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1. Introduction

Due to applications of warped product manifolds in Physics and theory of relativity [10], the study
of warped product manifolds has been a fascinating topic of research. The warped products provide
many basic solutions to the Einstein field equations [10]. One of the most important example of warped
product manifolds is the modeling of space time near black holes in the universe. The Robertson-
Walker model is a warped product which represents a cosmological model to the model of universe as
a space time [27].

Bishop and Neill [11] explored the geometry of Riemannian manifolds of negative curvature and
introduced the notion of warped product for these manifolds (see the definition in section 2). The
warped product manifolds are the natural generalization of Riemannian product manifolds. Some
natural properties of warped product were investigated in [11].
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In 1981, Chen first used the idea of warped products for CR-submanifolds of Kaehler manifolds
( [13, 15]). Basically, Chen proved the existence of CR-warped product submanifolds of the type
Nr Xy N, in the setting of Kaehler manifold, where Ny and N, are the holomorphic and totally real
submanifolds. Further, Hasegawa and Mihai [19] extended the study of Chen for the contact CR-
warped product submanifolds of the Sasakian manifolds. Mihai [22] obtained an estimate for the
squared norm of the second fundamental form in terms of the warping function for the contact CR-
warped product submanifolds in the frame of Sasakian space form. Since then, many authors have
studied warped product submanifolds in the different settings of Riemannian manifolds and numerous
existence results have been explored (see the survey article [17]).

In 1999, Chen [14] discovered a relationship between Ricci curvature and squared mean curvature
vector for an arbitrary Riemannian manifold. On the line of Chen a series of articles have been appeared
to formulate the relationship between Ricci curvature and squared mean curvature in the setting of
some important structures on Riemannian manifolds (see [6, 12,21-23,29]). Recently Ali et al. [2]
established a relationship between Ricci curvature and squared mean curvature for warped product
submanifolds of a sphere and provide many physical applications.

In this paper our aim is to obtain a relationship between Ricci curvature and squared mean
curvature for contact CR-warped product submanifolds in the setting of generalized Sasakian space
form admitting a nearly Sasakian structure. Further, we provide some applications in terms of
Hamiltonians and Euler-Lagrange equation. In the last we also worked out some applications of
Obata’s differential equation.

2. Some basic results

A (2n + 1)—dimensional C*—manifold M is said to have an almost contact structure if there exist on
M a tensor field ¢ of the type (1, 1), a vector field & and a 1-form 5 satisfying

¢ =-1+n0& ¢=0, nop=0, n& =1.

There always exists a Riemannian metric g on an almost contact metric manifold M satisfying the
following conditions

n(X) = gX,8), g@X,pY)=g(X,Y) - nX)n(Y),

forall X,Y € TM.
An almost contact metric manifold is said to be nearly Sasakian manifold, if

(Vx®)Y + (Vy$)X = =2g(X, V)é + n(Y)X + n(X)Y, 2.1)

forall X,Y € TM.

Moreover, the structure vector field & is Killing vector field on a Riemannian manifold if it satisfies
the following equation

vxf = O
In [1] Alegre et al. introduced the notion of generalized Sasakian space form as that an almost
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contact metric manifold (M, ¢, &, 1, g) whose curvature tensor R satisfies

R(X,Y,Z,W) =fi[g(Y, 2)g(X, W) — g(X, Z)g(Y, W)]
- Llg(¢X, Z)g(¢Y, W) — g(¢pX, W)g(¢Y, Z)
+28(¢X, Y)g(dZ, W)] — In(2){n(Y)g(X, W)
= nX)g(Y, W)} + n(W){n(X)g(Y,Z) — n(Y)g(X, Z)}]

(2.2)

for all vector fields X,Y,Z, W and certain differentiable functions f;, f>, fs on M. A generalized
Sasakian space form with functions fi, f5, f3 is denoted by M(fi, f>, f5). If fi = %, HL=/f= %,
then M(f, f>, f3) is a Sasakian space form M(c) [1]. If f; = %, Hh=f= %, then M(f, f>, f3) is a
Kenmotsu space form M(c) [1] and if f| = f» = f3 = ¢, then M(fy, f2, f3) is a cosymplectic space form
M(c) [1].

Now, we discuss some examples of space forms. Let M(c) be a complex space form with the complex
structure (J, gy), consider the product manifold N>**! = M(c) X R and define the following tensors on

N2n+1
0
¢ =Jodn, sz, n=dt, and gy = gy + d(t) @ dt,

where 7 : M(c) X R — M(c) is the projection map and ¢ is the standard coordinate function on the real
axis. Then (N*"*', ¢, &,n, gn) is a cosymplectic space form with constant ¢—sectional curvature equal
toc ([1,7]).

The Hyperbolic space H(—1) of constant sectional curvature -1 is an example of Kenmotsu space
form.

Nearly Sasakian structure was introduced on the 5-dimensional sphere S3(2) of constant sectional
curvature 2 as totally umbilical hypersurface of nearly Kaehler 6-sphere S°, which is not a Sasakian
structure [8].

One of the present author Ibrahim Al-Dayel [18] proved that there exists two other structures which
are Sasakian as well as nearly cosymplectic structure. More precisely,

Theorem 2.1. [I8] There are two structures (¢;,&,n,8),i = 1,2 related to the nearly Sasakian
structure (¢,&,1m,8) on the 5-sphere S°(2) such that S°Q2)(¢y,&,1,8) is homothetic to Sasakian
manifold and S°(2)(¢, &, 1, ) is a nearly cosymplectic manifold.

Another example of generalized Sasakian space form admitting the nearly cosymplectic structure
is totally geodesic hypersurface S3(¢,&,1,g) of the nearly Kaehler 6-sphere (S°,J, g) [9]. Further
extending this study one of the present author Ibrahim Al-Dayel in [18] obtained two more structures
Y, and 3 such that Sy, &, 1, g) and S>3, £, 1, g) are Sasakian and nearly cosymplectic manifolds
respectively.

Let (M", g) be an n—dimensional Riemannian manifold isometrically immersed in a m—dimensional
Riemannian manifold M. Then the Gauss and Weingarten formulas are VyY = VyY + h(X,Y) and
VyN = —AyX +V§N respectively, forall X, Y € TM and N € T+M. Where V is the induced Levi-Civita
connection on M, N is a vector field normal to M, h is the second fundamental form of M, V+ is the
normal connection in the normal bundle 7+M and Ay is the shape operator of the second fundamental
form. The second fundamental form % and the shape operator are associated by the following formula

g(h(X,Y),N) = g(AnX,Y). (2.3)
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The equation of Gauss is given by
R(X,Y,Z,W) = RX, Y, Z, W) + g(h(X, W), h(Y, Z)) — g(h(X, Z), h(Y, W), (2.4)

forall X,Y,Z, W € TM. Where, R and R are the curvature tensors of M and M respectively.
Forany X € TM and N € T*M, ¢X and ¢N can be decomposed as follows

¢X = PX + FX

and
¢N =tN + fN,

where PX (resp. tN) is the tangential and FX (resp. fN) is the normal component of ¢pX ( resp. ¢N).
For any orthonormal basis {e}, e;, ..., e,} of the tangent space T, M, the mean curvature vector H(x)
and its squared norm are defined as follows

1 n 5 1 n
H@) =~ Z‘ hei.e). IHIP = — jZl glh(es, ), hlej, ),

where # is the dimension of M. If & = 0 then the submanifold is said to be totally geodesic and minimal
if H=0.1f h(X,Y) = g(X,Y)H for all X,Y € TM, then M is called totally umbilical.

The scalar curvature of m— dimensional Riemannian manifold M is denoted by (M) and is defined
as

7(M) = Z Ry
1<p<g<m

where k,, = k(e,Ae,). Throughout this study, we shall use the equivalent version of the above equation,
which is given by

(M) = D Ry
1<p<g<m

In a similar way, the scalar curvature 7(L,) of a L—plane is expressed as

AL)= . Ry (2.5)
1<p<g<m
Let {ey, ..., e,} be an orthonormal basis of the tangent space T, M and if e, belongs to the orthonormal
basis {e,11, . . . €,} of the normal space T+ M, then we have
I, = glhley, eq),e) (26)

and

n

AP = > gliep, ), ey, e)).

Pq=1
Let ,, and k,, be the sectional curvatures of the plane sections generated by e, and e, at the point
x € M" and in the Riemannian space form M"(c), respectively. Thus by Gauss equation, we have

Kpg = Rpg + D U I = (7)), 2.7)

r=n+1
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The global tensor field for orthonormal frame of vector field {e, ..., e,} on M" is defined as

n

S(X.Y) = ) {gRiei, XY, ep),
i=1
for all X, Y € T, M". The above tensor is named Ricci tensor. When we fix a specific vector e, from
{e1,...,e,} on M", which is designated by y. Therefore the Ricci curvature is defined by

n

Ric(y) = )" K(e, A ey) (2.8)
z:;

Let (Ni,g1) and (N, g;) be two Riemannian manifolds with Riemannian metrics g; and g;
respectively and let  be a positive differentiable function on Ny. If 7 : Ny X N, — N; and
n : Ny Xx N, — N, are the projection maps given by n(p,q) = p and n(p,q) = ¢q for every
(p,q) € N1 X N,, then the warped product manifold is the product manifold N, x N, equipped with the
Riemannian structure such that

gX,Y) = g1 (X, 1Y) + (¥ o 1)’ g,(n. X, n.Y),

for all X,Y € TM. The function ¢ is called the warping function of the warped product manifold [11].
If the warping function is constant, then the warped product is trivial i.e., simply Riemannian product.
Then from Lemma 7.3 of [11], we have

X
sz = VzX = (—W)Z
¥
where V is the Levi-Civita connection on M. For a warped product M = N; X, N, it is easy to observe
that
sz = sz = (le//)Z

forXe TM,and Z € TM,.
We denote Vi the gradient of ¢ and it is defined as

gV, X) = Xy, (2.9)

forall X € TM.
Let {ey, es,...,e,} be an orthogonal basis of the tangent space T M of a n—dimensional Riemannian
manifold M. Then (2.9) provides the following,

n

Vg1 = )" (eiw))’.

i=1
The Laplacian of ¢ is defined by

Ay = Z{(Ve,-ei)'vb —eeifr}.

i=1
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The Hessian tensor for a differentiable function ¢ is a symmetric covariant tensor of rank 2 and is
defined as
Ay = —traceH?,

where H” is the Hessian of .
For the warped product submanifolds, we observed the well known result, which is described as
follows [16]

n_ m

IPICIIOE ”ﬁj‘” = na(Alng = IV IngP). (2.10)

p=1 ¢=1

For a compact orientable Riemannian manifold M with or without boundary and as a consequences
of the integration theory of manifolds, we have

f AydV =0,
M

where i is a function on M and dV is the volume element of M.
3. Contact CR-warped product submanifolds

Suppose M be a n—dimensional submanifold isometrically immersed in an almost contact metric
manifold M(g, ¢,&,n) such that the structure vector field & is tangent to M. The submanifold M is
called contact CR-submanifold if it admits an invariant distribution D whose orthogonal
complementary distribution D* is anti-invariant such that TM = D @& D* & (¢), where ¢D C D,
¢D*+ C T+M and (¢) is the 1-dimensional distribution spanned by & [24]. If u is the invariant subspace
of the normal bundle 7+ M, then in the case of contact CR- submanifold, the normal bundle 7+ M can
be decomposed as T*M = pu @& ¢D*+. A contact CR-submanifold is called contact CR-product
submanifold if the distributions D and D+ are parallel on M. Moreover, a contact CR-submanifold is
said to be mixed totally geodesic if A(D,D*) = 0. As a generalization of the product manifold
submanifolds one can consider warped product submanifolds. In [19] Hasegawa and Mihai studied
contact CR-warped product submanifolds in Sasakian manifolds basically, they proved the existence
of the contact CR-warped product submanifolds of the type Ny X; N, such that the structure vector
field € is tangent to Ny. After that Mihai [22] and Munteanu [26] investigated contact CR-warped
product in Sasakian space forms and obtained an inequality for squared norm of second fundamental
form and warping function. Moreover, Atceken [5] explored the existence of contact CR-warped
product submanifolds in the expressions of some inequalities this study was extended to the setting of
trans-Sasakian generalized Sasakian spaceforms by Sular and Ozgur [28]. More recently, Ishan and
Khan [20] generalized contact CR-warped product submanifolds in the setting of generalized
Sasakian manifolds admitting nearly Sasakian structure. Throughout, this study we consider
n—dimensional contact CR-warped product submanifold M" = N;' X, N, such that the structure
vector field ¢ is tangential to Ny, where n; and n; are the dimensions of the invariant and
anti-invariant submanifold respectively.

Now, we start with some initial results.

Lemma 3.1. Let M = N;' X, N'? be a contact CR-warped product submanifold isometrically immersed
in a nearly Sasakian manifold M. Then
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(i) (WX, Y),¢Z) = 0,
(ii) g(h(¢X,pX),N) = —g(h(X, X),N),

forany X,Y € TNy, Z€ TN, and N € p.

Proof. By using Gauss and Weingarten formulae in Eq (2.1), we have

~AgzX — VipZ—¢VxZ — $h(X, Z) + V16X + h($X, Z)
- ¢VzX — (X, Z) = —n(X)$Z,

taking inner product with Y and using (2.3), we get the result that needed.
To show (ii), for any X € TNy we have

VxdX = (Vxd)X + ¢VxX,
using Gauss formula and (2.1), we get
Vx¢X + h(¢X, X) = -n(X)¢pX + ¢VxX + ph(X, X),
taking inner product with ¢ N, above equation yields
g(h(@X, X), pN) = g(h(X, X), N), (3.1
replacing X by ¢X and using the fact that £ is Killing vector field [9], the last equation gives
g(h(@X, X), JN) = —g(h(¢X, pX), N). (3.2)

From (3.1) and (3.2), we get the required result. O

By the Lemma 3.1 it is evident that the isometric immersion N;' X, N'” into a nearly Sasakian
manifold is D— minimal. The D— minimal property provides us a useful relationship between the
contact CR-warped product submanifold N7y X, N, and the equation of Gauss.

Definition 3.1 The warped product N; X, N, isometrically immersed in a Riemannian manifold M is
called N; totally geodesic if the partial second fundamental form A; vanishes identically. It is called
N;-minimal if the partial mean curvature vector H' becomes zero for i = 1, 2.

Let{e,...,eg ep1 = Pei...,...e5_1 = deg, e, =&, €p41,...,€,} be alocal orthonormal frame of
vector fields on the contact CR-warped product submanifold M" = N;‘ Xy N'? such that {£,eq,..., e, }
are tangent to Nr and {€n+1,... €4} are tangent to N,. Moreover,
le] = dens1,...,€, = dey, e, ,...,e,}is alocal orthonormal frame of the normal space T+M.

From Lemma 3.1, one can observe

Zm: Z g(h(ei,e)),e,) = 0.

r=n+1i,j=1

Therefore, it knows that the trace of & due to Ny becomes zero. Hence in view of the Definition 3.1,
we have the following important result.
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Theorem 3.2. Let M" = N;' X, N'* be a contact CR-warped product submanifold isometrically
immersed in a nearly Sasakian manifold. Then M" is D— minimal.

So, it is easy to conclude the following
2 1 N r r
WP = = D Ui+ + ),
r=n+1

where ||H||? is the squared mean curvature.
4. Ricci curvature for contact CR-warped product submanifold

The present section deals to formulate the Ricci curvature in the expressions of mean curvature
vector and warping function .

Theorem 4.1. Let M = N;' X, N* be a contact CR-warped product submanifold isometrically
immersed in a generalized Sasakian space form M(fi, f», f3) admitting nearly Sasakian structure. If
for each orthogonal unit vector field y € T,.M orthogonal to &, either tangent to Ny or N,. Then we
have

(1) The Ricci curvature satisfy the following inequality
(i) If x is tangent to N, then

) 1 ny A 3f

R < —n*||H|]* - -1 ==
ic(y) < 1" |H|| " +(m+mn—1Dfi + > @1

=y + 1) fs.
(ii) x is tangent to N'?*, then
Ric(y) < —n?|H| = ==+ (n+mn, — 1
) I HIl J ( 1y — 1)fi 42)
- (m+ D fs.

(2) If H(x) = 0 for each point x € M". Then there is a unit vector field X which satisfies the equality
case of (1) if and only if M" is mixed totally geodesic and y lies in the relative null space N, at x.
(3) For the equality case we have

(a) The equality case of (4.1) holds identically for all unit vector fields tangent to Nt at each
x € M" if and only if M" is mixed totally geodesic and D—totally geodesic contact CR-
warped product submanifold in M™(fi, f», f3).

(b) The equality case of (4.2) holds identically for all unit vector fields tangent to N, at each
x € M" if and only if M is mixed totally geodesic and either M" is D*- totally geodesic
contact CR-warped product or M" is a D* totally umbilical in M"™(f,, f>, f3) with dim D+ = 2.

(c) The equality case of (1) holds identically for all unit tangent vectors to M" at each x € M" if
and only if either M" is totally geodesic submanifold or M" is a mixed totally geodesic totally
umbilical and D— totally geodesic submanifold with dim N, = 2,
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where ny and n, are the dimensions of Ny and N, respectively.

Proof. Suppose that M = N;' X, N'* be a contact CR-warped product submanifold of a generalized
Sasakian space form. From Gauss equation, we have

n’||HI* = 27n(M") + ||h|* — 27(M"). (4.3)

Let {e1,...,en,€n+1,...,€,} be a set of orthonormal vector fields on M" such that the frame

{e,...,e,} 1s tangent to Ny and {e, +i,...,e,} 1s tangent to N,. So, the unit tangent vector
X = ea € {ey,...,e,} can be expanded (4.3) as follows

m

1
n’|H|I* = 2n(M") + 3 Z (W + -+ hy = B )" + (B,

r=n+1

- i Do, = 2R(M").

r=n+1 1<p#q<n

O
The above expression can be expanded as
1 m
WP\ = 2n(M") + 5 DA+ Y
r=n+1
F Q= U+ P2 Y )
r=n+1 1<p<q<n
=2 >0 D = 2R(M").
r=n+1 1<p<g<n
In view of the Lemma 3.1, the preceding expression takes the form
2 2 _ C r r \2 ro_ r r 2
n’||H||” = Z (B imer o+ )™ + Ry = By g+ + 1))
r=n+1
F2x(MY + Y W)= Y Y K Z D H,) »
r=n+1 1<p<g<n r=n+1 1<p<g<n r=n+1 a l ( : )
T YD NRC/A e S S W 10 V)
r=n+1 1<p<g<n r=n+1 1<p<g<n
p.q#A P.q#+A
By Eq (2.7), we have
NDNCAED ST
r=n+1 1<p<q<n r=n+1 1<p<q<n
P.q#A P.q#A 4.5)
= Z Kpq = Z Kp.g
1<p<qg<n 1<p<g<n
D.q#A D.q#A
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Substituting the values of Eq (4.5) in (4.4), we discover

1 m
WP =2r(M") + D @Hy = (B gy + oo+ B

r=n+1

PIDIUSEDIPIR RS @6

r=n+1 1<p<g<n r=n+1 1<p<q<n

+ ZZ(hA) D Rgm D Kng

r=n+1 a 1 1<p<g<n 1<p<g<n
pg#A Pg#A

Since, M" = N;' X, N'?, then from (2.5), the scalar curvature of M" can be defined as follows

a(M") = Z Kk(e, A eg)

1<p<g<n
o on 4.7)
= Z Z k(e; Nej) + Z k(e; N ey) + Z k(e N e,)
i=1 j=n;+1 1<i<k<n; ny+1<l<o<n
Using (2.5) and (2.10), we derive
A
Ay = AV AN + 7(N"™) (4.8)
Utilizing (4.8) together with (2.2) in (4.6), we have
1 nmA " o
SPIHIE =20 S Ry RV + AV
w 1<p<g<n
D.q#A
+ Z { Z (h;q) - Z h;phgq
r=n+1 1<p<qg<n 1<p<g<n
p.q#A
+ Z Z(h A) + Z Z (hzrzh;J _(hr) ) (4 9)
r=n+1 a;&l r=n+1 1<i#j<n ’

* i D, U, = ()

r=n+1 ny+1<s#t<n

1 S r r r
+§Z(2h (B i1 D))

r=n+1
—{filn(n = 1) + LBy = 1) = f5(2(n - 1))}
Considering y = e,, we got two options: y may be tangent to the submanifold N;' or to the fibre

)
N™.
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Option 1: 1If ¢, is tangent to N;', then fix a unit tangent vector from {ey, ..., e, } suppose xy = e, = ey,
then from (4.9) and (2.8), we find

m

l’lelﬁ 1 r r
'V"Z;m = (i + )Y

S Y wp e Y wr- S ww)

r=n+1 1<p<g<nm r=n+1 1<i<j<m 1<i<j<m

* Z D, U+ Z[ Doy Y K, (4.10)

r=n+1 ni+1<s<t<n r=n+1 nj+1<s<t<n ni+1<s<t<n

£ Y e filn(n = 1) + AB = 1) = A2 - 1)
r=n+1 25p<q5n

= D0 g = RNG = TN
2<p<q<n

From (2.2), (2.5) and (2.6), we have

1
Ric(x) SEI’PIIHII2 -

D Ry fl (n—1)n-2) + é(S(nl 2)) - é(2(n 2)), 4.11)
2<p<q<n
m(Ny') = ﬁ((m(m -D)+ é(3( n—1)) - é(2(711 - 1), (4.12)
m(Ny') = %((l’lz(”lz - 1) (4.13)
Using in (4.10), we have
mAy 35

Ric(y) < 3" 2|H|? - +(n+nn, — f +7—(n2+1)fs

N~ et

r=n+1
—iAZmW+i[ZwW+i PRGAR “4.14)
r=n+1 1<p<q<n ren+1 1<i<j<n r=n+1 ny+1<s<t<n ’
= Z[ DT S A
r=n+1 1<i<j<n ni+1<s<t<n

D

r=n+12<p<qg<n

Further, the seventh and eighth terms on right hand side of (4.14) can be written as

N ICIENP I LD WA

r=n+1 1<i<j<m ni+1<s<t<n r=n+1 1<p<g<n

- Zml i Zn: ()"

r=n+1 p=1 g=n1+1
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Likewise, we get

Z DI D A S

r=n+1 1<i<j<nm; ny+1<s#t<n 2<p<q<n

- Z[Z >, - Zh I

r=n+1 p=2 g=n;+1

Utilizing above two values in (4.14), we get

, 1 35
Ric(y) s§n2||H||2 2{/’ +(m+mn,—Dfi + Tf —(m+ Dfs
1 m
—5 D CHG = (B + - H)Y
r=n+1

S Y gy +Zh =303 i)

r=n+1 p=1 g=n1+1 p=2 g=n;+1
Since M" = N;' X, N'? is N;'-minimal then we can observe the following
m ni n
r r r r
)IDIDILAIEED WY IS
r=n+1 p=2 g=n1+1 r=n+1 g=n;+1

and
2, 2. ity == 2, ()
r=n+1 b=2 r=n+1

Simultaneously, we can conclude

i (Zh}il - (hrr11+1n1+1 t+-t h:m))z + Z Z ]’lr hr
r=n+1

r=n+1 g=n1+1

| =

m . 1
=2 ) (W) + 5nlHI.

r=n+1

Using (4.16) and (4.17) in (4.15), after the assessment of (4.18), we finally get

Ric(x) <— 2IHI -

A 3

12 ¢’+(n+n1n2—1)f] +£—(nz+1)f3
W 2

Z Z (h)? ~ Z Z i

r=n+1 g=n;+1 r=n+1 g=n1+1

2
+ (hr1+1n1+1 + + h:m) }'

(4.15)

(4.16)

(4.17)

(4.18)
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Further, using the fact that 3L, (R, ., .\ +--- + k) = n||H|]*, we get

"i{/‘/’ + (4 mns— Dfi + %—(n2+ Df;

-= Z Qn;, Z 1)

r=n+1 g=n1+1

1
Ric(y) < anllHllz

From the above inequality, we can conclude the inequality (4.1).
Option 2: If ¢, is tangent to N'?, then we select the unit vector from {e,, .1, ..., e,}, suppose that the
unit vector is e, 1.e., ¥ = e,. Then from (2.2), (2.5) and (2.6), we have

Z Ry = 1 S5 (=1 -2)+ é(3(111 -D)- é(2(1’1 2)). (4.19)
1<p<g<n-1
m(N7') = ﬁ(m(m -+ é(3(m -)- é(2(n - D).
N

a(N'?) = 3("2(”2 - 1)).

Now, in a similar way as in option 1 using (4.19), we have

. 1 mAy 1 . ,
Ric(y) <gn*lIHIF = == = 3 Z (st + - I) = 203,
r=n+1
- Z PIRCAE: Z[ D, = > W]
r= Z:l 1<p<g<m r= nn-i;l 1<i<j<nm; 1<i<j<m (420)
DL YL D W= Y L,
r=n+1 n1+1<s<t<n r=n+1 nj+1<s<t<n np+1<s<t<n
D B (= Dfi = (0 + Dfs.
r=n+1 1<p<g<n—1
Using similar steps of option i, the above inequality takes the form
. 1 n
Ric(y) <5l HIF - w‘” ot mm = Dfi = 1+ Dfy
5 Z ((hn1+ln1+1 +. h;n) - Zh;rm)2 4.21)
r=n+1
n n—1 ny
B Z [Z Z (h;q)z + Z hfthb_Z Z Hpphag)-
r=n+1 p=1 g=n1+1 b=n1+1 p=1 g=n;+1
By the Lemma 3.1, one can observe that
m ni n—1
> () (4.22)
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Utilizing this in (4.21), we get

. 1 nA
Rie() 5P IHIE - "2 (s = Dfy = 2+ D
1 N r r r \2
- E Zl((hn]+ln]+l +.. 'hnn) - 2hnn) (4_23)
r=n+
m  n n m n—1
I IR A S
r=n+1 p=1 g=n1+1 r=n+1 b=n;+1

The last term of the above inequality can be written as

m n—1 m n m
= D b == Y Y o, Y ()
r=n+1 b=n;+1 r=n+1 b=n;+1 r=n+1
Moreover, the fifth term on right hand side of (4.23) can be expanded as
1 m
m3 D g+ i) = 20, =

r=n+1

1 m
- 5 Z (h:11+1n|+1 +eeet hl”;n)z

r=n+1
m m n
r \2 ropr
-2 E (hy,)” + E E 1
r=n+1 r=n+1 j=n;+1

Using last two values in (4.23), we have

Ric(y) s%:ﬂHHu2 - % +(+mnm—Dfi -+ Dfs

1 m m
~5 D W W =2 )G

r=n+1 r=n+1
m n m ny n
ror r N2
EDNDIATED IO
r=n+1 j=n1+1 r=n+1 p=1 g=n1+1
m n m
ropr r \2
- E 2 hnnhbb + E (hnn) >
r=n+1 b=n;+1 r=n+1

or equivalently

Ric(y) S%nzllHllz - % (4 mns = Dfi -+ D fs

- % i (h:l|+1n1+1 +.. 'hzrm)z - i (h’rm)z

r=n+1 r=n+1
m n m  n n
ropr r N2
DIDITLIEDIDNPICH
r=n+1 j=n;+1 r=n+1 p=1 g=n1+1

AIMS Mathematics Volume 6, Issue 3, 2132-2151.



2146

On applying similar techniques as in the proof of option 1, we arrive at

1 A
Ric(y) SanllHllz _mAy (n+mns— Dfi — (m+ D fs
1 m
B Z Z (h:m - (h:11+1n1+1 +eeet h:ln))z’
r=n+1

which gives the inequality (4.2).

Next, we explore the equality cases of the inequality (4.1). First, we redefine the notion of the
relative null space N, of the submanifold M" in the generalized Sasakian space form M™(fi, f>, f3) at
any point x € M", the relative null space was defined by B. Y. Chen [14], as follows

N, ={XeT.M":hX,Y)=0,YY € T.M"}.

For A € {1,...,n} a unit vector field e, tangent to M" at x the equality sign of (4.1) holds identically

it
ny n n n n
) YD =006 Y- > =0 2k, = >,
p=1 g=n+1 b=1 ?;1 g=ni+1

such that r € {n+1,...m} the condition (i) indicates that M" is mixed totally geodesic contact
CR-warped product submanifold. Combining statements (ii) and (iii) with the fact that M" is contact
CR-warped product submanifold, we get that the unit vector field y = e4 belongs to the relative null
space N,. The converse is straightforward and statement (2) is proved.

For a contact CR-warped product submanifold, the equality satisfies in (4.1)if for all unit tangent
vector belong to N7 at x iff

(i)i Z H,=0 (ii)zn: ihgm =0 (iii) 21, = Z ., (4.24)

p=1 g=n;+1 b=1 Z‘:j g=n1+1
where p e {1,...,m}andr € {n+1,...,m}. Since M" is contact CR-warped product submanifold, the

third condition says that h,, =0, pef{l,....m} Using this in the condition (ii), we shall say that
M" is D—totally geodesic contact CR-warped product submanifold in M™(f, f>, f3) and mixed totally
geodesicness inheres from the condition (7). Which demonstrates (a) in (3).

For a contact CR-warped product submanifold, the equality sign of (4.1) holds identically for all unit
tangent vector fields tangent to NV, at x if and only if

@) i Zn: h,, = 0 (i) Zn: Zn: hy, = 0 (iii) 2hy g = Zn: gy (4.25)

p=1 g=n;+1 b=1 A=n;+1 g=n1+1
b#A

suchthat K € {n; + 1,...,n}and r € {n + 1,...,m}. From the condition (iii) two cases emerge, that
is
hyw =0, YKef{n +1,...,n} and re{n+1,...,m} or dim N, = 2.
If the first case of (4.25) is satisfied, then by virtue of condition (i), it is easy to conclude that M" is a

D+~ totally geodesic contact CR-warped product submanifold in M™(c). This is the first case of part
(b) of statement (3).
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On the other hand, let M" is not D*—totally geodesic contact CR-warped product submanifold and
dim N+ = 2. Then condition (ii) of (4.25) implies that M" is D*— totally umbilical contact CR-warped
product submanifold in M™(fi, f», f3), it is case second of the present part. Thus part (b) of (3) is
verified.

To prove (c) using parts (a) and (b) of (3), we combine (4.24) and (4.25). For the first case of this
part, assume that dimN, # 2. Since from parts (a) and (b) of (3) we conclude that M" is D—totally
geodesic and D+~ totally geodesic submanifold in M™(f,, f>, f3). Therefore, M" is a totally geodesic
submanifold in M™(c).

Another case, suppose that first case does not satisfies. Then parts (a) and (b) provide that M" is
mixed totally geodesic and D— totally geodesic submanifold of M™(fi, f», f3) with dimN, = 2. From
the condition (b) it is clear that M" is D+—totally umbilical contact CR-warped product submanifold
and from (a) it is D—totally geodesic, which is part (¢). This proves the theorem.

In view of (2.10), we have another version of the theorem 4.1 as follows.

Theorem 4.2. Let M" = N;' X, N'* be a contact CR-warped product submanifold isometrically
immersed in a generalized Sasakian space form M"(f, f», ) admitting nearly Sasakian structure.
Then for each orthogonal unit vector field y € T,M orthogonal to &, either tangent to Ny or N, the
Ricci curvature satisfies the following inequalities:

(i) If x is tangent to Ny, then

1 3
Ric(y) < anllH > = noAlng + nal[VIngl* + (n + niny = 1) fi + % (4.26)
—(my+ ) fs.
(ii) If x is tangent to N, then
1
Ric(y) < Zn2||H||2 — mAlny + no||VIiny|* + (n + nyny — D f 4.27)

—(m+ Dfs.
The equality cases are similar as in the theorem 4.1.

Remark 4.3. In particular, it is straightforward to see that the example given in Proposition 3.3 of [26]
satisfies the inequalities of Theorem 4.2.

5. Application of Obata’s differential equation

This section is based on the study of Obata [26]. Basically, Obata characterized a Riemannian
manifolds by a specific ordinary differential equation and derived that an n—dimensional complete and
connected Riemannian manifold (M", g) to be isometric to the n-dimensional sphere if and only if
there exists a non-constant smooth function 7 on M”" that is the solution of the differential equation
H™ = —ctg, where H" is the Hessian of 7. Moreover, for the warped product submanifolds the Obata’s
differential equation is used in ( [3,25]). Recently, Alodan et al. [4] applied Obata’s work in the study of
hypersurface of Sasakian manifold. Inspired by these studies, we obtain the following characterization.
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Theorem 5.1. Let M" = N;' X, N'? be a compact orientable contact CR-warped product submanifold
isometrically immersed in a generalized Sasakian space form M™(f1, f>, f3) admitting nearly Sasakian
structure with positive Ricci curvature and satisfying one of the following relation:

(i) x € TNy orthogonal to ¢ and

311> 34
|Hesst|* = —=——||H|]* - —][(n +mn, — D fi + 3 _ (ny + 1) f3] (5.1)
4]’11 niny 2
(ii) x € TN, and
311> 34
|Hesst|]? = - U HIP - [+ mina - Dfy = (na + D3], (5.2)
niny niny

where A, > 0 is an eigenvalue of the warping function T = Iny. Then the base manifold Ny;' is isometric
to the sphere S™ (i—l) with constant sectional curvature fl—i

Proof. Let y € TNy. Consider that 7 = Iny and define the following relation as
|Hesst — ttl||* = ||[Hesst||* + 272> = 2trg(Hesst, I). (5.3)
But we know that ||/]|> = trace(1I*) = p, where p is a real number and
g(Hess(t),I") = trace(Hesst, ") = traceHess(T).

Then Eq (5.3) transform to

|Hesst — t71||* = ||Hesst|]* + pt27'2 — 2ttAT.

Assuming A, is an eigenvalue of the eigen function 7 then A7 = A;7. Thus we get
|Hesst — t71||*> = ||Hesst||> + (pt2 - 2t)7. 5.4

On the other hand, we obtain A7> = 27At + ||V7|? or 4;7> = 24;7% + ||V7|> which implies that
77 = —%||V7||2, using this in Eq (5.4), we have

l‘2
|Hesst — t71||*> = ||Hesst||* + (2f — Z—)HVTHZ. (5.5)
1

In particular ¢ = —i—: on (5.5) and integrating with respect to dV

A 34
f |Hesst + “e1Pav = f IHesstlPdv — = f IVTIPav. (5.6)
Mn nl Mn I’l1 Mn

Integrating the inequality (4.26 ) and using the fact an ApdV = 0, we have

2
f Ric(y)dV <— IH|*dV + n, IV|I2dV+
Mll

M zng (5.7)
+[(n+mny— Dfy - 72 — (n2 + D fs]Vol(M™).

AIMS Mathematics Volume 6, Issue 3, 2132-2151.



2149

From (5.6) and (5.7) we derive

— Ric(y)dV <— |H|*dV — — ||Hesst + —1l||°dV
4l’l2 Mn n nl

ny Jyn 3/11
n

1
+ — |Hesst|?dV + —[(n + nmin, — Dfy
3/11 M ny

+ % — (ny + 1) fz]Vol(M™).

According to assumption Ric(y) > 0, the above inequality gives

/7.1 2 3112/11 2 2
|Hesst + —@l||"dV < [|H||*dV + ||Hesst||*dV
M n 4?1]]’12 M n
34 3
=2k - 1y + 22
niny 2

— (2 + Dfs]Vol(M™).

From (5.1), we get
A
f ||Hesst + —17'I||2dV <0.
M" np

But we know that

A
||[Hesst + —17'I||2dV > 0.
M nl

Combining last two statements, we get

A A
Hesst + —I|*dV = 0 = Hesst = ——1I.
M" np n

(5.8)

Since the warping function T = [ny is not constant function on M" so equation (5.8) is Obata’s
differential equation [26] with constant ¢ = i—: > 0. As A; > 0 and therefore the base submanifold N;!

is isometric to the sphere ™ (i—:) with constant sectional curvature i—: This proves the theorem.
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