AIMS Mathematics, 6(3): 2114-2131.
ATIMS Mathematics DOI: 10.3934/math.2021129
% : Received: 15 August 2020
o Accepted: 10 November 2020
http://www.aimspress.com/journal/Math Published: 09 December 2020

Research article

Some characterizations of non-null rectifying curves in dual Lorentzian
3-space D?

Roa Makki*

Department of Mathematical Sciences, College of Applied Sciences, Umm Alqura University,
Makkah, Saudi Arabia

* Correspondence: Email: rmmakki@uqu.edu.sa.

Abstract: This paper gives several properties and characterization of non-null rectifying curves in dual
Lorentzian 3-space D%. In considering a causal character of a dual curve we give some parameterization
of rectifying dual curves, and a dual differential equation of third order is constructed for every non-
null dual curve. Then several well-known characterizations of spherical, normal and rectifying dual
curves are consequences of this differential equation.

Keywords: Serret-Frenet formulae; rectifying dual curve; dual helices
Mathematics Subject Classification: 53C50, 53C40

1. Introduction

Dual numbers were first introduced by W. Clifford after him E. Study used it as a tool for his research
on the differential line geometry. He devoted special attention to the representation of oriented lines
by dual unit vectors and defined the mapping that is known by his name. The set of all oriented lines
in Euclidean 3-space E? is in one-to- one correspondence with set of points of the dual unit sphere in
the dual 3-space D*. More details on the necessary basic concepts about the dual elements and the
one-to-one correspondence between ruled surfaces and one-parameter dual spherical motions can be
found in [1-3]. If we take the Minkowski 3-space E; instead of E’ the E. Study’s map can be stated as
follows: The timelike and spacelike dual unit vectors of hyperbolic and Lorentzian dual unit spheres
H2 and S? at the Lorentzian 3-space Df are in one-to-one correspondence with the directed timelike
and spacelike lines of the space of Lorentzian lines E3, respectively. Then a differentiable curve on
H? corresponds to a timelike ruled surface at ;. Similarly the timelike (resp. spacelike) curve on S?
corresponds to any spacelike (resp. timelike) ruled surface at E? [4-6].

In recent years, with the development of the theory of relativity, geometers have extended some
topics in classical differential geometry of Riemannian manifolds to that of Lorentzian manifolds. For
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instance, in the Euclidean 3-space E?, a curve whose tangent vector makes a constant angle with a
fixed direction is called a helix (characterized by 7/« is a non-constant linear function of the arc length

parameter), spherical curves (characterized by (070')2 + p* = constant, with ko = 1, o = 1), and
rectifying curves (characterized by 7/« is a non-constant linear function of the arc length parameter),
where 7 and « stands for the torsion and curvature of the curve, respectively (see [7-11]). Due to its
relationship with physical sciences in Minkowski space, the helices, spherical, normal and rectifying
curves have been studied widely by [12-18]. In the course of time, the extensions of the results
concerning the special curves in the Lorentzian 3-space D? have been presented [19-24].

In this work, we revisit the non-null rectifying curves in Lorentzian 3-space D; that they were
characterized by [16, 20]. Especially, the fundamentals of this notion in Euclidean space are based
on [7]. In this context, with a new perspective, we prove that the ratio of torsion and curvature of
any non-null rectifying dual curve is a non-constant linear function of the pseudo dual arc-length
parameter. Then, by considering the causal characters of a dual curve we give some parameterization
of rectifying dual curves. Thereafter, we prove that the tangential height dual function of every non-null
curve satisfies a third-order dual differential equation. Thus, several known properties of differentiable
curves in the Euclidean 3-space are extended to the Lorentzian 3-space D?.

2. Preliminaries

In this section, we give a brief summary of the theory of dual numbers and dual Lorentzian vectors.
(See for instance Refs. [1-6]). If x, and x* are real numbers, the combination X = x + ex™ is called a
dual number. Here ¢ is a dual unit subject to the rules € # 0, &> = 0, &.1 = 1. = &. The set of dual
numbers, D, forms a commutative ring having the numbers x*(x* € R) as divisors of zero, not a field.
No number ex* has inverse in the algebra. But the other lows of the algebra of dual numbers are the
same as of the complex numbers. Then the set

D’ = {X:=x + &x" =(X1, X2, X3)}, (2.1)
together with the Lorentzian scalar product
<X, Y >=XY| + XpY, — X513, (22)

forms the so called dual Lorentzian 3-space D3. This yields

F1XF2: - F3, Fl X F3: - Fz, FzXFgZ Fl, } (2 3)

<F,F >=< FZ,F2>: - < F3,F3>:1,

where Fy, F,, and F3, are the dual base at the origin point O (0, 0, 0) of the dual Lorentzian 3-space Df.

Thereby a point X = (X}, X5, X3)" has dual coordinates X; = (x; + &x}) € D. If x # 0 the norm ||X|| of X

is defined by

<X, X" >
|1x|I?

then the vector X is called a spacelike dual unit vector if < X, X >=1 and a timelike dual unit vector if

< X, X >= —1. It is clear that

IXII= Vi< X, X >| = Ix]| (I+& ) 2.4)

IXIP = +1 = |Ix|]> = £1, < x,x*>=0. (2.5)
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The six components x;, x;(i = 1,2,3) of X, and x" are called the normed Pliicker coordinates of the
line.
Let m(m,, my, m3) be a fixed dual point in D3. Then

SH@m) = {X eD] | (X, - 71)” + (Xp = )’ = (Xp = 73)° = 1}, (2.6)
is the Lorentzian dual unit sphere with the center m and
H(m) = {X D] | (X, =) + (X2 = )’ = (X5 = y)” = —1}, @7

is the hyperbolic dual unit sphere with the center m . Therefore, the hyperbolic, and Lorentzian (de
Sitter space) dual unit spheres with the center O are:

H = {XeD} | -X] + X3+ X3 = -1}, (2.8)

and
5t ={XeD] | X+ X3-X3 =1}, (2.9)

respectively. Via this we have the following map (E. Study’s map): The dual unit spheres are shaped
as a pair of conjugate hyperboloids. The common asymptotic cone represents the set of null (lightlike)
lines, the ring shaped hyperboloid represents the set of spacelike lines, and the oval shaped hyperboloid
forms the set of timelike lines, opposite points of each hyperboloid represent the pair of opposite
vectors on a line (see Figure 1).

- /< _.--/!I'.
) /_ __ _‘f\ "
N
N /\\

Figure 1. The dual hyperbolic and dual Lorentzian unit spheres.

Let (1) = (W1 (1), o (1), ¥3(t)), and Y™ (t) = (1//”1‘(t), s (0), w;(t)) be real valued curves in the Mnkowski
3-space Ef Then, a differentiable curve

¥ : teR-D;
Y = (lpl(t)a wZ(t)a w3(t)) + S(Wi(l‘), lﬁ;(l‘)» W;(I)) , 1€ R,

represents a curve in the dual Lorentzian 3-space D? and is called a dual space curve. The dual arc
length of W(¢) from ¢, to ¢ is defined by

ayr
S=s+e&s fHdtHdl f” '|dt+ f<t,g>dt,
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where t is a unit tangent vector of ¥(¢). From now on, we will take the pseudo dual arc length s of ¥(r)
as the parameter instead of + € R. Then ¥(5s) is called a dual arc-length parameter curve. From now
on, we shall often not write the dual parameter s explicitly in our formulae.

Denote by {T, N, B} the moving dual Serret-Frenet frame along ¥(5) in the dual space D7. Then
t+et'=T(s), n + en* = N(5), and b + eb* = B(s) are the dual unit tangent, dual unit principal normal,
and dual unit binormal vectors of the curve at the point W(s). The dual arc-length derivative of the dual
Serret-Frenet frame is governed by the relations:

T 0 I3 0\(T J
N, = —60617 0 ? N . (, = f)’ (210)
B 0 ——eae7 0 ) B g

where g =< T, T >=+1, ¢=<N,N>=+1, & =<B,B > = +1, g6 = —1,k = k+¢&k* is nowhere
pure dual curvature, and T = 7 + &7* is nowhere pure dual torsion. The above formulae are called the
Serret-Frenet formulae of dual curve in D?. Here “’prime” denotes the derivative with respect to the
pseudo dual parameter s.

3. Characterizations of a non-null dual curve

In the next theorem, we prove that the ratio of torsion and curvature of any non-null dual rectifying
curve is a non-constant linear function of the pseudo dual arc length parameter s. Also, we emphasize
that this property is invariant with respect to the causal character of a dual curve and its rectifying dual
plane [7, 16, 20].

Theorem 3.1. Let ¥ =¥ () be a non-null unit speed dual curve with spacelike or timelike rectifying
dual plane and « is nowhere pure-dual. Then the following are equivalent:

(i) There is a dual point meD; such that every spacelike or timelike rectifying dual plane of ¥ =¥(s)
goes through m.

(iii) 7/k is a non-constant linear function A,s + A, with A; = a; + €a;, where a; # 0, and i = 1, 2.

(iii) There is a dual point my€D; such that ||b?(§) — fﬁ()”2 = |eo@ +C)Y + ezD|. The dual constants are
related by

2 Ay =2, with D = d + ed’, whered # 0.
D D
And by the uniqueness of m, m is equal to m,.

Alz

Proof. (i) Suppose that every spacelike or timelike rectifying dual plane of ¥ =¥(s) goes through a
fixed dual point m € Df. Then we have

<¥-m,N>=0.
By differentiating this equation and using the Serret-Frenet formulae, thus obtaining
<¥-m,-ekT +7B >= 0. 3.1

From the last two equations, it follows that the rectifying dual plane is orthogonal to both N and
—-eKkT +7B. Hence, we can write

¥ — m=n(s)(&7T —kB), (3.2)
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for a differentiable dual function 77 = 77(s). By differentiation of Eq (3.1), we have that:
—ek+<¥Y-m ek T+7B >=0. (3.3)

Combing the Eqs (3.2) and (3.3), implies that

= (3.4)

TK—KT

Substituting Eq (3.4) into Eq (3.2), we obtain

— )
— KT K€
¥Y-m=—T-—B. 3.5
TK—KT TK—-KT

Furthermore, one calculates
— )

m = (1 - (=) )T+(=— 2 )B.
TK—KT TK—KT

Therefore, the coeflicients vanishing identically if

= =2
KT ’ K~ €y ’
l-(==—==) =0, === =0,
TK—KT TK—KT
whereby
- =2
KT _ K€
——=5+C, ——— =D, C=c+ec" €D. 3.6)
TK—KT TK—KT

Since k is nowhere pure-dual, then D is nowhere pure-dual too. From Egs (3.5) and (3.6), we have

¥ - m= (s + C)T-DB, }

I=AS+Ay; Al =2 A =6%, D=d+ed eD. 3-7)

Therefore, we can calculate that
||lI’ - I"l\'l()”2 = |60(.,S‘\+ C)z + €2D2| .

This shows (1) implies (ii), and (iii). If every spacelike or timelike rectifying dual plane goes through
another dual point m, then let 7(7) be the unit speed dual geodesic line through m, and m. Then for
each 7 € D, there are dual constants C(7) and D(7) # 0 such that

Y—y(0)= (s + C()T+D(nB. (3.8)
If dot denotes to derivation with respect to 7, then from Eq (3.8) we have
“H=COT + DOB.

Note that:

T AT AT AP = - Am = CD
== Ai(t)s + Ax(1); A1) = DO’ Ay(1) = GOD(B-
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By differentiation with respect to 7, we have
AI[D5+ A1) = 0.
Thus, we have . _ '
Ai(1) = Ay(1) = 0 = 7(®) = 0, m = m.
(ii) Suppose that% =As+ Ay A # ea;. If we let
- A &
m=Y—(5 + A—T)T+A—01B,

then by the assumption, we get m" = 0. Hence m is a fixed dual point in D? and

— A
¥(G) - m= 5+ C)T+DB, D=, ¢ =22,
A A
This shows (ii) implies (1), and (iii).
Now suppose that statement (iii) holds, then
<¥()-m,T>= (s + O). (3.9)

By differentiation of Eq (3.9) and using Serret-Frenet formulae, we have
kK<P-mN>=0; k#0=><¥-mN>=0,
which means that every rectifying dual plane of ¥ goes through a fixed dual point in D?. This shows
(ii1) implies (1). O
We end this section by determine some parameterization of a non-null rectifying dual curve in terms
of its radial projection. Let us first assume that ¥ = W(s) is a unit speed spacelike dual curve with a

spacelike or timelike dual principal normal in Df. Then € = 1, ¢ = —, = € = =1. For a fixed dual
point meD? and by the proof of Theorem 3.1, let

— 1 - —
PO = g ~m: RO=|[¥ -] = JIG+0p - €2, (3.10)
is the radial projection of ¥(s) into Sf(fﬁ) (resp. H2(m)). Then, we have the following:
T=Rp+RE,
— — 3.11
®kN =R"B+2R'B +RB". } ( )

Theorem 3.2. Let ¥ = W(s) be a unit speed non-null spacelike rectifying dual curve with a
spacelike or timelike dual principal normal and k is nowhere pure-dual. If fﬁeD? is a fixed dual point,
then the following statements hold:

(i) ¥ — m is a spacelike position vector with a spacelike rectifying dual plane if and only if, up to a
parametrization, ¥ — m is given by

D —~
¥(©) - it = —B(0). (3.12)
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where E(@) is a unit speed spacelike dual curve lying fully in S?(m), and

(ii) W — m is a spacelike position vector with a timelike rectifying dual plane if and only if, up to a
parametrization, ¥ — m is given by

— D -

where E(@) is a unit speed timelike dual curve lying fully in S7(m) and

RO
-~ —~9
Ky = K + 1.

(iii) ¥ — m is a timelike position vector with a timelike rectifying dual plane if and only if, up to a
parametrization, ¥ — m is given by

_ D -
¥Y(0O)-m=———0£(0), 3.14
(©) —m = ——=B(6) (3.14)
where E(@) is a unit speed spacelike dual curve lying fully in H2(m), and
- R6Az

Kﬁ:ﬁk - 1.

Here D = d + &d*, where d # 0, and//?ﬂ denotes to the dual curvature of the dual curveﬁ = E(@).

Proof. Assume that ,E(S ) is lying fully in Sf(fﬁ). Then, we can write

e SN p2eay =12 _ 2 2
BG) = ﬁ(\r—@f@_”q’—m” =|+ ) - eD?, 3.15)
<B,B>=1, <B, >=0.
A straightforward calculations show that
—~ I D?
Fo| = e (3.16)
which means that ,/8\('5) is a spacelike or timelike dual curve if € = —1 or € = 1, respectively.
(i) In the case of € = —1, the position vector ¥ — m is lying fully in a spacelike rectifying dual plane.
If ® = ¥ + 9" be the pseudo dual arc length parameter of the dual curve B(s), then we have
/ s+C
G—I"ﬂﬁ)"ﬁ—(m)d’s\—tan ( D ), (317)
0
and therefore s+ C = D tan ©. Substituting this into Eq (3.15) with € = —1, we obtain
¥(©) - i = —56) (3.18)
~ cos® ’ '
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Conversely, assume that ¥(®) — m is a dual curve defined by Eq (3.18), where E(@) is a unit speed
spacelike dual curve lying on S7(m); that is,

HE@HZ = HE(S\)HZ =1, and <B,8 >=0.

Differentiating the Eq (3.18) with respect to ®, we get

., D . -
(T—m)_w§®@mMMﬁcm®y (3.19)

Therefore, it follows that

DZ
T ot @

. _ ®
<(Y-m),¥-m>= —Sm
co

(3.20)

Let us write
¥(©) - m = u(O)(¥(®) - m) + (¥(O) —m)",

for dual function u(®), where(¥(®) — m)™* is the normal component of the position vector ¥(®) —
Then, in view of the last equations, we easily find that

<(?Y-m,¥Y-m>

> = sin ® cos ® # constant.
|(¥ — my

o) =

Therefore, we have
<(Y-m),¥-m>>

> = D? = constant,
lew — m)’

lce©) - )| = [|cr@©) - m) -

which means that ¥(®) — m is a rectifying dual curve.
We now calculate the curvature of B(s). By a direct calculation, we have the following:

< ﬁ(j ﬂ O >= = R4 ’2
<ﬁOﬁO> —22R (3.21)
Y _ 4D2R2 D4T<[23

When Eq (3.21) is applied to Eq (3.11) we immediately find that:

7:W%W— a+)

(ii) In the case of € = 1, the position vector ¥ —m is a spacelike position vector lying fully in a timelike
rectifying dual plane. By Eqgs (3.15) and (3.16), we have

H’B OH G+ C)2 G+ C2—D2 s+ C| > D, (3.22)

which means that E@ is a timelike dual curve. Hence, we easily get that
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N

3 D 3 L[s+C

G_f(—Dz—(5+C)2)dE_ coth ( n ) (3.23)
0

and therefore s+ C = —D coth ®. Substituting this into Eq (3.15) with € = 1, we obtain

—

—~ d —
Y(©®)-m = mﬁ’(@). (3.24)

Conversely, let us assume that ¥(0) is a dual curve defined by Eq (3.24), where E(@) is a unit speed
timelike dual curve lying on S3(m); that is,

HE@“Z =- HB(S\)HZ =1, and < B,8 >=0.

Differentiating the Eq (3.24) with respect to ®, we get

— D — . —
¥Y-m) = sinh® — Bcosh®). 3.25
(¥-m) = —-(p B ) (3.25)
Therefore, it follows that
_ D?cosh® 2 D?
<(Y-m),Y-m>=- ¥ —m) - 3.26
( ) sinh® ©® ”( sinh* ® ( )

Let us write
Y(sp) —m = @(O)(¥Y(O) - m) + (¥(0) —m)",

for function u(®), where (¥(®) —m)* is the normal component of the position vector ¥(®) —m. Then,
in view of the last equations, we easily find that

<(?Y-m,¥Y-m>

> = sinh ® cosh ® # constant.
|¥ — my

o) =

Therefore, we have
<(PY-m),¥-m>>

lew - my|[

@) - m)*|" = |cr©) - m)|’ = —D* = constant,

which means that ¥(®)—m is lying fully in a timelike rectifying dual plane. Additionally, an analogous
arguments show that:

<BE).L G >=LE,
- - 2
<BO).B () >= %, (3.27)

L 2 p
7 ___4D°R D*—2
o =-L£+ 2e,

so that:
o 1O
Ké = =%+ 1.
24
(iii)) The proof is analogous to the proofs of the statements (i) and (ii). O
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If we repeat the above discussion for timelike curve, instead of spacelike curve with non-null
principal normal, then ¢ = —1, ¢, = ¢ = 1. As a result, we have the following theorem which is
analogous to the Theorem 3.2:

Theorem 3.3. Let ¥ = W(5) is a unit speed timelike rectifying dual curve in D;. If meD; is a fixed
point, then the following statements hold:

(i) ¥ — m is a spacelike position vector lying fully in a timelike rectifying plane if and only if, up to a
parametrization, ¥ — m is given by

— D
¥Y(©)-m= mﬁ(@)), (3.28)

where E(@) is a unit speed timelike curve lying fully in S%(fﬁ), and there holds

(ii) ¥ — m is a timelike position vector lying fully in a timelike rectifying plane if and only if, up to a
parametrization, ¥ — m is given by

_ D —
¥(Sp) —m = ——oB(O), (3.29)

where B(0®) is a unit speed spacelike curve lying fully in H2(m), and there holds

RO
Kke=1-—«".
B D?*

Here D = d + ed*, where d # 0, and kg denote to the dual curvature of the dual curveﬁ = ,E(@).
4. A differential equation for a non-null dual curve

In the next proposition, we derive a third-order dual differential equation satisfied for every non-null
spherical, normal and rectifying dual curves in D} with k is nowhere pure-dual. For this purpose, we
define a smooth function on ¥(s) by

h(E) =< W, T >, (4.1)

we call Z@ the height dual tangential function (or, tangent directed dual distance functions).
Proposition 4.1. Let ¥ = ¥(5s) be a non-null unit speed dual curve in D7 with & is nowhere pure-
dual. Then we have

—~17

557+ (BT +5 )k +|@7) +a (eoi . QE)]’/; - (i) W
B p T p

= « (@) - £ (4.2)

where pk = 1,07 = 1.
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Proof. Assume that ¥ = W(5) be a non-null unit speed dual curve in D? with k is nowhere pure-dual.
From Egs (2.10) and (4.1), we have

,’o‘(l? - eo) —<W¥ N>,
which, again on differentiating gives

4.3)
o~ PN ol E’\
poch +oph —eop —e=h=<Y,B> 4.4)
0
After differentiating Eq (4.4) and applying Eq (4.3) we obtain
5oh + (ZﬁE +,’o‘6-\')h” + (Eﬁ) + € (eog + ezé)]ﬁ -6 (U) h=e (Eﬁ) _L
P o p o
as claimed.

m]
Applications of Proposition 4.1 We now show that Proposition 4.1 implies easily several well-
known characterizations of non-null spherical, normal and rectifying dual curves in D} [20, 21].

Corollary 4.1. A non-null unit speed dual curve ¥= ¥(s) in D} with ¥ is nowhere pure-dual is
lying fully on the dual unit sphere S (resp. H2) if and only if it satisfies

’ 2
&(op) +0*=C el -1
for some dual constant C = ¢ + &c*, where ¢ # 0.

4.5)
Proof. Let W= ¥(s) be a non-null unit speed dual curve in S% (resp. Hi). Then we have
<W,¥ >= ¢, and h(5) =< ¥, T >= 0. (4.6)
Hence differential of Eq (4.2) reduces to

—_

€ (Eﬁ), + L _ 0.

= =
By multiplying 25p  to this equation and integrating it give

€ (Eﬁ)z +p° =C,

4.7)
where C = c+é&c* and ¢ # 0 .Thus W= ¥(S) is a dual spherical curve in D} and  is nowhere pure-dual.
The converse is trivial.

]
Corollary 4.2. A non-null unit speed dual curve W= ¥(s) in D} with is nowhere pure-dual is a
rectifying dual curve if and only if it satisfies
F+C) (i) +i=0,
T T

(4.8)
for some dual C = ¢ + &c*, where ¢ # 0.

AIMS Mathematics
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Proof. Assume that ¥= W(s) is a non-null unit speed rectifying dual curve in D? with k is nowhere
pure-dual. Then, in view of Eq (3.7), we have

h(s) = 5+ C). (4.9)
Hence Eq (4.2) reduces to
§+@+C)(§) =0,
P p
which implies condition (4.8).

_ Conversely, if Eq (4.8) holds, then by integrating Eq (4.8), we find7C = (5 + C)« for a dual constant
C, which implies that is a rectifying curve. O

Since W (s) is a linear combination of the Serret-Frenet frame {T, N, B}, we put:
¥Y=—<W¥T>T+<¥Y N>N+<V¥,B>B. (4.10)
As a result the following corollary can be given:

Corollary 4.3. Let ¥(5) be a non-null unit speed dual curve in D} with &k is nowhere pure-dual.
Then

€ (< P,N > +6 (< V,B >)*=A2, 4.11)

holds for a dual constant A if and only if W(5) is either dual spherical or a dual normal curve in D3.

Proof. From Eqs (4.10) and (4.11), we get:
P> = & <P, T > +A%. (4.12)
After differentiating Eq (4.12) and using Eqs (4.1) and (4.3), we find
<W,T > =hlh = h=ehh = hieh —1)=0. (4.13)

Thus we have either /7 = 0, or g8 — 1 = 0. So we have either 1 = 0, or & = & (5+ C) for a dual
constant C. Hence, W(s) is either is a dual spherical or a dual normal curve. The converse is clear. O

5. Characterizations of dual helices

A characterization of the dual helices in D? by its dual curvature and dual torsion is the same as that
of the helices in E*. For this reason, we give the dual Minkowski version of the helices which has been
defined in the Euclidean 3-space E* as a curve for which < T, U > is a nonzero constant, where T is
the dual unit tangent vector of the curve ¥= ¥(s) [8-12].

AIMS Mathematics Volume 6, Issue 3, 2114-2131.
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5.1. Spacelike dual helix with a spacelike dual axis

Let W= Y(s) be a regular unit speed spacelike dual curve with a spacelike or timelike principal
normal in D;. Then for non zero dual constant a spacelike dual helix with a spacelike dual axis in D’
is defined by

<T,U>=Aand <U,U>=1,

where A € D and U is the fixed dual unit vector along the axis of W(s).

Theorem 5.1. Let W= ¥(5) be a unit speed non-null curve in D3 and  is nowhere pure-dual. Then
the following statements hold:
(i) W= W(s) is a spacelike dual helix with a spacelike dual principal normal and a spacelike dual axis
if and only if, with respect to a suitable pseudo dual arc length parameter s, the function /ﬁ(s) satisfies

(p“) —(Z—E)T/’l 5 +£ - 0, (5.1)

p O o’

(ii) W= W(s) is a spacelike dual helix with a timelike dual principal normal and a spacelike dual axis if
and only if, with respect to a suitable pseudo dual arc length parameter S, the function A(s) satisfies

) —(§+p)r’ﬁ—p +£:O. (5.2)
p O a?
Proof. (1) By the assumption we have
< U, T >=cosh® = constant, < U,N >=0, with < U, U >=1, (5.3)

for any given dual number O = ¥ + e, with & # 0. Thus we get

U =cosh OT + sinh ®B, (5.4)
kcosh® +7sinh® = 0. ’
Since < U, ¥ > = cosh ® holds, we have
<U,¥ >=scosh® + C, (5.5)
for some duall constant C. Now, from Eqgs (5.4) and (5.5), we find
<T,¥>=5+C+<¥,B>=, with C = . (5.6)
T cosh ¢
Combining this equation with Eq (4.1) yields
—~ K
h=s+C+ <¥,B >=. 5.7
T
By differentiating Eq (5.7) and using Eq (5.4), we get
p(H—1)-<¥.N>=0, (5.8)
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which again by differentiation leads to
ﬁ’+ﬁ(ﬁ—1):—?<‘l’,T>+’f<‘I’,B>. (5.9)

When Eqgs (5.6) and (5.7) are applied to Eq (5.9) we immediately find that:

(or) +(§—§)’ﬁ?—ﬁ+%(’§+ C) =0, (5.10)
p o o
which, with respect to a suitable pseudo arc length parameter s, leads to Eq (5.1).
Conversely, assume that ¥ is a non-null unit speed spacelike dual helix with a spacelike dual
principal normal that satisfies Eq (5.1). Then, by differentiating Eq (5.10) we derive

55h + (Zﬁ?f\ﬂ’o”&\')’}f + (6—70\) + (% - %) o+ (% + %) h
- ) r0-I s
o o
Comparing Eq (5.11) with Eq (4.2) in Proposition 4.1, gives
P\ (-
= +C—-h)=0. 5.12
(0) (5+C-h) (5.12)
If 5+ C = & holds, then Eq (5.10) reduced to
(2—2)(§+ O+2G+0)=0, (5.13)
P o o

which implies o = 0 which is impossible since ¥ is assumed to be a Serret-Frenet dual curve. Hence

we get (2) = 0 from Eq (5.12), which implies that is ¥ a helix.
(i1) As stated in the above case, we have
<U,T>=cos0, <U,N>=0, with < U,U >=1, (5.14)

for a constant dual angle 9 =9+ &9, with 9 # /2, and ¥ # 0. Thus we get

gc;sc(gs—? ;‘31-';18(:;1:® (1)3.’ } (5.15)
Since < U, ¥ >'=cos® holds, we have
<U,¥ >=s5cos® + C, (5.16)
for some dual constant C. Form Eqgs (5.15) and (5.16), we find
<T,¥Y>=s+C+<Y,B >Z, with C = c e D. (5.17)
T cos ®
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Combining this equation with Eq (3.10) yields

—_

h=s+C+<¥,B >%. (5.18)
By differentiating Eq (5.18) and using Eq (5.15), we get
p(h-1)- <¥.N>=0, (5.19)
which again by differentiating leads to
bﬁ’+ﬁ(ﬁ—1):?<‘l’,T>+’F<‘I’,B>. (5.20)

When Eqgs (5.17) and (5.18) are applied to Eq (5.7) we immediately find that:

(ﬂ)/—(g+§)’ﬁ{—ﬁ+%(§+ C) =0, (5.21)
p o o

which, with respect to a suitable pseudo arc length dual parameter s, leads to Eq (5.2).
Conversely, assume that ¥ is a non-null unit speed spacelike dual helix with a timelike dual principal
normal that satisfies Eq (5.2). Then, by differentiating Eq (5.21) we derive

(Eﬁ)/—(i+g)/ﬁ—(i+g)ﬁ

oGh + (2276:+,’o‘6-\')/l7 +
P p T

— —

- (@) - (g) +C) - %. (5.22)

Comparing Eq (5.22) with Eq (4.2) in Proposition 4.1, gives

’

(E) (F+C-H) =0 (5.23)

(o8

If 5+ C = K holds, then Eq (5.2) reduces to
- (i + Q)(ﬂ O+Ls+0) =0, (5.24)
o T o
which implies & = 0 which is impossible since W is assumed to be a Serret-Frenet dual curve. Hence

we get (;ﬁ;) = 0 from Eq (5.23), which implies that is ¥ a dual helix. O

5.2. Spacelike dual helix with a timelike dual axis

We now consider that W(s) be a regular unit speed spacelike dual curve with a spacelike dual
principal normal and a timelike dual axis in D;. Then for a non-pure dual constant a spacelike dual
helix with a timelike dual axis in D? is defined by

<UT>=A,and < U,U >= -1, (5.25)
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where A € D, and U is the fixed dual unit vector along the axis of ¥(s).

Theorem 5.2. Suppose that W(s) is a unit speed spacelike dual curve with k is nowhere pure-dual.
Then W(s) is a spacelike dual helix with a spacelike dual principal normal and a timelike dual axis
if and only if, with respect to a suitable pseudo dual arc length parameter S, the dual function A(s)
satisfies I

(o%) +(§ p)ﬂ?—p +£:0. (5.26)
o O o?
Proof. By the assumption we have

< U, T >=sinh® = dual const., < U,N >=0, with < U,U >= -1, (5.27)

for any given dual number ® > 0. Thus we get

’gsinlsllgh-? ?Tc-(l)_silog)h:@ (])?.., } (5.28)
Since < U, ¥ > = sinh ® holds, we have
<U,¥ >=5sinh® + C, (5.29)
for some dual constant C. Form Eqgs (5.28) and (5.29), we find
<T,Y>=s+C-<Y,B >:E:, with C = — . (5.30)
T sinh ®
Combining this equation with Eq (4.1) yields
h=5+C-<¥,B >§. (5.31)
By differentiating Eq (5.31) and using Eq (5.29), we get
p(H-1)-<¥.N>=0, (5.32)
which again by differentiation leads to
ﬁ’+ﬁ(5—l):—7€<T,‘I’>+?<‘I’,B>. (5.33)
When Egs (5.30) and (5.31) are applied to Eq (5.33) we immediately find that:
E (g - —)% e £ 5+0)=0, (5.34)

which, with respect to a suitable pseudo dual arc length parameter s, leads to Eq (5.26).
Conversely, assume that ¥ is a non-null unit speed spacelike dual helix with a timelike dual principal
normal and a timelike dual axis that satisfies Eq (5.26). Then, by differentiating Eq (5.34) we derive

pO:I;N+(2p0'+p0')h + (Eﬁ)+(0- )h+(——£)h
o T o T
= -(@) G+o-£. (5.35)
o
Comparing Eq (5.35) with Eq (4.2) in Proposition 4.1, the result is clear. O
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