition 2. [17] The equilibrium x = 0 of stochastic nonlinear system (2.2) is semi-global finite-
time stable in probability (SGFSP) if for all x(ty, w) = x(0), there exist a constant ¢ > 0 and a settling
time T*(c, xp, w) < oo to make E[||x(t, w)||]] < c, forallt >ty + T".

Lemma 1. [17] Consider the stochastic system (2.2) and assume that f(0), h(0) are bounded uniformly
in t. If there exist a C* Lyapunov function V : R" — R, functions 01,0, € Kw, and constants jig > 0,
0 < &y < 1 and vy > 0 such that

{ o1(lx]) < V(x) < 02(]x)) Vxe R (2.4)

LV (x) < —figV(x)% + v,
Then, the stochastic nonlinear system (2.2) is SGFSP.
Remark 1. As stated in [17], the Eq (2.4) implies that there exists the stochastic setting time function

T*(x, w) = [E[vl—%(x(o»]—( ) )‘OO] such that E[V(x)] <

‘_;O forall t > ty +

(1=lo)io (1=lo)iro

T*(x,w), where 0 < ly < 1 is an arbitrary constant.

1
lofio(1-So)

Lemma 2. [7] Let a,b € R* witha > 1. For any {,n € R, the following inequalities hold:
(i) 1 =l < a2*2 + 21 =l = nl*=" + "),
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(i) | &5 =ne |< 270 | [P = e,
(iii) (21+ ID* <1212 +Infe < 2775021 + .

Lemma 3. [42] For any constants ki, k,, 9, s € R* and any variables {,,{, € R, we have the following
inequality

ky+ko

1 lk —I;%l ky+ky
2 ¢ RGN

k k
NP < o— e + — 9
rSiares _§‘kl+k2|§1| +k1+k2

Lemmad4. [8] Let p € (0, ), forany {; € R,i=1,--- ,n, one has

(il + - +18D" < bAGI + - + 1817,
where b = max{n”~', 1}.
Lemmass. [36]If{,n € R and p > 1 is an odd number, then

1
~ =M’ =) S 5= =)

2r-1
Lemma 6. [12] With any ag > 0,co > 0, and {(t) > 0, for (t) = apl(t) — con(t), if n(0) > 0 can be
satisfied, then one has n(t) > 0 for ¥Vt > 0.

In this paper, the nonlinear functions ¢;(-) and g;(-) are all unknown. The unknown functions will
be approximated by the FLSs based on the following presented lemma.

Lemma 7. [49] Let F(X) be a continuous function defined on a compact set I1y. Then, for a given
desired level of accuracy & > 0, there exists a fuzzy logic system YTW(X) such that

sup [F(X) — TTP(X)| < 6,

X En()

e T
Y = (vy,---,vun)! is the ideal constant weight vector, and ¥(X) = %
j=1Yi

vector, with N > 1 being the number of the fuzzy rules and y (X) being chosen as Gaussian functions,
ie,forj=1,--- N

is the basis function

X -2 X -4
¥(X) = exp [— P
J
where A; = (A1, , A;y)" and 9; respectively denote the center vector and the width of the Gaussian

Jfunction.

Remark 2. In view of Lemma 7, any function F(X) which is defined and continuous on a compact set
1y, can be approximated by

FX) = TT¥(X) + e(X),

where €(X) is the FLS approximation error satisfying |e(X)| < 9.
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3. Main results

3.1. State-feedback controller design

In this section, a fuzzy state-feedback controller will be explicitly designed for system (2.1) by
combining a tan-type BLF and the FLSs into the adding a power integrator technique.
First of all, we introduce a coordinate transformation as follow

= XY= o= 2 - 3.1
Xl_bei_ﬁal_ 7"',n7V_an+la (.)
where ¢, =0, g; = q”p—lﬂ(j =2,---,n+1),and H > 1 is a constant to be determined later. Based on
(3.1), system (2.1) turns into
dyi; = Hy?, dt + fi(¢n)dt + hi (v)dw, i =1, -1,
dy, = HvPdt + f,()dt + h! (y)dw, (3.2)

y=Xi.

where y; = (x1, - xi), fi= ¢, i = g1, fj = qu, and h; = Hg(;,,(j: 2,---,n).

In what follows, a fuzzy state-feedback controller w111 be designed through n steps based on the
equivalent system (3.2).

Define

&Sl =x&=Xi— Bl =2,...,n, (3.3)

where §;’s are the virtual signals being constructed later.
Step 1. From (3.1), we can get

dé, = dy, = (HxY + fi)dt + h{ dw. (3.4)

Choose the first Lyapunov function

4 4
i (”51 L VYD) + &

Vi=—tan|— |+ =— 1>
DT 284) 25, 26,

where b; > 0 is an adjustment parameter, &; = a; — & is the estimate error and &; is the estimator of
the parameter ;.

Remark 3. Clearly, Vg(&,) = % tan (g) is a tan-type BLF adopted to deal with the system output

constraint. Compared to the log-type BLF, V(&) possesses the following characteristic:

4 4 4
lim V() = > tan (264) %

which implies that the proposed method is also applicable to the system without output constraints.
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Then, one can easily get from the definition of V(&) that

ov
2 gf = S1(&)E, (3.5)
Y% 4r ¢}
06; =35 1(€DE + gta ( ) 1ENE. (3.6)
where S (&) = sec (22)
In view of (2.3), (3.5) and (3.6), it is not hard to gain
oVp 19°Vy I
vy = 3¢, (H)(z D+ 2708 ——hihy - b1011011

1 3
= S1(EDEHYY + fi) - —161/1&1 + Sl(tfl)||h1|| &

2 4
+_ﬂtan( i ) (EDIIPES.

From Lemma 3, one obtains

3 3 3
ESl(fl)llhlllzé"f RS ZSl(él)zllhlll“f‘f T

Then, we have

4
(Vi < HS (D& x5 + HS 1(EDEF(Z1) — z_t (254)
| 3

- —a4) + =
b, 4’

(3.7)

where Z; = y1,

1 3 12n  (né]
Fi(Z) = — - 2yt —= )
1(Z1) I fi + 451(51) A" | + 7] o+ an ( ) 1EDNmIPE
4 - ﬂf‘ll
01" sin( 5% gl
+ ————cos| —|.
2Hn& (284)
and o; > 0 is an adjustment parameter.
Thus, by Lemma 7, one can approximate F(Z;) by

Fi(Z) = TT¥(Z) + &(Zy), (3.8)

where |€,(Z;)| < 6; and 6, > 0 is a given constant.
Since ‘PIT(-)‘PI(-) < 1, it is easily obtained from Lemma 3 that

S1ENEFI(Zy) < S1EDIEPAITIN I + 61)

30'110’1

+3
<3S i (3.9)

P 2 P 5”,%3
+3 p+3!

)

(E)TE +
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where a7 = ||T; ||pT+3 and o7, > 0 is an adjustment parameter.
Substituting (3.9) into (3.7) gets

4
Vi < HS ()& (X ﬂp)+H51(fl)flﬁp‘_t (22)

3H p+3 N 3 pH —%
+ +351(§1) 3 [0'11011+1]ff+ + +30'11 (3.10)
pi3 | 3 pH =2
H,,, 11 S 3 p+3 _ A - (5 P
+ Ha, 3( 161) 7 &) bEY +4+p—+3 i
Then, one could design
1
Bi=-M/& = —pi& (3.11)
and
A 3Hb o pi3 R
b= ——E(S1E) T — didn, (3.12)
where M; > 3(S1(§1)) [ona + 1]+ <L£= S (g—‘) + 01 > 0; 01,d; > 0 are adjustment parameters; and the
value of p; > 0 will be given in the next step.
Substituting (3.11) and (3.12) into (3.10), gets
&t né}
tvi <=2 an (2 4) H(pi +0)€r™ + HS ()€} — BY)
d, 3 pH - pH 2=
+ — + =+ "+ o," .
b+ p+3 T 3%
In addition, it is easily obtained that
dl o dl o dlal dlaf
— =— < - + :
bla’la’l b, (@) —apa; < 2b, b,
Therefore, we can get
4 ~2
Q01€ 76y d\@ P43
Vi ———t - H(p; +
' o (284) op, T (3.13)
+ Q1 + HS ((£)E] (x5 - B)),
ax d a?
wherte——+;’f’3 ”+p+3(5" + S
Remark 4. Notice that
£ sm( §4)cos (ﬁ;) g zi;cos (g)
llm = hm — =0,
£1-0 2né; &a-0  2n&

which means that the continuity of F1(Z,) is ensured.
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Remark 5. According to Lemma 6, one gets &, > 0, for ¥Vt > 0. In each design step, this characteristic
will be always applied.

Step 2. From (3.3) and Ito’s formula, we have

dé, = (Hxs + fo — {Br)dt + (hz - 6_)€lh ) dw, (3.14)

where {8, = aﬁ . (H o+ fi)+ %&1 + %66’8; hh;. Combining the definition of 8, with the properties of

fi(x1) and h, (,\/]) implies that 5,81 is valid and continuous.
Choose the second Lyapunov function as

Vo=V + A2 (315)
with
1 1
A = -8 + =—a; 1

where b, > 0 is an adjustment parameter, &, = @, — @&, is the estimate error and &; is the estimator of
the parameter a,.
Applying (2.3), (3.14) and (3.16), it can be gotten that

1., 3 0,
CAy = EHYE + o= B1) — —ands + = ||ha - ﬁl (3.17)
b, 2 o 1
Besides, applying Lemma 3 renders
3 0B 3 0B, 3
— | — —h < =|lh, — —h —.
212~ g, fz <zl g™ §4 )
On the other hand, we gets
S1EDE S —BY) < S1EDIEFP IS - BT
< DS EkaF (181 +¢lIalr" - 16l) (3.18)
p+3 . PO12 .p+3

p+3
Splfl + T8,  +

b

p+3 2

+ _r p(p+3)
where D = (272 +2)p; p; = -1 [3(Ds1(gl))"s3<rl; +(p+ 2)51(51)], 1, =204 and oy > 0s
an adjustment parameter.

Thus, from (3.13), (3.17) and (3.18), we have

fVZ = fVl + fAz

4 4
1€ 7[61 dl ~2 +3 1
an(zg4) 25, 01~ HOE = it (3.19)

pO’
+ HEY - BY) + HEBY + HEFy(Zy) + o ;2 pe3

Q1+—
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where Z, = (%, &;)7,

9P
hy — —h
2 o) 1
Obviously, the continuity of F,(Z,) can be directly proved by the fact that the functions f(i»),

hy(y2) and £B, are all continuous. Thus, F»(Z,) can be approximated as

3
Fy(Z,) = fz — (B1] + 128} tIH

Fa(Zy) = Th¥2(Z) + &(Zn), (3.20)

where |€,(Z,)| < 0, and 6, > 0 is a given constant.
In view of the fact ‘Pg (1)¥2(-) £ 1 and Lemma 3, we obtain

EF2(Z) < 16PN + 62)
< PRELFIUF Py p O_;l% L3 i p (3.21)
p+3 p+3 p+3 p+3

2 b

where a, = ||‘I’2||pT+3 and 0, > 0 is an adjustment parameter.
Substituting (3.21) into (3.19) yields

o1& n&! di
tV, < ——27_[ tan (284) Zb 2 Ql§f+3
H
+ HE( - ) + HEB. + 10 4 p—f; p+3 (3.22)
) p
- | 3021 pa3 1 3 pH -3 pH 22
+H P - — |+ + ——0, +—=6," .
(0% p+32 bHQZ Q] 4 p+30-21 p+32
Then, one can design
1
B = —szfz =~y (3.23)
and
. 3Hb
b == j‘? P _ i, (3.24)
where M, > [0-21a2 + 1]+ p 2+ 0+ 02 >0; 0, >0, dy > 0 are adjustment parameters. The value
of p, >0 w111 be given in the next step.
In addition, it is evident that
dy b  dy .,
2 hndn, < — + =42 3.25
by, 2= T, T 2p, 5:25)
Substituting (3.25) into (3.22), one gets
2 2
01€ ﬂf;‘ dj ~2 p+3
. < _2_t (284 - 23 H e
= & (3.26)

+ HE (s - B3) +

AIMS Mathematics Volume 6, Issue 3, 2244-2267.



2253

_3 H pt3 d (I
PAL Sy p P g a9
where O, = + (712 p+352 + 55

Inductive Step (3 S k < n). In view of above two steps, we can deduce the following similar property
whose proof can be found in the Appendix.

Proposition 1. For the kth Lyapunov function V; : I, — R* as

Vi=Vio + Ax (327)
with
= f 1 (3.28)
£ 2by e '
there exists a virtual controller B and the adaptive law of &y of the following forms
B = —M[é = —piéi, (3.29)
x _ 3Hboy pes N
i = W ]I:+ —dkak, (330)
such that
ko g.52
01€ né} dji;
VvV, < ——t
“= o (284) Z‘ 2b;
! (3.31)

k k
3 3
—Hpgl” —H ) 0,6]" + ) 05+ HEW,, — B,
j=1 j=1

where M) > %[O'kl&k + 1] + ppk+3' 2+ pr + 0or > 0; by, 01, di > 0 are adjustment parameters; and the

value of prx > 0 will be given in the next step.

Step n According to above steps, there exist a series of virtual controllers and adaptive parameter laws
Br, @)k = 1,---,n) make that Eq (3.31) holds when k = n with y,,; = v. Therefore, the fuzzy
adaptive control law can be designed as

1
ﬁn = _Mrféjn = _Qonfn’ (332)
A 3Hb nO nl p+3 n
= —-d.a,. .
n 0+3 —F& o (3.33)

Apparently, one can further get

N\ & 4l
v, < -2 (ﬂg)

2n 2& — 2b;
; . (3.34)
—H Y 007+ 0+ HEO - B)).
j=1 j=1
By the definitions of &(k = 1,--- ,n), one gets the fuzzy state-feedback controller
Bn==(@1x1+ -+ @uXn) (3.39)

where ¢, = H’}:kgoj fork=1,...,n.

AIMS Mathematics Volume 6, Issue 3, 2244-2267.



2254

3.2. Output-feedback controller design

In this subsection, a fuzzy output-feedback controller will be designed by combining the above-
constructed state-feedback controller with the state-observer constructed later. Since y»,- -, x, are
unmeasurable, a reduced-order observer is required. Firstly, define a series of new variables as follows:

=Xi—Yi---Y2X1, L=2,-0 0.
Then, it directly gets

=HX! = vi...yax)dt+ (fi—vi...y2fi)dt
+ [hi—yi...yzhl]wa i=2,---,n-1,
=HO —vy,. yz)(2)dt+ (fu = Vn...y2f1)dt

+[hy = Yu ... 720" dw,

where y; > 1(i = 2,---,n) are gain parameters to be determined. Hence, the (n — 1)-dimensional
observer can be constructed as [36]

Zi=HE+vi...vox)! —Hy;... 2 +yx1)’,i=2,--- ,n—1,

. R (3.36)
e =HY' = Hy,... 722 +y2x1)".
According to (3.36), the estimate y; of y; can be gotten by
Xi=Zi+Yi . -YXx1,i=2,--,n. (3.37)

Thus, one constructs the implementable controller of system (2.4) by using Eq (3.35) and the certainty
equivalence principle as below:

v=—(@k1+ + @uln). (3.38)
Therefore, the output-feedback controller of origin system (2.1) is
w= Hy = —H™ @1+ + Guf). (3.39)
3.3. Selection of the observer gains
In this section, we will analyze the appropriate values of the gains y;(i = 2, - - - , n) and some constant
parameters in output-feedback controller.
To determine the observer gains vy, - - - , ¥,, we first define the error dynamics
e =xi—-Xi»1=2,--,n. (3.40)

Further, the following coordinate transformation is introduced
€y = €,83 = €3~ Y3€2, " , 8y = €y~ Vnlp_1. (3.41)
It can easily infer from (3.40) and (3.41) that
deé; = H{(x!,, = X0 = vilx] —x))dt
+ Lfi = yifioildt + [hi — yihi ] dw,i=2,-++ ,n—1 (3.42)
de, = —Hy,(x§, = ¥t + [f = Yafo-11dt + [y = Yuhtp1]" dw.

Now, a proposition is provided for helping to determine gain constants, whose proof will be given
in Appendix.
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Proposition 2. For the Lyapunov function

U, = %ygé;‘,

by utilizing Lemmas 2-5, Eqs (2.3) and (3.42), it is not diﬁicult to obtain

p+3

(U, < —H 27;)’11 ~f)+3 " Z - ~p+3 6y 3 - é,ln+3
P i (p+3)H5 (3.43)
(r - DH
+ ——+ Fi(x),
3 Fi(x)
where y > 0 is an adjustment constant; ¢; = ¢i(Vit1, -+ ,¥n) > 0,(i = 2,--- ,n — 1) are constants

independent of H; and cn is a constant independent of H and vy;(i = 2,---,n); and F, 1) =

HZ?zz[;ll(f,- —yifie)* + 373 ||h — yihi_i||* + 2;3])(“ ] is an unknown continuous function.

Besides, we can obtaln from Lemmas 2-4 that
&7 =B
< D|§n|3lv _ﬁnl[lv _ﬁnlp + Iﬁnlp]

< D(n - 1)k, - Z Flleil” + g (Z sbileil] g
i i=2

<Ly
p

L @+ Py,

i=2

(3.44)

IA

—_ pt+3 p+3
where Fo(&,) = 7,&0 s 10 = S5 20 [Dn - 1@ | T+ EE S0, 3| D - 1y el @] 1, = n?
and 7; = [;(¥iz1, - Y = 2,--- ,n — 1) are positive constants
Then, substituting (3.44) into (3.34) yields

n ~2
o1& n&; dla.i

vV, < ——t
2n (234) Z 2b;

- HZ 0l + Z 0+ HZ 12" + ().

Then, define the entire Lyapunov functlon V =V, + U,. Apparently, it directly infers from
Proposition 2 and Eq (3.45) that

(3.45)

vV =4V, +tU,
i€ ﬂf?) i
< ———tan - +FO+ Y 0;
2n (284 ,Z‘ JZ‘ ! (3.46)
n n pt3
i 6 - DH
_HZ[y_Z—Ei—Z,-]éf+3+H YT e, - DA
i=2 2r i=2 (p+3)HT p+3
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where F(-) = F1() + Fa(").

Using FLS to deal with the unknown function F (+), one deduces from Lemma 7 that F ()= ‘Y'g Yo +

p+3

e(-) < ITolllPoll + 6o < 50 + 3 + 60 Where e = [[Yol| 3
Therefore, the observer gains yz, -+ ,7¥n and constant H can be chosen in the following recursive
manner

2pr-1
Vi = max{—(c,, +7,+1+86,), 1},

Yn-1 = Max —(cn 1Y) + Gt (v) + 1+ 6,0), 1}

Y

H > max

2r-1
Y2 = max { CZ(’}/n,"' ,")’3) +L2(YH"' : ’73) +1+ 02), 1}a

Then, Eq (3.46) turns into

n ~2
tV < —9—184 ta ﬂ—‘f‘l‘ - —dja]
T 2 2et — 2b;
]_
—H Y 0 - H ) 677+ 0,
i=1 i=2
where 6,(i = 2,- -+ , n) are positive constants, and Q0 = >, Q; + (pp_-:?))H + [%a/o + 1% + 8.
On the other hand, it can be verified from Lemma 3 that
é4<—4 o3 p-1
"Tp + 3 p +3’
-1
p+3
f’ p+ 3‘f p +3°
which renders
—HZW’” B U 1H29‘
4 ! 4 P v

1Y od” < ZQ’5+ HZQ
i=2

where i =2,---,n,0; = (p + 3)H6; and o; = (p + 3)Hp;. Further, we get

n ~2 n n A
o1& ﬂfl dJa/ Oi Oy =
v < ——t “N'Z# 40,
21 (234) Z‘ 2b, 45 L3¢ Q

where O = Q+p1HZ,29+ Hzlez

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)
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3.4. Stability analysis

To state the main result, the following theorem is presented.

Theorem 1. For the p-norm stochastic nonlinear system (2.1) and a given constant, there exists a
finite-time fuzzy output-feedback controller (3.39) together with the parameter adaptive laws (3.12),
(3.24), (3.30), and (3.33) such that

i) the system output isn’t violated in the sense of probability, i.e., P{|y(?)| < &} = 1.

ii) all the signals in the closed-loop stochastic nonlinear system (2.1) are SGFSP.
Proof. 1) Let uy = min{oy,dy,- -+ ,d,, 02, - On, %, .- %"} and o = Q. Then, Eq (3.51) can be expressed
as

tV < —/J()V+7T(). (3.52)

We can easily get from Eq (3.52) that

EV(1) < V(tg)e ™ + Z—O (3.53)
0

For x(0) = (xi(to), - , x,(to))" satisfying x,(ty) € II;, it easily obtains that the mean of V(¢) is
bounded, which implies that V is bounded in probability. It can be directly deduced from the definition
of V that

P{Vp(&)) < oo} = 1. (3.54)
Consequently, it is clear that P{|y(¢)] < &} = P{|é,(¢)] < €} = 1, which demonstrates that the output
constraint of system (2.1) is not violated in the sense of probability.
i1) For V 0 < §y < 1, it is easy to get from Lemma 3 that

VO <&V + (1 = o).

Further, one has

. (1-¢
— oV < _@Vco + ( _S‘o)llo' (3.55)
So So

Then, substituting (3.55) into (3.52) drives

Ve = VS + 7o, (3.56)
where fig = & and 71y = “=52 4

Let T* = loﬂo(ll—io) [E (V1—§O(X(O)a é(()), &(0))) — (ﬂo(fiéo)) S0 ] where X(O) — (Xl(to)’ . ’)(n(to))T,
&0) = (y(tg), -+ ,e,(t), @) = (&1(t)," -+ ,@ (1)), 0 < Iy < 11is a constant. Then it follows

from Lemma 1 that for Ve >ty + T, E (Vl‘g (v, e, &)) < ;ﬁ’ which means that all the signals in the
closed-loop systems are semi-global finite-time stable in probability. m
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Remark 6. In this paper, we construct an output-feedback controller rather than the designed state-
feedback controllers in existing results about output constraints. On the other hand, it should
be pointed out the considered constraint is symmetric rather than asymmetric, which leads that
the proposed scheme can not be directly employed or further extended to the case of asymmetric
constraints. However, a control scheme based on a new BLF can be developed for asymmetric output
constraints in a similar way to this paper. In addition, another limitation is that all of the fractional
powers are equal to p. If p;’s are taken different values, the proposed strategy seems not applicable. In
the future, we will address the two issues.

4. Simulation example
The validation of the proposed strategy will be testified by the following system.
13
dx; = x; dt + 21n(1 + x7)dt + 4xidw,

dx, = usdt + xlxgdt + x%da), 4.1)
Yy =X

where the output y = x; is measurable and constrained by II,
unmeasurable.

{y(t) € R,|y(t)| < 1}, and the state x; is

0.8

0.2

-0.2

time(s)

Figure 1. Trajectory of x;(¢) with e = 1.

14

12F 4

AN oM A 0 ®
T
I

time(s)

Figure 2. Trajectory of x,(7) with € = 1.
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According to the controller design procedure, we can respectively design the finite-time output-

feedback controller, the adaptive laws and the observer as follows:

90 5 3
u=-H®MPx + M, x»),

. 15Hboc s B A
b= =g S 1)~ did,
» _ 15Hbyop 3 b

@ = 78 b 23,

A 13 ~ 13
2= Hvs — Hyy) (2o +y2x1)7,
X2 =2+ yaxi,

15 13012

where M| = é—g(Sl(xl))% [ona + 1]+ £~ + oy and M, = 2[00 + 1] + S5- T 02+ 0.

S1(x1) 8

4.2)

Now, we choose the related parameters as y = 1.5,0; = 22, 05, = 20,01, = 1,6, = 3,b; =
b, =40,d, =d, = 2,0, = 0, = 1 and infer H = 1.6, y, = 8.1. Next, the initial states and adaptive
parameters are selected as [x(0), x2(0), £(0), &, &,]" = [0.4,8,8,10, 10]” the simulation results are

displayed in Figures 1-4.

10

-

10 N

-15 T

20+ 4

-25

time(s)

Figure 3. Trajectory of u.

12

10

©

IS
T

N
T

time(s)

Figure 4. Trajectory of &.

Figure 1 provides the trajectory of x;(¢), which indicates that the system output constraint is not
violated under controller (4.2). Meanwhile, the trajectories of x,(f) and X,(¢) are given in Figure 2,
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which shows that x,(#) is well estimated by X,(f). Moreover, the trajectory of the controller u is
displayed in Figure 3. Finally, Figure 4 expresses the curves of the adaptive parameter vector under the
developed strategy. Also, one could evidently observe from these figures that all the signals of system
(4.1) are semi-global finite-time stable in probability under controller (4.2).

5. Conclusion

In this paper, the output-feedback controller design problem is investigated for a class of p-norm
stochastic nonlinear systems with output constraints. Through using a tan-type BLF, an adaptive fuzzy
state-feedback controller is proposed by the adding a power integrator technique. Then, a finite-time
fuzzy output-feedback controller is constructed by combining the proposed state-feedback controller
and a reduced-order observer. Both rigorous proof and the simulation example verify that the designed
controller can ensure the achievement of the system output constraint and semi-global finite-time
stability of all the signals in probability. In the future, we will consider the situations of asymmetric
constraints, different fractional powers, or multi-input multi-output stochastic nonlinear systems.
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Appendix

Proof of Proposition 1. Firstly, suppose there exist 8;_1(3 < k < n) such that

k-
Ql 7[64 p+3
< =
ka 1 o tan (284) le
) L (A1)
-H Z 07" + Z Q;+HE (¢} —BL_)).
=1 =1
At the same time, from Ito’s formula and (3.1), one gets
= B '
dfk = (H)(i_l + fk - fﬁk_l)dl + [hk - Z 8—)(_]1] dw, (A.2)
=1

k-1 0 ) A k=1 0*Bi_ . .
where (B = Y] ‘g)*( LHY,, + ) + B }‘{j;jl + Lyt lj,;j—gx‘/hjf h,. Clearly, £, is valid and

continuous, which can be illustrated in a similar way by following the lines to obtain £8;.
We choose the Lyapunov function as
Vi=Vi + Ak (A3)
with
1 &,
= —fk (A4)

where b, > 0 is an adjustment parameter, @, = a; — & is the parameter error, and &y is the estimation
of the unknown parameter ;.
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Applying (2.3), (A.2) and (A.4), one can obtain

1 .
CA = EHYY |+ fi — EBier) — b—k&k&k

2
< WP
_ Z Dy,
7 ok

Jj=

&.

It is not difficult to get from Lemma 3 that
kzll P L
Oy

Jj=

kzll O 0
8/\/J

Jj=

fk—— fk

On the other hand, from Lemmas 2 and 3, one can verify

&1 (vf = BL,) < DIgl [1d” + @ el - il
pe3 POk-12 .p+3
p+3 k7

p+3

< pié ;) g,

(P D(p+3)

where p;_ = [3D 0'12 +p+ 2] Ty = =—5—, and 0}_1 » > 0 is an adjustment parameter.

From (A.l) (A.7), it can be deduced that

ka = ka—l + fAk

HESSF 6 + HEFUZ) + HE,, ~ B) + HE,

where Z; = (¥}, &))", @1 = (@1, -+ ,&,-1)" and

k-1

Z OBy L
0)@

Jj=

Fi(Zy) = —(fk — Bi1) + TiE, + =

Similar to the first two steps, F(Z;) can also be approximated as
FuZ) = IT{ Y Zoll + e(Zy),

where |€(Z;)| < d; and 6; > 0 is a given constant.
One directly obtains from Eq (A.9) and Lemma 3 that

EFZ) <GP AT + 6
30'k16¥k p+3 p O_—% 3 o3 D 5"7”
- p+3 p+3 M " p+37F  p43k 7

3 . .
where @ = ||'T4|| 3 and o, > 0 is an adjustment parameter.

(A.5)

(A.6)

(A.7)

(A.8)

(A9)

(A.10)
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Substituting (A.10) into (A.8) renders

01€ (ﬂé:f) = dJ&

k-1
LV, < —2—t - HZQ,-ffH +HE (X, — B

2e* = 2b;
+—H[O-k1&k+ 1]{;[7"'3 p k— 12§P+3 Hé‘:ﬁ +ZQ (All)
p+3 k kP J
_ | 30 43 1 . 3 pH _3 pH p+3
ak[ +3% ThH |2 pe3lu p+3k

Then, we can design

1
Br = =M & = —piéis
3ku0_k1 p+3 R (AIZ)
——& 7 —duly,
p+3

A

ayp =

where M, > % [owar + 1]+ ” k ‘ 2 + px + Ok; Ok, dy > 0 are adjustment parameters; and the value of
or > 0 will be given in (k + 1)th step
Moreover, one has

dkA ~ dk ~2 dk Az
— < - + — A.13
T e T (A13)
From (A.1)-(A.13), it can be deduced that
ko752 k
o1& ﬂfl dj J p+3
VvV, < ——t -H &
£ 0n (234) £, ngff
(A.14)
— Ht ) A Z Q;+ ka(X/m B
j=1
3 p+3
where O, = 2 + Iff; o + If f;dk + dk 2% . The proof of Proposition 1 is completed.
Proof of Proposmon 2. By the deﬁmtlon of U, one has
tu, = H)/Z L+1 ,-+1)_H')’ZE',-3%'(/\/? _)%zp)
i=2
3 n
~3 ~2 2
* 72 &=yl + 37 ) &l = vihial
= = (A.15)

= —H Y yyi&ll(%i + &) =11 = H Y yyiedl! - (& + )]

i— -

n ~3 P _ P < 1~3 — n 3_')/~2 - X
+H;yei—l(x\/i X,')+H;H€,-(fz %ﬁ_])+H;2H€i”hz yihi .
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By Lemma 5, one can infer
—yyi& (i + &) — {71 = —yyi&;(%i + & — 2ol (0 + &) — 71
_ YYi ép+3

< :
S T

Since y; — §i — & = 2! Y= i+ V1€, we can get that through applying Lemmas 2-5

| = Y& ! — (i + &)1
< yyileilPlvi — xi — &l — ki — &) +)(f)_1|

i—1 P

<yl Z Vi '7j+l|éj|)

=
’1 i-1 p

+vyilel’ ;[Z?’i"')’jﬂ@ﬂ] + '|p}

13

3yyi . 3, PYYi 3vvi  _pi3
< & ; + g

S 73— Do I
YYi - pP— YYi) 3 . P —
[ Y -7,+z|e,~l] + ey Lyt

p+3 = p(p+3) i p+3
Z" ~1

< a 5p+3 p—1 p+3,
T pet

where @;; = a;;(yi,* -+ ,7¥;+1) 1s a constant independent of H.

Noting that e; = 23;12 Yi+*Vj+1€; + &;, one has

el (! = 201 = yleiiPly? = (vi — e’
< 2P98, 1Pl + ledl”)
23 o3
< 3(2[)7) 3 ~p+3 + P p+3 + 3(2!77) 3 ép+3 + p 61-7+3

p+3 TN p+3 T p+37
+3

6(2p7)pT ~p+3 p2p+2 +3 +3 .p+3

< p+3 ef—l+ [ff p fpl]
i— 1
p ~ -
[ep+3 £ D iy

p =
<Y e yp)E R L

LY ! p+3

where ¢;; = ¢;;(yi,- -+ ,¥j+1) 1s a constant independent of H.

(A.16)

(A.17)

(A.18)
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In addition, we have

& (fi = vifi- )+—— S = yihi P

2HC
3y% a1 3
< i e+ Z(fi - yifi-)t (A.19)
P SN SN
St a3’ .

Substituting (A.16)-(A.19) into (A.15) yields

n p+3

- : 6y -1)H
U, < —H wléfm B Zaéfﬁs Y gy r-1
3 2 = (p+3HHT p+3
(2p— DH W -1 4
;T H(—(fi = vifi- - )
Z; P Z; i = v,

where ¢; = z;zz(a ji + €ji). The proof of Proposition 2 is completed.
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